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Spontaneous orbital magnetization

  

Requires breaking time-reversal symmetry spontaneously, e.g. spin ferromagnetism, loop-current order. 
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Spontaneous orbital magnetization

  

Requires breaking time-reversal symmetry spontaneously, e.g. spin ferromagnetism, loop-current order. 

M(0)
orb = −

∂Ω
∂B

|B=0,μ,T

E. Zeldov, et al, Nat. Phys. (2022) A. Young, et al, Science (2021)



Orbital magnetization

๏ Classical definition:  

๏ Subtleties to define and compute  in a periodic crystal quantum mechanically: 
๏   

๏  can not be uniquely determined from local current density: 
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Orbital magnetization

๏ Classical definition:  

๏ Subtleties to define and compute  in a periodic crystal quantum mechanically: 
๏   

๏  can not be uniquely determined from local current density: 

          ➬ ➬ ➬   

Morb = ∫ d2r (r × J(r))
Morb

Morb

c∇ × Morb = J(r) M′ orb = Morb + Mconst + ∇ξ

 

 ill-defined for extended Bloch wave function

ψn → ψn,k

r

Periodic crystal



๏ Semiclassical derivation of M(0)
orb

“Modern” theories of spontaneous orbital magnetization

D. Xiao, J. Shi, Q. Niu, PRL (2005) 

๏ Matrix element of  on Wannier orbitals 

๏ Quantum mechanical:   

๏ More recent developments for non-interacting systems: gauge invariant formulation

r × J

B → B(q) = q × A(q)
lim
q→0

lim
V→∞

lim
V→∞

lim
q→0v.s.

J. Shi, G. Vignale, D. Xiao, and Q. Niu, PRL (2007)
Interacting case:  
R. Nourafkan, G. Kotliar, and A.-M.S. Tremblay, PRB (2014)

T. Thonhauser, D. Ceresoli, D. Vanderbilt, and R. Resta, 
PRL (2005, 2006)

K. T. Chen and P. A. Lee, PRB (2011) 
D. Haldane, Journal of Mathematical Physics (2021)



How to compute thermodynamic quantities for multi-band systems in a magnetic field?

Our Goal 

A theory that we want to develop: 

๏ Orbital magnetic response derived from the thermodynamic potential, e.g.  

๏ Obtained from an infinite system with periodic boundary condition. 

๏ Make it clear the meaning of momentum  in a magnetic field. 

๏ Do not have to consider inhomogeneous magnetic field, i.e. take the limit “ ” in the calculation.

M(0)
orb = −

∂Ω
∂B

|B=0,μ,T

k

lim
q→0

lim
V→∞

                                            ➤ Can be generalized to interacting systems. 

➤ Define  un-ambiguously. c.f. M(0)
orb

c∇ × Morb = J(r)



Review of thermodynamic potential

Ω = − T Tr ln(e−(βĤ−μN̂))

= − lim
η→0+

T∑
n

eiωnη (Tr ln G−1
n − T TrΣn ∘ Gn) + Φ(G)

 are bi-local fields with Matsubara frequency   ➬ ➬ ➬ Gn(x1, x2), Σn(x1, x2) ωn G12, Σ12 i.e. 1 ≡ x1

Definition:

Satisfy:
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Thermodynamic potential in translation symmetric systems

Ω = − T Tr ln(e−(βĤ−μN̂))

= − lim
η→0+

T∑
n

eiωnη (Tr ln G−1
n − T TrΣn ∘ Gn) + Φ(G)

With translation symmetry: G1,2 = G(1 − 2), Σ1,2 = Σ(1 − 2)

Fourier transform <—> Unitary transformation U(k) = ∑
k

eikx |x > < k |

Ω = − lim
η→0+

T∑
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 over internal d.o.f.tr
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Thermodynamic Potential when : challengesB ≠ 0

Ω = − T ln Tr(e−(βĤ−μN̂))

= − lim
η→0+

T∑
n

eiωnη (Tr ln G−1
n − T TrΣn ∘ Gn) + Φ(G)

Homogeneous magnetic field: Ĥnon−int = ∫ drΨ̄r ∑
<ij>

(−tij e
iq ∫r

r−δ A⋅δij)Ψr−δij Convention: 

(i∇ − qA)2

2mAx1x2
= ∫

x1

x2

dy A(y) ⇒ ⇒ ⇒ A(R) ⋅ ρ Center of mass coordinate:  

Relative coordinate: 

R = (x1 + x2)/2

ρ = x1 − x2

 are functions of (G−1)12, G12, Σ12
⃗R = ( ⃗x1 + ⃗x2)/2, ⃗ρ = ⃗x1 − ⃗x2

Unitary transformation  cannot block diagonalize U(k) = ∑
x

eikx |x > < x | G−1, Σ, G

B field does not generate any temporal dynamics

Plane wave is not the proper basis to use, for any  !B ≠ 0
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Technical goal: 

Find a proper and physical basis that allows for diagonalization in “momentum” 
space order by order in  B .



New basis functions and Fourier transform

“Fourier transform” of local fields , or generally :Ψ(x), Ψ̄(x) 𝒪(x)

Define ̂τx = ei ̂π⋅x [ ̂πi, ̂πj] = iϵijqB = iϵijl−2
B = iθij

�̂� ̂π = ∫
d2x
2πl2

B
𝒪(x) ̂τ−x 𝒪(x) = t̃r(�̂� ̂π ̂τx)

, i.e. tracing over the basis functions.t̃r( . ) = ∫η,ξ
(ξ | . |η)

Fuzziness in momentum space ➬ ➬ ➬ Coherent state basis: 

, |η) = e
ηa†

2l−1
B |0) (ξ | = (0 |e

ξa
2l−1

B

Define an invertible transformation: 

̂πi = − i∂i − qAi
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B ≠ 0

Landau levels

Physical intuitions:

…

…

μ

B = 0

̂a, ̂a†

Coherent state basis: Superposition of LLs , |η) = e
ηa†

2l−1
B |0) (ξ | = (0 |e

ξa
2l−1

B

(k |ei ̂kx |k′ ) = eikxδk,k′ (ξ | ̂τx |η)
B=0



Thermodynamic Potential when B ≠ 0

Ω = − T Tr ln(e−(βĤ−μN̂)) = − lim
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f(π) ⋆ g(π) = f(π)g(π) +
∞

∑
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= f(π)g(π) +
iqB
2

f(π)( ∂ πx
∂ πy

− ∂ πy
∂ πx

)g(π) + O(B2)
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Results

Ω = − T ln Tr(e−(βĤ−μN̂))

= − lim
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Where  satisfiesΣ̃, G

Dyson equation: (iωn − H0(π) − Σ̃n(π)) ⋆ Gn(π) = 1

 can be determined from the functional  and  self-consistently order by order in B.Σ̃(π) Φ(G) G(π)
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Application: spontaneous orbital magnetization

Ω = − lim
η→0+

T∑
n

eiωnη (∫ 𝒟Ψ̄π𝒟Ψπ 𝒥2 e ∫π (Ψ̄π ⋆ (iωn − H0(π) − Σ̃n(π)) ⋆ Ψπ) + Σ̃n(π)Gn(π)) + Φ(G)

Linear in B contribution to :Ω

Reproduce the expression of  in non-interacting case 

found in the early literatures.

M(0)
orb

Σ̃(n) ∼ Bn  contributions cancelΣ̃(1)

Σ(0) ≡ Σ̃(0)



Comments on higher order responses

Ω = − lim
η→0+

T∑
n

eiωnη (∫ 𝒟Ψ̄π𝒟Ψπ e ∫π (Ψ̄π ⋆ (iωn − H0(π) − Σ̃n(π)) ⋆ Ψπ) + Σ̃n(π)Gn(π)) + Φ(G)

Higher order responses from perturbative expansions in B:

In the earlier days to study orbital magnetic responses, e.g. Landau diamagnetism:

F ∼ ∑
n

ΦB

Φq
ln(1 + e−βωc(n+1/2))

∑
n

h(n + 1/2) = ∫ dxh(x) −
1
24

h′ (0) +
7

5760
h′ ′ ′ (0) + . . .

B2 B4

Generalization to interacting multi-band systems

Euler–Maclaurin formula



Outlook

๏ Compute orbital magnetic susceptibility 

๏ Projection to narrow band systems 

๏ Add other ingredients: 
๏ Spacial inhomogeneity  

๏ Magneto-electric response in multi-band systems 

๏ Compute quantum oscillation ( ) without explicit projection to Landau levels.Ωosc

M. Ogata, H. Fukuyama, PRB (2003),  
Y. Gao, S. Yang, Q. Niu et al, PRB (2015)

Controversy between semiclassical 
and finite q method.

Thank to many colleagues for helpful discussions, in particular, Leon Balents, Xiao-
Chuan Wu, Zhihuan Dong, Sri Raghu, Yuxuan Wang, Duncan Haldane, …

Thanks!


