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Thermal (Hall) conductivity

κ =
κxx κxy κxz
κyx κyy κyz
κzx κzy κzz
Longitudinal =  κL

Hall conductivity:

1
2 ( )= κH− ρ = κ−1

ρμν
H ≈ −

κμν
H

κ2
L

if |κH | ≪ |κL |

j = − κ ⋅ ∇T

Hall resistivity:

κ = κ(T, B, ⋯)total energy 
current



Thermal Hall conductivity

j = − κ ⋅ ∇T

κ = κ(T, B, ⋯)total energy 
current

• Increasingly many experimental measurements, puzzling results, sample dependence 

• Some theory but not very much

Motivation:

• Look for general theory, not fine-tuned 

• Mostly study clean systems

This work:

1. We do not really want to do disorder 
2. Need fine-tuning to break symmetries etc. 

H. Katsura, N. Nagaosa, P.A. Lee, 2010 
R. Matsumoto, S. Murakami, 2011 

R. Matsumoto, R. Shindou, S. Murakami, 2014 
T. Qin, J. Zhou, J. Shi, 2012



“Issues”

• Carriers: phonons, magnons, spinons, ?? 

• Origin: intrinsic (Berry), scattering (interactions, impurities) 

• Theory: methods, transport v/s bulk current/energy 
magnetization 

• Experimental issues



Kinetic equation approach for fermions
ARTICLES

Wave-packet dynamics in slowly perturbed crystals: Gradient corrections
and Berry-phase effects

Ganesh Sundaram and Qian Niu
Department of Physics, University of Texas at Austin, Austin, Texas 78712-1081

~Received 8 June 1998!

We present a unified theory for wave-packet dynamics of electrons in crystals subject to perturbations
varying slowly in space and time. We derive the wave-packet energy up to the first-order gradient correction
and obtain all kinds of Berry phase terms for the semiclassical dynamics and the quantization rule. For
electromagnetic perturbations, we recover the orbital magnetization energy and the anomalous velocity purely
within a single-band picture without invoking interband couplings. For deformations in crystals, besides a
deformation potential, we obtain a Berry-phase term in the Lagrangian due to lattice tracking, which gives rise
to new terms in the expressions for the wave-packet velocity and the semiclassical force. For multiple-valued
displacement fields surrounding dislocations, this term manifests as a Berry phase, which we show to be
proportional to the Burgers vector around each dislocation. @S0163-1829~99!07023-X#

I. INTRODUCTION

Our understanding of electronic properties of crystalline
solids is primarily based on the Bloch theory for periodic
systems.1 It has been of great interest to extend this theory to
situations where crystals are perturbed in various ways. So
far, the most useful description has been the semiclassical
theory for electron dynamics within a band supplemented by
the semiclassical quantization rule or the Boltzmann trans-
port equations. For example, the equations of motion of
Bloch electrons in electromagnetic fields are given by2

ẋ5
1
\

]E0,n~k!

]k ,

\k̇52eE2e ẋ3B, ~1.1!

where E0,n(k) is the energy of the nth band of an unper-
turbed crystal. These equations have played a fundamental
role in the physics of metals and semiconductors.
The derivation of Eq. ~1.1! dates back to Bloch, Peierls,

Jones and Zener in the early 1930s.3 By assuming that the
transition probabilities to other bands are negligible, they
showed that Eqs. ~1.1! describe the motion of a narrow wave
packet obtained by superposing the Bloch states of a band.
Various extensions of the theory have been made to deal
with perturbations of more general nature and to obtain cor-
rections to Eqs. ~1.1! in high fields.
Peierls4 pioneered the effort of constructing an effective

one-band Hamiltonian to describe the quantum dynamics of
a Bloch electron. By using the tight-binding model, he was
able to show that the effective Hamiltonian in the presence
of a magnetic field may be obtained by replacing the crystal
momentum \k by the gauge invariant momentum operator
@2i\π1eA( x̂)# in the unperturbed band energy

Ĥeff5E0,nF2iπ1
e
\
A~ x̂!G , ~1.2!

which later came to be known as the Peierls substitution.
Two decades later, Slater5 and Luttinger6 gave a more rigor-
ous derivation of the effective Hamiltonian for electromag-
netic perturbations, by expanding the wave function in the
basis of Wannier functions

C~x,t !5(
l
f l~ t !W~x2Rl!, ~1.3!

where $Rl% are the lattice positions. They showed that the
envelope function f (x,t), defined by f (Rl ,t)5 f l(t) and a
smooth interpolation between the atomic positions, satisfies
the effective Schrödinger equation

i\
]

]t f5H E0,nF2iπ1
e
\
A~x!G2ef~x!J f , ~1.4!

where f(x) is a slowly varying scalar potential. The equa-
tions of motion ~1.1! then follow from Eq. ~1.4! and the
correspondence principle.
Further development of the theory was made by taking

into account the effects of interband coupling. Adams7 ex-
tended the works of Slater and Luttinger to many-band op-
erator formalism. Karplus, Luttinger, and Kohn derived a
correction to the velocity, known as the anomalous velocity,
and predicted a spontaneous Hall effect in ferromagnetic
materials.8 Later, Adams and Blount9,10 showed that this
term arises from the noncommutability between the Carte-
sian components of the intraband position operator. Re-
cently, Chang and Niu11,12 related the anomalous velocity
correction to the Berry phase associated with the electron
motion in an energy band.13–15 Corrections to the effective
Hamiltonian as an asymptotic series in the field strength
were obtained by eliminating the interband matrix elements
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Effective quantum theories for Bloch dynamics in inhomogeneous systems
with nontrivial band structure

Christian Wickles* and Wolfgang Belzig†

Universität Konstanz, Fachbereich Physik, 78457 Konstanz, Germany
(Received 26 September 2012; revised manuscript received 5 June 2013; published 11 July 2013)

Starting from a general N -band Hamiltonian with weak spatial and temporal variations, we derive a low-
energy effective theory for transport within one or several overlapping bands. To this end, we use the Wigner
representation that allows us to systematically construct the unitary transformation that brings the Hamiltonian
into band-diagonal form. We address the issue of gauge invariance and discuss the necessity of using kinetic
variables in order to obtain a low-energy effective description that is consistent with the original theory. Essentially,
our analysis is a semiclassical one and quantum corrections appear as Berry curvatures in addition to quantities
that are related to the appearance of persistent currents. We develop a transport framework, which is manifestly
gauge invariant, and it is based on a quantum Boltzmann formulation along with suitable definitions of current
density operators such that Liouville’s theorem is satisfied. Finally, we incorporate the effects of an external
electromagnetic field into our theory.
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I. INTRODUCTION

When performing a semiclassical analysis, one naturally
encounters Berry phases1 and meanwhile, the importance
of these so-called geometrical phases in condensed matter
physics is beyond question.2–5 For example, not long ago,
it was realized that the electric polarizability can be defined
in terms of a Berry curvature, for the first time a consistent
formulation of this subject.6 Furthermore, research in the
field of the anomalous Hall effect (AHE) has shown that the
intrinsic contribution is related to a Berry curvature, which
is a quantum-mechanical property of a perfect crystal.7–9

Also, magnetic monopoles appearing in the definition of
a momentum space effective magnetic field give important
modifications to universal conductance fluctuations.5 Finally,
topological interference effects arise from spin Berry phases
in single molecular magnets.10

There are different ways to obtain semiclassical transport
equations (see Refs. 3 and 4, and references therein), like wave-
packet analysis,11–13 or the systematic diagonalization method
developed by Gosselin and coworkers,14–16 which, however,
does not include the possibility of time-dependent perturba-
tions. Furthermore, there are various works treating semiclas-
sical quantum transport equations that incorporate Berry phase
effects: the scenario of a general two-band model is considered
by Wong and Tserkovnyak,17 and spin-orbit coupled systems18

as well as a non-Abelian gauge-field formulation19 is investi-
gated. The Löwdin partitioning, or quasidegenerate perturba-
tion theory, used in the book of Winkler20 to derive effective
models for certain bands in spin-orbit coupled semiconductors
can also be related to a semiclassical treatment, however, there
focus is only put on the Hamiltonian, not on the dynamical
variables or other aspects of the system.

In this work, we present a self-contained derivation of
the semiclassical dynamics, which is based on the Wigner
representation21—or phase-space representation of quantum
mechanics—which is a natural starting point for a semi-
classical analysis. One big advantage is that one can obtain
corrections systematically to arbitrary order in h̄. Also, a
requantization of the effective theory is not necessary, which

is a big drawback of the wave-packet analysis, which derives a
Lagrangian from the equations of motion for the wave-packet
center of mass coordinates, and it is not always clear what the
canonical conjugate variables are. The relation between canon-
ical and kinetic pairs of conjugate variables, however, emerges
naturally in our formalism. We adopt a 4-component vector
notation, which allows us to incorporate spatial inhomogeneity
as well as temporal variation on an equal basis. In the course of
our treatment, we will find how fictitious electric and magnetic
fields (real space and its momentum space pendants) appear in
effective theories, and we complete our work by developing a
low-energy effective quantum transport theory, which is man-
ifestly gauge invariant and consistent with a description in the
original frame. Finally, we address the interesting question of
how an external electromagnetic field modifies the formalism.

Approaches related to ours have been considered before,
albeit from a somewhat different perspective and mainly
focused on stationary situations. The early work of Blount
employs an approach (termed mixed representation therein)
similar to the phase-space method used in our work.22 Even
though the concept of Berry phase was not known at that time,
Blount’s paper shares many results with the present work, aside
from using different terminology. Furthermore, Littlejohn
et al. elaborate in some detail the subtle issues related to the
multicomponent WKB analysis.23,24 Their proposed idea of
reducing the problem of multi-component WKB analysis to a
single-component one is strongly related to the idea presented
in this article. More specifically, analyzing the general spin-
orbit problem,24 they perform an approximate diagonalization
to find the quantities restricted to the subspace of a single po-
larization, and subsequently employ the results of scalar WKB
theory, at the expense of a noncanonical treatment. Within their
work, they too come to the conclusion that without apprecia-
tion of the role of Berry’s phase, a proper semiclassical descrip-
tion of a multiband system seems difficult, if not impossible.

We have several scenarios in mind of applying our for-
malism to studying the electron dynamics in the presence
of an arbitrary inhomogeneous and time-dependent ferro-
magnetic exchange field, which exhibits many interesting
phenomena.25–27 One can make various generalizations like

045308-11098-0121/2013/88(4)/045308(18) ©2013 American Physical Society

Wavepacket approach

Systematic derivation

Sundaram, Niu 1999

Wickles, Belzig 2013



Kinetic equation
• Non-dissipative effects: modifications 

of intrinsic dynamics of individual 
quasiparticles, e.g. Berry phase 
effects, etc. 

• Dissipative effects: modifications of 
scattering of quasiparticles

Convective derivative

Collision term
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Dtf = �[f ]

Boltzmann equation

Typically:

Wikipedia



How chargeless bosons can become chiral

• “Topological magnons”: sharp consequences for bosons?

• More generally: Berry phase effects

• Perhaps more relevant: skew scattering

• For phonons: “phonon Hall viscosity”

Higher energy bosonic 
bands are only excited 

(e.g. thermally)
fermions

bosons

C = − 1

C = 1

<latexit sha1_base64="QRMDL7Q1VFU1LAxO48Y4YXJcaBY=">AAACCnicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1I1QVNBlBfuANITJdNIOnUnCzEQppX/gL7jVvTtx60+49UuctlnY6oELh3Pu5VxOmHKmtON8WYWl5ZXVteJ6aWNza3vHLu82VZJJQhsk4Ylsh1hRzmLa0Exz2k4lxSLktBUOriZ+64FKxZL4Xg9T6gvci1nECNZGCuzydaBRhC5Q5wYLgb3ID+yKU3WmQH+Jm5MK5KgH9nenm5BM0FgTjpXyXCfV/ghLzQin41InUzTFZIB71DM0xoIqfzR9fYwOjdJFUSLNxBpN1d8XIyyUGorQbAqs+2rRm4j/eV6mo3N/xOI00zQms6Ao40gnaNID6jJJieZDQzCRzPyKSB9LTLRpay4lFOOSKcVdrOAvaR5X3dOqe3dSqV3m9RRhHw7gCFw4gxrcQh0aQOARnuEFXq0n6816tz5mqwUrv9mDOVifP+w/mXg=</latexit>

Dtf = �[f ]



How chargeless bosons can become chiral

• “Topological magnons”: sharp consequences for bosons?

• More generally: Berry phase effects

• Perhaps more relevant: skew scattering

• For phonons: “phonon Hall viscosity”

Higher energy bosonic 
bands are only excited 

(e.g. thermally)
fermions

bosons

C = − 1

C = 1
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Nagaosa et al, RMP 2010:

Origin of electrical AHE depending on the size of the longitudinal conductivity:

 
disorder 

dominated

σH
intrinsic σH

 skew-
scattering 
dominated

σH

σL

Must understand all effects!



What we do

• Constraints and systematic effect 
of phonons (or other bosons) 
scattering off of magnetic 
fluctuations (or other, fermions etc)
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• Microscopic origin and symmetry 
constraints for “Hall viscosity” term

• Systematic derivation of the kinetic 
equation

Mangeolle, Balents, Savary  
PRB 106, 245139,   

PRX 12, 041031 (2022)

Ye, Savary, Balents 
arxiv:2103.04223

Mangeolle, Savary, Balents 
upcoming

minuscule 
contribution

5

In a real material with weak but nonzero SOC, there will
be an additional smallness of the PHV due to weak SOC.

We now turn to an estimate of the magntitude of the
phonon Hall e↵ect induced by the mechanism in this
paper. The characteristic energy vph�↵ and the maxi-
mum of xy/T can be related to parameters that may be
obtained from experiments/ab-initio calculations. The
thermal conductivity is most conveniently expressed as
xy/T per layer and in terms of the ratio of the phonon
to the magnon velocity ⌥ = vph/vm. In units of thermal
conductance, we have:

dz��
0

xy

T
⇠ ���0dz

⇢vph

k2B
~ = ⌥

����0

J vm/dz

h

⇢a2
0
dzv2ph

k2B
~ ⇥O(1).

(13)

Here dz is the inter-layer distance, and the numerical
coe�cient (O(1)) depends on the specific microscopic
model. Because the magnetoelastic couplings may be
considered spatial derivatives of the (anisotropic) ex-
change, and the magnon velocity is also set by exchange,
we expect that ����0

J vm/dz
. 1 (smallness due to weak SOC

also enters here). It could be more precisely evaluated
through ab initio calculations. The remaining factors
behave as h

⇢a2
0dzv2

ph
⇠ h(C3Da20dz)

�1, where C3D is the

three-dimensional bulk modulus. The latter is generally
an eV energy so that for a magnetic field B = 15 T,
i.e. h = gsµBB ⇠ 30 K, h(C3Da20dz)

�1 ⇠ 10�4. For
cuprates, ⌥ < 1 due to the large exchange energy. Thus,
the thermal Hall conductivity due to the PHV mecha-
nism is smaller by a factor of at least 10�4 than measured
values for cuprates.

This leaves open other mechanisms for the phonon Hall
e↵ect in the cuprates. It is possible that the e↵ects of the
PHV are enhanced by impurity scattering of phonons,
not included here (see a recent preprint [22] for discus-
sion on related issues). There might also be alternative
mechanisms to generate larger PHV, e.g. from charged
impurities. Finally, phonons may aquire chirality via
skew scattering of phonons from spins. This mechanism,
which is independent of the PHV, requires a true non-
equilibrium transport treatment.

A partial means to distinguish between these possi-
bilities is to compare directly the acoustic Faraday and
phonon Hall e↵ect measurements to see if they can be
consistently related to comparable PHVs. Beyond the
cuprates, the above discussion can be easily extended
to any antiferromagnet, and may be used to guide a
search for large PHVs. At a general level, it is clear
that large spin-orbit coupling or non-coplanar magnetic
order (which evades the weak SOC smallness), and large
magnetoelastic couplings are beneficial for enhancing the
PHV. We expect our results will be useful to guide future
experiments and computations in this active area.
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• Hall and longitudinal have different scaling 
forms 

• Thermal Hall exists out of plane 
• Large contribution  
• Should look at resistivity 
• New “detailed balance”



Derivation of a QKE for bosons, including all the Berry 
curvature effects.   

 
The result is general enough that it can be applied to any 

bosonic modes directly. 
 

Does not rely on fictitious “gravitational field.” 

Kinetic equation



Quantum kinetic equation for bosons

• Hermitian Bose fields 

• Quadratic Hamiltonian 

• Commutation relations

Ingredients:

 for phononsui, πi

 for magnonsmi, ni

Any hermitian form

�a(r)
<latexit sha1_base64="mqUcV2af3Z8iRGCZHgpd6cwoJdM="></latexit>

<latexit sha1_base64="nZKQGOYNwCniOL96K6C4U+yTvHs="></latexit>

[�a(r),�b(r
0)] = ~ �ab(r, r0)

<latexit sha1_base64="ze7RTYoPEICEAjhQy756HS9EK7I="></latexit>

H =
1

2

Z

r,r0
�a(r)Hab(r, r

0
)�b(r

0
)

Build:

Fab(r, r
0) =

1

2
h{�a(r),�b(r

0)}i
<latexit sha1_base64="lr61ig3yNZmm5ap7h7/jBIshgOo="></latexit>

• Observables



Possible examples
• Example: phonons

Helasticity =
1

2⇢(r)
⇡i(r)⇡i(r) +

cijµ⌫(r)

2
@µui(r)@⌫uj(r)

<latexit sha1_base64="jBAwXmVGlT1VF90W8ohtdE5D2hA="></latexit>

⇡i(r) = pi(r)� ⌘ijµ⌫(r)@µ@⌫uj(r)
<latexit sha1_base64="1qRAUbnKoew6B6AF0WLlWO0rqGQ="></latexit>

[⇡i(r),⇡j(r
0)] / i ⌘ijµ⌫

<latexit sha1_base64="No8o44TbZPY7j2YPSPpMKtS6CRU="></latexit>

( )

Hsigma =
⇢(r)

2
@µn

i@µn
i +

1

2�(r)
mimi + gij(r)n

inj + dij(r)m
inj

<latexit sha1_base64="7JSa/isbMIOH/LcmIJD1tzGjTqg="></latexit>

• Example: magnons

(e.g. from DM interaction)

(“phonon Hall viscosity”, e.g. Ye, Savary, Balents 2021)

 are Néel and net magnetization fluctuationsm, n

Note the inhomogeneous coefficients



Magnetoelastic coupling

riri
ririri ri rjrjrj

rjrjrj

rij = r0
ij + uij

rj

Sj

ri

Si
J(ri − rj)

Example:

phonons

HS

⇥
{rl}

⇤
=

X

i,j

S
µ
i S

⌫
j J

µ⌫(ri � rj)

= HS

⇥
{r0l }

⇤
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Phase space formulation
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[A⌦B]W = A(k, x) ?B(k, x) Note: can exactly formulate 
quantum mechanics in this way

“Gradient expansion” => semiclassics

Slow variations in real space

Captures non-commutativity of 
operators

Altshuler, 
Rammer Smith,…

• Wigner transform

Tools:
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Quantum kinetic equation

One can recognize all the usual Berry phase effects
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… semiclassical expansion, diagonalization, gauge invariance, tricks … 
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K = � ? H

Not hermitian!



Quantum kinetic equation

One can recognize all the usual Berry phase effects
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@tF(k,X) = �i
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… semiclassical expansion, diagonalization, gauge invariance, tricks … 
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Observables
• Energy density

• Use conservation of energy  
=> continuity equation in phase space
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Phase space current

… semiclassical expansion, diagonalization, gauge invariance, tricks … 
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Real space component of local current
• Transport current

Momentum integral gives the transport current

Momentum integral gives pure magnetization current
Can one measure it?

• Magnetization current
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• Global total current through a surface:
<latexit sha1_base64="RDItIJIw/qulZZRvO4czMOh5Gg4="></latexit>

JY
tot =

Z

X,Z

Z

k

⇣
J (1)
Y + J (2)

Y

⌘

total derivatives drop



Local currents
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Also recover Murakami / Shi’s formula
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Next: Textures
Skyrmion lattice

Superconducting vortex lattice



Hall and longitudinal have different scaling forms 

New “detailed balance” 

General formulas can be directly applied to fluctuations of any 
origin 

Thermal Hall exists out of plane 
Large contribution  

Should look at resistivity

Collision integral



Kinetic equation

• Non-dissipative effects: modifications 
of intrinsic dynamics of individual 
quasiparticles, e.g. Berry phase 
effects, etc. 

• Dissipative effects: modifications of 
scattering of quasiparticles

Convective derivative.  Dynamics.

Collision term
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Dtf = �[f ]

Boltzmann equation

Mangeolle, Balents, Savary 
PRX 12, 041031 (2022) 

PRB 106, 245139 (2022)



Phonons coupled to other degrees of freedom

�
@t + vn,krr

�
Nn,k = In,k [{Nn0,k0}]
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- scattering with collective excitations
- extrinsic phonon Hall conductivity

Boltzmann’s equation 
(simple version):

(but no disorder/impurities)

vn,k = rk !n,k
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Recall: spin-phonon coupling:
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General results
H
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(solve 
    the KE)

Involves only equilibrium properties of the  systemQ ‘ready for use’ formula
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Model

Skew 
scattering rate



Application to an AFM

- Hall resistivity displays ‘universal’ 
scaling

       (cf                       whereas                )

- ‘isotropic’ Hall conductivity:   

- only phonon-magnon scattering

κ xy
H ≈ κxz

H

Skew-scattering-induced extrinsic 
thermal Hall effect of phonons:

(inelastic scattering, no impurities)

H ⇠ W/D2
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Parameter values: inspired by copper formate tetradeuterate (CFTD)

T0 = 54K
<latexit sha1_base64="4d3sKnvDH955y6Q9S/gCskhhbns="></latexit>

%0 = 5.9 m ·K ·W�1
<latexit sha1_base64="YXybUi4gSu+6wDoEn1UC1y0A/9Q="></latexit>

�soc ⇠ 5% �iso
<latexit sha1_base64="Md9DA8YTTMwbglvmSFUtfX9jj8A="></latexit>

Quantitative estimate: 

- ‘large’ Hall angle:   θH ≃ κLϱH ∼ 10−3

Ronnow et al., PRL 87, 037202m?
0 ⇠ 5% Jiso

<latexit sha1_base64="mId57mroaMV9vPtYhJQNn0/mpvk="></latexit>



Phonons and out-of-plane Hall effect
Cuprates — Grissonnanche et al., Nature 571, 376–380 & Nat. Phys. 16, 1108-1111
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pseudogap

H
⇡ antiferromagnet

H<latexit sha1_base64="owWPTfxMbK9Fb2pNRYeLn+kxHyQ="></latexit> (~ isotropic)

(magnetic excitations remain in the xy planes)
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