
Quantum speed limits to operator growth 

Nicoletta Carabba
University of Luxembourg

Supervisor: Prof. Adolfo del Campo



Dr. Federico Balducci Dr. Mithun Thudiyangal Dr. Jing Yang  Nicoletta Carabba Léonce Dupays Apollo Matsoukas Naim Mackel

Collaborator Aurelia Chenu (PI)
Quantum Dynamics and Control 
Group

Adolfo del Campo (PI)

Group at Luxembourg



• What is the fundamental timescale of a physical process?
Quantum speed limit (QSL)

• How complex is a given quantum evolution?
Complexity:

Ø for states ➞ Circuit complexity

Ø for operators ➞ Operator growth

General questions



q Algebraic QSLs on operator flows
• Correlation functions
• Dynamical susceptibilities
• Quantum metrology: Fisher Information

q Dispersion bound on Krylov complexity

qGeometric QSL
• Saturation
• Hamiltonian flows (Wegner, Toda)
• Krylov complexity

Outline



• Meaning of energy-time Heisenberg uncertainty principle?

• MT first QSL [Mandelstamm, Tamm, 1945] :

Extensions: arbitrary angles, mixed states, driven Hamiltonians, open dynamics

• ML second QSL [Margolous, Levitin, 1998] :
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• QSLs for states: MT [Mandelstamm, Tamm, 1945] and ML [Margolous, Levitin, 
1998]

• Generalization to operators in the Heisenberg picture: 

QSLs on operator flows
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Autocorrelation functions (I)
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• Linear response theory [Kubo, 1957] :

• From Heisenberg uncertainty relation:

• From Bogoliobov inequality:

• From QSL: 

tighter at early times

Dynamical susceptibilities
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• Particles in an electric field:
Electrical conductivity

• Paramagnetic spin system:
Magnetic susceptibility

Experimentally testable bounds
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<latexit sha1_base64="iXcUafgGCD3LmZq0mXv1F08kDzY=">AAACHXicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYounFZxT6gHYZMmmlD8xiTjFKG+RE3/oobF4q4cCP+jWk7C209EDiccw8394Qxo9q47rdTWFhcWl4prpbW1jc2t8rbO00tE4VJA0smVTtEmjAqSMNQw0g7VgTxkJFWOLwc+617ojSV4taMYuJz1Bc0ohgZKwXl4660tqL9gUFKyYf0Jjvv6oQHqcjgXSDgrK+ywMYqbtWdAM4TLycVkKMelD+7PYkTToTBDGnd8dzY+ClShmJGslI30SRGeIj6pGOpQJxoP51cl8EDq/RgJJV9wsCJ+juRIq71iId2kiMz0LPeWPzP6yQmOvNTKuLEEIGni6KEQSPhuCrYo4pgw0aWIKyo/SvEA6QQNrbQki3Bmz15njSPqt5J1bs+rtQu8jqKYA/sg0PggVNQA1egDhoAg0fwDF7Bm/PkvDjvzsd0tODkmV3wB87XD7ispC0=</latexit>�!
R =

X

n

qn
�!r n



• For a given 𝑂,                                                            quantifies (mixed) 

state distinguishability along the flow

• Quantum metrology: Cramer-Rao bound 

• Related to linear response at thermal equilibrium [Hauke et al.,2016]

Quantum Fisher Information (I)
<latexit sha1_base64="F2nhzvXRdxwUnyIq9WyRWPrvb6s="></latexit>

FQ = 2
X

n,m

(pn � pm)2

pn + pm
|hn|O|mi|2

<latexit sha1_base64="gPqB7xfmLr2GAIFNckF3P1j/aCE=">AAACFXicbZDJSgNBEIZ74hbjNurRS2MQPMQwI6Ieg168GcEskImhp1NJmvQsdNcIYchLePFVvHhQxKvgzbexs4Ca+EPDz1dVVNfvx1JodJwvK7OwuLS8kl3Nra1vbG7Z2ztVHSWKQ4VHMlJ1n2mQIoQKCpRQjxWwwJdQ8/uXo3rtHpQWUXiLgxiaAeuGoiM4Q4NadsFTvYh6GFG4S4+Ehz1ARq+HdMILhv7Alp13is5YdN64U5MnU5Vb9qfXjngSQIhcMq0brhNjM2UKBZcwzHmJhpjxPutCw9iQBaCb6fiqIT0wpE07kTIvRDqmvydSFmg9CHzTGTDs6dnaCP5XayTYOW+mIowThJBPFnUSSU0Io4hoWyjgKAfGMK6E+SvlPaYYRxNkzoTgzp48b6rHRfe06N6c5EsX0ziyZI/sk0PikjNSIlekTCqEkwfyRF7Iq/VoPVtv1vukNWNNZ3bJH1kf3yY5njE=</latexit>

⇢ ! e�i✓O⇢ ei✓O
<latexit sha1_base64="1+sVDrPrqCoSZFExANwJNGTeDNA=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCwIJUwcJYJPqQmihyXKe16tiR7SBVaX+AhV9hYQAhVnY2/gY3zQAtR7ry0Tn36vqeMGFUacf5tkpLyyura+X1ysbm1vaOvbvXUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6HN1O//UCkooLf61FC/Bj1OY0oRtpIgX3kyYGAV55K44DDxNSYexLxPiMeyx/Ix4FddWpODrhI3IJUQYFGYH95PYHTmHCNGVKq6zqJ9jMkNcWMTCpeqkiC8BD1SddQjmKi/Cy/ZgKPjdKDkZCmuIa5+nsiQ7FSozg0nTHSAzXvTcX/vG6qo0s/ozxJNeF4tihKGdQCTqOBPSoJ1mxkCMKSmr9CPEASYW0CrJgQ3PmTF0nrtOae19y7s2r9uoijDA7AITgBLrgAdXALGqAJMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AE9Ppuu</latexit>

⇢ =
X

n

pn|nihn|
<latexit sha1_base64="jj8hGtO+O/x+w7BZ7NGNfPGSqDY=">AAACDnicbVA9SwNBEN2L3/ErammzGAKxCXdB1FJUxEZIwJhALoa9zVyyZO/D3TkhHPkFNv4VGwtFbK3t/DduYgpNfDDweG+GmXleLIVG2/6yMnPzC4tLyyvZ1bX1jc3c1vaNjhLFocYjGamGxzRIEUINBUpoxApY4Emoe/2zkV+/B6VFFF7jIIZWwLqh8AVnaKR2rlB0z0Eioy72ANn+bZm6Xbijrq8YT51henXRrg7bubxdssegs8SZkDyZoNLOfbqdiCcBhMgl07rp2DG2UqZQcAnDrJtoiBnvsy40DQ1ZALqVjt8Z0oJROtSPlKkQ6Vj9PZGyQOtB4JnOgGFPT3sj8T+vmaB/3EpFGCcIIf9Z5CeSYkRH2dCOUMBRDgxhXAlzK+U9ZoJAk2DWhOBMvzxLbsol57DkVA/yJ6eTOJbJLtkjReKQI3JCLkmF1AgnD+SJvJBX69F6tt6s95/WjDWZ2SF/YH18A12/mxE=</latexit>

(�✓)2 � 1

MFQ

<latexit sha1_base64="RWwbZPXcZfPYRCew/D6/Ug4Sae8="></latexit>

FQ(T ) = � 4

⇡

Z 1

0
d! tanh

� ~!
2kBT

�
Im �̃OO(!, T )



• Performing the integral over 𝜔

• Heisenberg and Bogoliubov bounds diverge

• QSL approach removes the divergence:

Quantum Fisher Information (II)

<latexit sha1_base64="1NqiZ35Lt3GRmub2sWf/TsLaxew="></latexit>

FQ(T ) = �16kBT

~

Z 1

0
dt csch

�
⇡kBT

t

~ ) ImCO

~𝑡#$ as 𝑡 → 0

<latexit sha1_base64="DjxEX3E+BDOzoecOBGGDNKdqE9k="></latexit>

|FQ(T )| 
4

kBT
hO{H � E0, O}i0

<latexit sha1_base64="/EabETy3OeSy9kyFeDJSWlhuYEc="></latexit>

(�✓)2 � kBT

4M

1

hO{H � E0, O}i0



q QSLs on operator flows
• Correlation functions
• Dynamical susceptibilities
• Fisher Information

q Dispersion bound on

Krylov complexity

qGeometric QSL
• Saturation
• Hamiltonian flows (Wegner, Toda)
• Krylov complexity

Outline



• Evolution in the Heisenberg picture

• Krylov basis through Lanczos algorithm:

Operator growth in Krylov space (I)
<latexit sha1_base64="Kkavf1d5N0HheLAirj+cHhVDz5E="></latexit>

Ot = e
iHt

O0e
�iHt =

1X

n=0

(it)n

n!
Ln

O

<latexit sha1_base64="ejfQf06sN9oqrHCJDCflgLrHFZI="></latexit>

K = Span {LnO0}1n=0 = Span {O0, [H,O0], [H, [H,O0]], . . . }

<latexit sha1_base64="kM9Pk/IP95I/Eol/lPBaCaM8Fg0="></latexit>

{Ln
O}1n=0 ! {On}D�1

n=0

<latexit sha1_base64="uLbCMOWkCbxpj9L4dLzzxzkX994=">AAACE3icbVDLSgMxFM3UV62vUZdugkWwSsuMiLoRqm5cCFawD2jLkEnTNjSTGZKMUKbzD278FTcuFHHrxp1/Y6adhbYeCBzOOZfce9yAUaks69vIzM0vLC5ll3Mrq2vrG+bmVk36ocCkin3mi4aLJGGUk6qiipFGIAjyXEbq7uAq8esPREjq83s1DEjbQz1OuxQjpSXHPBhdOBE/tOMCPIctD6m+60Y38ejW4YWiq62ERryoA46Zt0rWGHCW2CnJgxQVx/xqdXwceoQrzJCUTdsKVDtCQlHMSJxrhZIECA9QjzQ15cgjsh2Nb4rhnlY6sOsL/biCY/X3RIQ8KYeeq5PJ1nLaS8T/vGaoumftiPIgVITjyUfdkEHlw6Qg2KGCYMWGmiAsqN4V4j4SCCtdY06XYE+fPEtqRyX7pGTfHefLl2kdWbADdsE+sMEpKINrUAFVgMEjeAav4M14Ml6Md+NjEs0Y6cw2+APj8wcfbJ0T</latexit>

|An+1) = L|On)� bn|On�1)
<latexit sha1_base64="xH+uQe4xjqcnHD7n9+l5g0fcj3s=">AAACBHicbVDLSgMxFL3js9bXqMtugkVwIXVGRAURqm7cWcE+oFOGTJq2oZnMkGSE0nbhxl9x40IRt36EO//GtJ2Fth4InHvOvdzcE8ScKe0439bc/MLi0nJmJbu6tr6xaW9tV1SUSELLJOKRrAVYUc4ELWumOa3FkuIw4LQadK9HfvWBSsUica97MW2EuC1YixGsjeTbucAXF97g0hfe4AB55+jW1KY6NLpv552CMwaaJW5K8pCi5NtfXjMiSUiFJhwrVXedWDf6WGpGOB1mvUTRGJMubtO6oQKHVDX64yOGaM8oTdSKpHlCo7H6e6KPQ6V6YWA6Q6w7atobif959US3zhp9JuJEU0Emi1oJRzpCo0RQk0lKNO8Zgolk5q+IdLDERJvcsiYEd/rkWVI5KrgnBffuOF+8SuPIQA52YR9cOIUi3EAJykDgEZ7hFd6sJ+vFerc+Jq1zVjqzA39gff4Ac0qWsQ==</latexit>

bn = kAnk, On = An/bn



• Operator growth as a hopping problem

• Krylov complexity = mean position:

Operator growth in Krylov space (II)

0 1 2 … 𝐷 − 1

<latexit sha1_base64="rst5Nqo0zkxAec+hPoezuRzJEe8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDsFY2Q</latexit>

b1
<latexit sha1_base64="Dni+qwVaIa/d+QJkAYtrw6cC2To=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPRr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndZ9e4vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDtmY2R</latexit>

b2
<latexit sha1_base64="lgCrcc8AuXKHLki5+WXs9OvCII8="></latexit>

L =

0

BBBBBBBBBB@

0 b1 0 · · · 0
b1 0 b2
0 b2 0 b3

0 0 b3 0
. . .

...
. . . bD�2

...
bD�2 0 bD�1

0 · · · 0 bD�1 0

1

CCCCCCCCCCA

,

<latexit sha1_base64="oEDfFQ2NhoS+RVSVPXPKM1wsbI0="></latexit>

K =
D�1X

n=0

n|On)(On|, K = (Ot|K|Ot)

<latexit sha1_base64="9MDhX7nI4UH29stdeDvpebCQcLk="></latexit>

L = L+ + L�, B = L+ � L�, K̃ = [L,B]



Conjecture: maximally chaotic systems have 𝑏% ∝ 𝑛
and exponential growth of complexity

Operator growth in Krylov space (III)

<latexit sha1_base64="QQCWGXbQ0YycPrbkCBxf03xrVgU=">AAACGXicbZDLSsNAFIYnXmu9VV26CRah3ZRERN0UirpwIVjBXqCJYTKdtkMnF2ZOxBLzGm58FTcuFHGpK9/GSZuFtv4w8POdc5hzfjfkTIJhfGtz8wuLS8u5lfzq2vrGZmFruymDSBDaIAEPRNvFknLm0wYw4LQdCoo9l9OWOzxL6607KiQL/BsYhdT2cN9nPUYwKOQUjIf4KnGgXKW3MbM8DAPXjS8TSMbcKFfPS9Y9qzIoZ8ApFI2KMZY+a8zMFFGmulP4tLoBiTzqA+FYyo5phGDHWAAjnCZ5K5I0xGSI+7SjrI89Ku14fFmi7yvS1XuBUM8HfUx/T8TYk3Lkuaoz3V1O11L4X60TQe/EjpkfRkB9MvmoF3EdAj2NSe8yQQnwkTKYCKZ21ckAC0xAhZlXIZjTJ8+a5kHFPKqY14fF2mkWRw7toj1UQiY6RjV0geqogQh6RM/oFb1pT9qL9q59TFrntGxmB/2R9vUDGkOgUg==</latexit>

|Ot) = e
iLt|O0) = D(⇠ = it)|O0)

<latexit sha1_base64="3Y38+V0ISs+hYW96aXo3P2sd+YU=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoSksiom6Eoi5cuKhgH9CkYTKdtkMnD2YmYgn5DTf+ihsXirjUlX/jpM2iVg8MczjnXu69xw0ZFdIwvrXc3PzC4lJ+ubCyura+oW9uNUQQcUzqOGABb7lIEEZ9UpdUMtIKOUGey0jTHV6mfvOecEED/06OQmJ7qO/THsVIKsnRjauS9UD3z0knVj+0PCQHrhvfJM4hLEMldQ6mxXLi6EWjYowB/xIzI0WQoebon1Y3wJFHfIkZEqJtGqG0Y8QlxYwkBSsSJER4iPqkraiPPCLseHxZAveU0oW9gKvnSzhWpzti5Akx8lxVmS4pZr1U/M9rR7J3ZsfUDyNJfDwZ1IsYlAFMY4JdygmWbKQIwpyqXSEeII6wVGEWVAjm7Ml/SeOoYp5UzNvjYvUiiyMPdsAuKAETnIIquAY1UAcYPIJn8AretCftRXvXPialOS3r2Qa/oH39AELCnzw=</latexit>

D(⇠) = e⇠L+�⇠⇤L�



Heisenberg-Robertson uncertainty relation ⇒ universal upper bound 
on complexity rate: 

Ø Explicit models with symmetries saturate the bound

Ø Numerical example from RMT
shows deviation 

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t

Dispersion bound (I)

<latexit sha1_base64="iOVJuLmksSGzT3bY6+wuBzlzYM8=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQLcJdELUUtRDSRDCJkAvH3maiS/Y+3J0Twpn/YONfsbFQxNbGzn/jXpJCjQ8GHu/NMDPPj6XQaNtfVm5mdm5+Ib9YWFpeWV0rrm80dZQoDg0eyUhd+UyDFCE0UKCEq1gBC3wJLb9/mvmtO1BaROElDmLoBOw6FD3BGRrJK+7duzFTKJj0kNbKuHvvSrilVd9z3DOQyNyA4Y3vp7WhVyzZFXsEOk2cCSmRCepe8dPtRjwJIEQumdZtx46xk2bruIRhwU00xIz32TW0DQ1ZALqTjn4a0h2jdGkvUqZCpCP150TKAq0HgW86swv1Xy8T//PaCfaOOqkI4wQh5ONFvURSjGgWEO0KBRzlwBDGlTC3Un7DFONoYiyYEJy/L0+TZrXiHFSci/3S8ckkjjzZItukTBxySI7JOamTBuHkgTyRF/JqPVrP1pv1Pm7NWZOZTfIL1sc3TOudzg==</latexit>

|@tK(t)|  2b1�K



• Saturation ⇔ closure of the complexity algebra

Dispersion bound (II)

<latexit sha1_base64="9MDhX7nI4UH29stdeDvpebCQcLk="></latexit>

L = L+ + L�, B = L+ � L�, K̃ = [L,B]
<latexit sha1_base64="9bsjZjaEGp/fxSXnan3T4hfNe2E="></latexit>

[L,B] = K̃, [K̃,L] = ↵B, [K̃,B] = ↵L
a b
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○

□□□
□□□□
□□□□□□

□□□□□□□
□□□□□□□□□

□□□□□□□□□□
□□□□□□□□□□□□

□□□□□□□□□□□□□
□□□□□□□□□□□□□□□

□□□□□□□□□□□□□□□□
□□□□□□□□

△△△
△△△△
△△△△△

△△△△△△
△△△△△△

△△△△△△△
△△△△△△△

△△△△△△△
△△△△△△△

△△△△△△△
△△△△△△△△

△△△△△△△△
△△△△△△△△

△△△△△△△△
△△△△△△△△

△△△△○

□

△

<latexit sha1_base64="slXnO/vbr56g1HzmDjtEXuIrzUw="></latexit>

bn =

r
1

4
↵n(n� 1) +

1

2
�n

<latexit sha1_base64="/c8qzQNfalqBAtvupNAhRDOpO2I=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARBKHMiFQ3QtGN4qZCb9Ap5UyatqHJzJBkhDLMm7jxVdy4UETc9W1ML3hp/SHw851zyDm/H3GmtOOMrMzS8srqWnY9t7G5tb1j7+7VVBhLQqsk5KFs+KAoZwGtaqY5bUSSgvA5rfuD63G9/kClYmFQ0cOItgT0AtZlBLRBbbvoVRjv0MQToPu+n9ylKb7EHvCoDz/sxOuBEN/gNm3beafgTIQXjTszeTRTuW1/ep2QxIIGmnBQquk6kW4lIDUjnKY5L1Y0AjKAHm0aG4CgqpVM7kvxkSEd3A2leYHGE/p7IgGh1FD4pnO8oZqvjeF/tWasuxethAVRrGlAph91Y451iMdh4Q6TlGg+NAaIZGZXTPoggWgTac6E4M6fvGhqpwW3WHDvz/Klq1kcWXSADtExctE5KqEbVEZVRNAjekav6M16sl6sd+tj2pqxZjP76I+s0RcUh6Oh</latexit>

K̃ = ↵K+ �I

Ø SU(2) realized by a qubit: 
chaos is not necessary for 
maximal complexity 
growth

Ø SL(2,R) realized by 
maximally chaotic systems 
(SYK)



q Algebraic QSLs on operator flows

qDispersion bound on
Krylov complexity

qGeometric QSL

• Saturation
• Hamiltonian flows (Wegner, Toda)
• Krylov complexity

Outline



• Geometric formulation of a new MT-type of Operator QSL (OQSL):

ü arbitrary driven generator (→ Wegner and Toda flows)

ü proof of saturation (e.g. Toda flow, Krylov complexity)

Geometric OQSL (I)



• Unitary flow ⇒𝑂! lies on a 2𝑑" − 1 -sphere of radius 𝑂 = 1

• The minimum length of its trajectory is given by the geodesic

• Velocity of the flow:

→ MT-type QSL

Geometric OQSL (II)

<latexit sha1_base64="1AuASgGuur5DVLeGiNeVuUB18F4="></latexit>

V⌧ ⌘ 1

⌧

Z ⌧

0
kȮtkdt =

1

⌧

Z ⌧

0
�Lt dt

<latexit sha1_base64="V0z9TumOV9tDpJ602+Ehpvi+vqM="></latexit>

⌧ � geodesic(O0, O⌧ )
1
⌧ length({O⌧})

=
arccosRe(O0|O⌧ )

1
⌧

R ⌧
0 kȮtkdt

<latexit sha1_base64="6NtWRDrV4pftM3ctIsadfJgl94Y=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFZIY2gouim5cVrAPaEOZTCbt0MkkzkyEEPoTblwo4tbfceffOGkrqOiBC4dz7uXee/yEUaks68MorayurW+UNytb2zu7e9X9g66MU4FJB8csFn0fScIoJx1FFSP9RBAU+Yz0/OlV4ffuiZA05rcqS4gXoTGnIcVIaakfXAwpD1U2qtYs87xZd9w6tEzLatiOXRCn4Z650NZKgRpYoj2qvg+DGKcR4QozJOXAthLl5UgoihmZVYapJAnCUzQmA005ioj08vm9M3iilQCGsdDFFZyr3ydyFEmZRb7ujJCayN9eIf7lDVIVNr2c8iRVhOPFojBlUMWweB4GVBCsWKYJwoLqWyGeIIGw0hFVdAhfn8L/Sdcx7bpp37i11uUyjjI4AsfgFNigAVrgGrRBB2DAwAN4As/GnfFovBivi9aSsZw5BD9gvH0CZNaQOA==</latexit>

d < 1



𝐻 is time-independent and 𝑂# is a traceless 2-level operator

⇒ The OQSL is identically saturated ∀ 𝑡

• Dynamics confined to 2 energy eigenspaces  ⇒ geodesic evolution

Saturation (I)

<latexit sha1_base64="3VEAfB3E1vtCf3NgScEB5amPDmE=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFcFVmRNSNUBShywr2Ae1QMmmmDc1khiQjlLFu/BU3LhRx61+4829M20G09cCFk3PuJfceP+ZMacf5snILi0vLK/nVwtr6xuaWvb1TV1EiCa2RiEey6WNFORO0ppnmtBlLikOf04Y/uBr7jTsqFYvErR7G1AtxT7CAEayN1LH3KvesLbHocXpx3WHo59Wxi07JmQDNEzcjRchQ7dif7W5EkpAKTThWquU6sfZSLDUjnI4K7UTRGJMB7tGWoQKHVHnp5IIROjRKFwWRNCU0mqi/J1IcKjUMfdMZYt1Xs95Y/M9rJTo491Im4kRTQaYfBQlHOkLjOFCXSUo0HxqCiWRmV0T6WGKiTWgFE4I7e/I8qR+X3NOSe3NSLF9mceRhHw7gCFw4gzJUoAo1IPAAT/ACr9aj9Wy9We/T1pyVzezCH1gf30TTlsc=</latexit>

H|ii = Ei|ii
<latexit sha1_base64="5qEpuGTDXTM24aN3jo7lEHpkuV0="></latexit>

O0 =
1p
2
(|1ih2|+ |2ih1|)

<latexit sha1_base64="pFEvBgssuJ2I9GgrQKx6xGwlPoc="></latexit>

! = E2 � E1, (O0|Ot) = cos!t, V = !



• In general, 𝑃# must subtracted = projection of 𝑂 over                 :

• 𝑂 has support only in 2 energy eigenspaces ⇒ 3 Liouville eigenspaces

⇒𝑂! − 𝑃# saturates the OQSL

• Refined OQSL:

Saturation (II)
<latexit sha1_base64="6ht4l0Qg6Xkec9t3vpfwJMexpUk=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRahXkoioh6LXjx4qGA/oAlls520SzfZsLsRSsjNi3/FiwdFvPoXvPlv3LQ5aOuDgcd7M8zM82NGpbLtb6O0tLyyulZer2xsbm3vmLt7bckTQaBFOOOi62MJjEbQUlQx6MYCcOgz6Pjj69zvPICQlEf3ahKDF+JhRANKsNJS3zx0eQwCKy4iHEI6BpHV3BCrke+nt9lJ36zadXsKa5E4BamiAs2++eUOOElCiBRhWMqeY8fKS7FQlDDIKm4iIcZkjIfQ0zRfKr10+kdmHWtlYAVc6IqUNVV/T6Q4lHIS+rozP1HOe7n4n9dLVHDppTSKEwURmS0KEmYpbuWhWAMqgCg20QQTQfWtFhlhgYnS0VV0CM78y4ukfVp3zuvO3Vm1cVXEUUYH6AjVkIMuUAPdoCZqIYIe0TN6RW/Gk/FivBsfs9aSUczsoz8wPn8AxHCZ3w==</latexit>

ker(L)
<latexit sha1_base64="C2q/NFAweoEx1HL4qvhPQmUwTW4=">AAACH3icbVDLSgMxFM3UV62vUZdugkVwVWZEqhuh6MadFewDOsOQSTNtaJIZkoxQpv0TN/6KGxeKiLv+jWk7C2174HIP59xLck+YMKq040yswtr6xuZWcbu0s7u3f2AfHjVVnEpMGjhmsWyHSBFGBWloqhlpJ5IgHjLSCgd3U7/1TKSisXjSw4T4HPUEjShG2kiBXa0HDryBnkp5QOGIehKJHiPQY/NORw+rxMAuOxVnBrhM3JyUQY56YP943RinnAiNGVKq4zqJ9jMkNcWMjEteqkiC8AD1SMdQgThRfja7bwzPjNKFUSxNCQ1n6t+NDHGlhjw0kxzpvlr0puIqr5Pq6NrPqEhSTQSePxSlDOoYTsOCXSoJ1mxoCMKSmr9C3EcSYW0iLZkQ3MWTl0nzouJWK+7jZbl2m8dRBCfgFJwDF1yBGrgHddAAGLyAN/ABPq1X6936sr7nowUr3zkG/2BNfgETFqJt</latexit>

P0 =
X

i

|iihi|O|iihi|

<latexit sha1_base64="lCnSw78ZQHDhJ0QbBtwYk3ZjQlQ="></latexit>

O = P0 + P! + P�!, P! = |2ih2|O|1ih1|, P�! = (1 $ 2)

<latexit sha1_base64="qM8c2rhiiIV+48cP+kVmVklYfKM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1Y1QdOPCRQX7gDaEyXTSDp1MwsykUEL/xI0LRdz6J+78GydtFtp6YOBwzr3cMydIOFPacb6t0tr6xuZWebuys7u3f2AfHrVVnEpCWyTmsewGWFHOBG1ppjntJpLiKOC0E4zvcr8zoVKxWDzpaUK9CA8FCxnB2ki+bfcjrEdBkD3MUNN3bhzfrjo1Zw60StyCVKFA07e/+oOYpBEVmnCsVM91Eu1lWGpGOJ1V+qmiCSZjPKQ9QwWOqPKyefIZOjPKAIWxNE9oNFd/b2Q4UmoaBWYyz6mWvVz8z+ulOrz2MiaSVFNBFofClCMdo7wGNGCSEs2nhmAimcmKyAhLTLQpq2JKcJe/vEraFzW3XnMfL6uN26KOMpzAKZyDC1fQgHtoQgsITOAZXuHNyqwX6936WIyWrGLnGP7A+vwBT8mSyw==</latexit>LP0 = 0

<latexit sha1_base64="ZFH1mvUlPe4NNSwdGRGF13RBDw4="></latexit>

⌧ �
p
kOk2 � kP0k2

V⌧
arccos

⇣
Re

(O0|Ot)� kP0k2

kOk2 � kP0k2
⌘



• (Block)-diagonalization through the unitary flow [Wegner, 1994]:

• Wegner choice for the generator: 

• Dephasing-like monotonic decay of the off-diagonal components

Wegner Hamiltonian flow

<latexit sha1_base64="8HRZs87XRmklXHY16szaJBws8ks="></latexit>

dH(l)

dl
= [⌘(l), H(l)], HT (l) =

X

n

Hnn(l)|nihn|, lim
l!lf

H(l) = HT (lf )

<latexit sha1_base64="VFSvyTXq4daMnekpRJQhNYmINKE=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJViEClISEfUiFL30WKFfkIaw2U7apZtN2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCqFS2/W0U1tY3NreK26Wd3b39snlw2JFxKgi0Scxi0QuwBEY5tBVVDHqJABwFDLrB+H7mdx9BSBrzlpok4EV4yGlICVZa8s1yHxSusrNbt+G3zhueb1bsmj2HtUqcnFRQjqZvfvUHMUkj4IowLKXr2InyMiwUJQympX4qIcFkjIfgaspxBNLL5odPrVOtDKwwFrq4subq74kMR1JOokB3RliN5LI3E//z3FSFN15GeZIq4GSxKEyZpWJrloI1oAKIYhNNMBFU32qRERaYKJ1VSYfgLL+8SjoXNeeq5jxcVup3eRxFdIxOUBU56BrVUQM1URsRlKJn9IrejCfjxXg3PhatBSOfOUJ/YHz+APfMkf4=</latexit>

⌘(l) = [HT , H]

<latexit sha1_base64="ParCgn/jluv8okbd25hblN0qaAU="></latexit>

dTrH2
o↵-diag

dl
= �2

X

i,j

(Hii �Hjj)
2|(Ho↵-diag)ij |2



• Different choice 

• XY model:

⇒ Toda equations [Toda, 1967]:

Toda flow
<latexit sha1_base64="y1Nrmo8YIH5sGB7nZtfT86a0Kfs=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoLWiZEVE3QtFNlxXsBTrDkEkzbWiSGZKMUIZ5Aze+ihsXirh16863Mb0IWv0h8PGfczg5fxAzqrRtf1q5hcWl5ZX8amFtfWNzq7i901JRIjFp4ohFshMgRRgVpKmpZqQTS4J4wEg7GF6P6+07IhWNxK0excTjqC9oSDHSxvKLhy7RyE8Fz8qscln/ptSVHKq+yNyjMj8WFb9Ysqv2RPAvODMogZkafvHD7UU44URozJBSXceOtZciqSlmJCu4iSIxwkPUJ12DAnGivHRyTwYPjNODYSTNExpO3J8TKeJKjXhgOjnSAzVfG5v/1bqJDi+8lIo40UTg6aIwYVBHcBwO7FFJsGYjAwhLav4K8QBJhLWJsGBCcOZP/gutk6pzVnVuTku1q1kcebAH9kEZOOAc1EAdNEATYHAPHsEzeLEerCfr1Xqbtuas2cwu+CXr/QtyR5ui</latexit>

⌘nm(l) = Hnm(l)sgn (m� n)
<latexit sha1_base64="0li6V8KmAudqwU0oPRcmXbn7LdI="></latexit>

H(l) =
1

2

N�1X

n=1

vn(l) (XnXn+1 + YnYn+1) +
1

2

NX

n=1

hn(l)Zn

<latexit sha1_base64="dbf1mTnzmu8VXY/uYsev4pL4oP4="></latexit>

dhn(l)

dl
= 2(v2n(l)� v2n�1(l)),

dvn(l)

dl
= vn(l)(hn+1(l)� hn(l)).

Ansatz:                       
<latexit sha1_base64="pOxWzweOChCGKYG4HH7MFJ2uVc4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZRERN0IRTcuK9gHNCFMppN26GQSZm4KpdSNv+LGhSJu/Qt3/o3TNgttPXC5h3PuZeaeMBVcg+N8W0vLK6tr64WN4ubW9s6uvbff0EmmKKvTRCSqFRLNBJesDhwEa6WKkTgUrBn2byd+c8CU5ol8gGHK/Jh0JY84JWCkwD4cBLIsTq9N82iiPegxIEbAgV1yKs4UeJG4OSmhHLXA/vI6Cc1iJoEKonXbdVLwR0QBp4KNi16mWUpon3RZ21BJYqb90fSCMT4xSgdHiTIlAU/V3xsjEms9jEMzGRPo6XlvIv7ntTOIrvwRl2kGTNLZQ1EmMCR4EgfucMUoiKEhhCpu/oppjyhCwYRWNCG48ycvksZZxb2ouPfnpepNHkcBHaFjVEYuukRVdIdqqI4oekTP6BW9WU/Wi/VufcxGl6x85wD9gfX5Ay0KlhE=</latexit>

vn(l) = vn cos ✓(l)
<latexit sha1_base64="0fTC4VEasj6o5H0sFCnU0T/Bt+A="></latexit>

✓(l) = arccos
⇣TrH(l)H(0)

kHk2
⌘

<latexit sha1_base64="81D+/V+z7EYDQcGlR9PkOHOjiO8="></latexit>

kHk arccos (H(0)|H(l))

kHk2 =

Z l

0
k[⌘(s), H(s)]kdssaturation →



• Super-Heisenberg picture: unitary flow generated by 

• OQSL on Krylov complexity:

• Complexity algebra ⇒ ⇒ Evolution contained in 
a 3-dimensional space
⇒ The refined OQSL must be saturated

OQSL on Krylov complexity (I)

<latexit sha1_base64="32kfESLhgOq4rpA5L7SWgN3ZKug="></latexit>

Kt = e�iLtK0e
iLt =

1X

n=0

(�i)n

n!
Sn(K0) t

n

<latexit sha1_base64="djlkSEQsFykWs7xpIWj1txn5tzA=">AAACBnicbZDLSsNAFIYn9VbrLepShGARXEhJRNSNUHTjwkVFe4EklMlk2g6dzISZiVBCVm58FTcuFHHrM7jzbZy0EbT1h4GP/5zDnPMHMSVS2faXUZqbX1hcKi9XVlbX1jfMza2W5IlAuIk45aITQIkpYbipiKK4EwsMo4DidjC8zOvteywk4exOjWLsR7DPSI8gqLTVNXe9CKpBEKS32bn7w9fZoYdCrvyuWbVr9ljWLDgFVEGhRtf89EKOkggzhSiU0nXsWPkpFIogirOKl0gcQzSEfexqZDDC0k/HZ2TWvnZCq8eFfkxZY/f3RAojKUdRoDvzReV0LTf/q7mJ6p35KWFxojBDk496CbUUt/JMrJAIjBQdaYBIEL2rhQZQQKR0chUdgjN98iy0jmrOSc25Oa7WL4o4ymAH7IED4IBTUAdXoAGaAIEH8ARewKvxaDwbb8b7pLVkFDPb4I+Mj290L5kd</latexit>

S = [L, ·]
<latexit sha1_base64="dMMXVW0vDUPKvrkbAYD85WEek4Y=">AAACEnicbVDLSsNAFL3xWesr6tJNsAgKUhIRdSMU3Qi6qGAfkIYymU7boZNJmJkIJeQb3Pgrblwo4taVO//GSRtRWw8MnDnn3pl7jx8xKpVtfxozs3PzC4uFpeLyyuraurmxWZdhLDCp4ZCFoukjSRjlpKaoYqQZCYICn5GGP7jI/MYdEZKG/FYNI+IFqMdpl2KktNQ291udUCWtAKm+7ydXaXpG3e/bdXrwY3hts2SX7RGsaeLkpAQ5qm3zQ7+N44BwhRmS0nXsSHkJEopiRtJiK5YkQniAesTVlKOASC8ZrZRau1rpWN1Q6MOVNVJ/dyQokHIY+LoyG1FOepn4n+fGqnvqJZRHsSIcjz/qxsxSoZXlY3WoIFixoSYIC6pntXAfCYSVTrGoQ3AmV54m9cOyc1x2bo5KlfM8jgJsww7sgQMnUIFLqEINMNzDIzzDi/FgPBmvxtu4dMbIe7bgD4z3L3amnpg=</latexit>

K̇ = i[L,K]

<latexit sha1_base64="/q3nDyphV3Ys+B9P4Zt0OMZLqFA="></latexit>

t � kK0k
arccos

� (K0|Kt)
kK0k2

�

k[L,K0]k
<latexit sha1_base64="ISJpazlXXS/VsJdeRXQZ6BcViJU="></latexit>

Kt 2 Span{I,K0,B}
<latexit sha1_base64="n9+abIxdN7vKeU20QCwm6p0l6U8=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwISGJoa0LsejGZQX7gCaEyXTSDp08mJkUSuifuHGhiFv/xJ1/46StoKIHBg7n3Ms9c4KUUSFN80MrrayurW+UNytb2zu7e/r+QUckGcekjROW8F6ABGE0Jm1JJSO9lBMUBYx0g/FN4XcnhAuaxPdymhIvQsOYhhQjqSRf190IyVEQ5K2Zb166Z1e+XjWNi0bNdmrQNEyzbtlWQey6c+5ASykFqmCJlq+/u4MEZxGJJWZIiL5lptLLEZcUMzKruJkgKcJjNCR9RWMUEeHl8+QzeKKUAQwTrl4s4Vz9vpGjSIhpFKjJIqf47RXiX14/k2HDy2mcZpLEeHEozBiUCSxqgAPKCZZsqgjCnKqsEI8QR1iqsiqqhK+fwv9JxzasmmHdOdXm9bKOMjgCx+AUWKAOmuAWtEAbYDABD+AJPGu59qi9aK+L0ZK23DkEP6C9fQLxvJM4</latexit>

P0 =?

<latexit sha1_base64="u9wKOxDp2n1cZmUJoJHfAtx9Q7A=">AAACF3icbZBNS8NAEIY3ftb6FfXoZbEI7SUkIuqlUPQi9GAF+wFtCJvttl262YTdjVDS/gsv/hUvHhTxqjf/jZs2h9o6sPDuMzPMzOtHjEpl2z/Gyura+sZmbiu/vbO7t28eHDZkGAtM6jhkoWj5SBJGOakrqhhpRYKgwGek6Q9v0nzzkQhJQ/6gRhFxA9TntEcxUhp5plUtF+88Ne4ESA18P6lOxvpbKkNN7TmqSzQoeWbBtuxpwGXhZKIAsqh55nenG+I4IFxhhqRsO3ak3AQJRTEjk3wnliRCeIj6pK0lRwGRbjK9awJPNenCXij04wpO6XxHggIpR4GvK9NF5WIuhf/l2rHqXbkJ5VGsCMezQb2YQRXC1CTYpYJgxUZaICyo3hXiARIIK21lXpvgLJ68LBpnlnNhOffnhcp1ZkcOHIMTUAQOuAQVcAtqoA4weAIv4A28G8/Gq/FhfM5KV4ys5wj8CePrF3vKnuE=</latexit>

K = (Ot|K|Ot) = (O0|Kt|O0)



• Velocity of the flow: maximized by [Parker, 2019] conjecture        

complexity algebras ➝

• Geodesic argument requires finite dimension: 𝑆𝑈 2 ⇒

• Commutation relations of the algebra → Complexity autocorrelation:

→

OQSL on Krylov complexity (II)

<latexit sha1_base64="n1BWTVlnhNALq1E1MPKtmBsVTm0="></latexit>

V2
K =

kBk2
kK0k2

=
2

kK0k2
D�1X

n=1

b2n

<latexit sha1_base64="jp/7RzuJLu/8ng44evO+c62CcCQ="></latexit>

V2
K =

↵(D � 2) + 3�

2D � 1
<latexit sha1_base64="PAveSTtXCNoGVlgmv4jIA0Q9pq4="></latexit>

V2
K =

|↵|(D + 1)

2(2D � 1)

<latexit sha1_base64="1yNp9ppR7am/rwrUi/+wkUxQMQc="></latexit>

S2n(K0) = (�1)n↵n�1(↵K0 + �I)
S2n+1(K0) = (�1)n+1↵nB

<latexit sha1_base64="5nmZTlYTlK2rsp13M9TWDUO9DAk="></latexit>

(K0|Kt) =
1X

n=0

(�i)n

n!
(K0|Sn(K0)) t

n



• For 𝑆𝑈 2 :

to be compared with a geodesic trajectory

• OQSL: 

OQSL on Krylov complexity (III)
<latexit sha1_base64="CTj8PITXDkhnepg3+2owcdNXFkU="></latexit>

(K0|Kt) = (kKk2 + �

↵
TrK) cos

p
|↵|t� �

↵
TrK

<latexit sha1_base64="IqshSLlJ33xgzV7lM4Z1oN9Q11o=">AAACGHicbVDLSsNAFJ3UV62vqEs3oUUQhJp0oS6LbgQ3FewDmhgm02k7dJIJMxMhpPkL3fgrblwo4ra7/o2TtKC2HrhwOOde7r3HCykR0jSnWmFldW19o7hZ2tre2d3T9w9agkUc4SZilPGOBwWmJMBNSSTFnZBj6HsUt73Rdea3HzEXhAX3Mg6x48NBQPoEQakkVz+zx7YP5dDzktvUHj/UbMREkksI0qSVusmPn8rU1Stm1cxhLBNrTir1sn36NK3HDVef2D2GIh8HElEoRNcyQ+kkkEuCKE5LdiRwCNEIDnBX0QD6WDhJ/lhqHCulZ/QZVxVII1d/TyTQFyL2PdWZHSkWvUz8z+tGsn/pJCQII4kDNFvUj6ghmZGlZPQIx0jSWBGIOFG3GmgIOURSZVlSIViLLy+TVq1qnVetO5XGFZihCI5AGZwAC1yAOrgBDdAECDyDV/AOPrQX7U371L5mrQVtPnMI/kCbfANXiKTU</latexit>

kKk2 cosVKt
<latexit sha1_base64="Ju/+pz5SDsoHNI7epbN6E9DZkjs="></latexit>

t � 1

VK
arccos

" 
1� 3(D � 1)

2(2D � 1)

!
cos
p

|↵|t+ 3(D � 1)

2(2D � 1)

#

a

0 5 10 15 20 25 30
-1.0

-0.5

0.0

0.5

1.0

t

SU(2)
Geodesic

b

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.5
1.0
1.5
2.0
2.5
3.0

t

QSL

t

Deviation due to 
the stationary 
component 

<latexit sha1_base64="n9+abIxdN7vKeU20QCwm6p0l6U8=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwISGJoa0LsejGZQX7gCaEyXTSDp08mJkUSuifuHGhiFv/xJ1/46StoKIHBg7n3Ms9c4KUUSFN80MrrayurW+UNytb2zu7e/r+QUckGcekjROW8F6ABGE0Jm1JJSO9lBMUBYx0g/FN4XcnhAuaxPdymhIvQsOYhhQjqSRf190IyVEQ5K2Zb166Z1e+XjWNi0bNdmrQNEyzbtlWQey6c+5ASykFqmCJlq+/u4MEZxGJJWZIiL5lptLLEZcUMzKruJkgKcJjNCR9RWMUEeHl8+QzeKKUAQwTrl4s4Vz9vpGjSIhpFKjJIqf47RXiX14/k2HDy2mcZpLEeHEozBiUCSxqgAPKCZZsqgjCnKqsEI8QR1iqsiqqhK+fwv9JxzasmmHdOdXm9bKOMjgCx+AUWKAOmuAWtEAbYDABD+AJPGu59qi9aK+L0ZK23DkEP6C9fQLxvJM4</latexit>

P0 =?



• ⇒ but it could have more components 

• We try                                        ⇒ for 𝑆𝑈(2)

• ⇒

Saturation of the refined OQSL
<latexit sha1_base64="npa/PyvxUnSk1GcuCUgQtNjHY1U=">AAACDXicbVA9SwNBEN3z2/gVtdRi8QOswp2FWobYCDYKSQzkQtjbTHRxb/fcnRPCkT9g41+xEVTE1t7Of2Jh4V5iocYHA4/3ZpiZFyVSWPT9d29sfGJyanpmtjA3v7C4VFxeqVudGg41rqU2jYhZkEJBDQVKaCQGWBxJOIsuD3P/7BqMFVpVsZdAK2bnSnQFZ+ikdnEr1AkYhtooFkNWNX0axgwvoig77rcxVHBF/XZx0y/5A9BREnyTzfL6Q8X//Fg8aRffwo7maQwKuWTWNgM/wVbGDAouoV8IUwsJ45fsHJqO5qttKxt806fbTunQrjauFNKB+nMiY7G1vThynfml9q+Xi/95zRS7B61MqCRFUHy4qJtKiprm0dCOMMBR9hxh3Ah3K+UXzDCOLsCCCyH4+/Ioqe+Wgr1ScOrSqJAhZsga2SA7JCD7pEyOyAmpEU5uyB15JE/erXfvPXsvw9Yx73tmlfyC9/oF1qiftA==</latexit>

TrKt 6= 0
<latexit sha1_base64="JpsvlJov3g4NmHWftDVbkYGsVK8=">AAAB/HicbVC9TsMwGHTKXylQAh1hsKiQmCqHARirsjAWif5ITRU5rtNadZxgO0hRVF6FhQGEWBHPwcabMDDgtB2g5SRLp7vv03c+P+ZMaYQ+rcLK6tr6RnGztLW9U9619/bbKkokoS0S8Uh2fawoZ4K2NNOcdmNJcehz2vHHl7nfuaNSsUjc6DSm/RAPBQsYwdpInl2Bboj1yPez5sRD0BX0Fnl2FdXQFHCZOHNSrR++N9D3V7np2R/uICJJSIUmHCvVc1Cs+xmWmhFOJyU3UTTGZIyHtGeowCFV/WwafgKPjTKAQSTNExpO1d8bGQ6VSkPfTOZJ1aKXi/95vUQHF/2MiTjRVJDZoSDhUEcwbwIOmKRE89QQTCQzWSEZYYmJNn2VTAnO4peXSfu05pzVnGvTRgPMUAQH4AicAAecgzq4Ak3QAgSk4AE8gWfr3nq0XqzX2WjBmu9UwB9Ybz9jm5ek</latexit>

P0 6= 0
<latexit sha1_base64="JS//s5kRO3v+icd/oriuY8BEJFg="></latexit>

Kt = Kt �
TrK
D

I
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TrK = 0
<latexit sha1_base64="EBHl/vr/4ESaTN3GK99OfHPaAO0="></latexit>

P0 =
TrK
D
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<latexit sha1_base64="yML84i8UJyMCpRuT73Pty4vbeQc=">AAACHXicbVDLSgMxFM3UV62vqks3wSK4KjNS1I1QdCO4qWAf0CnlTpq2oZmHSUYo6fyIG3/FjQtFXLgR/8bMtAttPRA4nHvuzb3HiziTyra/rdzS8srqWn69sLG5tb1T3N1ryDAWhNZJyEPR8kBSzgJaV0xx2ooEBd/jtOmNrtJ684EKycLgTo0j2vFhELA+I6CM1C1WXB/UkADXjaSr3dB401E6kz1P3yRJcoFdeS+UnrjAoyFMkm6xZJftDHiRODNSQjPUusVPtxeS2KeBIhykbDt2pDoahGKE06TgxpJGQEYwoG1DA/Cp7OjsugQfGaWH+6EwL1A4U393aPClHPuecaZLy/laKv5Xa8eqf97RLIhiRQMy/agfc6xCnEaFe0xQovjYECCCmV0xGYIAokygBROCM3/yImmclJ3TsnNbKVUvZ3Hk0QE6RMfIQWeoiq5RDdURQY/oGb2iN+vJerHerY+pNWfNevbRH1hfP7p7pC4=</latexit>

VK =
p

|↵|
<latexit sha1_base64="+URKpbWfqS//dWpsEtFxdtfa1RA="></latexit>

(K0|Kt) = kKk2 cos
p

|↵|t



• MT & ML operator QSL:

üMT-to-ML crossover on the decay of symmetric autocorrelation functions
üML-type bounds on dynamical susceptibilities & Fisher information

• Operator growth at the maximal rate when the complexity algebra is closed

• Geometric OQSL (MT):
üDriven evolution: Wegner flow
üSaturation: Toda flow & Krylov complexity with closed algebra
üEquivalence of the saturation of OQSL and the dispersion bound

Conclusions



Thank you for your attention!


