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Orbital magnetic responses

Orbital motion of electrons in 2D | OB

o M, ., =0 classically > Bohr-Van Leeuwen theorem

o Orbital magnetization from thermodynamic potential Q = — T'Tr In(e~(FH-#N))
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Orbital magnetic responses

Orbital motion of electrons in 2D | OB Semiclassical limit:

%000 o, < i

o M, ., =0 classically > Bohr-Van Leeuwen theorem

o Orbital magnetization from thermodynamic potential Q = — T'Tr In(e~(FH-#N))
MO = 0§ Scope of this talk.
orb OB ‘B=O,/A,T
1 00 0, < T < U J Based on: MY, to appear
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Spontaneous orbital magnetization
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Requires breaking time-reversal symmetry spontaneously, e.g. spin ferromagnetism, loop-current order.
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Orbital magnetization

o Classical definition: M, = szr (r X J (r))

e Subtleties to define and compute M, , in a periodic crystal quantum mechanically:
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© M ., can not be uniquely determined from local current density:
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Orbital magnetization

o Classical definition: M, = szr (r X J (r))

e Subtleties to define and compute M, , in a periodic crystal quantum mechanically:

(!

Mo, = =57% = =5 2 Jn (e x Vi) v =gl H]

Periodic crystal W, = Wk
r ill-defined for extended Bloch wave function
© M ., can not be uniquely determined from local current density:

cVXM,, =Jx) >>>M =M ,+M,.,, .+ VE

const



| “Modern” theories of spontaneous orbital magnetization

®

®

Semiclassical derivation of M9 p. Xiao, J. Shi, Q. Niu, PRL (2005)

orb
wave packet
’\ W( rorc, kC)
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Matrix element of r X J on Wannier orbitals T. Thonhauser, D. Ceresoli, D. Vanderbilt, and R. Resta,

PRL (2005, 2006)

Quantum mechanical: B — B(q) = ( X A(q) J. Shi, G. Vignale, D. Xiao, and Q. Niu, PRL (2007)

Interacting case:

Iim Iim Iim lIim
V.S. R. Nourafkan, G. Kotliar, and A.-M.S. Tremblay, PRB (2014)

q—0 V-0 ' V—o00 q—0

More recent developments for non-interacting systems: gauge invariant formulation

K. T. Chen and P. A. Lee, PRB (2011)
D. Haldane, Journal of Mathematical Physics (2021)



Our Goal

How to compute thermodynamic quantities for multi-band systems in a magnetic field?

A theory that we want to develop:

7,9)
: : : . : 0) —
o Orbital magnetic response derived from the thermodynamic potential, e.g. M " = B | B=0.T

» Can be generalized to interacting systems.

» Define MY un-ambiguously. c.f. ¢V x M, , = J(r)

orb

e Obtained from an infinite system with periodic boundary condition.

e Make it clear the meaning of momentum K in a magnetic field.

+ Do not have to consider inhomogeneous magnetic field, i.e. take the limit “lim lim ” in the calculation.
q—0 V-ooo



Review of thermodynamic potential

Q = — T Tr In(e~(PH-1N))

=—1im T ) e (TrInG,;' = TTZ,~G,) + ®(G)
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Definition:
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Dyson equation: (Gal - Z) =G 1l e ((G’al — 2) 0 G)
Self-energy definition for 2PI diagrams: 7~ =
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Thermodynamic potential in translation symmetric systems

Q = — T Tr In(e~(PH-1N))

=—1im T ) e (TrInG,;' = TTZ,~G,) + ®(G)
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With translation symmetry: G, , = G(1 —2), 2, = 2(1 — 2)

Fourier transform <—> Unitary transformation U(K) = 2 ekx|x > < K|
k

Q=-1im 7T ) e (rlnG;'(k) - TtrX,(k)G,(K)) + D(G)
n—07
nK

tr over internal d.o.f.
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Technical goal:

Find a proper and physical basis that allows for diagonalization in “momentum”
space order by order in B.



New basis functions and Fourier transform

“Fourier transform” of local fields ¥(x), P(x), or generally O(x):

N b A AT — _ 72 _ N
Define 7, = ei#x |7, ;] = i€;qB = i€z~ = i0;; m; = — 10, — gA;

I

Fuzziness in momentum space <> => => Coherent state basis:

1
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Define an invertible transformation:
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= | srowi 0w = b,z

tr(.) = J' (&|.|n), i.e. tracing over the basis functions.
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Physical intuitions:
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| Thermodynamic Potential when B # 0
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Dyson equation: (ia)n — Hy(r) — in(ﬂ)) *x G, (m) =1

() can be determined from the functional ®(G) and G(x) self-consistently order by order in B.



Results
Q = — T InTr(e—(BH-1N))

=—1lim T ) @/ (TrInG,' + TrZ,° G,) + ®(G)
n—0"

= — lim Ty efow (J DT W, ol (Fo lon =D =S,0) 0 t:) inm)c;n(n)) + O(G)

Where X, G satisfies

Dyson equation: (ia)n — Hy(r) — in(ﬂ)) *x G, (n) =1

() can be determined from the functional ®(G) and G(x) self-consistently order by order in B.
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Application: spontaneous orbital magnetization

[Linear in B contribution to £2:

o= 1im 7S eion (J DY PP 726 (0% (0, ~ Ho(m) = 5,0) % ¥,) S (DG, (ﬂ)> (G

> o B" > contributions cancel

0 Tr In (iwn + 1 — (b + Ditan) — PeijOn, (b, + Dt )(%)

Mor = -1
b 0B

$(0) = $(0)

Reproduce the expression of MSSIZ in non-interacting case

found in the early literatures.



Comments on higher order responses

Higher order responses from perturbative expansions in B:

Q=—1lmT) e@ (J@‘T’ DY _e's <T”* (i, = Hym) = %, () *T”> + in(ﬂ)Gn(ﬂ)) + ®(G)

In the earlier days to study orbital magnetic responses, e.g. Landau diamagnetism:

b Euler—-Maclaurin formula
F ~ Z EB In(1 + e—fon+112)

n q

1 7
h'(0) + h"0)+ ...
24 ©) 5760 )

B B*

Z h(n+ 1/2) = deh(x)

Generalization to interacting multi-band systems



Outlook

Controversy between semiclassical
and finite g method.

M. Ogata, H. Fukuyama, PRB (2003),
Y. Gao, S. Yang, Q. Niu et al, PRB (2015)

e Compute orbital magnetic susceptibility

e Projection to narrow band systems

@ Add other ingredients: Th ankS !

® Spacial inhomogeneity

® Magneto-electric response in multi-band systems

e Compute quantum oscillation (€2 ..) without explicit projection to Landau levels.

Thank to many colleagues for helpful discussions, in particular, Leon Balents, Xiao-
Chuan Wu, Zhihuan Dong, Sri Raghu, Yuxuan Wang, Duncan Haldane, ...



