Discovering Spikes in Random Matrices
Using Approximate Message Passing

Yihan Zhang"

*IST Austria

Youth in High Dimensions 2023, Trieste

Institute of
Science and
Technology
Austria

1/33



Spectral Analysis of Generalized Linear Models
with General Gaussian Design

Yihan Zhang Hong Chang Ji Marco Mondelli Ramji Venkataramanan
IST Austria IST Austria IST Austria U of Cambridge

2/33



Generalized Linear Models

3/33



Generalized Linear Models

® Unknown parameter vector / signal: z* € NT

3/33



Generalized Linear Models

x* <x*7ai>

<'7 >

® Unknown parameter vector / signal: z* € NT

* Known covariate / sensing vectors: a; € R 1<i<n

3/33



Generalized Linear Models

a;

< <'7 >

(x

*

7ai>

ji
q((x*, ai>7 Ei) i

Unknown parameter vector / signal: z* € NT

Known covariate / sensing vectors: a; € R 1<i<n

Known link function / channel: ¢ : R? — R, or equivalently: p(-|-)

Unknown noise: ;e R, 1 <i<n

Observations / measurements / responses: y; = q({z*,a;),e;) eR, 1 <i<n
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Generalized Linear Models: examples

Linear regression: y; = (x*, a;) + &;
Phase retrieval: y; = |[{z*, a;)| + &;

1-bit compressed sensing: y; = sgn({z*, a;)) + &;

_ . xp({z*,a;
Logistic regression: y; | {z*, a;) ~ m&) + %(ﬁ

Polynomial regression
Single-index model

etc.
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Random design — what’s known

Prior art:
e i.i.d. Gaussian design: a; . N(0g,13/n), 1<i<n
e (bi-)orthogonally invariant: A = OAQT € R™*?, where

(0, Q) ~ Haar(O(n)) ® Haar(O(d))
min{n,d}

ESD(A) := mm{n a Z da; — law(A)

® and everything in their universality class [BLM15, CL21, WZF22, DLS22]
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General Gaussian design

Beyond isotropy and bi-rotational invariance:
iid. ,
a; ~ (Od,E/n), 1<'I/<TL,
or equivalently

A=A%Y2 where A;; "5 N(0,1/n), (i,5) € [n] x [d]

Why interesting? — Anisotropic covariates commonly seen in practice, e.g.,
covariance with Toeplitz / circulant structure
Why nontrivial? — Non-Wigner (rows correlated), only left-rotationally invariant
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Estimation from GLMs

Given | (i, a;)"; € (R x R%)"|, statisticians seek an estimate Z = Z(y, A) € R? of z*,
Quality of estimation is measured by overlap:

[z, )]

lim —
d—w |Z]2]lz*2
which is aimed to be maximized.
Proportional regime: n,d — o

] #observations n
aspect ratio = - - = —
#parameter dimensions  d

— 0 € (0,00).

7/33



Assumptions
GLM: y = q(Az*,e) eR"

. ] .
. )

CR

May not be necessary 8/33



Assumptions
GLM: y = q(Az*,e) e R"

. ] .
. )
——
— _ q ’
A — = —
——
[
. ] -

Assume

e ¥ c R4 is unknown

May not be necessary 8/33



Assumptions
GLM: y = q(Az*,e) eR"

. ] .
T
s . .

n

N

S

Assume
e ¥ c R4 is unknown

® 3 > 04xq is strictly positive definite! with uniformly (in d) bounded |||,

May not be necessary 8/33



Assumptions
GLM: y = q(Az*,e) eR"

. ] .
T
s . .

n

N

S

Assume
e ¥ c R4 is unknown

® 3 > 04xq is strictly positive definite! with uniformly (in d) bounded |||,
e ESD(X) == 2 3% | 6y,m) — law(T)

May not be necessary 8/33



Assumptions
GLM: y = q(Az*,e) eR"

. ] .
T
s . .

n

N

S

Assume
* ¥ e R¥*? is unknown
® 3 > 04xq is strictly positive definite! with uniformly (in d) bounded |||,
e ESD(X) == 2 3% | 6y,m) — law(T)
* Unstructured prior: z* ~ Unif(v/d S¢ 1)

May not be necessary 8/33



Assumptions
GLM: y = q(Az*,e) eR"

. ] .
T
s . .

n

N

S

Assume
* ¥ e R¥*? is unknown
® 3 > 04xq is strictly positive definite! with uniformly (in d) bounded |||,
ESD(Y) = 133 | 6,5 — law(D)
* Unstructured prior: z* ~ Unif(v/d S¢ 1)
* 521 0e— P

May not be necessary 8/33
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Main character: spectral estimator

Given (y, A) € R™ x R™*?, pick our favorite preprocessing function 7: R — R

Zaz eRdXd

The spectral estimator generates the top eigenvector of D:
Pe(T) = vy (D) e 471,

Why spectral?
® Computationally simple
® Warm start of AM (cf. Chandrasekher's talk), EM, AMP, GD, etc.
® Interesting RMT problem per se
Assume
* 7 is bounded from above and below, not constantly 0, and? ‘sup supp(7) > 0‘

2Somewhat necessary 9/33




Main result

Theorem (Eigenvalues & overlap)
Let M (3, 7,0),Ma(2,T,0),m(3,T,0) be defined as [insert complicated expressions].
IFI (3, T,0) > Xo(3,T,0)|, then

dh—I}c}o M(D) =M (2, T,0), (1)
Jim A2 (D) = X (2, T, 0), (2)
T AL a0) R S S 3)

a0 v (D)]l2*]l,
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Main result

Theorem (Eigenvalues & overlap)
Let M (3, 7,0),Ma(2,T,0),m(3,T,0) be defined as [insert complicated expressions].

Ifl M\ (i, T, (5) > )\Q(i, T, (5) , then
lim A\ (D) = A\ (2, 7,9), (1)
d—o0
lim \o(D) = X\ (%, T, 9), (2)
d—00
*
T LG a0 n(S,7,0) > 0 (3)

d—o vy (D)o l2*]y

* The condition | A{(X,7,0) > Xo(3, T,0) | is very likely the phase transition
threshold, though we do not have converse result :-(
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1 by
o
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In case you care about arcane formulas...

Define random variables (G,2) ~ N(O, E[OE]> ® P., Y = q(G,?).
Denote by (a(3,7,0),v(3,7T,9)) the unique solution to

- E[IZJE[(E[;JGQ ‘1) ey

1 by
o

Then | \(3,7,0) := a(Z, T, 0)v(2, T,0)|.

The other parameters | A\2(%, 7, 0),1(3, 7, ) | admit similarly messy expressions.
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Basic intuition

—a] — T (y1)
a;
D=A"TA e R where A=| ... |eR™¢ T= e R™*"

T
_an_

@ b o

[<v1 (D),a*))|
Ao d—co [v1(D)]2]z* ]2

Outlier eigenvalue dlim A1(D) > lim X2(D) Positive overlap lim >0
— 00

Supercritical regime A\ (3, 7,0) > X\o(3, 7, 0)
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Basic intuition

a— ()
D=ATTA e R¥¢ where A=| ..~ |eR™¢ T= e R
n
a b=p
No outlier lim A:1(D) = lim A2(D) Zero overlap lim BLCELE) ] I
d—o0 d—00 d—00 [v1 (D) [2]=* ]2

Subcritical regime A\ (3, 7,0) < Xo(3, T, 0)
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Spiked, or non-spiked, that is the question

Spectral matrix: D = SY2AT TARY?

where

T = diag(7 (y)) = diag(7 (¢(ADY%a*, ¢)))
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Spiked, or non-spiked, that is the question

Spectral matrix: D = SY2AT TARY?
V.S.

Separable covariance matrix? D=2 AT rAxY2
where
T = diag(7 () = diag(7 (¢(A2"?s% )))
and

a4 71, but independent of T
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Eigenvalue interlacing
GLM:

Y= q(Zle*,z—:) e R"”
Spectral matrix:

D — ZI/QZT TJZZI/Q c Rdxd
Let us ‘take out' the spike. Fact: for any g € R”
Sd o A _ 99"
ASTA+TI; A, I = 1o eR™™ Ty = I, — I, e R™",
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Eigenvalue interlacing
GLM:

Y= q(ZlE:v*,s) e R"”
Spectral matrix:

D = $Y2AT 7452 ¢ RO
Let us ‘take out' the spike. Fact: for any g € R”
AL+ 1A, T, = fj” eR™™IIF = I, — 11, e R™™,
2
A4

independent of everything else
If g = e € R™, then AS eleT
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Eigenvalue interlacing (cont’d)
With g = AY122*% D becomes

1/23T T Av1/2
p4 E/—A__Fgl/QATHL T Lﬂ S+ ARNY2
lglly  lgll lglly  lgll !
—_— —_—

rank 1 rank 1
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Eigenvalue interlacing (cont’d)
With g = AY122*% D becomes

12 %T T Yy1/2 R
pd (Z Alg 9" +21/2ATHL)T<9 g AXT" +H;A21/2>

laly gl lglla gl
— —
rank 1 rank 1

The ‘null’ matrix D has no spike:

D=2ttt as? L2 At T Az,
— —— —
dx(n—1) (n—1)x(n—1) (n—1)xd

where Ap(T) = Ap_1(T) = Mot (T) -+ = Aa(T) = Ao(T) = M(T) = M (T)
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Eigenvalue interlacing (cont’d)
With g = AY122*% D becomes

pd (XA 9" +xv2aTk | - gAY s
lgly gl lgly gl I
—_— —_—
rank 1 rank 1

The ‘null’ matrix D has no spike:

D=2ttt as? L2 At T A 2
— —— —
dx(n—1) (n—1)x(n—1) (n—1)xd

~

where A (T) = Ap—1(T) = Ayt (T) -+~ = )\QA(CVF) > Ao (T) = A (T T)=M(T)
Eigenvalues of D and D are interlaced: )"i-‘rl( ) < Ai(D) < Aioi(D) for2<i<d—1
Aa(D) Ad-1(D) Ag—2(D) Ag—3(D) -+ A3(D) Aa2(D) A(D)

P <

Aa(D) Ag—1(D) Aa—2(D) Aa_s(D) -+ As(D) Xa(D) M (D)
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Right edge of the bulk

lim A3(D) < lm A(D) < lim A (D)

d—o0 - d—o00 - d—o0

%4

sup supp( fip

?’r’
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Right edge of the bulk

lim A3(D) < lm A(D) < lim A (D)

d—o0 - d—o00 - d—o0

%4

sup supp( fip )

%{

ESD(D)

If 7 =0, D =XY2ATTAxY2 is PSD and is well-understood in RMT under the name
of ‘separable covariance matrix’.

But, we only assume sup supp(7) > 0.
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Right edge of the bulk (cont’d)

& Hmm, same characterization
holds for non-PSD D
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Right edge of the bulk (cont’d)

& Hmm, same characterization
holds for non-PSD D

lim \y(D) = supsupp(fis) = A2, T, 0)

d—00
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Where are we now?

§07,

Loao((w«%
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Where are we now?

§07,

Loaa(LV\%

We have identified (2) the right edge of the bulk:
lim Ao (D) = Ao(3, T, 0)
d—o0
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Where are we now?

§07,

Loao(LV\%

We have identified (2) the right edge of the bulk:
lim \o(D) = \o(2, T, 0)
d—o0

But where is (1) the spike
lim Ay (D)?

d—0
And how large is (3) the overlap

*
AR
5 T (D) 1o

18/33



A hammer: Generalized Approximate Message Passing

Power iteration:
21/2;1T T;lzl/zvt
S22 AT TANL/2 4t

t+1 _
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A hammer: Generalized Approximate Message Passing

Power iteration:

,Ut+1

21/2;1T T;lzl/%t

U2AT TAS 20|
2

(Generalized) Approximate Message Passing (GAMP)
Given ¢g;: R® x R® > R", fii1: R — R? for every t > 1

ut = AP — bt~ e R™,

,Ut-i-l _ AT;Lth _ Ct%t c Rd, %’t-‘rl _

' = gi(ut;y) e R™,

RIS
= hm—z
n—w 1 4
i=1

d
.1
frpi(v*th) e R?, by = nh_I}(}o - Z

0g:(u'; y);

P € R,

Ofpr1(v'th);

eR
t+1 :
ov;
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Simulating power iteration using GAMP

Eigenequation:

v=X12AT TARY2y
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Simulating power iteration using GAMP

Eigenequation:

v=X12AT TARY2y

GAMP:

ut = Eft(vt) - btgtfl(ut_l)a o't = ETgt(Ut) — ctfy(vh).
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Simulating power iteration using GAMP

Eigenequation:

v=X12AT TARY2y

GAMP:

u=Af(v) = bg(u), v=ATg(u) - cf(v).
Choose
g(u) = (al, — T) ' Tue R,  f(v) = (vlg— ¢%) 'S,
.- T}g%o%divg(u), b— Jii%o%divf(v),

where (a,7) are such that

.1 9
b=1, dh_{{.lo EHf(U)HQ =1
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Simulating power iteration using GAMP

Eigenequation:

v=X12AT TARY2y
GAMP:

157 (0) = TAT T ()
Choose
g(u) = (al, — T) ' Tue R,  f(v) = (vlg— ¢%) 'S,
c= TLli_r)rOlO%divg(u), b= nli_I}gO%divf(v),

where (a,7) are such that

1 2
b=1, lim {3 =1
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Simulating power iteration using GAMP

Eigenequation:
v=SY2AT TASY 2y

GAMP:

ayS 2 f(v) = SV2ATTASY25= 127 ()
Choose

g(u) = (al, — T) ' TueR", f(v) = (yIy — cX) 12,
1 1
c= lim —divg(u), b= lim —divf(v),
n—aoo n n—ao n

where (a,7) are such that

.1 9
b=1, dh_{{.lo EHf(U)HQ =1
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Simulating power iteration using GAMP

Eigenequation:

v=X12AT TARY2y

GAMP:
ay LTV2f(v) = RV2ZATTASY2 57121 (y)
Choose eigval eigvec eigvec

g(u) = (aly = T) " TueR",  f(v) = (yIg = e¥)"'So,
1 1
c= lim —divg(u), b= lim —divf(v),
n—o0 N, n—o N

where (a,7) are such that

.1 9
b=1, dh_{folo EHf(U)HQ =1

20/33



State evolution

For each ¢ > 1, define the random vector
Vi =i S2X* + o, W, e RY
where

(X*,O'l Wla o, 0t Wt) _’N(Odald) ®N(det7\1]t®jd)
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State evolution

For each ¢ > 1, define the random vector
Vi =i S2X* + o, W, e RY
where

(X*,O'l Wla o, 0t Wt) _’N(Odald) ®N(det7\1]t®jd)

Theorem (State evolution)
For any uniformly pseudo-Lipschitz h: R*** — R

lim h(v',v% - 0" —E[W(Vy, Vo, -, V)] =0

d—0o0
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Crux of the argument: locating the spike

/ D 2t D "2
hm H t+t _ hm >\1( ) </01( )7 U>
d—o d 2 d—0o0 ary d

d ) 2t ) "2
¢ g (MDD
d—oo =2\ ay d
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Crux of the argument: locating the spike

t+t’

Tim dH

= lim (Alcx))yt/@l(D;, ot)?

2 d—0
provided

lim Ao(D) = Xo(2,T,0) < ay = M (%, T,0)

d—00
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Crux of the argument: locating the spike

t+t’

= lim lim Lim
t'—o0 t—00 d—o0

lim lim lim — H
t'—o0 t—00 d—o0 d

(Al a(f))”’mw;, v’
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Crux of the argument: locating the spike

7?2 = lim lim lim
t'—o0 t—00 d—o0

(Al 55))%/@1@;7 !’

where v > 0 is a constant derived from the state evolution
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Crux of the argument: locating the spike

2t "2
v? = lim lim lim (Al(D)) (D), v

H—00 t—00 d—>00 ary d

which implies

lim A\ (D) = ay = A\ (3, 7,0), lim lim Cur(D 3
d=0 =% 4= oy (D )H [t
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Where are we now?

|00 °/s

Loadim%
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Where are we now?

|00 °/s

Loo.ali‘vx%

If AL(3,7,0) > X3, T,0),
(1) lim M(D) = M (5, T, 0),
d—00

D * t7 * o i
tim AADRIOL gy gy Kfixf‘ = (S, 7,0) >0,
d—o o (D)[g]a*]y 1o doo [0t]y]a*]y

()

where 1(3, 7, 0) can be derived from the state evolution.
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Where are we now?

|00 °/s

Loao((vx%

If )\1 (ia Ta (S) > >‘2 (ia T7 ()‘)'
(1) lim \(D) = M(5, T, 0),
d—00

D * t7 * o i
(3) lim M = lim lim Ktvix)}‘ =n(2,7,0) >0,
d—o [or(D)g]z* ]y t=w dooo Joly]l*y

where 1(3, 7, 0) can be derived from the state evolution.

We are done!
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Bonus: Opt spec threshold & preprocessing function
Morally, A1(2,7,0) > Xa(3, T, 0) is equivalent to & > 0*(3, 7).
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Bonus: Opt spec threshold & preprocessing function

Morally, A\1(33,7,0) > \a(2, T,0) is equivalent to & > 0*(3, 7).
Q: which 7 yields the minimal 0*(%,7)?

Theorem (Minimum threshold, optimal 7%)
The optimal spectral threshold o*(3) = inf1 0*(3,T) is given by the solution to

_E[] jIE[p(yG) (EE]GQ - 1)}2 )

E[p(y] G)]

-1

; E[p(y|G)] = E[>]
T*(y) =1~ — = WhereG~N<0, F >
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Bonus: Opt spec threshold & preprocessing function

Morally, A\1(33,7,0) > \a(2, T,0) is equivalent to & > 0*(3, 7).
Q: which 7 yields the minimal 0*(%,7)?

Theorem (Minimum threshold, optimal 7%)
The optimal spectral threshold o*(3) = inf1 0*(3,T) is given by the solution to

_E[] jIE[p(yG) (EE]GQ - 1)}2 )

E[p(y] G)]

-1

and is obtained by
T*(y) =1— E[p(v] G)] , WhereG~N<0,E[;]>.

o0 6) (57 ") | "

® 7*is impossible to guess

24/33



Reflection on opt threshold & preprocessor
* 0*(X) depends on X only through its first two moments E[m,lﬁlﬁﬂ
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Reflection on opt threshold & preprocessor
* 0*(X) depends on X only through its first two moments E[i],E[iQ]
* Our results are expressed using ESD(X); equivalently, consider ESD(AT A):

ESD(®) — law(Y),
ESD(A"A) = ESD(SY2ATARY?) — MP, s ®law(Z) =: law(A)
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Reflection on opt threshold & preprocessor
* 0*(X) depends on ¥ only through its first two moments E[X], E[2?]
* Our results are expressed using ESD(X); equivalently, consider ESD(AT A):
ESD(X) — law(2),
ESD(ATA) = ESD(2Y2ATASY?) - MP, ;s Blaw(X) =: law(A)
Moments of 3 and A are related:

E[A] =E[S], E[X’] = E[%] + E[5]
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Reflection on opt threshold & preprocessor
* 0*(X) depends on ¥ only through its first two moments E[X], E[2?]
* Our results are expressed using ESD(X); equivalently, consider ESD(AT A):

ESD(X) — law(%),
ESD(ATA) = ESD(2Y2ATASY?) - MP, ;s Blaw(X) =: law(A)
Moments of 3 and A are related:
_ _ _ _ R
_ 21 _ 21, L
E[A] =E[Z], E[A*] =E[¥*] + SE[Y]

Optimal spectral threshold 0*(A) can be written as the solution 0* to

0‘*:@ - JE{p(yIG)@[Z]Gzl)rdy

E[p(y|G)]

-1
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Reflection on opt threshold & preprocessor
* 0*(X) depends on ¥ only through its first two moments E[X], E[2?]
* Our results are expressed using ESD(X); equivalently, consider ESD(AT A):

ESD(X) — law(%),
ESD(ATA) = ESD(2Y2ATASY?) - MP, ;s Blaw(X) =: law(A)
Moments of 3 and A are related:
_ _ _ _ R
_ 21 _ 21, L
E[A] =E[Z], E[A*] =E[¥*] + SE[Y]

Optimal spectral threshold 0*(A) can be written as the solution 0* to

d*—M - JE{p(yIG)@[Z]Gzl)rdy

- E[4?] E[p(y| @)]

-1

The formulas of 0*,7™* are precisely the same as those in [MLKZ20, MKLZ20].
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Reflection on opt threshold & preprocessor (cont’d)

® 7* and 0* depend on p(-|-) only through its Oth & 2nd Hermite coefficients:

ao(y)E[p<y E[(?JW)], cfz(y)E[p(y E[(SE]W)(WQQ]

where W ~ N (0,1)
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® Information exponent [BAGJ21]
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Reflection on opt threshold & preprocessor (cont’d)

® 7* and 0* depend on p(-|-) only through its Oth & 2nd Hermite coefficients:

ao(y)E[p<y E[(?JW)], cfz(y)E[p(y E[(SE]W)(WQQ]

where W ~ N (0, 1)
® Information exponent [BAGJ21]
® Leap complexity [ABM23] (See Boix’s talk)
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Spectral estimator with known X

We assumed ¥ is unknown.
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Spectral estimator with known X

We assumed ¥ is unknown. What if it is known? A naive spectral estimator is to first
‘whiten’ A:

D. =Y 2ATTAY V2 = ATTA,
T = diag(7 (), = q(Ax"?z* ¢)

and then output

&SPeC(T) = vy (D.) € S
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Spectral estimator with known X

We assumed ¥ is unknown. What if it is known? A naive spectral estimator is to first
‘whiten’ A:

D. =Y 2ATTAY V2 = ATTA,
T = diag(7 (), = q(Ax"?z* ¢)

and then output
(T = v (D.) e S471
Its overlap can be similarly derived: if A\;(3,7,0) > A\5(3, T, 0)

[CoL(Ds), 2*))|

KO\P), T )L, (5, T,6) >0
[ (D], ~ ™)
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Spectral estimator with X = [;

With ¥ = I; (i.e., i.i.d. Gaussian design), the spectral estimator becomes
BP(T) = wi(Da) e 841,
D, = AZT TD;L T, = diag(T(yD))7 Yo = p(;lfc*,s).
Its overlap has been understood [LL20, MM19]

(o (D) 2]

(7,0
fu(D)llarl, ~ 7

® Phase transition
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Outlook

Only “half” (supercritical part) of a phase transition phenomenon :-(
® RMT proof?

More applications of this methodology
* Mixture of GLMs with correlated signals (in prep :-I)
® Low rank matrix estimation with heteroscedastic noise (in prep :-I)

Miraculous coincidence with physics prediction for right invariant ensemble
[MLKZ20, MKLZ20]. Universality? (See Dudeja’s talk)

IT limit (i.e., MMSE) known for A = AB (where B arbitrary) [MILKZ20]. Is
spectral estimator IT-opt in terms of threshold and/or overlap?
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THANK YOU!
zephyr.z7980gmail.com
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