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Generalized Linear Models

‚ Unknown parameter vector / signal: x˚ P
?

d Sd´1

‚ Known covariate / sensing vectors: ai P Rd , 1 ď i ď n
‚ Known link function / channel: q : R2 Ñ R, or equivalently: pp¨ | ¨q

‚ Unknown noise: εi P R, 1 ď i ď n
‚ Observations / measurements / responses: yi “ qpxx˚, aiy, εiq P R, 1 ď i ď n
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Generalized Linear Models: examples

‚ Linear regression: yi “ xx˚, aiy ` εi

‚ Phase retrieval: yi “ |xx˚, aiy| ` εi

‚ 1-bit compressed sensing: yi “ sgnpxx˚, aiyq ` εi

‚ Logistic regression: yi | xx˚, aiy „ 1
1`exppxx˚,aiyq

δ0 `
exppxx˚,aiyq

1`exppxx˚,aiyq
δ1

‚ Polynomial regression
‚ Single-index model
‚ etc.
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Random design — what’s known

Prior art:

‚ i.i.d. Gaussian design: ai
i.i.d.
„ N p0d , Id{nq, 1 ď i ď n

‚ (bi-)orthogonally invariant: A “ OΛQJ P Rnˆd , where

pO,Qq „ HaarpOpnqq b HaarpOpdqq

ESDpΛq :“
1

mintn, du

mintn,du
ÿ

i“1
δΛi,i Ñ lawpΛq

‚ and everything in their universality class [BLM15, CL21, WZF22, DLS22]
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General Gaussian design

Beyond isotropy and bi-rotational invariance:

ai
i.i.d.
„ N p0d ,Σ{nq, 1 ď i ď n,

or equivalently

A “ rAΣ1{2, where rAi,j
i.i.d.
„ N p0, 1{nq, pi, jq P rns ˆ rds

Why interesting? — Anisotropic covariates commonly seen in practice, e.g.,
covariance with Toeplitz / circulant structure
Why nontrivial? — Non-Wigner (rows correlated), only left-rotationally invariant
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Estimation from GLMs

Given pyi , aiq
n
i“1 P pR ˆ Rdqn , statisticians seek an estimate px “ pxpy,Aq P Rd of x˚.

Quality of estimation is measured by overlap:

lim
dÑ8

|xpx, x˚y|

}px}2}x˚}2

which is aimed to be maximized.
Proportional regime: n, d Ñ 8

aspect ratio “
#observations

#parameter dimensions “
n
d

Ñ δ P p0,8q.
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Assumptions
GLM: y “ qpAx˚, εq P Rn

Assume
‚ Σ P Rdˆd is unknown
‚ Σ ą 0dˆd is strictly positive definite1 with uniformly (in d) bounded }Σ}2
‚ ESDpΣq :“ 1

d
řd

i“1 δλipΣq Ñ lawpΣq

‚ Unstructured prior: x˚ „ Unifp
?

d Sd´1q

‚ 1
n

řn
i“1 δεi Ñ Pε

1May not be necessary
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Main character: spectral estimator

The spectral estimator generates the top eigenvector of D:

pxspecpT q “ v1pDq P Sd´1,

Why spectral?
‚ Computationally simple
‚ Warm start of AM (cf. Chandrasekher’s talk), EM, AMP, GD, etc.
‚ Interesting RMT problem per se

Assume
‚ T is bounded from above and below, not constantly 0, and2 sup supppT q ą 0

2Somewhat necessary
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Main result

Theorem (Eigenvalues & overlap)
Let λ1pΣ, T , δq, λ2pΣ, T , δq, ηpΣ, T , δq be defined as [insert complicated expressions].
If λ1pΣ, T , δq ą λ2pΣ, T , δq , then

lim
dÑ8

λ1pDq “ λ1pΣ, T , δq, (1)

lim
dÑ8

λ2pDq “ λ2pΣ, T , δq, (2)

lim
dÑ8

|xv1pDq, x˚y|

}v1pDq}2}x˚}2
“ ηpΣ, T , δq ą 0 (3)

‚ The condition λ1pΣ, T , δq ą λ2pΣ, T , δq is very likely the phase transition
threshold, though we do not have converse result :-(
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In case you care about arcane formulas...

Define random variables pG, εq „ N
ˆ

0, ErΣs
δ

˙

b Pε,Y “ qpG, εq.

Denote by papΣ, T , δq, γpΣ, T , δqq the unique solution to

1 “
1

E
“

Σ
‰E

«˜

δ

E
“

Σ
‰G2

´ 1

¸

T pY q

a ´ T pY q

ff

E

»

–

Σ2

γ ´ E
”

T pY q

a´T pY q

ı

Σ

fi

fl

1 “
1
δ
E

»

–

Σ

γ ´ E
”

T pY q

a´T pY q

ı

Σ

fi

fl

Then λ1pΣ, T , δq :“ apΣ, T , δqγpΣ, T , δq .

The other parameters λ2pΣ, T , δq, ηpΣ, T , δq admit similarly messy expressions.
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Basic intuition

D “AJTA P Rdˆd , where A“

»

–

aJ
1

¨ ¨ ¨

aJ
n

fi

flP Rnˆd , T “

»

—

–

T py1q
. . .

T pynq

fi

ffi

fl

P Rnˆn
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u
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Spiked, or non-spiked, that is the question

Spectral matrix: D “ Σ1{2
rAJT rAΣ1{2

v.s.
Separable covariance matrix? pD “ Σ1{2

pAJT pAΣ1{2

where

T “ diagpT pyqq “ diagpT pqprAΣ1{2x˚, εqqq

and

pA d
“ rA, but independent of T
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Eigenvalue interlacing
GLM: y “ qprAΣx˚, εq P Rn

Spectral matrix: D “ Σ1{2
rAJT rAΣ1{2 P Rdˆd

Let us ‘take out’ the spike. Fact: for any g P Rn

rA d
“ Πg rA ` ΠK

g
pA, Πg “

ggJ

}g}
2
2

P Rnˆn , ΠK
g “ In ´ Πg P Rnˆn ,

pA d
“ rA independent of everything else

If g “ e1 P Rn , then rA d
“ e1eJ

1
rA ` pIn ´ e1eJ

1 qpA
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Eigenvalue interlacing (cont’d)
With g “ rAΣ1{2x˚, D becomes

D d
“

˜

Σ1{2
rAJg

}g}2

gJ

}g}2
looooooomooooooon

rank 1

`Σ1{2
pAJΠK

g

¸

T

˜

g
}g}2

gJ
rAΣ1{2

}g}2
looooooomooooooon

rank 1

`ΠK
g

pAΣ1{2

¸

The ‘null’ matrix pD has no spike:
pD “ Σ1{2

pAJΠK
g TΠK

g
pAΣ1{2 d

“ Σ1{2
qAJ

loomoon

dˆpn´1q

qT
loomoon

pn´1qˆpn´1q

qA
loomoon

pn´1qˆd

Σ1{2,

where λnpT q ě λn´1p qT q ě λn´1pT q ¨ ¨ ¨ ě λ2p qT q ě λ2pT q ě λ1p qT q ě λ1pT q

Eigenvalues of D and pD are interlaced: λi`1ppDq ď λipDq ď λi´1ppDq for 2 ď i ď d ´ 1
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Right edge of the bulk

If T ě 0, pD “ Σ1{2
pAJT pAΣ1{2 is PSD and is well-understood in RMT under the name

of ‘separable covariance matrix’.

But, we only assume sup supppT q ą 0.
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Right edge of the bulk (cont’d)

lim
dÑ8

λ2pDq “ sup supppµ
pDq “ λ2pΣ, T , δq
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Right edge of the bulk (cont’d)

lim
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λ2pDq “ sup supppµ
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Where are we now?

We have identified (2) the right edge of the bulk:
lim

dÑ8
λ2pDq “ λ2pΣ, T , δq

But where is (1) the spike
lim

dÑ8
λ1pDq?

And how large is (3) the overlap

lim
dÑ8

|xv1pDq, x˚y|

}v1pDq}2}x˚}2
?
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A hammer: Generalized Approximate Message Passing

Power iteration:

vt`1 “
Σ1{2

rAJT rAΣ1{2vt
›

›

›
Σ1{2

rAJT rAΣ1{2vt
›

›

›

2

(Generalized) Approximate Message Passing (GAMP)
Given gt : Rn ˆ Rn Ñ Rn , ft`1 : Rd Ñ Rd for every t ě 1

ut “ rArvt ´ btrut´1 P Rn , rut “ gtput ; yq P Rn , ct “ lim
nÑ8

1
n

n
ÿ

i“1

Bgtput ; yqi
But

i
P R,

vt`1 “ rAJ
rut ´ ctrvt P Rd , rvt`1 “ ft`1pvt`1q P Rd , bt`1 “ lim

nÑ8

1
n

d
ÿ

i“1

Bft`1pvt`1qi

Bvt`1
i

P R.
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Simulating power iteration using GAMP
Eigenequation:

v “ Σ1{2
rAJT rAΣ1{2v

GAMP:

Choose

gpuq “ paIn ´ T q´1Tu P Rn , f pvq “ pγId ´ cΣq´1Σv,

c “ lim
nÑ8

1
n
div gpuq, b “ lim

nÑ8

1
n
div f pvq,

where pa, γq are such that

b “ 1, lim
dÑ8

1
d

}f pvq}
2
2 “ 1
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Simulating power iteration using GAMP
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State evolution

For each t ě 1, define the random vector

Vt :“ χtΣ
1{2X˚ ` σtWt P Rd

where

pX˚, σ1W1, ¨ ¨ ¨ , σtWtq Ñ N p0d , Idq b N p0dˆt ,Ψt b Idq

Theorem (State evolution)
For any uniformly pseudo-Lipschitz h : Rdˆt Ñ R

lim
dÑ8

hpv1, v2, ¨ ¨ ¨ , vtq ´ ErhpV1,V2, ¨ ¨ ¨ ,Vtqs “ 0
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Crux of the argument: locating the spike

ν2 “ lim
t 1Ñ8

lim
tÑ8

lim
dÑ8

ˆ

λ1pDq

aγ

˙2t 1

xv1pDq, vty
2

d
where ν ą 0 is a constant derived from the state evolution
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ν2 “ lim
t 1Ñ8

lim
tÑ8

lim
dÑ8

ˆ

λ1pDq

aγ

˙2t 1

xv1pDq, vty
2

d
which implies

lim
dÑ8

λ1pDq “ aγ “ λ1pΣ, T , δq, lim
tÑ8

lim
dÑ8

@

v1pDq, vtD2

}v1pDq}
2
2}vt}2

2
“ 1
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Where are we now?

If λ1pΣ, T , δq ą λ2pΣ, T , δq,

(1) lim
dÑ8

λ1pDq “ λ1pΣ, T , δq,

(3) lim
dÑ8

|xv1pDq, x˚y|

}v1pDq}2}x˚}2
“ lim

tÑ8
lim

dÑ8

ˇ

ˇ

@

vt , x˚
Dˇ

ˇ

}vt}2}x˚}2
“ ηpΣ, T , δq ą 0,

where ηpΣ, T , δq can be derived from the state evolution.

We are done!
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Bonus: Opt spec threshold & preprocessing function
Morally, λ1pΣ, T , δq ą λ2pΣ, T , δq is equivalent to δ ą δ˚pΣ, T q.

Q: which T yields the minimal δ˚pΣ, T q?

Theorem (Minimum threshold, optimal T ˚)
The optimal spectral threshold δ˚pΣq “ infT δ˚pΣ, T q is given by the solution to

δ˚ “
E

“

Σ
‰2

E
“

Σ2
‰

¨

˚

˚

˚

˝

ż E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ˚

ErΣs
G2

´ 1
˙ȷ2

E
“

p
`

y
ˇ

ˇ G
˘‰ dy

˛

‹

‹

‹

‚

´1

,

and is obtained by

T ˚pyq “ 1 ´
E

“

p
`

y
ˇ

ˇ G
˘‰

E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ
ErΣs

G2
˙ȷ , where G „ N

˜

0,
E

“

Σ
‰

δ

¸

.

‚ T ˚ is impossible to guess



24/33

Bonus: Opt spec threshold & preprocessing function
Morally, λ1pΣ, T , δq ą λ2pΣ, T , δq is equivalent to δ ą δ˚pΣ, T q.
Q: which T yields the minimal δ˚pΣ, T q?

Theorem (Minimum threshold, optimal T ˚)
The optimal spectral threshold δ˚pΣq “ infT δ˚pΣ, T q is given by the solution to

δ˚ “
E

“

Σ
‰2

E
“

Σ2
‰

¨

˚

˚

˚

˝

ż E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ˚

ErΣs
G2

´ 1
˙ȷ2

E
“

p
`

y
ˇ

ˇ G
˘‰ dy

˛

‹

‹

‹

‚

´1

,

and is obtained by

T ˚pyq “ 1 ´
E

“

p
`

y
ˇ

ˇ G
˘‰

E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ
ErΣs

G2
˙ȷ , where G „ N

˜

0,
E

“

Σ
‰

δ

¸

.

‚ T ˚ is impossible to guess



24/33

Bonus: Opt spec threshold & preprocessing function
Morally, λ1pΣ, T , δq ą λ2pΣ, T , δq is equivalent to δ ą δ˚pΣ, T q.
Q: which T yields the minimal δ˚pΣ, T q?

Theorem (Minimum threshold, optimal T ˚)
The optimal spectral threshold δ˚pΣq “ infT δ˚pΣ, T q is given by the solution to

δ˚ “
E

“

Σ
‰2

E
“

Σ2
‰

¨

˚

˚

˚

˝

ż E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ˚

ErΣs
G2

´ 1
˙ȷ2

E
“

p
`

y
ˇ

ˇ G
˘‰ dy

˛

‹

‹

‹

‚

´1

,

and is obtained by

T ˚pyq “ 1 ´
E

“

p
`

y
ˇ

ˇ G
˘‰

E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ
ErΣs

G2
˙ȷ , where G „ N

˜

0,
E

“

Σ
‰

δ

¸

.

‚ T ˚ is impossible to guess



24/33

Bonus: Opt spec threshold & preprocessing function
Morally, λ1pΣ, T , δq ą λ2pΣ, T , δq is equivalent to δ ą δ˚pΣ, T q.
Q: which T yields the minimal δ˚pΣ, T q?

Theorem (Minimum threshold, optimal T ˚)
The optimal spectral threshold δ˚pΣq “ infT δ˚pΣ, T q is given by the solution to

δ˚ “
E

“

Σ
‰2

E
“

Σ2
‰

¨

˚

˚

˚

˝

ż E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ˚

ErΣs
G2

´ 1
˙ȷ2

E
“

p
`

y
ˇ

ˇ G
˘‰ dy

˛

‹

‹

‹

‚

´1

,

and is obtained by

T ˚pyq “ 1 ´
E

“

p
`

y
ˇ

ˇ G
˘‰

E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ
ErΣs

G2
˙ȷ , where G „ N

˜

0,
E

“

Σ
‰

δ

¸

.

‚ T ˚ is impossible to guess



25/33

Reflection on opt threshold & preprocessor
‚ δ˚pΣq depends on Σ only through its first two moments E

“

Σ
‰

,E
“

Σ2‰

‚ Our results are expressed using ESDpΣq; equivalently, consider ESDpAJAq:

ESDpΣq Ñ lawpΣq,

ESDpAJAq “ ESDpΣ1{2
rAJ

rAΣ1{2q Ñ MP1{δ b lawpΣq “: lawpΛq

Moments of Σ and Λ are related:

E
“

Λ
‰

“ E
“

Σ
‰

, E
“

Λ2‰

“ E
“

Σ2‰

`
1
δ
E

“

Σ
‰2

Optimal spectral threshold δ˚pΛq can be written as the solution δ˚ to

δ˚ “
E

“

Λ
‰2

E
“

Λ2
‰

»

—

—

—

–

1`

¨

˚

˚

˚

˝

ż E
„

p
`

y
ˇ

ˇ G
˘

ˆ

δ˚

ErΛs
G2

´ 1
˙ȷ2

E
“

p
`

y
ˇ

ˇ G
˘‰ dy

˛

‹

‹

‹

‚

´1fi

ffi

ffi

ffi

fl

The formulas of δ˚, T ˚ are precisely the same as those in [MLKZ20, MKLZ20].
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Reflection on opt threshold & preprocessor (cont’d)

‚ T ˚ and δ˚ depend on pp¨ | ¨q only through its 0th & 2nd Hermite coefficients:

σ0pyq “ E

»

–p

¨

˝y

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

d

E
“

Σ
‰

δ
W

˛

‚

fi

fl, σ2pyq “ E

»

–p

¨

˝y

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

d

E
“

Σ
‰

δ
W

˛

‚

´

W 2
´ 1

¯

fi

fl,

where W „ N p0, 1q

‚ Information exponent [BAGJ21]
‚ Leap complexity [ABM23] (See Boix’s talk)
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Reflection on opt threshold & preprocessor (cont’d)
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Spectral estimator with known Σ

We assumed Σ is unknown.

What if it is known? A naive spectral estimator is to first
‘whiten’ A:

DŸ “ Σ´1{2AJTAΣ´1{2 “ rAJT rA,

T “ diagpT pyqq, y “ qprAΣ1{2x˚, εq

and then output

pxspec
Ÿ pT q “ v1pDŸq P Sd´1

Its overlap can be similarly derived: if λŸ
1pΣ, T , δq ą λŸ

2pΣ, T , δq

|xv1pDŸq, x˚y|

}v1pDŸq}2}x˚}2
Ñ ηŸpΣ, T , δq ą 0
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Spectral estimator with Σ “ Id

With Σ “ Id (i.e., i.i.d. Gaussian design), the spectral estimator becomes

pxspec
˝ pT q “ v1pD˝q P Sd´1,

D˝ “ rAJT˝
rA, T˝ “ diagpT py˝qq, y˝ “ pprAx˚, εq.

Its overlap has been understood [LL20, MM19]

|xv1pD˝q, x˚y|

}v1pD˝q}2}x˚}2
Ñ η˝pT , δq

‚ Phase transition
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Outlook

‚ Only “half” (supercritical part) of a phase transition phenomenon :-(

‚ RMT proof?

‚ More applications of this methodology

‚ Mixture of GLMs with correlated signals (in prep :-I)
‚ Low rank matrix estimation with heteroscedastic noise (in prep :-I)

‚ Miraculous coincidence with physics prediction for right invariant ensemble
[MLKZ20, MKLZ20]. Universality? (See Dudeja’s talk)

‚ IT limit (i.e., MMSE) known for A “ rAB (where B arbitrary) [MLKZ20]. Is
spectral estimator IT-opt in terms of threshold and/or overlap?
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‚ Low rank matrix estimation with heteroscedastic noise (in prep :-I)

‚ Miraculous coincidence with physics prediction for right invariant ensemble
[MLKZ20, MKLZ20]. Universality? (See Dudeja’s talk)

‚ IT limit (i.e., MMSE) known for A “ rAB (where B arbitrary) [MLKZ20]. Is
spectral estimator IT-opt in terms of threshold and/or overlap?
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THANK YOU!
zephyr.z798@gmail.com
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