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The Integer Quantum Hall Effect
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. Ground state gap

e Anderson localisation due
to disorder

* Topological “obstruction”
of Anderson localisation

ko § quantization y=2
remarkably accurate

IQHE is used as a standard in defining resistance



Fractional Quantum Hall Effect: strongly
interacting systems with topological order
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Fractional Quantum Hall Effect: strongly
interacting systems with topological order
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IQHE: single particle physics

excitations with
fractionalized charge

anyon statistics

non-Abelian statistics and
braiding

entanglement entropy/
spectrum
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Topological quantum computer,
with robust storing and
manipulation of quantum
information

FQHE: many-body physics



The elementary degrees of freedom in a
single Landau level
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The elementary degrees of freedom in a
single Landau level
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The conformal Hilbert spaces

Interaction
Hamiltonian

/

HFibonacci

Hur

HGaﬂ'nian

HHaﬁ"nian

HLaughlin— l,

7-LLa.ughlin— 1

Null spaces of the interactions S.H. Simon, E.H. Rezayi and N.R. Cooper, PRB 75, 075318 (2007)
N.Read, PRB 79, 245304 (2009)

Bo Yang, PRB 103, 115102 (2021)
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The conformal Hilbert spaces
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Different types
of anyons
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The conformal Hilbert spaces

Interaction
Hamiltonian

/

HFibonacci

Hur

Different types
of anyons

HGaffnian

HHa,ﬁ'nian

HLaughlin— %

%La.ughlin— z
The 2D Hilbert space in the presence of
magnetic field and interaction is highly

structured
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N.Read, PRB 79, 245304 (2009)
Bo Yang, PRB 103, 115102 (2021)
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The conformal Hilbert spaces edge excitations

T

Ground state of the 2D quantum fluid

T

Highest

All other

density state

states

Entanglement spectrum G ———

Li and Haldane, PRL 2008 One-to-one
correspondence

A C

The Virasoro algebra Ly Lon] = (n—m) Lopgn + " (n2 — 1) Gmtn,0

A holographic description - the bulk-edge correspondence
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The elementary degrees of freedom in a
conformal subspace

Electrons

Topology

single LL

Universal '
properties

Quasiparticles
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Fractionalization of anyons
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The Laughlin phase

Laughlin
- quasiholes/
o~
L anyons have
<
R charge e/3 and
statistical phase
of pi/3
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Laughlin conformal Hilbert space

The Laughlin phase at 1/3

2 ~2bd

artificial model interaction
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Laughlin conformal Hilbert space

The Laughlin phase at 1/3
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Laughlin conformal Hilbert space

The Laughlin phase at 1/3

2 ~2bd
jfi{. — -‘/ii J

artificial model interaction

A

H

Ground state

VLLL and quasiholes

A

H

realistic interaction

What can happen to anyons in the presence of realistic
Coulomb interaction?
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The Laughlin phase at 1/3 in SLL

MY

H = Vi,

Ha Quang Trung and Bo Yang, PRL 127,046402 2021
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The Laughlin phase at 1/3 in SLL  goamum fu o

MY

H = Vi,

quantum fluid of
Laughlin quasiholes

Ha Quang Trung and Bo Yang, PRL 127,046402 2021
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quantum fluid of

The Laughlin phase at 1/3 in SLL  gaffian quasiholes

3 ) ~
Overlap with ground state of H(A) = (1 — )V, + AVg,
» Single-state overlap: [(¥o (1) [Y)]
*  Multiple-state overlap: \/X;|(¥o () [¥;)|? 03
—— Ground -
(c) WF. overlap, Ne =10, No=28 (d) WF. overlap, N = 10, N, = 29 s | o;(;uguaitii:e quantum fluid of
1.0 - — 1.0 = £ 02 L hli ihol
2 2 S augniin quasinoies
§ 0.5 §05- 9
O (@) E 0.1
0.0 T T T T T . . T . : °
0.6 07 08 09 1.0 06 07 08 09 1.0 0o
A A . 1 I I I
— 3, — H\H, — 3, 0.000 0.025 o.oslo/,\(,)e.o75 0.100 0.125
Overlap (Ne,No) (9,25) (9,26) (10,28) (10,29) (11,31) In the limit Ne — oo, }[G is a
atl=1. o, 048 045 054 047  0.70 subspace of measure zero
Oc 097 097 097 089 0097

dim(He)/dim(H) 0.143 0.135 0.091  0.077  0.039

H ; has high overlap with the true ground state near Vg,

Ha Quang Trung and Bo Yang, PRL 127,046402 2021
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The elementary degrees of freedom

Ne=8, No=22, V1 278 Ne=8, No=22, SLL
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H ; captures the low-lying energies w.r.t. a wider range of interactions
Ha Quang Trung and Bo Yang, PRL 127,046402 2021
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The elementary degrees of freedom

Ne=8, No=22, V1 278 Ne=8, No=22, SLL
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x5 ko R o > o > # F H Gaffnian quasiholes
L 3.62 - - =X zh DX X I w Ik« X 2% % x = q
x _X % X X X Ix  _X
-X _X - X - _X 4
3.60 - =X -X - 3501 =X L« X
X
0 1 2 3 4 5 6 0 1 2 3 a 5 6
L L

H ; captures the low-lying energies w.r.t. a wider range of interactions
Ha Quang Trung and Bo Yang, PRL 127,046402 2021

Quantum Hall fluid Electrons Gaffnian quasiholes Laughlin quasiholes

Water quarks and leptons  hydrogen and oxygen molecules
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Fractionalisation of Laughlin quasiholes

For Jack polynomials, see Bernevig and Haldane, PRL 100,246802

For some FQH phases, the conformal Hilbert
space is spanned by the Jacks

110001100011000---110001100011  Highest density state in Hg
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Fractionalisation of Laughlin quasiholes
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Fractionalisation of Laughlin quasiholes

For Jack polynomials, see Bernevig and Haldane, PRL 100,246802

For some FQH phases, the conformal Hilbert
space is spanned by the Jacks
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Fractionalisation of Laughlin quasiholes

From root configuration:
* Laughlin quasihole (LQ): fewer than 1 electron every 3 orbitals
e Gaffnian quasihole (GQ): fewer than 2 electrons every 5 orbitals

Bound (“NN”) state Intermediate states
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The GQ can be separated by creating neutral excitations
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Asymptotic freedom of bound GQs
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Laughlin neutral

Asymptotic freedom of bound GQs excitations (“gluons?)
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Laughlin neutral

Asymptotic freedom of bound GQs excitations (“gluons?)
v 1-M — Bound (“NN”) state
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Laughlin neutral

Asymptotic freedom of bound GQs excitations (“gluons?)
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The nematic fractional quantum Hall effect
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Dynamics for the robustness of topological
indices

Topology

Interplay between
emergent

Universal
properties geometry and
Haldane 2009, topological order
2011, 2011
Hilbert
space Algebra

Emergent

geometry

Theory Experiment
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The nematic fractional quantum Hall effect
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J.Xia et.al, Nature Physics 2011 X. Fu et.al, PRL 2020

L. J. Du, et al, Science Advances 5, eaav3407 (2019).

Coexistence of topological order and anisotropic transport
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A minimal model for nematic FQHE
1 1

lim Aq = —TI'/{Vemdy, 1 rmee d,qg® + O (¢
=0 94 256" M T g6y, (D) T (")
<t
o)
Quadrupole excitations are exact R e T T
zero energy states of the ) .
Haffnian model Hamiltonian S R I
o P
' W M
“© 10 |
o
o +A=0 = A=01 +A=02 b)
S0 2 4 6 8 10 12
2 2 ~-2bd ~-2bd
c)
Bo Yang, PR Research, 2, 033362 (2020) o . —svi-o
Yuzhu Wang and Bo Yang, PRB 105, 035144 (2022) W ) ~ovi-0s
D.X. Nguyén and D.T. Son, PRR 3, 033217 (2021) “°o' A | T
D.X. Nguyén et.al. PRL 2022 | 2/ Vo[ 8 10 12
A.C. Balram et.al. PRX 2022 | - -
Yuzhu Wang and Bo Yang, Nat. Comm. 2023 Sr DynamICS Of 2D “GraVItOHS”

W) UNIVERSITY School of Physical and Mathematical Sciences
"~ SINGAPORE




Quasihole fractionalisation and nematic
phase transition are related

vV Y VY Y VY Y YV V¥
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Fractionalised Laughlin
quasiholes are also exact zero
energy states of the Haffnian
model Hamiltonian

b o

v
O &

P
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H (M, \2) = Hy + >\1‘712bdy + )\2‘732bdy
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Quasihole fractionalisation and nematic
phase transition are related

\v/ v v v v v 7 v - charge gap (dipole) neutral gap (quadrupole)
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Fractionalised Laughlin
quasiholes are also exact zero
energy states of the Haffnian
model Hamiltonian

b o

H (A1, A2) = Hy, + )\1‘712bdy + )\2‘732bdy

NEMATIC

The neutral gap gives the energy cost of quasihole fractionalisation
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A BKT-like phase transition

-1
- 0.381A, (63)
c™ e
kg \By
E += = b
A A
7 A +
0.0 of_s 1.0 50 100 150 200 ' 1 A
(d) A ksT/A, I ; .
I <Tc . ® S E WG =
® ® ¢,_.7-— e <=
NEMATIC
T>T
2 £.50 %o
s T P Ny e/6-charges are observable
Solution 1 Solution 2 in experiment if
N Neutral excitation-mediated @ Charge-e/3 Laughlin quasiholes
/\:\%\ interaction C CharZe—e/Z Gaffsr;\ian :uasiholes TC < T < A]-/](B

A phase transition of low-lying

excitations at the same filling factor ,, q,ang Trung and Bo vang, PRL 127,046402 2021
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A BKT-like phase transition

quadrupole gap \
\ —1
- 0.381A, (63)
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Solution 1 Solution 2 in experiment if
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A phase transition of low-lying

excitations at the same filling factor ,, q,ang Trung and Bo vang, PRL 127,046402 2021
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magnetic flux

A BKT-like phase transition density
quadrupole gap \ /
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s %‘b o..oo/OO'o o e/6-charges are observable
Solution 1 Solution 2 in experiment if
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A phase transition of low-lying

excitations at the same filling factor ,, q,ang Trung and Bo vang, PRL 127,046402 2021
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magnetic flux

A BKT-like phase transition density

quadrupole gap \ /

) Ag—
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A phase transition of low-lying charge gap

excitations at the same filling factor ,, q,ang Trung and Bo vang, PRL 127,046402 2021
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Multiple gravitons and anyon spin-statistics
theorem

HLLL
U S Hrino
- Certain FQH phases (e.g. with CF particle- N
/“'\/o Hur
hole conjugation) can have multiple graviton o & 2\
excitations, each associated with the metric A,
fluctuation of different CHS " s

D. X. Nguyen, F. D. M. Haldane, E. H. Rezayi, D. T. Son, K. Yang, PRL 128, 246402

A. C. Balram, Z. Liu, A. Gromov, Z. Papic, PRX 12, 021008 Yuzhu Wang and Bo Yang’ Nat. Comm. 14’ 2317 (2023)

- Spin-statistics theorem for anyons (with ‘E’)/'/x 2o |
arbitrary internal structure) in a non- ‘ f = ©
relativistic setting requires a proper definition T ool b“_mb
of anyon intrinsic spin, which is the angular oot st ) i sl ety i
momentum within the proper CHS 010 @

T. Einarsson, S. Sondhi, S. Girvin, D. Arovas, Nuclear Physics B 441, 515

T. Comparin, A. Opler, E. Macaluso, A. Biella, A. P. Polychronakos, L. Mazza, Phys. Rev. B 105, 085125
Ha Quang Trung, Yuzhu Wang and Bo Yang, PRB Letter, 107, L201301 (2023)
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https://www.google.com/url?q=https%3A%2F%2Farxiv.org%2Fa%2Fyang_b_1.html&sa=D&sntz=1&usg=AOvVaw3h2RYVVHiOMZC6vte5Tz_7

2D Bosonization and Fermionization

Edge excitations .. N.Read, PRB 79, 245304 (2009)
AN, Bosonization
ofthe CLL | Bosonic density
Bulk-edge ' mode in1+1D
correspondence

Anyons (quasiholes)
on disk geometry

Conformal Unitary transformation

Bulk-edge

mapping Correspondence between fermions,
bosons and anyons

(r,¢) — <tan 5

Bosons with statistical
interaction in 2D

Anyon
Anyons (quasiholes) = bosonization

on spherical geometry Bo Yang, PRL 127, 126406 (2021)

- Microscopic picture of anyons interpreted as composite bosons and composite
Fermions
- New family of single-component bosonic FQH states (with their model Hamiltonians)
- Microscopic Hamiltonians capturing statistical interaction
X NANYANG
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The conformal Hilbert spaces

Interaction
Hamiltonian

/

HFibonacci

Hur

Different types
of anyons

HGaffnian

HHa,ffnian

HLaughlin— %

%La.ughlin— z
The 2D Hilbert space in the presence of
magnetic field and interaction is highly

structured

The Fuzzy sphere for 3D CFT: W Zhu, C Han, E Huffman,
JS Hofmann, YC He
Physical Review X 13 (2), 021009

Null spaces of the interactions
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Students:

Ha Quang Trung Wang Yuzhu

Ha Quang Trung and Bo Yang, PRL 127,046402 2021 Yuzhu Wang and Bo Yang, Nat. Comm. 14, 2317 (2023)

Ha Quang Trung, Yuzhu Wang and Bo Yang, PRB Letter, Yuzhu Wang and Bo Yang, Phys. Rev. B 105, 035144 (2022)

107, L201301 (2023)
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A theoretical question
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A theoretical question
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A theoretical question
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A theoretical question
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0.8
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A theoretical question
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A theoretical question
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Charge gap related to the creation

A thecretiCal q ueStiOn energy of a single quasielectron or

quasihole

e

- Quadrupole excitations and dipole excitations are different
types of FQH excitations

- The nematic FQH results from the softening of the quadrupole

excitations

- How tunable are the two energy scales in the FQH topological

phase?

M. Mulligan et.al PRB 82, 085120, PRB 84, 195124
J. Maciejko, B. Hsu, S.A. Kivelson, Y. Park and S.L. Sondhi, Phys. Rev. B. 88, 125137 (2013).
Y. You, G.Y. Cho and E. Fradkin, Phys. Rev. X. 4, 041050 (2014).
K. Lee, J. Shao, E.-A. Kim, FD.M. Haldane and E.H. Rezayi, Phys. Rev. Lett. 121, 147601 (2018).
N. Regnault et al, PRB 96, 035150 (2017)
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The generalisation of the conformal Hilbert
space formalism

(Can we realise model Hamiltonians with Coulomb based interaction?)

Bo Yang, arXiv:2307.06361
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Scale-free electron-electron interaction

2 1 pa pb AR
Ho=) o— 9 BB+ / d*r1d®raVo (r1 = 72) pry pra

1
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Scale-free electron-electron interaction

A 1
Ha = Z QmKQB Ja

y RO RY + / d*r1d*roVy (11 — 72) Pry Prs

/

[}?a, }?b] — MQB P
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Scale-free electron-electron interaction

O = 252(7“ —7;)

N\

y RO RY + / d*r1d®roVy (11 — 72) Pry Prs

/

[}?a, }?b] — MQB P

A 1
Ha = Z QmKQB Ja
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Scale-free electron-electron interaction

O = 252(7“ —7;)

N\

y RO RY + / d*r1d?roVy (11 — 12) Pry Prs
[}?a, }?b] — iéQBeab , l

Vs, (7“) — 7“_0‘ (scale-free interaction)

A 1
Ha = Z QmKQB Ja
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Scale-free electron-electron interaction

) :Z(SQ(r—m)
| i N\

Ha — Z 2m€2 gabégég -+ /d27“1d27°2‘/a (Tl T TQ) Ia?“lﬁ’m
i B /
U’%a) Rb] 82 ab | l

Val(r) = o (scale-free interaction)

In the LLL: Vo(q) ~ q* 2e 29 _ZCM

i=0 \

Haldane pseudopotentials
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Scale-free electron-electron interaction

) :Z(SQ(r—m)
| i N\

Ha — Z ngz gabégég + /d27°1d27°2‘/a (Tl — TQ) ﬁrlﬁ’m
i B /
[éajéb] 262 ab | l

Val(r) = o (scale-free interaction)

In the LLL: Vo(q) ~ q* 2e 29 _ZCM

i=0 \

Only valid for alpha smaller than 2! Haldane pseudopotentials
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Scale-free electron-electron interaction

Oy = 252(7“ —7;)

N\

N 1 ) ) L
Ha — Z % abﬂ-i,aﬂ-z’,b + /d27“1d27“2Va (Tl — TQ) PriPrs

- |

[ﬁav 7/:‘-b] — Z.ZEQGCLIJ 1

V. (7“) — 7“_0‘ (scale-free interaction)

intheLLL:  Vo(q) ~ Y ciaVi  Ca—2ki<k—1 —> OO

i
Haldane pseudopotentials
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Strong LL mixing despite large cyclotron gap

For o = 2,05 — 0,V ~ +ooV or + 0cod®(z; — ;)

— - — -

€000 0000 0000
v <1/2 1/2<v<2/3 2/3 <v

Laughlin phase with quasiholes Non-abelian parton state
Laughlin quasielectrons/Jain

quasiholes and Jain 2/3 phase

e (Part of) CF theories are exact in a higher dimensional universe
e Unprojected CF states are natural physical states

e Coulomb interaction is a special case of scale free interaction
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Strong LL mixing despite large magnetic field

For a =2,/ — O,Va ~ +ooVy or + 0052(27: — 2j)

B A & & 90 00— 0000
v <1/2 1/2<v<2/3 2/3 < v
Laughlin phase with quasiholes Non-abelian parton state

Laughlin quasielectrons/Jain
quasiholes and Jain 2/3 phase

Density-dependent LL mixing that is
analytically tractable
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Multiple LL with infinite magnetic field

For o = 2,05 — 0,V ~ +ooV or + 0cod®(z; — ;)

— - — -

€000 0000 0000
v <1/2 1/2<v<2/3 2/3 <v

Laughlin phase with quasiholes Non-abelian parton state
Laughlin quasielectrons/Jain

quasiholes and Jain 2/3 phase

e Generalisation of conformal Hilbert spaces to multiple LLs

e Non-Abelian topological phases from 2-body interaction
M. Tanhayi Ahari, S. Bandyopadhyay, Z. Nussinov, A. Seidel, G. Ortiz, Scipost Physics, 2023
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Experimental realization?

If only we live in a 4+1 dimensional
spacetime!

Dipole-dipole interaction:

1 1
r \r2 4+ d?

Vir) ~

Short-range interaction is still 1/r
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Experimental realization?

If only we live in a 4+1 dimensional
spacetime!

Dipole-dipole interaction:

1 1
r \r2 4+ d?

Vir) ~

For » > {p >d, we have V(r) ~1/r"
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Experimental realization?

‘ ‘ Dipole-dipole interaction:

i 3 V(r) ~ i \/T21+ e

©
O
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oS |
< o
= =
O
o
o
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00 02 04 d0.6 0.8 1.0 00 02 04 d0-6 08 1.0

We can make Vo arbitrarily dominant
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Experimental realization?

‘ ‘ Dipole-dipole interaction:

s
a

1.0

But we still need: ° 00 02 04 06 08 10
E=R
Vo > hwe > V>0 S

00 02 04 dola 08 1.0
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Experimental realization?

Charged bosons with a dipole

_62 62_

v S
e .
o |

The goal ° 00 02 04 dola 08 1.0
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A final theoretical touch

H, = Vi within the LLL

1
Ho = Z — g%, 7, with the TK Ham null space

— 2m
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A final theoretical touch

H, = Vi within the LLL
1

Ho = E o g7, 7 with the TK Ham null space
m
)
O
()
A A A
e A e s o A a
S EE RN R
5 AR TR
Duality between strongly/weakly oS - 5
interacting systems U-IN 20002
N
Eg | f | I l
0 3 . 10 15

W TECHNOLOGICAL
UNIVERSITY School of Physical and Mathematical Sciences

SINGAPORE




A final theoretical touch

o =2 —e+— H,; = V; within the LLL
1

a=2 +— Ho = E —ga’bfrafrb with the TK Ham null space
— 2m
1
O
()
A A b a
Q| s3iEsreipes
6 ¢ %
S §'§'§§§§§H
Duality between strongly/weakly oS - " s
interacting systems L $ 4 400
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Summary

- The formalism of conformal Hilbert spaces could be
useful for understanding both the universal features and
the dynamics of anyons in FQH systems

- It inherits very rich mathematical/algebraic structure and
there is still a lack of good analytical and numerical tools

- There could be a chance of experimentally realising

model Hamiltonians for generalised CHS
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All topological properties determined by

topological indices of the
ground state, quasihole/
quasielectron charge, quasihole
counting, quasielectron spin

Universal topological
properties

Hilbert space algebra

“Bulk-edge

correspondence”

» A quasihole manifold

A

S
Entanglement %
. v
properties - A minimal highest Neutral @_
Topological density ground state excitations b
A
indices l &
-
0,
| <
Various types of
quasielectron excitations
All universal properties should be determined All energy scales
without involving the (model) Hamiltonian to zero or infinity
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