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How to learn continuum mechanics

1. Study continuum mechanics;

2. Do problems with continuum
mechanics;

3. Go back to 1.

[Caution: this may take your whole life.]



. Review of Newton’s laws,
displacement & velocity fields

. Inertia In a continuum

. Forces in a continuum (stress)
. Rheology & deformation in 1D

. Rheology & deformation in 3D

. Conservation of mass

Outline

/. Full equations of motion
8. Scaling analysis & simplification
9. Work, energy & power

10.Plasticity



Newton’s laws of mechanics

1. Every body continues in a state of rest or uniform motion in a straight
line unless acted upon by a force.

2. The rate of change of momentum of a body is given by the applied
force.
3. Action and reaction are equal and opposite at all times.

Applies to

» Objects more massive than atoms;
» Speeds slower than the speed of light.

Can be expressed as

E F — M A (And usually, dd—]\f -0 )



A note about notation

Tensors (of second order or higher) are A
expressed with italic bold.

Vectors (tensors of first order) are F
expressed with non-italic bold. /
Scalars are expressed with italic and Ia

have only a magnitude.

Indicies are integers and are expressed
as subscripts. F; Ai J



Example: ball falling through fluid

F, = —M,g Archimedes force
F,

— — (v  drag force Z F = Ma

F,+F,+F, = Ma,

AMg—ﬁ,Z:MZ

Yz
o - . . . Apg
if inertia is negligible, Case 1: Z2~0= Apyg~pz= 2= 3 — Z(t) =
. | » . VAN,
if drag is negligible, Case 2: 8 ~0= AMQ ~ Mz= = Wg = Z(t) —

The forces, speed and acceleration “move” with the ball (obviously)

F,=Mg gravitational body force AMg _ ﬁX — Mx where Ay = M — M,

AMgt .
0

B

A
]\gfth—FfU()t—l—Z()



Another note about notation

Tensors fields (of second order or A(X7 t)
higher) are expressed with italic bold.

Vectors fields (tensors of first order) are N (X t)
expressed with non-italic bold. )

Scalars fields are expressed with italic
and have only a magnitude. F(x,t)

Indicies are integers and are expressed
as subscripts. Fq;(X, t), Aij (X, t)









a solid continuum:

a fluid continuum:

a continuum

X1 = X ;|— IJ(X()7 t)

ty
dx
X0 V — —
dt
/ &
has a displacement field U (xg, t)
+y —
—

v(x,t) dx
X V — ——
-, - dt

has a velocity field v(x, t)




lnertia in a continuum



(very small) parcel of mass in a continuum

A ZF:Ma

Ay /
EE‘ parcel of mass
is ® fixed in space or fixed to parcel?

Dv d ovdr O0Ov
S = v(x().1) = =
Dt  dt Ox dt Oy

~ [(dx dy dz

-\ dt’ dt’ dt

0
=vVv-VV- M

acceleration of what??

Dv
ZF:MDt

Lagrangian derivative following the parcel

dy oOvdz O0v

ot

it oz dt o
ov Ov 0v | ov
ox’ Oy’ 9z ) Ot

Material derivative + Eulerian derivative at a point in space




The Lagrangian & Eulerian derivatives

Performing a Taylor series expansion to first order in 0t:

Q(r +vdt,t + ot) = Q(r, 1) 5758@(;’ ') vit - VQ(r, 1),
. _ DQ _ .~ Qr+vot,t+0t) — Q(r,t)
Lagrange Dt st-s0 5t |

|?i b )l.lzag—;ra/nge |

— ;//M,,/ §
= " '
D@

Dt




Another note about (index) notation

A vector has one free (unrepeated) index. I
. . 0
The gradient operator V is a vector. o
A second-rank tensor has two free indicies. A;
Summation is indicated by a repeated index F;A;; = Z F; A,
(Einstein summation convention). ;

01)7; B 8?]7;
0x; B Z (%Z

sz 7/



Forces In a continuum



forces on a (very small) parcel of mass in a continuum — in the x direction

Fs4 DV
F=M . X
)3 o )X

1Y
Fsl /
Define unit normal n and tangent t vectors
/ F82
/ . 9 t
X F g =
s3 T g = Mg N 5y
“ - b o
2 0y
surface force o %z Sr
body force —_— S &

SF %= (Fao 0)|opso — (For 0o + (Fag )]sy — (Faz - t)]y + ..



forces on a (very small) parcel of mass in a continuum — in the x direction

A t yA t
ZF - X = (FSQ ° n)‘az—l—&u — (Fsl ' n)‘w T (FS4 ' t)‘y—|—5y o (FS3 ' t)‘y T - - 2 0y
S n| BL
— [Uxx (aj -+ 5$) — Ogxx (:13)]5y5z + [O'y:c (y -+ 5?/) — Oyx (y)]5$52 T - o & A 0
ox & g
F - (n,t) | . .
g = define the (normal, shear) stress as force per unit area!! Units: Pascals = N/m?
area

(ZFzM%Z) X

D,
Op0 (T +0x) — 040 (2)|0yd2z + [0y (Y + 0Y) — 0y (y)]|0202 + [0.2(2 + 02) — 0,0 (2)]0xdy + Mg, = M th
Taylor expand: .. (x + 0x) = 0zz(x) + 02 ag;x - O(6x*) for example

Substitute and divide by V' = o0xdyoz thentake 52%12_)0




In the x-direction:

In the y-direction:

In the jth-direction:

forces on a (very small) parcel of mass in a continuum

00w  O0yy 0o M M Du,

or Oy = 0z V9TV Dt
00 ;. | D, - M Jensit
8372' | ,ng—th P = V, €SIty
111
00y | 00 3y | 00 4y, M M Dv,
oy  Ox = 0z v TV D t b
0
80'zy | — D?Jy g | /Z
or; T P Dt
0x

80'7;]' | L DU]'
afIJi | /Ogj o p

V.o+pg=p

Dt Dt

The Cauchy momentum equation for any continuum



the Cauchy momentum equation

ZF:Ma

Units: Newtons, i.e., kg-m/s?
[Force]

Applies to the centre of mass
of a rigid particle

—

Dv
V - f; =
o b th

net surface body force Lagrangian
force (e.g., gravity) acceleration

Units: N/m3, i.e., kg/m2s?
[Force per unit volumej

Applies to all continuua
(e.g., fluids, solids, complex)



Conservation of angular momentum

We learn that the stress tensor must be symmetrical

Oij = 0ji



the Cauchy stress tensor

(4
A

Ozz
I O' )
- Oyz

Oxz | /
i A
i o,
ANg.. | Y y
S S > >

o
0_ z- ) O-xy yy
/? s
L1

The force per unit area at a point P is given by the traction vector T(™)

Given the stress tensor, T —o 2 ¢ Iy = OgaNg + OgyNy + Og2Nz,
it IS easy to compute traction T = Gyt + Gyl + Ol

on any surface in continuum T — TN, J Y S A
or on boundary ? 1) " %] T, = 0uuNy + OoyNy + 0220,

Cauchy reciprocal theorem: T — ™) (which is Newton’s 3rd [aw!)



Rheology & deformation (scalar version)



extension in one dimension (ho body force, no acceleration)

U Cauchy momentum equation becomes =0
>t ox
0y
e 3
. — —
< > O-
t L L L O-./L'ZU

Solid (elastic) response: CMWU

0 = pu(L — Lo)/Lo

Elastic modulus (4 Units: Pa

L—Ly _oU
L() _5’x

Define strain: € =

O — UE oW

Fluid (viscous) response: (I 210

0 L — Ly

= I = n(L/Lo)

Viscosity Tl Units: Pa-s

. , . 0 L — L() (? (’9U an
Define strain rate: € = — —

ot Lo  OtOx Ox

O- — né Uw‘w_i[ﬂ:%_gm




extension in one dimension (ho body force, no acceleration)

U Cauchy momentum equation becomes =0
b ox
0y
e 3
5 (WO
& L O-CEZE O-./L'ZU

Visco-elastic response  <(WW-A IO

Strain is additive:

elastic: 0O — Meel

viscous: ()

V1
7€

c — 6V1 6el s ¢ — éV1

(Mo
|




a viscoelastic problem (no body force, no acceleration)

§wm—i
= const = (L — Lg)/Lyg

€

. 1 1d do )
€ (77 . dt) o — 77 - O
Solution: O = O'()e_'lut/n7 where: 00 = HE€o,

TMaxwell = 77/,u

O.Oe_t/TMaxwell

Maxwell time is the timescale for relaxation of elastic stress by viscous flow



a viscoelastic problem (no body force, no acceleration)

e = Re (Aei“’t) — A coswt

1 1d A .
To solve: € = ( | ) o 0 = & = SIn (wt + D)
n  pdt V' 1+ De™
. ® = tan" ' De
Guess: 0 = Re (ae ) with complex a.
where 77/,“ TMaxwell
De = = 27
. 1 W 1/&} Tforcing
Substitute & simplify: WA = | a
noou
i A | TMaxwell <K Tforcing De<1l = o~ Awnsinwt
Solution: o = Re ( : e“"t>
1/77 T Zw/'u TMaxwell > Tforcing De > 1 = g~ A:u COs Wt



a viscoelastic problem (no body force, no acceleration)

e = Re (Aei“’t) — A coswt

(W increasing —

A
o = & sin (wt + D) 100
\/1 —+ De_2 :
® = tan~ ! De =
3 107
where De = 77/:“ — 9 TMaxwell b
1/0.] Tforcing ?é:
= 102
. < VISCOUS elastic —
TMaxwell < Tforcing, De < 1 — g rv Awn SIn wt :
TMaxwell = Tforcing s De > 1 = g ~ A:u cos wt 1072 10Y 10°

2T T\ axwell/ forcing



The Maxwell time & Deborah number of rocks

= £ (] Ly > 10'° P
— €X — -

3
TMaxwell z 10™ s
11 ~ const. ~ 10'Y Pa

TMaxwell | |
De ~ “The mountains flowed before the Lord” (Deborah in Judges 5:5)

Tforcing

100
Tseismic ~ 10 S
) De > 1 elastic
Ttides ~ 107 s
~ 1010 . .
Tdeglaciation ~ S De > 1 viscoelastic

N 15 .
Tmantle convection ™~ 10 S De K 1 VISCOUS



Rheology & deformation (tensor version)



Kinematics of a continuum: the strain (rate) tensor

llllllllllllllllllllll

| vectors: displacement (or velocity)

translatlon (rate) strain (rate)

u(x) ~
Taylor expanding the displacement (or velocity) about a point:

u(x) = u(xg) + (x —xg) - Vulx, + O (\X — X()|2)

%u(XQ)—I—I‘-Vu where r = X — Xg

rotation (rate)

JT

X() )+r-E+r-Q

O B = 1 (guz | Zu3> symmetric part
Vu = (3:13; =D;; =D deformation tensor 2 o L
D =FE + ) tensor decomposition ij = 9 ( Oz 8%) antisymmetric part



The strain (rate) tensor: isotropic & deviatoric parts

strain (rate) tensor:

iIsotropic part:

deviatoric part:

t()

ot

u(x) =

| —

Uy

- Oy Uy )

Ou.,,

B 82“:1;)

ou,,

u(xg)+r-E+4+r-Q

| 20,
_ (@xuy |
2

(8xuz B

(Opty + Oytiy)
20U,
(0 uy + Oyu)

Ou .

0z

=V -u

(aa:uz R azua:')
(0zuy + Dyu)
20,1,

(a scalar)

D NN ER

r - Tr

|



The stress tensor: isotropic & deviatoric parts

Orx Ozy Ogxz

stress tensor: O — Oyr Oyy Oyz
Ozx 0 zZY 022
1 Opg + Oyy + O
isotropic part: O — —TI(O') = == 77 =
3 3 (stress decomposition)
deviatoric part: T=0—0ol

We choose to take tensile stress as positive (caution: some authors make a different choice!)



Rheology of a continuum

stress tensor strain (rate) tensor
Oze Ozy Oz ‘o o | 20U (Ogty + Oytiy)  (Opuy + O, uy)
o= | Oyz Oyy Oy X E = 5 (Opty + Oytiy) 20,1y, (0 uy + Oyu)
Ozx Ozy 02z (axuz B azua’:) (azuy _|_ ayuz) Qazuz
Solid (elastic) response: C\AMWU Fluid (viscous) response: CCI:D
e=FE e=F
| o x Tr(€) | o+ p x Tr(€)
key assumption! e %Tr(e)[ key assumption! e %Tr(é)I
_ 1 : 1 : :
o =2p e~ 3Tr(e)I| + KTr(e)I o =—pl +2n|e— sTr(e)I| + (Tr(e)I
shear bulk thermodynamic  shear bulk

modulus modulus pressure viscosity viscosity




viscoelasticity of a continuum

Viscoelastic response  WW-d IO

Strain is additive: € — éVl _|_ éel

Simplifying assumption of incompressibility: Tr(éVi) — Tr(éel) — ()

v ,
O + TMaxwellO = 2776

where o isthe upper convected derivative
that is something like Do

Dt

The elastic stress gets transported by the flow but relaxes on the timescale of the Maxwell time



Principle components of stress and strain (rate)

O,€, € Real, symmetric tensors — can be diagonalised

Solve det‘o' — )\j I‘ — () to determine the eigenvalues /lj

Solve (o' — )‘j I)bj — () to determine the eigenvectors bj

A 0O es 0 0
o'=| 0 X 0 € =1 0 e 0 :?c;.
0 0 As 0 0 €3
%

pure shear



Conservation of mass



The divergence theorem




Mass conservation

P = p(X, t)

., Eulerian RVV

i A

d
: — / paV = — /
T dt JrvE SRV’

7 = (net inward flux of mass)

ov -ndS,

op

ot

The mass conservation equation

V- (pv)dV

-V - (pv) =0 —> p=py(l—V-U)

(for small displacements)



Mass conservation with constant density

p = const

Eulerian RVV ap

M

V-v=20

The continuity equation

This equation applies for incompressible flows of compressible fluids!



Full equations of motion



Elastodynamics and incompressible flow

Recall the Cauchy momentum equation: V - O + pg = P

Solid (elastic) response: CW?

o=2ule— =Tr(e)I| + KTr(e)I
— ——
E V-U

We will assume uniformity, /, 4 = const

The Navier equation (linear elastodynamics)
0°U
P ot

= KV(V -U) + uV2U + pg

Dv
Dt
Fluid (viscous) response: dj:D

o =—pl+2n|e—zTr(e)I| + (Tr(€)l
— o
> V.v

We will assume incompressibility, V - v = (

Dv
 — _VUp+V -2
P p+ Né + pg

The Navier-Stokes equation (incompressible flow)

—Vp+ V.7 [Vv + (VV)T} + pg




[soviscous incompressible flow (Navier-Stokes)

Dv
P r = ~Vp+V.-n|Vv+ (VV)T} T P8
N = const
pressure VISCOUS body
Inertia gradient stress force

Units: N/m3




Viscoelastic incompressible flow

Dv
— V -
s o+ pg
v 2776—0'
O = —————
TMaxwell
V:.-v=20
v 00' T
where: o = Y IV-VO—[O'-VV+(VV) -0']

The upper convected time derivative



Scaling analysis & simplification



Choosing characteristic scales to non-dimensionalise the equation

Dv

2
P Dt — _Vp T 77v V P8 Navier-Stokes equation
T i isti

V=BV, x=blx, t= (O, p= gy St

19 , o
/O[U Dv 4| — 77[@] 12y e |

: — — V | v VvV + Substitute into Navier-Stokes

x| Dt/ x - x|? P&

p[?}] ['CE] DV, __ [p [$] V/p/ 1 V/QV/ | ,0[$]2 o Bearrange so that the viscous term

n Dt/ n ?J] n [U] IS of order 1

Dv’ ] 1 12y p[x] : . plvl|x] nv)
Re 7 — —V D + V' v - 77[@] o Define Re = . choose [p] = =



NewScientist



https://www.youtube.com/watch?v=UpJ-kGII074

The Reynolds number

vl v]*/[x inertia

)

vl /x]? viscous force

10 cm
10 cm/sec 1000-10~1 - 101
10 Pa-sec Re = 10 = 1
1000 kg/m Laminar!
~ 1 m
~ 1 m/sec 1000-1-1 "
~ 10~ Pa-sec Re = 10-3 10
~ 1000 kg/m"” Turbulent!



The Reynolds number

R plv||lz p_v_z /lx Inertia
n nlv]/[x]?  viscous force’
7|~ 107° m
V2 10~ 5 _100- 107 6.107° 106
I =~ 10 3 Pa— 10—3 o
7 3000 km 3000 - (3 x 10°) - (3 x 1077)
v~ 10 cm/yr 50
N~ 10°Y Pa—sec
~ 3 x 10717
p =~ 3000 kg/m’




Incompressible, zero-Re flows

D
p/gt/ — —Vp+nVv + pg

~ ()

Vp=V 0 |Vv+(Vv)']+pg.

V- -v=0

Stokes equations for viscous, incompressible flows




Example: ball falling through fluid

Archimedes force
viscous drag force E F = Ma
' — Vp=V -1 |V Vv)'
Z p=V-n|Vv+(Vv) | +pg,
pressure VISCOUS stress body
gravitational body force force force

—pg ~ v/ R° — pug

e

U

ApgR?
n

V Stokes settling speed



Why do high-temperature rocks flow (creep)?

<+— Diffusion creep Dislocation creep

Shear stress l
 —

-

»1tiiitt = iitiiir W iiiild
tiititte tiittite i1ttt




Work, Energy & Power



The First law of thermodynamics

csmnre ] d&é = (Pm + Qin)df

/ AW
P = =F v
dt
T
Pin:/ TVdS+/ ﬂngV, T =0 ' n
ORVE RVE
:/ v - (V-o+pg)+o:Vv|dV,
RVE
i Dv i
— oV - o D| dV D=E+Q
/RVE_ Dt _
:/ 'ODV o:FE| dV
RVE |2 Dt _
D 1
— —pV-VdV—|—/ o:EdV
D RVE




The First law of thermodynamics

o csmnre ] d&é = (Pm + Qin)df
L/

Qin:—/ q-ndS+/ pH AV
T ORVE RV E

=/ (pbH —V -q)dV,
RV E

1 D 1
RVE \ 2 " o . Dt Jrve 2 RVE RVE

-

E

C



The energy equation and the temperature equation

Du

— =pg-v—V - -q+pH +0o: Lk

Dt

Maxwell relations of thermodynamics

du =c,dT — Pd(1/p) — T dP/p

pep—— =al'g-v kAT

Fourier’s law

q=—kVIT

o +o0 : FE

The temperature equation (from conservation of energy)

o : I energy storage (elastic) and energy dissipation (viscous)



Plasticity



Definition

Plasticity is a change in rheology that occurs
when the stress exceeds a yield stress

Stress
X

yield Fracture

Engineering view:
g O stress Plastic region

Flastic region

| .

Strain



Definition

Plasticity is a change in rheology that occurs
when the stress exceeds a yield stress

Stress

Geodynamics view: yield

stress Plastic

failure

Viscous region

Strainrate



What is plasticity, really?

Alam & Loukili, Int J Solids & Structures 2020



The yield criterion

1 Plastic failure envelope:
von Mises astic failure envelop

Tresca

/




Other composite rheologies

G .l:l}_‘ r,
*—\\\—e@ o——9

spring dashpot slider

;B0

Maxwell Kelvin/Voight Bingham Komamura-Huang




Faulting & frictional slip modelled as plastic deformation

70.7 Myr Brittle Strain and Total Strain—Rate

1D 200

e—

0.9 1.0 1.9 20 23 33U 3.9 4.0 40 HU 2> b -14.5 -14.0 -13.5
Accumulated Plastic Strain (€ ) Logarithmic Strain Rate (s™!)

Naliboff et al Nature Comms 2017


https://www.youtube.com/watch?v=kkOqCLoF-Fw

