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General questions

* What is the fundamental timescale of a physical process?
=) Quantum speed limit (QSL)

* How complex is a given quantum evolution?
= Complexity:

> for states = Circuit complexity

» for operators = Operator growth



Outline

J Algebraic QSLs on operator flows
e Correlation functions https://doi.org/10.22331/9-2022-12-22-884

* Dynamical susceptibilities Quantum 6, 884 (2022).
* Quantum metrology: Fisher Information

[ Dispersion bound on Krylov complexity

Communications Physics 5, Article number: 207 (2022)

JGeometric QSL

* Saturation g I‘Xiv > quant-ph > arXiv:2301.04372
* Hamiltonian flows (Wegner, Toda)

* Krylov complexity




QSLs on state evolution

* Meaning of energy-time Heisenberg uncertainty principle?

AEAt > g

* MT first QSL [Mandelstamm, Tamm, 1945]: g — Y = eiH%wo =Y

Extensions: arbitrary angles, mixed states, driven Hamiltonians, open dynamics
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ML second QSL [Margolous, Levitin, 1998] :

o>
= 2(H) - E,

AH = \/(H?) — (H)?



QSLs on operator flows

e QSLs for states: MT [Mandelstamm, Tamm, 1945] and ML [Margolous, Levitin,

1998]
= AH = 2 (H) — E,

* Generalization to operators in the Heisenberg picture: 0,0 = z’[H, O]

ps v/ 2(1 — Re(Og|Oy)) ¢ > 1 — Re(Op|Oy)
- AL L)
\z 0.724

L=_—[H-] [0)= ZOvsj|i>|j> 0] =1 (A|B) = Tr(A'B)



Autocorrelation functions (I)

Bounds on the symmetric (real) and anti-symmetric (imaginary) parts of C(t) = Tr(O;rOop)
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MT to ML crossover at time
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Bounds on dynamical susceptibilities
through linear response [Kubo, 1957]




Autocorrelation functions (l)
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Dynamical susceptibilities

* Linear response theory [Kubo, 1957] : H = Hy + AV f(¢)

(A)y — (A)p = A/OO xav(t —s)f(s)ds, xav(t) =—i0()([Ar(t), Vi(0)])o

2
* From Heisenberg uncertainty relation: Ixav(t)] < 5 (t)AgAAV
* From Bogoliobov inequality: 20(1

) xav(t)| < FE )\/ T F- AoV ApA
o (A%)o{[V.[Ho, VIl 5
5= 4kp(AgAAV)?
t
* From QSL: Tgsz = i{V{Ho — Eo, V' })q YA v ()] < 20(t)h
QSL

tighter at early times



Experimentally testable bounds

* Particles in an electric field: H(t) = Hy — ﬁ E 7= an?n
Electrical conductivity "

2 > G
05 (t)| < ﬁe(t)Aon‘AoRj» 045 ()] < 0(t)AoJ; oy

* Paramagnetic spin system: H(t) = (55 4 h VZU(R)

Magnetic susceptibility

e(t)AoMiAoMj, ‘XM,ij (t)l
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Quantum Fisher Information (I)

pn_pm) ’<

* For a given O, FQZQZ( -
Pn T Pm

n,Mm

n|Olm)|? quantifies (mixed)

state distinguishability along the flow p — e_wop 0O

o= paln)(n

1
« Quantum metrology: Cramer-Rao bound (A#)* > ——
MF,

* Related to linear response at thermal equilibrium [Hauke et al.,2016]

4 [ o .
FQ(T) = _;/0 dw tanh (QkBT) ImXOo(w,T)



Quantum Fisher Information (lI)

* Performing the integral over w ~t7Tast >0
16kpT [ ¢
Fo(T) = — hB / dt csch (WkBTﬁ) Im Cop
0

* Heisenberg and Bogoliubov bounds diverge

* QSL approach removes the divergence:

\ _ kpT 1
Fo(D)] < 7O = Eo, O (A0)° > o Torm— 5 —om
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JGeometric QSL

* Saturation
e Hamiltonian flows (Wegner, Toda)
* Krylov complexity



Operator growth in Krylov space (I)

* Evolution in the Heisenberg picture O; = et Oge "t = Z

n=0

IC = Span {LnOQ}ZO:O — Span {OQ, [H, Oo], [H, [H, O()H, “ o }

* Krylov basis through Lanczos algorithm:

[Apt1) = L|On) — by |Op—1) s
b, = HAnua Oy = An/bn { }n—() { n}n_()



Operator growth in Krylov space (ll)

* Operator growth as a hopping problem

b1 b () ) ")
‘r\.r\‘ . 0 by 0 b
0 1 2 p—1 7|0 0B 0 =L+l
bp—2
bp_2 0 bp_
\ 0 o0 bp.y O )

D—1
* Krylov complexity = mean position: K = Z n|0,)(0,], K = (0:K|O;)

n=0



Operator growth in Krylov space (lll)

New Series m: Monographs

Lecture Notes in PHYSICAL REVIEW X 9, 041017 (2019)

Physics

A Universal Operator Growth Hypothesis

Daniel E. Parker,l’* Xiangyu Cao,” Alexander Avdoshkin,l’fF Thomas Scafﬁdi,l'z'§ and Ehud Altman"'
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Conjecture: maximally chaotic systems have b,, x n
and exponential growth of complexity

104) = €|0) = D(€ = it)|Oo)

Geometry of Krylov Complexity

Ly—€&*L_
Pawel Caputa,! Javier M. Magan,? and Dimitrios Patramanis’ D (f ) — 65 T f
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Dispersion bound (I)

Heisenberg-Robertson uncertainty relation = universal upper bound
on complexity rate:

9,K ()] < 26, AK

» Explicit models with symmetries saturate the bound

» Numerical example from RMT
shows deviation




Dispersion bound (lI)

e Saturation < closure of the complexity algebra

L=L,+L_., B=L,—-L_, K=]IL,B]
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» SU(2) realized by a qubit:
chaos is not necessary for
maximal complexity
growth

» SL(2,R) realized by
maximally chaotic systems

(SYK)



Outline

Ultimate speed limits to the growth of operator
- complexity
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* Saturation
* Hamiltonian flows (Wegner, Toda)

* Krylov complexity



Geometric OQSL ()

* Geometric formulation of a new MT-type of Operator QSL (OQSL):

v’ arbitrary driven generator (> Wegner and Toda flows)

v’ proof of saturation (e.g. Toda flow, Krylov complexity)

= I'X]_V > quant-ph > arXiv:2301.04372

Quantum Physics

[Submitted on 11 Jan 2023]

Geometric Operator Quantum Speed Limit, Wegner Hamiltonian Flow and Operator Growth

Niklas Hornedal, Nicoletta Carabba, Kazutaka Takahashi, Adolfo del Campo




Geometric OQSL (II)

e Unitary flow = O, lies on a (2d? — 1)-sphere of radius HOI‘ =1

 The minimum length of its trajectory is given by the geodesic

geodesic(Og,O,)  arccos Re(Og|O,)

T > =

= Tength({0,}) LT[0t

* Velocity of the flow: V. = 1/ 1O, ||dt = 1
T 0 T 0

- MT-type QSL



Saturation ()

1 . .
Op = E(’1><2‘+‘2><1D Hli) = E;i)

H is time-independent and O, is a traceless 2-level operator
w=Fy—FE1, (0Og|O¢) =coswt, V=uw

= The OQSL is identically saturated V ¢

* Dynamics confined to 2 energy eigenspaces = geodesic evolution



Saturation (I1)

*In general P, must subtracted = projection of O over ker(IL) :
Z\ 1|Oli)( LPy =0
* O has support only in 2 energy eigenspaces = 3 Liouville eigenspaces
O=Py+P,+P., P,=[220[1)1], P, = (12
= 0; — P, saturates the OQSL

__ VIO =R
> VL

, (00]0y) — || Pol|?
 Refined OQSL: )

arccos (Re
10]]* — || Pol|?



Wegner Hamiltonian flow

* (Block)-diagonalization through the unitary flow [Wegner, 1994]:

dH (1)

= = (), H(D)), Zﬂm )|n)(n|, lim H(I) = Hp(ly)

l—)lf

* Wegner choice for the generator: n(l) = [Hr, H]

* Dephasing-like monotonic decay of the off-diagonal components

dTr H? S

dia
g _QZ H;; — Hj;)?|(Hofi-diag )ij |



Toda flow

e Different choice Unm(l) H,
* XY model: H(l) =

= Toda equations [Toda, 1967]:

dha(l) _

N 1

n=1

m(l)sgn (m

N
1

_n)

Ansatz:

v (1) = vy, cosB(1)

)

- dl(l) 20nll) = v ) (1) — arccos (TrH(l)H(O)
= = 0n () (g (1) = k(D). i
saturation > | ||H| arccos HHH2 / [ s)]||ds




OQSL on Krylov complexity (1)

K = (O:K|O¢) = (Oo|K¢|Oo)

* Super-Heisenberg picture: unitary flow generated by S = |, -|

K =1L, K| Ky =e "Koe™ =) (_nZ!) S"™(Ko) "
n=0
* OQSL on Krylov complexity: .
Ko arccos ((Ilﬂglllg))
t > ||IKg
I[L, Ko |

» Complexity algebra = K; € Span{l, Ky, B} = Evolution contained in
a 3-dimensional space

= The refined OQSL must be saturated IP>O =7



OQSL on Krylov complexity (I1)

* Velocity of the flow: maximized by [Parker, 2019] conjecture
D—-1

IB||2 2 9 . a(D —2)+ 3y
V2 = = b;, complexity algebras —
b K 1Ko ,,; 2D — 1
B la|(D + 1)

* Geodesic argument requires finite dimension: SU(2) = Vi = 2(2D — 1)

 Commutation relations of the algebra - Complexity autocorrelation:

$*(Ko) = (=1)"a" " (aKo +71) e ()7
LK) (1) anE 5> (KoK) =Y

n=0

(Ko[S™(Kp)) t"

n!



OQSL on Krylov complexity (lll)

e For SU(2): (Ko|K;) = (||K||? + %TrK) cos/[alt — L TrK

to be compared with a geodesic trajectory || K

e OQSL: t > VL arccos
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Saturation of the refined OQSL

* We try K, = K; —

Tr K

¢« TrK; #0 = [Py # 0 but it could have more components

[ = Vg=+/|a| forSU(2)

e ITTK=0=>

(KolK¢) = [[K||* cos
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Conclusions

* MT & ML operator QSL: Quantum 6, 884 (2022).

v'MT-to-ML crossover on the decay of symmetric autocorrelation functions

v'ML-type bounds on dynamical susceptibilities & Fisher information

* Operator growth at the maximal rate when the complexity algebra is closed

Communications Physics 5, Article number: 207 (2022)

* Geometric OQSL (MT):

v'Driven evolution: Wegner flow
v'Saturation: Toda flow & Krylov complexity with closed algebra
v'Equivalence of the saturation of OQSL and the dispersion bound

d I‘X]_V > quant-ph > arXiv:2301.04372
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