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Density-functional theory

Kohn-Sham equation:

Local density approximation (LDA): Generalized-gradient approximation (GGA):

?
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Some drawbacks of LDA / GGA
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Self-interaction errors

Consequences: - over-delocalization of electrons (d and f) 
                          - incorrect description of charge transfer 
                          - incorrect energetics of chemical reactions 
                          - underestimation of the band gaps 
                          - …

Lack of non-locality

Consequences: - incorrect description of weak long-range (Van der Waals) interactions 
                          - inadequate description of bond breaking and formation 
                          - no Rydberg series 
                          - …



Some advanced exchange-correlation functionals

Advanced functionals

  Hubbard functionals  
(DFT+U, DFT+U+V,…)

      Hybrid functionals 
(B3LYP, PBE0, HSE06,…)

               van der Waals 
(DFT-D, DFT-D3, TS, rVV10, …)

            meta-GGA 
(TPSS, SCAN, r2SCAN…)
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Self-interaction error

Self-interaction errors arrise from an incomplete cancellation of self-Coulomb terms by 
the approximate exchange-correlation energy terms  

total charge density

   Hartree potential 
felt by each electron

An electron interacts with itself self-interaction (unphysical)

5



Perdew, Parr, Levy, Balduz, PRL (1982). 

The simplest example: the dissociation of H2
+

The problem: approximate DFT gives only one 
solution - equal splitting of the charge

Self-interaction error
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The simplest example: the dissociation of H2
+

The problem: approximate DFT gives only one 
solution - equal splitting of the charge

Self-interaction error
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Origin of the problem: self-interaction error 
(spurious quadratic energy change when 
 adding/removing a fraction of an electron)

Cohen, Mori-Sanchez, Yang, Science (2008). 



Self-interaction error in materials

Li0.5FePO4
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Self-interaction error in materials

Li0.5FePO4
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3+2+
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Li
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2.5+ 2.5+

2.5+

Correct Incorrect

Self-interaction error

Fe-3d electrons are delocalized 
and spread around 

Wrong average oxidation state of 2.5+ 
for Fe ions
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Self-interaction error in materials

Li0.5FePO4
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2.5+

Correct Incorrect

Self-interaction error

Fe-3d electrons are delocalized 
and spread around 

Wrong average oxidation state of 2.5+ 
for Fe ions
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Exact
Approx. DFT

Spurious quadratic energy change when 
 adding/removing a fraction of an electron to Fe
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Hubbard functionals
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Hubbard functionals

DFT+U :

U

on-site localisation (U)

DFT+UDFT

Anisimov et al., PRB (1991).            Liechtenstein et al., PRB (1995).              Dudarev et al., PRB (1998). 
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Hubbard functionals

DFT+U :

U

on-site localisation (U)

DFT+UDFT

Anisimov et al., PRB (1991).            Liechtenstein et al., PRB (1995).              Dudarev et al., PRB (1998). 

&

DFT+U+V :

V

DFT+U+V

inter-site hybridisations (V)

Campo Jr and Cococcioni, JPCM (2010).

10



When do we need Hubbard corrections?
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When do we need Hubbard corrections?

11
Answer: For elements with partially filled d and/or f electrons



Two (strongly-interconnected) key aspects of DFT+U(+V)

Hubbard
parameters

Hubbard
projectors
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Which values for the Hubbard parameters?

The values of Hubbard parameters are not known a priori
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Which values for the Hubbard parameters?

The values of Hubbard parameters are not known a priori

Two strategies
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Which values for the Hubbard parameters?

The values of Hubbard parameters are not known a priori

Two strategies

(Semi-)empirical

Tune U to reproduce, for example:

Band gaps 
Magnetic moments 
Lattice parameters 
Oxidation enthalpies 
…
Requires the availability of the 

experimental data!
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Which values for the Hubbard parameters?

The values of Hubbard parameters are not known a priori

Two strategies

(Semi-)empirical

Tune U to reproduce, for example:

Band gaps 
Magnetic moments 
Lattice parameters 
Oxidation enthalpies 
…
Requires the availability of the 

experimental data!

First-principles

Constrained density-functional theory (cDFT)

Constrained random phase approximation (cRPA)

Hartree-Fock-based approaches (e.g. ACBN0)

Linear-response theory

this talk
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Hubbard parameters are not universal

Computed Hubbard parameters depend on:

Type of Hubbard projector functions 
(e.g. atomic, orthogonalized atomic, maximally localized Wannier functions, etc.)

Oxidation state of a pseudized atom (pseudopotentials) [1]

[1] Kulik and Marzari, JCP (2008).

Exchange-correlation functional (e.g. LDA, GGA, etc.)

Self-consistency (i.e. either “one-shot” or self-consistent)

14



Hubbard parameters from linear-response theory

To
ta

l e
ne

rg
y 
E

Exact
Approx. DFT
DFT+U

The main idea: Hubbard corrections remove 
spurious curvature of the total energy

Hubbard manifold

Note: There is no theorem for the piece-wise linearity of  
in the Hubbard manifold (only for total number of electrons)

E
15



Hubbard parameters from linear-response theory

Cococcioni and de Gironcoli, PRB (2005). 

Hubbard parameters can be obtained 
from the following condition:

To
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l e
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E

Exact
Approx. DFT
DFT+U

The main idea: Hubbard corrections remove 
spurious curvature of the total energy

Hubbard manifold

Note: There is no theorem for the piece-wise linearity of  
in the Hubbard manifold (only for total number of electrons)

E
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Linear-response theory using supercells

Modified Kohn-Sham equations:

Perturbing potential:

Response matrices  
(numerical derivative using finite differences)

Hubbard parameters:
Perturbed 

atom Computationally expensive 
Possible convergence issues  
 when using large supercells 
Quite cumbersome to use

Cococcioni and de Gironcoli, PRB (2005). 16



Linear-response theory: from supercells to primitive unit cells

Timrov, Marzari, and Cococcioni, PRB (2018), PRB (2021).

Perturbation theory to 1st order:Modified Kohn-Sham equations:

Perturbing potential:

Cococcioni and de Gironcoli, PRB (2005). 17
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Linear-response theory: from supercells to primitive unit cells

Timrov, Marzari, and Cococcioni, PRB (2018), PRB (2021).

Perturbation theory to 1st order:

Potential in a supercell can be decomposed 
into a sum over q points for a primitive cell:

Modified Kohn-Sham equations:

Perturbing potential:

Response matrices  
(numerical derivative using finite differences)

Response occupation matrices  
(from the iterative solution of the eq. above)

Hubbard parameters:
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Linear-response theory: from supercells to primitive unit cells

Perturbation theory to 1st order:

Potential in a supercell can be decomposed 
into a sum over q points for a primitive cell:

Response occupation matrices  
(from the iterative solution of the eq. above)

primitive cell

+

monochromatic 
perturbations

qx

qy

Density-functional  
perturbation theory (DFPT)

Baroni, de Gironcoli, Dal Corso, and Giannozzi, RMP (2001). 

Inspired by DFPT for phonons:

Computationally much less expensive 
Easier convergence 
User-friendly and autonomous

Timrov, Marzari, and Cococcioni, PRB (2018), PRB (2021). 18



Comparison of the “conventional” linear response and DFPT

Scaling

Symmetry Reduction of Nq in DFPT 
(no equivalence in the supercell approach)

x52

Benchmark of the equivalence 
between the two approaches

U(Ni-d)

SC

SC

SC

Timrov, Marzari, and Cococcioni, PRB (2018), PRB (2021), CPC (2022).

HP code is public and is part of

19



The zoo of Hubbard projectors

1. Nonorthogonalized atomic orbitals

(contained in pseudopotentials)

2. Orthogonalized atomic orbitals

3. Maximally localized Wannier functions 

TM O3d 2p

Drawback:
Application of Hubbard U

twice in the overlap regions

20



Self-consistent workflow of DFT+U+V

Structural optimization 
(needs Hubbard forces  
 and stresses)

Calculation of Hubbard  
         parameters

Timrov, Marzari, and Cococcioni, PRB (2021). 21



FePO4
Discharging process

Li0.5FePO4

LiFePO4

3+

3+2+

2+

Li-ion batteries

20



Unambiguous oxidation states

DFT (PBEsol)

Hybrid functional (HSE06)

Extended Hubbard (PBEsol+U+V) ✅
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Li intercalation voltages

22Timrov, Aquilante, Cococcioni, Marzari, PRX Energy (2022).Cococcioni and Marzari, PRM (2019). 



Li intercalation voltages

23Timrov, Aquilante, Cococcioni, Marzari, PRX Energy (2022).Cococcioni and Marzari, PRM (2019). 



Self-consistent U and V from linear-response theory 

24

Hubbard parameters are site-dependent and  
change upon the (de)lithiation

Li O
P

Li MnPO4x

M1 - M4 = Mn1 - Mn4
How one would describe the change in U&V 

empirically?
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Self-consistent U and V from linear-response theory 
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Hubbard parameters are site-dependent and  
change upon the (de)lithiation

Li O
P

Li MnPO4x

M1 - M4 = Mn1 - Mn4
How one would describe the change in U&V 

empirically?



Spinel cathode materials 

27

Mn4+

Mn3+

Mn4+

Ni2+

antiferromagnetic insulator (56 atoms) ferrimagnetic insulator (56 atoms)

These systems are much more expensive computationally for hybrid functionals (and less accurate),  
but modest for DFT+U+V



Li intercalation voltages

28
Timrov, Kotiuga, and Marzari, PCCP (2023).



Formation energies of O vacancies in perovskites

31C. Ricca, I. Timrov et al., PRB (2019) & PRR (2020).

E - EF (eV)
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DFT+U+V accurately predicts the correct formation 
energies of O vacancies in the dilute limit

SrTiO3

dilute limit



Can Hubbard corrections improve band gaps?

30

Can we use DFT+U(+V) to predict band gaps?



Can Hubbard corrections improve band gaps?
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Can we use DFT+U(+V) to predict band gaps?

Energy (eV)

Valence band 
Edge

Conduction band 
Edge

Uv Uc

By applying the Hubbard U correction to the band edges we might expect  
improvements in the band gap values with respect to standard DFT



High-throughput search of novel materials for H2 production

31

18 out of 70150 materials were identified as 
candidates for the photocatalytic water splitting

Xiong, …, Timrov,…, Dabo, Energy Environ. Sci. (2021).



Accurate vibrational energies of complex oxides

32
A. Floris, I. Timrov et al., PRB (2020).

Band structure of CoO Phonon dispersion of CoO

DFPT

DFPT+U

Hubbard corrections are crucial for the correct insulating ground state and dynamical stability of CoO

Expt.
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Computational cost

When U (and V) are provided, DFT+U(+V) is only marginally more expensive than DFT

Calculation of U and V from DFPT is ~20x more expensive than the ground-state DFT

U and V from DFPT             train the machine learning model [1]

[1] Uhrin, Zadoks, Binci, Marzari,Timrov, in preparation.

DFPT calculation of U takes less time than HSE06 [2]

[2] Kirchner-Hall, Zhao, Xiong, Timrov, Dabo, Appl. Sci. (2021).
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Limitations/open questions of linear-response theory (LRT) for U and V

For closed shells (i.e. fully occupied manifolds) the U values from LRT are too large

U and V are position-dependent             dU/dR  0, dV/dR  0            extra terms in forces≠ ≠

Hubbard functionals are not variational w.r.t. U and V (no theorem/proof)

DFT+U(+V) is a mean-field single-determinant approach (no strong correlations)

Piece-wise linearity in the Hubbard manifold is heuristic (no proof)



Hybrid functionals
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Mixing the Fock energy (of the Hartree-Fock method) with the (semi-)local exchange-
correlation functionals

double sum  
over k points

double sum  
over bands

 is computationally very expensive in the plane-wave basis setEFock

Main idea
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PBE0 hybrid functional

25% of the (non-local) exact-
exchange (Fock) energy

75% of the (semi-local) 
exchange GGA-PBE energy

100% of the (semi-local) 
correlation GGA-PBE energy

C. Adamo and V. Barone, JCP 110, 6158 (1999).
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PBE0 hybrid functional

α = 0.25

25% of the (non-local) exact-
exchange (Fock) energy

75% of the (semi-local) 
exchange GGA-PBE energy

100% of the (semi-local) 
correlation GGA-PBE energy

C. Adamo and V. Barone, JCP 110, 6158 (1999).
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Molecules

Molecule PBE PBE0 Expt.

N2 244 225 227

O2 143 124 118

SO 142 128 122

Electronic atomization energies (i.e. energy required to completely 
separate a molecule into its constituent atoms) in kcal/mol

J. Paier, R. Hirschl, M. Marsman, G. Kresse, JCP 122, 234102 (2005).

PBE0 hybrid functional gives much more accurate results than PBE compared to experiments on simple molecules
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Solids

PBE PBE0

J. Paier, M. Marsman, K. Hummer, G. Kresse, I.C. Gerber, J.G. Angyan, JCP 124, 154709 (2006).

PBE0 provides more accurate results than PBE for the lattice parameters and bulk modulus of solids
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Solids

J. Paier, M. Marsman, K. Hummer, G. Kresse, I.C. Gerber, J.G. Angyan, JCP 124, 154709 (2006).

PBE underestimates band gaps

PBE0 predicts more accurate band gaps, 
but this is not systematic and there are 
overestimations

Overestimation of band gaps in PBE0 is 
related to the non-optimal fraction of the 
Fock exchange (see next slides)D
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B3LYP hybrid functional

α = 0.20, β = 0.72, γ = 0.81

P.J. Stephens, F.J. Devlin, C.F. Chabalowski, M.J. Frisch, JPC 98, 11623 (1994).

A.D. Becke, JCP 98, 1372 (1993).

20% of the (non-local) exact-
exchange (Fock) energy

80% of the (local)  
exchange LDA energy

Becke’s gradient correction 
to the exchange functional

81% of the (local) 
correlation GGA-LYP energy

19% of the (local) 
correlation LDA energy
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Molecules

P.J. Stephens, F.J. Devlin, C.F. Chabalowski, M.J. Frisch, JPC 98, 11623 (1994).

Frequencies ( ), dipole strengths ( ), rotational strengths ( ) of 4-methyl-2-oxetanoneν D R

MP2 = second-order Møller-Plesset 
perturbation theory

B3LYP is very popular in the quantum 
chemistry community (study of molecules)
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Range separation

The Coulomb potential is partitioned as a sum of the short-range (SR) and long-range (LR) parts:

Range-separated hybrid functional
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α = 0.25

From PBE0 to HSE hybrid functional

J. Heyd, G.E. Scuseria, M. Ernzerhof, JCP 118, 8207 (2003); JCP 124, 219906 (2006). HSE03 HSE06
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Solids

J. Paier, M. Marsman, K. Hummer, G. Kresse, I.C. Gerber, J.G. Angyan, JCP 124, 154709 (2006).

D
ire

ct
 a

nd
 in

di
re

ct
 b

an
d 

ga
ps



46

What fraction of Fock exchange to use in solids (  parameter)?α

J.H. Skone, M. Govoni, G. Galli, PRB 89, 195112 (2014).

α = 0.25 α =
1

ϵ∞

 is the electronic dielectric constant of a materialϵ∞

From the analogy with the many-body perturbation theory, one can realize that: 
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Dielectric constant  of solidsϵ∞

J.H. Skone, M. Govoni, G. Galli, PRB 89, 195112 (2014).

15.9
11.9

Material ϵ∞ Material ϵ∞
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Band gaps of solids

J.H. Skone, M. Govoni, G. Galli, PRB 89, 195112 (2014).

Material PBE PBE0 ( )α = 0.25 PBE0 modified ( )α = 1/ϵ∞ Expt.

J.H. Skone, M. Govoni, G. Galli, PRB 93, 235106 (2016).
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Calculation of the Fock energy in practice

∑
q

Replace one sum over k points with a sum over q points ( )Nq ≤ Nk

auxiliary q point grid ( )q = k − k′ 

This allows us to speed up significantly the calculation of EFock
x
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From real to reciprocal space
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From real to reciprocal space
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From real to reciprocal space
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From real to reciprocal space
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From real to reciprocal space

singularity when 
q + G = 0
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Gygi-Baldereschi method to treat the q+G=0 singulatiry

F. Gygi and A. Baldereschi, PRB 34, 4405 (1986). H.-V. Nguyen and S. de Gironcoli, PRB 79, 205114 (2009).
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Gygi-Baldereschi method to treat the q+G=0 singulatiry

F. Gygi and A. Baldereschi, PRB 34, 4405 (1986). H.-V. Nguyen and S. de Gironcoli, PRB 79, 205114 (2009).

We are adding and subtracting exactly the same term (in red)
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Gygi-Baldereschi method to treat the q+G=0 singulatiry

F. Gygi and A. Baldereschi, PRB 34, 4405 (1986). H.-V. Nguyen and S. de Gironcoli, PRB 79, 205114 (2009).
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Gygi-Baldereschi method to treat the q+G=0 singulatiry

F. Gygi and A. Baldereschi, PRB 34, 4405 (1986). H.-V. Nguyen and S. de Gironcoli, PRB 79, 205114 (2009).

no  singularity, 
straightforward to compute

q + G = 0 computed analyticallynon-analytic limit 0/0 
can be dealt with using  

different techniques  
(e.g. extrapolation)



meta-GGA functionals
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Main idea
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Different meta-GGA functionals
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SCAN, rSCAN, r2SCAN
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Accuracy of the SCAN meta-GGA functional

J. Sun, A. Ruzsinszky, J. P. Perdew, PRL 115, 036402 (2015). 

“SCAN” stands for Strongly Constrained and Appropriately Normed functional

SCAN obeys all 17 known exact constraints
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Regularized SCAN (rSCAN)

A.P. Bartok and J.R. Yates, JCP 150, 161101 (2019).

 is the isoorbital indicator functionα

  are the switching functionsfx, f′ x, f′ ′ x

rSCAN has better numerical 
behavior than SCAN, but it is less 

accurate than SCAN
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SCAN vs rSCAN vs r2SCAN

J.W. Furness, A.D. Kaplan, J. Ning, J.P. Perdew, and J. Sun, JPCL 11, 8208 (2020).
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Success stories of SCAN

Z.-H. Yang, H. Peng, J. Sun, and J. P. Perdew, PRB 93, 205205 (2016).

SCAN provides more accurate band gaps than LDA and PBE, but less accurate than HSE

SCAN
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Success stories of SCAN

Six polymorphs of MnO2 Formation energies relative to the  phase β

D. A. Kitchaev, H. Peng, Y. Liu, J. Sun, J.P. Perdew, and G. Ceder, PRB 93, 045132 (2016).

SCAN correctly predicts that the  phase is the lowest-energy phaseβ
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One of failures of SCAN

M. Ekholm, D. Gambino, H. J. M. Jönsson, F. Tasnádi, B. Alling, and I. A. Abrikosov, PRB 98, 094413 (2018).

SCAN overestimates magnetic moments in itinerant ferromagnets



van der Waals functionals
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van der Waals (vdW) force

vdW is a distance-dependent interaction between atoms or molecules

vdW is weak, and it is different from ionic and covalent bonding

vdW originate from correlations between charge fluctuations in different 
parts of an extended system (different fragments)

vdW interactions are non-local

vdW are not captured by LDA, GGA, meta-GGA (except SCAN for short-
range part of vdW), DFT+U, and hybrids.
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Two types of vdW functionals

vdW functionals

Empirical (or ab initio) corrections

C6 R−6

Fully nonlocal functionals

1
2 ∫ ∫ n(r) Φ(r, r′ ) n(r′ ) dr dr′ 
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Two types of vdW functionals

vdW functionals

Empirical (or ab initio) corrections

C6 R−6

Fully nonlocal functionals

1
2 ∫ ∫ n(r) Φ(r, r′ ) n(r′ ) dr dr′ 
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Lennard-Jones potential
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DFT-D functional

S. Grimme, J. Comput. Chem. 27, 1787 (2006). V. Barone et al., J. Comput. Chem. 30, 934 (2008).

i j

Dispersion coefficients  are determined 
empirically

Cij
6

 is a damping function to avoid near-
singularities for small 
fdmp

Rij
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DFT-D3 functional

S. Grimme, J. Antony, S. Ehrlich, H. Krieg, JCP 132, 154104 (2010).



71

DFT-D3 functional

S. Grimme, J. Antony, S. Ehrlich, H. Krieg, JCP 132, 154104 (2010).

Two-body term:
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DFT-D3 functional

S. Grimme, J. Antony, S. Ehrlich, H. Krieg, JCP 132, 154104 (2010).

Two-body term: Three-body term:
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Tkatchenko-Scheffler (TS) functional

A. Tkatchenko and M. Scheffler, PRL 102, 073005 (2009).

Dispersion coefficients are computed from first principles using the electronic charge density
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Tkatchenko-Scheffler (TS) functional

A. Tkatchenko and M. Scheffler, PRL 102, 073005 (2009).

Dispersion coefficients are computed from first principles using the electronic charge density
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Tkatchenko-Scheffler (TS) functional

A. Tkatchenko and M. Scheffler, PRL 102, 073005 (2009).

Dispersion coefficients are computed from first principles using the electronic charge density

Hirshfeld partitioning of the electronic 
charge density:
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Two types of vdW functionals

vdW functionals

Empirical (or ab initio) corrections

C6 R−6

Fully nonlocal functionals

1
2 ∫ ∫ n(r) Φ(r, r′ ) n(r′ ) dr dr′ 
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Nonlocal correlation energy:

Fully nonlocal vdW functionals

 is defined to include the longest ranged or most nonlocal terms that give the vdW 
interaction and to approach zero in the limit of a slowly varying density. The term  is 
also nonlocal, but approaches the LDA in this limit.

Enl
c [n]

E0
c [n]

nonlocal kernel

There are different numerical methods and approximations how to compute  Enl
c [n]
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Fully nonlocal vdW functionals

vdW-DF         M. Dion et al., PRL 92, 246401 (2004).

vdW-DF2      K. Lee et al., PRB 82, 081101(R) (2010).

VV10               O.A. Vydrov and T. Van Voorhis, JCP 133, 244103 (2010).

rVV10             R. Sabatini, T. Gorni, S. de Gironcoli, PRB 87, 041108(R) (2013).
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Examples

R. Sabatini, T. Gorni, S. De Gironcoli, PRB 87, 041108(R) (2013).

Binding energy curves for the Ar dimer Ar Ar
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Examples

X = Ar, H2, CO, H2O

P.L. Silvestrelli and A. Ambrosetti, JCP 140, 124107 (2014).

CO molecule

graphene

side view

top view
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Can we mix advanced 
functionals?
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(meta-GGA) + (van der Waals) + (Hubbard U)

H. Peng and J. P. Perdew, PRB 96, 100101(R) (2017).


