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How to learn continuum mechanics

1. Study continuum mechanics;


2. Do problems with continuum 
mechanics;


3. Go back to 1.

[Caution: this may take your whole life.]



1. Review of Newton’s laws, 
displacement & velocity fields


2. Inertia in a continuum


3. Forces in a continuum (stress)


4. Rheology & deformation in 1D


5. Rheology & deformation in 3D


6. Conservation of mass


7. Full equations of motion


8. Scaling analysis & simplification


9. Work, energy & power


10.Plasticity

Outline



Newton’s laws of mechanics

1. Every body continues in a state of rest or uniform motion in a straight 
line unless acted upon by a force.


2. The rate of change of momentum of a body is given by the applied 
force. 

3. Action and reaction are equal and opposite at all times.

Applies to

•  Objects more massive than atoms;

•  Speeds slower than the speed of light.

Can be expressed as
<latexit sha1_base64="8jSI/x9OwBhxNOuLNQqeMHzNNdY="></latexit>X

F = Ma
<latexit sha1_base64="lP947wq4i3WVb3gNhZ+/1/roYUw="></latexit>

dM

dt
= 0(And usually, )



A note about notation

• Tensors (of second order or higher) are 
expressed with italic bold.


• Vectors (tensors of first order) are 
expressed with non-italic bold.


• Scalars are expressed with italic and 
have only a magnitude.


• Indicies are integers and are expressed 
as subscripts.

<latexit sha1_base64="VsQv3iGX3peUTvdsQRRpBjlIp2Q="></latexit>

A

<latexit sha1_base64="fl8WJ3O5OXjqN1haCXQPZEfD+Uo="></latexit>

F

<latexit sha1_base64="9+vUhlbxUGt4hel92GIHr1j3GRs="></latexit>

F

<latexit sha1_base64="5aembjVtEoM5ataXxWfkGW9vBKI="></latexit>

Fi, Aij



Example: ball falling through fluid

<latexit sha1_base64="8jSI/x9OwBhxNOuLNQqeMHzNNdY="></latexit>X
F = Ma

<latexit sha1_base64="OdVaLvja0oZoj4m16OyhVH1ReT8="></latexit>

Fg = Mg

<latexit sha1_base64="p1uTPXCDdW457QfEAKp2/hceoXw="></latexit>

Fr = ��v

gravitational body force

drag force

<latexit sha1_base64="ZcjpVi5zbbfmwPl+kDX8qbh7LW4="></latexit>x

<latexit sha1_base64="iWe2RdOqwcanPPNN3tXeTFWokFA="></latexit>z

<latexit sha1_base64="zIWJ+wVuSigWkofX0TKc5DyrmPg="></latexit>

Fa = �Mdg Archimedes force

<latexit sha1_base64="1+vtVaWqbEz+P/dwm1sqD+sqLqY="></latexit>

Fg + Fa + Fr = Ma,

�Mg � �ẋ = M ẍ

�Mg � �ż = Mz̈

<latexit sha1_base64="Z273Nz0mN7YmTYQBdxbU69UkHiQ="></latexit>

�M = M �Mdwhere

if inertia is negligible,

if drag is negligible,
<latexit sha1_base64="i0D6+xt7EfbNE5to6x5Vwh6n8Mo="></latexit>

Case 2: � ⇠ 0 ) �Mg ⇠ Mz̈ ) z̈ =
�M

M
g ) z(t) =

�M

M

g

2
t2 + v0t+ z0

<latexit sha1_base64="GFE/QO7GPJh+PjjUg1wDerSvP4I="></latexit>

Case 1: z̈ ⇠ 0 ) �Mg ⇠ �ż ) ż =
�Mg

�
) z(t) =

�Mg

�
t+ z0

The forces, speed and acceleration “move” with the ball (obviously)



Another note about notation

• Tensors fields (of second order or 
higher) are expressed with italic bold.


• Vectors fields (tensors of first order) are 
expressed with non-italic bold.


• Scalars fields are expressed with italic 
and have only a magnitude.


• Indicies are integers and are expressed 
as subscripts.

<latexit sha1_base64="/AwAizJ0YHcdSRX3suRsXWlo/a0="></latexit>

A(x, t)

<latexit sha1_base64="lHQP2SEGPJ9n5E9XX7H4DmmAIYM="></latexit>

F(x, t)

<latexit sha1_base64="QoPPgl29XzyG+KrzhsrFIzUCdWw="></latexit>

F (x, t)

<latexit sha1_base64="StRvYPc/ZfUy8d/xDNwWX0MZDyo="></latexit>

Fi(x, t), Aij(x, t)



<latexit sha1_base64="Od6TCAkvDND1htKsaC9sNZPnwVI="></latexit>

v(x)



Magnetic fi



a continuum

<latexit sha1_base64="ZcjpVi5zbbfmwPl+kDX8qbh7LW4="></latexit>x

<latexit sha1_base64="iWe2RdOqwcanPPNN3tXeTFWokFA="></latexit>z

<latexit sha1_base64="/8iD+zxSaounA+CJQibKyJmIMMc="></latexit>y

<latexit sha1_base64="R4M1XfXy6hIXgNBg/aAhwqXeUSQ="></latexit>x0 = x

<latexit sha1_base64="POAo7/yYbzSP6b2s0ze9GxmLaEw="></latexit>

x1 = x0 +U(x0, t)

a solid continuum:

has a displacement field 
<latexit sha1_base64="Z9mjxmvBjcO9GK6SWBa8oeEumaA="></latexit>

U(x0, t)

<latexit sha1_base64="uImoPJMj+VjF8A5a4BbiD1K7t+4="></latexit>

v =
dx

dt
=

@U

@t

<latexit sha1_base64="ZcjpVi5zbbfmwPl+kDX8qbh7LW4="></latexit>x

<latexit sha1_base64="iWe2RdOqwcanPPNN3tXeTFWokFA="></latexit>z

<latexit sha1_base64="/8iD+zxSaounA+CJQibKyJmIMMc="></latexit>y

a fluid continuum:

has a velocity field 
<latexit sha1_base64="18VLI3Py9bgxP8Bh4uDXbvImMI8="></latexit>

v(x, t)

<latexit sha1_base64="TiyiwVrT5PYJJl+lRhX0xkzjIRE="></latexit>x

<latexit sha1_base64="18VLI3Py9bgxP8Bh4uDXbvImMI8="></latexit>

v(x, t)
<latexit sha1_base64="uImoPJMj+VjF8A5a4BbiD1K7t+4="></latexit>

v =
dx

dt
=

@U

@t



Inertia in a continuum



(very small) parcel of mass in a continuum

<latexit sha1_base64="ZcjpVi5zbbfmwPl+kDX8qbh7LW4="></latexit>x

<latexit sha1_base64="iWe2RdOqwcanPPNN3tXeTFWokFA="></latexit>z

<latexit sha1_base64="/8iD+zxSaounA+CJQibKyJmIMMc="></latexit>y

parcel of mass

<latexit sha1_base64="8jSI/x9OwBhxNOuLNQqeMHzNNdY="></latexit>X
F = Ma

is  fixed in space or fixed to parcel?

<latexit sha1_base64="0N4RfMAQQF7mk5LqnX5eLkDBb4g="></latexit>

Dv

Dt
=

d

dt
v(x(t), t) =

@v

@x

dx

dt
+

@v

@y

dy

dt
+

@v

@z

dz

dt
+

@v

@t

=

✓
dx

dt
,
dy

dt
,
dz

dt

◆
·
✓
@v

@x
,
@v

@y
,
@v

@z

◆
+

@v

@t

= v ·rv +
@v

@t
Material derivative + Eulerian derivative at a point in space 

<latexit sha1_base64="8jSI/x9OwBhxNOuLNQqeMHzNNdY="></latexit>X
F = Ma

acceleration of what??

Lagrangian derivative following the parcel 

<latexit sha1_base64="91CJE4EPsHpHl8VRxJuBmlrAqY4="></latexit>X
F = M

Dv

Dt



The Lagrangian & Eulerian derivatives

1.2 Eulerian and Lagrangian descriptions

A flow can be described in two di↵erent ways, depending on how the variations of the

di↵erent quantities (velocity, density, temperature, etc.) are considered:

• In the Eulerian description, the variations are described as a function of time at

all fixed points in the flow. The velocity v(r, t) of a fluid element which at time t

coincides with the fixed point located at r is that seen by the fox at rest on the river

bank. In this description, the velocity is a vector field. Such a velocity field would

be measured by fixed probes embedded in the fluid.

• In the Lagrangian description, one follows individual fluid elements moving with

the flow and variations are described as a function of time. The velocity V(t, r0)

of a fluid element which at some time t0 is at position r0 is that of the duck in

the river. (We denote the Lagrangian velocity with a capital letter to distinguish it

from the Eulerian velocity). The parameter r0 simply ’tags’ the path along which

the fluid element is moving. Such a velocity can be measured by tracking (e.g.,

phosphorescent) tracer particles. If at a time t0 the duck is a the position r
0, then its

Lagrangian velocity at that time coincides with the Eulerian velocity at that point

and time: V(t0, r0) = v(r0, t0).

9

image courtesy of C. Terquem

the value of Q is Q(r + v�t, t + �t). The time rate of change of Q for this fluid element,

which we denote by DQ/Dt, is therefore:

DQ

Dt
= lim

�t!0

Q(r+ v�t, t+ �t)�Q(r, t)

�t
. (1.3)

Performing a Taylor series expansion to first order in �t:

Q(r+ v�t, t+ �t) = Q(r, t) + �t
@Q(r, t)

@t
+ v�t ·rQ(r, t), (1.4)

equation (1.3) becomes:
DQ

Dt
=

@Q

@t
+ v ·rQ. (1.5)

The time derivative following the motion of a fluid element is then given by the following

operator:

D

Dt
=

@

@t
+ v ·r , (1.6)

which is also called material time derivative or Lagrangian rate of change. The way it

has been calculated here, it has meaning only when applied to a Eulerian quantity which

depends on the two independent variables r and t. However, this is not a unique approach1.

From equation (1.6), we see that there are two contributions to DQ/Dt: @Q/@t, which

is the local rate of change due to time variations of Q at a fixed point, and v ·rQ, which

is due to the fluid element being transported to a di↵erent position along the gradient of

Q (see below). The first term is the Eulerian rate of change, whereas the second term is

the convective rate of change.

If Q is a constant for every fluid element, then DQ/Dt = 0. It does not mean though

that it is a constant through the fluid, as it may be a di↵erent constant for di↵erent fluid

elements. It only means that a fluid element having a given value of Q at some particular

time will retain this value of Q at any subsequent time.

1Mathematically, the operator D/Dt could also be defined as the total time derivative of a function

which depends both on r(t) and on t explicitely. Indeed, the quantity Q could be seen as depending

explicitely on time, and also on the location r, which itself depends on time: Q(r(t), t). The rate of change

of Q is then just its total time derivative:

dQ(r(t), t)
dt

=
@Q
@t

+
@Q
@x

dx
dt

+
@Q
@y

dy
dt

+
@Q
@z

dz
dt

.

Using vx = dx/dt, vy = dy/dt and vz = dz/dt, we obtain:

dQ(r(t), t)
dt

=
@Q
@t

+ v ·rQ,

which is the same as DQ/Dt. However, note that Q(r(t), t) is neither the Eulerian representation of Q, as

this is given by Q(r, t) where r is fixed, nor the Lagrangian representation, as this is given by Q(r0, t) and

is independent of r.
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1.2 Eulerian and Lagrangian descriptions

A flow can be described in two di↵erent ways, depending on how the variations of the

di↵erent quantities (velocity, density, temperature, etc.) are considered:

• In the Eulerian description, the variations are described as a function of time at

all fixed points in the flow. The velocity v(r, t) of a fluid element which at time t

coincides with the fixed point located at r is that seen by the fox at rest on the river

bank. In this description, the velocity is a vector field. Such a velocity field would

be measured by fixed probes embedded in the fluid.

• In the Lagrangian description, one follows individual fluid elements moving with

the flow and variations are described as a function of time. The velocity V(t, r0)

of a fluid element which at some time t0 is at position r0 is that of the duck in

the river. (We denote the Lagrangian velocity with a capital letter to distinguish it

from the Eulerian velocity). The parameter r0 simply ’tags’ the path along which

the fluid element is moving. Such a velocity can be measured by tracking (e.g.,

phosphorescent) tracer particles. If at a time t0 the duck is a the position r
0, then its
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<latexit sha1_base64="8jSI/x9OwBhxNOuLNQqeMHzNNdY="></latexit>X
F = Ma
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this is given by Q(r, t) where r is fixed, nor the Lagrangian representation, as this is given by Q(r0, t) and

is independent of r.
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the value of Q is Q(r + v�t, t + �t). The time rate of change of Q for this fluid element,

which we denote by DQ/Dt, is therefore:

DQ

Dt
= lim

�t!0

Q(r+ v�t, t+ �t)�Q(r, t)

�t
. (1.3)

Performing a Taylor series expansion to first order in �t:

Q(r+ v�t, t+ �t) = Q(r, t) + �t
@Q(r, t)

@t
+ v�t ·rQ(r, t), (1.4)

equation (1.3) becomes:
DQ

Dt
=

@Q

@t
+ v ·rQ. (1.5)

The time derivative following the motion of a fluid element is then given by the following

operator:

D

Dt
=

@

@t
+ v ·r , (1.6)

which is also called material time derivative or Lagrangian rate of change. The way it

has been calculated here, it has meaning only when applied to a Eulerian quantity which

depends on the two independent variables r and t. However, this is not a unique approach1.

From equation (1.6), we see that there are two contributions to DQ/Dt: @Q/@t, which

is the local rate of change due to time variations of Q at a fixed point, and v ·rQ, which

is due to the fluid element being transported to a di↵erent position along the gradient of

Q (see below). The first term is the Eulerian rate of change, whereas the second term is

the convective rate of change.

If Q is a constant for every fluid element, then DQ/Dt = 0. It does not mean though

that it is a constant through the fluid, as it may be a di↵erent constant for di↵erent fluid

elements. It only means that a fluid element having a given value of Q at some particular

time will retain this value of Q at any subsequent time.

1Mathematically, the operator D/Dt could also be defined as the total time derivative of a function

which depends both on r(t) and on t explicitely. Indeed, the quantity Q could be seen as depending

explicitely on time, and also on the location r, which itself depends on time: Q(r(t), t). The rate of change

of Q is then just its total time derivative:

dQ(r(t), t)
dt

=
@Q
@t

+
@Q
@x

dx
dt

+
@Q
@y

dy
dt

+
@Q
@z

dz
dt

.

Using vx = dx/dt, vy = dy/dt and vz = dz/dt, we obtain:

dQ(r(t), t)
dt

=
@Q
@t

+ v ·rQ,

which is the same as DQ/Dt. However, note that Q(r(t), t) is neither the Eulerian representation of Q, as

this is given by Q(r, t) where r is fixed, nor the Lagrangian representation, as this is given by Q(r0, t) and

is independent of r.
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Another note about (index) notation

• A vector has one free (unrepeated) index.


• The gradient operator  is a vector.


• A second-rank tensor has two free indicies.


• Summation is indicated by a repeated index 
(Einstein summation convention).
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Forces in a continuum
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forces on a (very small) parcel of mass in a continuum — in the x direction
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forces on a (very small) parcel of mass in a continuum

In the x-direction:
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the Cauchy momentum equation

net surface  
force

body force 
(e.g., gravity)

Lagrangian 
acceleration
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Units: Newtons, i.e., kg-m/s2


[Force]
Units: N/m3, i.e., kg/m2s2


[Force per unit volume]

Applies to the centre of mass

of a rigid particle

Applies to all continuua

(e.g., fluids, solids, complex)



Conservation of angular momentum

We learn that the stress tensor must be symmetrical
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the Cauchy stress tensor

The force per unit area at a point  is given by the traction vector <latexit sha1_base64="i2z/3D55UGVLrklfMCTuCr3IADE="></latexit>

P
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T(n)

a higher viscosity.

In a liquid, it is intermolecular forces that predominantly resist layers moving past each

other, although there is some molecular interchange as well. Intermolecular forces become

weaker at higher temperatures, and therefore the viscosity of liquids decreases when the

temperature is increased.

2.1.2 Definition of the stress tensor

Transport of momentum across the surface of a volume element results in forces being

exerted by the fluid located on one side of the surface onto the fluid located on the

other side. When the transport of momentum is due to molecules crossing the surface

and colliding with each other, these forces have a very short–range and are localized in

very thin layers on both sides of the surface. Therefore, they can be viewed as being

exterted onto the surface itself (like pressure forces), and we can consider the local e↵ect

of these forces by isolating a small plane surface element �S. We denote n̂ the unit vector

perpendicular to this surface element.

The local stress T is defined as the force per unit area exerted by the fluid located

on the side of the surface element towards which n̂ points, on the fluid located on the

other side.

If the range of the forces is very small compared with the linear dimensions of the surface

element, then the forces are proportional to the surface area. For example, if there is no

viscosity, only pressure forces are present and the stress is �pn̂. In a viscous fluid, there

is an additional contribution from the viscous stress.

We note �ij the i–component of the stress

tensor on a surface element which has a

normal pointing in the j–direction.

It follows that, if i 6= j, �ij is a tangential, or

shear stress, whereas, if i = j, it is a normal

stress.

In the particular example on the figure, the unit vectors normal to the surfaces are x̂, ŷ

and ẑ, and the components of the stress on the surface which normal is x̂, for example,

are Tx = �xx, Ty = �yx and Tz = �zx. More generally, it can be shown (see appendix)

that the components of the stress T acting on a surface which normal is along the unit
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Ti = �ijnj

vector n̂ = nxx̂+ nyŷ + nzẑ are given by:

Tx = �xxnx + �xyny + �xznz,

Ty = �yxnx + �yyny + �yznz,

Tz = �zxnx + �zyny + �zznz.

This can also be written in a compact form as:

Ti = �ijnj , (2.1)

where Einstein’s notation is used.

Thereafter, we will define �ij as having contribution from viscous forces only, that is to

say pressure forces will have to be added to obtain the total stress.

2.1.3 Two–dimensional shear flow in a gas

We start by revisiting a simple case which has been studied in the Statistical Physics

course in second year.

Let us consider a flow with the velocity profile rep-

resented on the figure. Such a flow where adjacent

layers of fluid move parallel to each other at di↵erent

speeds is called shear flow. Shear between adjacent

layers of fluids is resisted for by the viscosity of the

fluid, which results in a frictional force between the

layers.

Here we consider a gas, so that we neglect intermolecular forces and the transport of

momentum is only due to particles colliding with each other. The frictional force, which

we are are now going to calculate using kinetic theory, is due to the momentum transported

along the y–direction by the particles in the fluid which have a random (thermal) velocity

u relative to the mean flow.

On average, a molecule has a collision with another molecule after it travels through

a distance �, which is the mean free path of the particles. We suppose that after the

collision, the momentum of the molecule is the same as that of its new environment.

Let us consider the momentum which is transported during the time �t across a surface

element �S perpendicular to the y–axis and with ordinate y.

28

Given the stress tensor,

it is easy to compute traction

on any surface in continuum 

or on boundary

Cauchy reciprocal theorem:  (which is Newton’s 3rd law!)
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Rheology & deformation (scalar version)



extension in one dimension (no body force, no acceleration)
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extension in one dimension (no body force, no acceleration)
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<latexit sha1_base64="DVnIvyPrgTCd3jL5ok9BLorBR8Y="></latexit>

�x

<latexit sha1_base64="p2VRDdf7tA0aoYHgGpWARS9WQUs="></latexit>

�y

<latexit sha1_base64="iGzya8Qh2fwpcAbd4N6YqbpaK3A="></latexit>

@�xx

@x
= 0Cauchy momentum equation becomes

<latexit sha1_base64="iGzya8Qh2fwpcAbd4N6YqbpaK3A="></latexit>

@�xx

@x
= 0

<latexit sha1_base64="iGzya8Qh2fwpcAbd4N6YqbpaK3A="></latexit>

@�xx

@x
= 0

Visco-elastic response

Strain is additive:
<latexit sha1_base64="a2QaeoKC870fTu/IFLgg3WAeMV4="></latexit>

✏ = ✏vi + ✏el ) ✏̇ = ✏̇vi + ✏̇el

<latexit sha1_base64="PSAnF37+wo5KMLPEbhY5HBKPvto="></latexit>

✏̇ =
�

⌘
+

�̇

µ
,

=

✓
1

⌘
+

1

µ

d

dt

◆
�

<latexit sha1_base64="2X7lWiuo2K/eA0/f+FxKEB6nxmY="></latexit>� = µ✏elastic:

<latexit sha1_base64="a2QaeoKC870fTu/IFLgg3WAeMV4="></latexit>

✏ = ✏vi + ✏el ) ✏̇ = ✏̇vi + ✏̇el
<latexit sha1_base64="2tnI0LGUu/jsZuxOhNy5lpc6Ogs="></latexit>

� = ⌘✏̇viscous:

<latexit sha1_base64="a2QaeoKC870fTu/IFLgg3WAeMV4="></latexit>

✏ = ✏vi + ✏el ) ✏̇ = ✏̇vi + ✏̇el



a viscoelastic problem (no body force, no acceleration)

<latexit sha1_base64="ZAw7VHjUWYXd7YF427MaU+cq3dQ="></latexit>

� = �0e
�µt/⌘,

= �0e
�t/⌧Maxwell

Solution: where: <latexit sha1_base64="yq4UAWtnH5pM17mDm5m5v+cgBiA="></latexit> �0 = µ✏0,

⌧Maxwell ⌘ ⌘/µ

Maxwell time is the timescale for relaxation of elastic stress by viscous flow

<latexit sha1_base64="fyUXuxsXqGvlPR97/c1780Ty5Ik="></latexit>

✏ = const ✏̇ = 0

<latexit sha1_base64="GPN24mG1GgLr5JE5ux4Z69LLXGk="></latexit>

L

<latexit sha1_base64="AxOVqi8UFlPR25TQg/B5lVN/IN0="></latexit>

L0

<latexit sha1_base64="C5M3L3XiATmKaRm+XUSWCAZLVm4="></latexit>= (L −L0)�L0

<latexit sha1_base64="sIvews9yaVQ32qBTRY6F09cZVhk="></latexit>

d�
dt = �µ

⌘�

<latexit sha1_base64="0HqUulLcIP/77ObHj0UxpFqHp5E="></latexit>

✏̇ =

✓
1

⌘
+

1

µ

d

dt

◆
� = 0

<latexit sha1_base64="sIvews9yaVQ32qBTRY6F09cZVhk="></latexit>

d�
dt = �µ

⌘�
<latexit sha1_base64="nxYOPyN/ZY2OttwTtBKQNtqDOsg="></latexit>⇒



a viscoelastic problem (no body force, no acceleration)

<latexit sha1_base64="vNNDfYyIzSabH/OdsArWuyGxhVw="></latexit>!

<latexit sha1_base64="ECj7AuqW6Nc/estsWARSztL8U+o="></latexit>

� = Re
�
aei!t

�
Guess: with complex a.  

<latexit sha1_base64="hzkrlBv4wgnbunJMuuXVD59Jb4k="></latexit>

✏̇ =

✓
1

⌘
+

1

µ

d

dt

◆
�To solve: 

Substitute & simplify: 

<latexit sha1_base64="/vC2jqpP+NF6Fj6ULbWIN6B68kc="></latexit>

i!A =

✓
1

⌘
+

i!

µ

◆
a

Solution: 

<latexit sha1_base64="LOoGYIcCFC0WkEty2sNR9Wbw6Fo="></latexit>

� = Re

✓
i!A

1/⌘ + i!/µ
ei!t

◆

<latexit sha1_base64="dFHiaVfrN1wKgqLRBd6oqvt3BfM="></latexit>

✏ = Re
�
Aei!t

�
= A cos!t

<latexit sha1_base64="9tD4wT3V/UInoDXhl9UQ11iwITs="></latexit>

� =
Aµp

1 + De�2
sin (!t+ �)

<latexit sha1_base64="y272ysilQ1vhxexNC72JERT6UQg="></latexit>

� ⌘ tan�1 De
<latexit sha1_base64="Io5pqRN0dKjvkBFbdQlk+1a1sVA="></latexit>

{where 
<latexit sha1_base64="LAB70csNr3LQqOJRPQQ9nEU9z0g="></latexit>

De ⌘ ⌘/µ

1/!
⌘ 2⇡

⌧Maxwell

⌧forcing

<latexit sha1_base64="bw+sE39rLN3dZXhsVySjsbdKQLs="></latexit>

⌧Maxwell � ⌧forcing, De � 1 ) � ⇠ Aµ cos!t

<latexit sha1_base64="AUq5r8fJHNf18dAaJcxtoKDi99k="></latexit>

⌧Maxwell ⌧ ⌧forcing, De ⌧ 1 ) � ⇠ A!⌘ sin!t



a viscoelastic problem (no body force, no acceleration)

<latexit sha1_base64="vNNDfYyIzSabH/OdsArWuyGxhVw="></latexit>!
<latexit sha1_base64="dFHiaVfrN1wKgqLRBd6oqvt3BfM="></latexit>

✏ = Re
�
Aei!t

�
= A cos!t

<latexit sha1_base64="9tD4wT3V/UInoDXhl9UQ11iwITs="></latexit>

� =
Aµp

1 + De�2
sin (!t+ �)

<latexit sha1_base64="y272ysilQ1vhxexNC72JERT6UQg="></latexit>

� ⌘ tan�1 De
<latexit sha1_base64="Io5pqRN0dKjvkBFbdQlk+1a1sVA="></latexit>

{where 
<latexit sha1_base64="LAB70csNr3LQqOJRPQQ9nEU9z0g="></latexit>

De ⌘ ⌘/µ

1/!
⌘ 2⇡

⌧Maxwell

⌧forcing

<latexit sha1_base64="bw+sE39rLN3dZXhsVySjsbdKQLs="></latexit>

⌧Maxwell � ⌧forcing, De � 1 ) � ⇠ Aµ cos!t

<latexit sha1_base64="AUq5r8fJHNf18dAaJcxtoKDi99k="></latexit>

⌧Maxwell ⌧ ⌧forcing, De ⌧ 1 ) � ⇠ A!⌘ sin!t
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<latexit sha1_base64="vNNDfYyIzSabH/OdsArWuyGxhVw="></latexit>! increasing <latexit sha1_base64="vDuvpIaxAgXtPeVZth9Ru3OM5cI="></latexit>→

<latexit sha1_base64="NGYzpu/gjvN/m4FND+EGcFseFPQ="></latexit>← viscous
<latexit sha1_base64="xVsnmPXwvAZYOkbVRhuTR8e0BE4="></latexit>

elastic→



The Maxwell time & Deborah number of rocks
<latexit sha1_base64="OPs3l66Vsnc1gMBrTUaL36YbTpw="></latexit>

⌘ = ⌘0 exp


E⇤

R

✓
1

T
� 1

T0

◆�

<latexit sha1_base64="MGk+E3Yzw85S73WykEEleVdLHcY="></latexit>

µ ⇠ const. ⇠ 1010 Pa

<latexit sha1_base64="meU8a2OFURdn8W8MqVSIHJ6sooI="></latexit>

& 1018 Pa-s
<latexit sha1_base64="77tiXu9gJGkT0iaXmRSDi8K/Bws="></latexit>

⌧Maxwell & 108 s ⇡ 3 yr

<latexit sha1_base64="fB4K8edZF18TrsMVPKbQsO/d/5Q="></latexit>

De ⇠ ⌧Maxwell

⌧forcing
“The mountains flowed before the Lord” (Deborah in Judges 5:5)

<latexit sha1_base64="NmoxZbujm2gQDLETeOPFvDzPp/Q="></latexit>

⌧seismic ⇡ 100 s

<latexit sha1_base64="xOKUkDGDX4SWAo2xABRmfvXgc/I="></latexit>

⌧deglaciation ⇡ 1010 s
<latexit sha1_base64="MX9MYA5cHlIDt+ezFYq7fCMEdYM="></latexit>

⌧mantle convection ⇡ 1015 s

<latexit sha1_base64="Ll6CPPUt5VLtMY+D4WkffLW+mDI="></latexit>

⌧tides ⇡ 104 s

<latexit sha1_base64="5+AfnSomBe7tns6dd8LhC8ZtJFs="></latexit>

De � 1

<latexit sha1_base64="RWpJ02R8m43/aec7s9bX0bprWlM="></latexit>

De > 1
<latexit sha1_base64="ys0Ifv3DcnjqoDPhnqHjychftKM="></latexit>

De ⌧ 1

<latexit sha1_base64="Io5pqRN0dKjvkBFbdQlk+1a1sVA="></latexit>

{
viscous

elastic

viscoelastic



Rheology & deformation (tensor version)



Kinematics of a continuum: the strain (rate) tensor

deformation tensor

<latexit sha1_base64="Yf/zTWbIJnH0aW0MEk98jSyhW1I="></latexit>

ru =
@ui

@xj
⌘ Dij = D

Taylor expanding the displacement (or velocity) about a point:
<latexit sha1_base64="IRBCvsXb07NslASMpvu7NOKA5So="></latexit>

u(x) = u(x0) + (x� x0) ·ru|x0 +O
�
|x� x0|2

�

<latexit sha1_base64="dmtlCMc27qKfqcReRMIgF/v6UcM="></latexit>

⇡ u(x0) + r ·ru <latexit sha1_base64="OaZeCs6k+h579jOtsB9/8X7m1KQ="></latexit>r = x� x0where

<latexit sha1_base64="bac1qeTHadACcF/kbwgOdwNr5r0="></latexit>r
<latexit sha1_base64="OaZeCs6k+h579jOtsB9/8X7m1KQ="></latexit>r = x� x0

vectors: displacement (or velocity)

<latexit sha1_base64="PnFoHxrZPa78x3xx42lIx7SvZcw="></latexit>

u(x) ⇡ u(x0) + r ·E + r ·⌦

Interactions between linear flows 75

pure rotation u = Ω · r, as described below and illustrated in
figure 23.

u0

u
x0

E r. Ω r.

Fig. 23. The flow u in the neighbourhood of a fixed point x0 can be
decomposed into a uniform flow u0, a pure straining flow E · r and a
pure rotationΩ · r

Pure straining flow
The strain-rate tensor E with components Eij given above is
clearly symmetric. It is also traceless since Ekk = ∂uk/∂xk =
∇ · u = 0 from the continuity equation for incompressible flow.
BecauseE is real and symmetric, it can be diagonalized: we can
find principal axes with respect to which

E =




E1

E2

E3



 ,

with E1 + E2 + E3 = 0. An example of such a flow is the
flow towards a plane that we studied earlier, which hadE1 = E,
E2 = −E and E3 = 0.

translation (rate) strain (rate) rotation (rate)

<latexit sha1_base64="Vnyl0O7jUe1SKsuh6RPlqET7jNM="></latexit>

D = E +⌦ tensor decomposition

<latexit sha1_base64="FLjTXCipymfEGKCyi4WMjiDIpo8="></latexit>

Eij =
1

2

✓
@ui

@xj
+

@uj

@xi

◆

<latexit sha1_base64="IfZmdw1CvTR0iTGa9RBr1/+tehU="></latexit>

⌦ij =
1

2

✓
@ui

@xj
� @uj

@xi

◆

symmetric part

antisymmetric part

<latexit sha1_base64="Io5pqRN0dKjvkBFbdQlk+1a1sVA="></latexit>

{



The strain (rate) tensor: isotropic & deviatoric parts
<latexit sha1_base64="PnFoHxrZPa78x3xx42lIx7SvZcw="></latexit>

u(x) ⇡ u(x0) + r ·E + r ·⌦
<latexit sha1_base64="beL4nHTTOI3zBysr/Ci82OyFvqs="></latexit>

E =
1

2

0

@
2@xux (@xuy + @yux) (@xuz + @zux)

(@xuy + @yux) 2@yuy (@zuy + @yuz)
(@xuz + @zux) (@zuy + @yuz) 2@zuz

1

Astrain (rate) tensor:

<latexit sha1_base64="NqUUm9IbhHGQaG8YAu9B3WswxGU="></latexit>

Tr(E) =
@ux

@x
+

@uy

@y
+

@uz

@z
= r · uisotropic part: (a scalar)

deviatoric part:
<latexit sha1_base64="XwZmmge0r1hgeN3Ihi7qjvg1ThE="></latexit>

eE ⌘ E � 1
3Tr(E)I

description of flows is actually twice this angular velocity vector. It is called the vorticity

vector and is noted !:

! =

✓
@vz
@y

�
@vy
@z

◆
x̂+

✓
@vx
@z

�
@vz
@x

◆
ŷ +

✓
@vy
@x

�
@vx
@y

◆
ẑ,

which we recognize as:

! = r⇥v . (1.17)

A flow is called irrotational if r⇥v = 0 and rotational if r⇥v 6= 0. In a rotational

flow, fluids elements rotate as they move, whereas in an irrotational flow they do not

rotate. This is illustrated in the figure below:

1.5.3 Deformation of a fluid element in the general case

The deformation tensor Dij = @vi/@xj can be written in the form:

Dij = tij + dij + !ij , with tij =
1

3
�ijekk and dij = eij �

1

3
�ijekk. (1.18)

The interpretation of the di↵erent contributions for a fluid element is as follows:

• the tensor tij is diagonal and its trace is equal to the rate of volume expansion,

• the tensor dij is symmetric, its trace is zero, and it is related to the deformation of

the fluid element without change of volume,

• the tensor !ij is anti-symmetric and related to the local rigid-body rotation of the

fluid element.

This is illustrated in the figure below:

18

<latexit sha1_base64="EH10xW/e/pC0ckvPYDKB//cnquA="></latexit>

u(x) ⇡ u(x0) + r · Tr(E)I + r ·⌦+ r · eE
<latexit sha1_base64="EH10xW/e/pC0ckvPYDKB//cnquA="></latexit>

u(x) ⇡ u(x0) + r · Tr(E)I + r ·⌦+ r · eE
<latexit sha1_base64="EH10xW/e/pC0ckvPYDKB//cnquA="></latexit>

u(x) ⇡ u(x0) + r · Tr(E)I + r ·⌦+ r · eE
<latexit sha1_base64="EH10xW/e/pC0ckvPYDKB//cnquA="></latexit>

u(x) ⇡ u(x0) + r · Tr(E)I + r ·⌦+ r · eE



The stress tensor: isotropic & deviatoric parts

<latexit sha1_base64="fikVyjp0t/c1c0iv8SVsn0LuWZs="></latexit>

� =

0

@
�xx �xy �xz

�yx �yy �yz

�zx �zy �zz

1

Astress tensor:

We choose to take tensile stress as positive (caution: some authors make a different choice!)

<latexit sha1_base64="elLc/ZV5GW9Qa8oh8U6wFBfxVlU="></latexit>

� =
1

3
Tr(�) =

�xx + �yy + �zz

3
isotropic part:

<latexit sha1_base64="1q7kLG8/cgA/pODLBoSdiVs6/5k="></latexit>� ⌘

<latexit sha1_base64="p/2pLL9/ki/tLg6AzDMWUXbhoMw="></latexit>

⌧ ⌘ � � �Ideviatoric part:

(stress decomposition)

<latexit sha1_base64="Io5pqRN0dKjvkBFbdQlk+1a1sVA="></latexit>

{



Rheology of a continuum

<latexit sha1_base64="fikVyjp0t/c1c0iv8SVsn0LuWZs="></latexit>

� =

0

@
�xx �xy �xz

�yx �yy �yz

�zx �zy �zz

1

A

<latexit sha1_base64="beL4nHTTOI3zBysr/Ci82OyFvqs="></latexit>

E =
1

2

0

@
2@xux (@xuy + @yux) (@xuz + @zux)

(@xuy + @yux) 2@yuy (@zuy + @yuz)
(@xuz + @zux) (@zuy + @yuz) 2@zuz

1

A

stress tensor strain (rate) tensor
<latexit sha1_base64="oxIYKsN4X7fUmVNBYTuFAXoT90E="></latexit>

“ / ”

Solid (elastic) response:

<latexit sha1_base64="Z3AvPz2/l7YL7CeGJ3+VdJPg3Wg="></latexit>

✏ ⌘ E

<latexit sha1_base64="rHg2MyEK9Bs7yx+uVG+eMU9hbkE="></latexit>

⌧ / ✏� 1
3Tr(✏)I

<latexit sha1_base64="Ze5EDWmXGK+jsk3JY+YUD5jCX/M="></latexit>

� / Tr(✏)
<latexit sha1_base64="Io5pqRN0dKjvkBFbdQlk+1a1sVA="></latexit>

{key assumption!

<latexit sha1_base64="TWfaXegp65kjbpHf+xp6vs0mbJE="></latexit>

� = 2µ
⇥
✏� 1

3Tr(✏)I
⇤
+KTr(✏)I

shear

modulus

bulk

modulus

Fluid (viscous) response:

<latexit sha1_base64="tDCoZJI8ewi//4zamV0oHi7fhAM="></latexit>

✏̇ ⌘ E

<latexit sha1_base64="AZCgPi4IJxGAnLcesjm7RczewLE="></latexit>

⌧ / ✏̇� 1
3Tr(✏̇)I

<latexit sha1_base64="Io5pqRN0dKjvkBFbdQlk+1a1sVA="></latexit>

{
<latexit sha1_base64="F3tzlFkLKTVUPFb+y0q8awVA/Tg="></latexit>

� + p / Tr(✏̇)
key assumption!

shear

viscosity

bulk

viscosity

<latexit sha1_base64="p4jAKDHZjowxkFPk5AlYIgtWX9A="></latexit>

� = �pI + 2⌘
⇥
✏̇� 1

3Tr(✏̇)I
⇤
+ ⇣Tr(✏̇)I

thermodynamic

pressure



viscoelasticity of a continuum

Viscoelastic response

Strain is additive:
<latexit sha1_base64="Sl+q9ryDYpPVqETDItwYJps/O70="></latexit>

✏̇ = ✏̇vi + ✏̇el

<latexit sha1_base64="DhEJSmdR0LLmlIlkZ12ZIf9ZLyA="></latexit>

Tr(✏̇vi) = Tr(✏̇el) = 0Simplifying assumption of incompressibility:

<latexit sha1_base64="6LOIv6BfAW7VSoL5YYru+gC7zrc="></latexit>

� + ⌧Maxwell
▿
� = 2⌘✏̇

<latexit sha1_base64="DS2WOPR9xUxQ1mRsYqS2chu7iJI="></latexit>▿
� ≈ D�

Dt
where is the upper convected derivative 

that is something like
<latexit sha1_base64="DS2WOPR9xUxQ1mRsYqS2chu7iJI="></latexit>▿
� ≈ D�

Dt

The elastic stress gets transported by the flow but relaxes on the timescale of the Maxwell time



Principle components of stress and strain (rate)
<latexit sha1_base64="F2MjiQmnrw6P1n7KdHfMWJbfUPk="></latexit>

�, ✏, ✏̇ Real, symmetric tensors — can be diagonalised

<latexit sha1_base64="TSNxwQAo3mROv1oYhekH8BIbiiA="></latexit>

det�� − �jI � = 0Solve to determine the eigenvalues λj
<latexit sha1_base64="+rcMU+YTOm7mDcme2GvEMoUb89c="></latexit>(� − �jI)bj = 0Solve to determine the eigenvectors bj

<latexit sha1_base64="+WJmv4mcFcGA/WwcbLWohg63wI8="></latexit>

�′ = ���
�1 0 0
0 �2 0
0 0 �3

���
<latexit sha1_base64="sD+9otRfyw/FBBByxL1WQz1RrRU="></latexit>

x̂′j = bj��bj �
<latexit sha1_base64="dlh+kUlBvzBhqzbyMRGbgl8yUR0="></latexit>
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Interactionsbetweenlinearflows75

purerotationu=Ω·r,asdescribedbelowandillustratedin
figure23.

u0

u
x0

E r.Ω r.

Fig.23.Theflowuintheneighbourhoodofafixedpointx0canbe
decomposedintoauniformflowu0,apurestrainingflowE·randa
purerotationΩ·r

Purestrainingflow
Thestrain-ratetensorEwithcomponentsEijgivenaboveis
clearlysymmetric.ItisalsotracelesssinceEkk=∂uk/∂xk=
∇·u=0fromthecontinuityequationforincompressibleflow.
BecauseEisrealandsymmetric,itcanbediagonalized:wecan
findprincipalaxeswithrespecttowhich

E=




E1

E2

E3



,

withE1+E2+E3=0.Anexampleofsuchaflowisthe
flowtowardsaplanethatwestudiedearlier,whichhadE1=E,
E2=−EandE3=0.
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v = vx(z)x̂1

pure shear



Conservation of mass



The divergence theorem
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J · n dS =

Z

R
r · J dV
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Mass conservation
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⇢ = ⇢(x, t)
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dM

dt
= (net inward flux of mass)
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d

dt

Z

RVE
⇢ dV = �

Z

@RVE
⇢v · n dS,

= �
Z

RVE
r · (⇢v) dV

Z

RVE

@⇢

@t
+r · (⇢v) dV = 0
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M

Eulerian RVE
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⇢ ⇡ ⇢0(1�r ·U)
(for small displacements)
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@⇢

@t
+r · (⇢v) = 0

The mass conservation equation



Mass conservation with constant density
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Eulerian RVE
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⇢ = const
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@⇢

@t
+r · (⇢v) = 0
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D⇢

Dt
+ ⇢r · v = 0

The continuity equation
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) r · v = 0

This equation applies for incompressible flows of compressible fluids!
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) r ·U = 0



Full equations of motion
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r · � + ⇢g = ⇢
Dv

Dt
Recall the Cauchy momentum equation:
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Fluid (viscous) response:
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"̇
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� = �pI + 2⌘
⇥
✏̇� 1

3Tr(✏̇)I
⇤
+ ⇣Tr(✏̇)I

We will assume incompressibility, 
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⇢
Dv

Dt
= �rp+r · 2⌘"̇+ ⇢g
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⇢
Dv

Dt
= �rp+r · ⌘

⇥
rv + (rv)T

⇤
+ ⇢g
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⇢
@2U

@t2
= Kr(r ·U) + µr2U+ ⇢g

Solid (elastic) response:
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� = 2µ
⇥
✏� 1

3Tr(✏)I
⇤
+KTr(✏)I
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⇢
Dv

Dt
= Kr(r ·U) +r · 2µ"+ ⇢g

We will assume uniformity, 
<latexit sha1_base64="d49oTlw5TFR8ykA3DXpkJAoy22o="></latexit>

K,µ = const

The Navier equation (linear elastodynamics) The Navier-Stokes equation (incompressible flow)

Elastodynamics and incompressible flow



Isoviscous incompressible flow (Navier-Stokes)
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⇢
Dv

Dt
= �rp+r · ⌘

⇥
rv + (rv)T

⇤
+ ⇢g
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⇢

✓
@v

@t
+ v ·rv

◆
= �rp+ ⌘r2v + ⇢g,

r · v = 0

Inertia
pressure

gradient

viscous

stress

body

force

Units: N/m3



Viscoelastic incompressible flow
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⌧Maxwell
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{
where:
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The upper convected time derivative



Scaling analysis & simplification



Choosing characteristic scales to non-dimensionalise the equation
<latexit sha1_base64="wLzk3h9pa3lEYSWhu4zqDTahKtc="></latexit>

⇢
Dv

Dt
= �rp+ ⌘r2v + ⇢g Navier-Stokes equation
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v = [v]v0, x = [x]x0, t =
[x]

[v]
t0, p = [p]p0 Define characteristic scales


& non-dimensional variables
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⇢[v]2

[x]

Dv0

Dt0
= � [p]

[x]
r0p0 +

⌘[v]

[x]2
r02v0 + ⇢g Substitute into Navier-Stokes
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⇢[v][x]

⌘

Dv0

Dt0
= � [p][x]

⌘[v]
r0p0 +r02v0 +

⇢[x]2

⌘[v]
g Rearrange so that the viscous term


is of order 1
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Re
Dv0

Dt0
= �r0p0 +r02v0 +

⇢[x]2

⌘[v]
g Define
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Re ⌘ ⇢[v][x]

⌘
,
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[p] =
⌘[v]

[x]
choose



https://www.youtube.com/watch?v=UpJ-kGII074


The Reynolds number

L ⇡ 10 cm

µ ⇡ 10 Pa-sec

⇢ ⇡ 1000 kg/m3

U ⇡ 10 cm/sec
Re =

1000 · 10�1 · 10�1

10
= 1}

Laminar!

U ⇡ 1 m/sec
L ⇡ 1 m

µ ⇡ 10�3 Pa-sec
⇢ ⇡ 1000 kg/m3

Re =
1000 · 1 · 1

10�3
= 106}
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Re ⌘ ⇢[v][x]

⌘
=

⇢[v]2/[x]

⌘[v]/[x]2
=

inertia

viscous force
,
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[x]
<latexit sha1_base64="bL1YO9NyseswmCc182rFLHvU9CM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gGbJcxOZpMhs7PLTG8ghHyCFw+KePWLvPk3TpI9aLSgoajqprsrTKUw6LpfTmFldW19o7hZ2tre2d0r7x80TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4XD25nfGnFtRKIecZzyIKZ9JSLBKFrpwR8F3XLFrbpzkL/Ey0kFctS75c9OL2FZzBUySY3xPTfFYEI1Cib5tNTJDE8pG9I+9y1VNOYmmMxPnZITq/RIlGhbCslc/TkxobEx4zi0nTHFgVn2ZuJ/np9hdB1MhEoz5IotFkWZJJiQ2d+kJzRnKMeWUKaFvZWwAdWUoU2nZEPwll/+S5pnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsCgD0/wAq+OdJ6dN+d90Vpw8plD+AXn4xtIZY3Q</latexit>

[v]
<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="k11aXVxtue3ceF+8Q+UD3RSospI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0BZRXOlOhA3lTNKWZZbTTqopFhGn7Wh0m/vtJ6oNU/LBjlMaCjyULGYE21zq6UT1qzW/7s+AlklQkBoUaParX72BIpmg0hKOjekGfmrDCdaWEU6nlV5maIrJCA9p11GJBTXhZHbrFJ04ZYBipV1Ji2bq74kJFsaMReQ6BbaJWfRy8T+vm9n4OpwwmWaWSjJfFGccWYXyx9GAaUosHzuCiWbuVkQSrDGxLp6KCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAYEEnuEV3jzhvXjv3se8teQVM4fwB97nDyLsjlE=</latexit>⇢



U ⇡ 10 cm/yr
L ⇡ 3000 km

µ ⇡ 1020 Pa-sec
⇢ ⇡ 3000 kg/m3

} Re ⇡ 3000 · (3⇥ 106) · (3⇥ 10�7)

1020

⇡ 3⇥ 10�17

<latexit sha1_base64="Jqte87dGT3XhHKtz21JolxcvprU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gGbJcxOZpMhs7PLTK8YQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VplIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8Lh9dRvPXBtRKLucZTyIKZ9JSLBKFrpzn8MuuWKW3VnIH+Jl5MK5Kh3y5+dXsKymCtkkhrje26KwZhqFEzySamTGZ5SNqR97luqaMxNMJ6dOiFHVumRKNG2FJKZ+nNiTGNjRnFoO2OKA7PoTcX/PD/D6DIYC5VmyBWbL4oySTAh079JT2jOUI4soUwLeythA6opQ5tOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIBBH57gBV4d6Tw7b877vLXg5DP78AvOxzdLb43S</latexit>

[x]
<latexit sha1_base64="bL1YO9NyseswmCc182rFLHvU9CM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gGbJcxOZpMhs7PLTG8ghHyCFw+KePWLvPk3TpI9aLSgoajqprsrTKUw6LpfTmFldW19o7hZ2tre2d0r7x80TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4XD25nfGnFtRKIecZzyIKZ9JSLBKFrpwR8F3XLFrbpzkL/Ey0kFctS75c9OL2FZzBUySY3xPTfFYEI1Cib5tNTJDE8pG9I+9y1VNOYmmMxPnZITq/RIlGhbCslc/TkxobEx4zi0nTHFgVn2ZuJ/np9hdB1MhEoz5IotFkWZJJiQ2d+kJzRnKMeWUKaFvZWwAdWUoU2nZEPwll/+S5pnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsCg D0/wAq+OdJ6dN+d90Vpw8plD+AXn4xtIZY3Q</latexit>

[v]
<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="k11aXVxtue3ceF+8Q+UD3RSospI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0BZRXOlOhA3lTNKWZZbTTqopFhGn7Wh0m/vtJ6oNU/LBjlMaCjyULGYE21zq6UT1qzW/7s+AlklQkBoUaParX72BIpmg0hKOjekGfmrDCdaWEU6nlV5maIrJCA9p11GJBTXhZHbrFJ04ZYBipV1Ji2bq74kJFsaMReQ6BbaJWfRy8T+vm9n4OpwwmWaWSjJfFGccWYXyx9GAaUosHzuCiWbuVkQSrDGxLp6KCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAYEEnuEV3jzhvXjv3se8teQVM4fwB97nDyLsjlE=</latexit>⇢

⇢ ⇡ 1000 kg/m3

<latexit sha1_base64="o1xf0g7W/TrdONeQpvIZaZmSTeo="></latexit>

⇡ 10�6 m
<latexit sha1_base64="deno5I06QP+CmJjF56iyzTB+yIU="></latexit>

⇡ 10�5 m/s
<latexit sha1_base64="/V3NNJZvpvZOUlA6esL2PAZbjNk="></latexit>

⇡ 10�3 Pa-s }
<latexit sha1_base64="Jqte87dGT3XhHKtz21JolxcvprU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gGbJcxOZpMhs7PLTK8YQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VplIYdN0vp7C0vLK6VlwvbWxube+Ud/eaJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8Lh9dRvPXBtRKLucZTyIKZ9JSLBKFrpzn8MuuWKW3VnIH+Jl5MK5Kh3y5+dXsKymCtkkhrje26KwZhqFEzySamTGZ5SNqR97luqaMxNMJ6dOiFHVumRKNG2FJKZ+nNiTGNjRnFoO2OKA7PoTcX/PD/D6DIYC5VmyBWbL4oySTAh079JT2jOUI4soUwLeythA6opQ5tOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIBBH57gBV4d6Tw7b877vLXg5DP78AvOxzdLb43S</latexit>

[x]
<latexit sha1_base64="bL1YO9NyseswmCc182rFLHvU9CM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gGbJcxOZpMhs7PLTG8ghHyCFw+KePWLvPk3TpI9aLSgoajqprsrTKUw6LpfTmFldW19o7hZ2tre2d0r7x80TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4XD25nfGnFtRKIecZzyIKZ9JSLBKFrpwR8F3XLFrbpzkL/Ey0kFctS75c9OL2FZzBUySY3xPTfFYEI1Cib5tNTJDE8pG9I+9y1VNOYmmMxPnZITq/RIlGhbCslc/TkxobEx4zi0nTHFgVn2ZuJ/np9hdB1MhEoz5IotFkWZJJiQ2d+kJzRnKMeWUKaFvZWwAdWUoU2nZEPwll/+S5pnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsCgD0/wAq+OdJ6dN+d90Vpw8plD+AXn4xtIZY3Q</latexit>

[v]
<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="k11aXVxtue3ceF+8Q+UD3RSospI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0BZRXOlOhA3lTNKWZZbTTqopFhGn7Wh0m/vtJ6oNU/LBjlMaCjyULGYE21zq6UT1qzW/7s+AlklQkBoUaParX72BIpmg0hKOjekGfmrDCdaWEU6nlV5maIrJCA9p11GJBTXhZHbrFJ04ZYBipV1Ji2bq74kJFsaMReQ6BbaJWfRy8T+vm9n4OpwwmWaWSjJfFGccWYXyx9GAaUosHzuCiWbuVkQSrDGxLp6KCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAYEEnuEV3jzhvXjv3se8teQVM4fwB97nDyLsjlE=</latexit>⇢

<latexit sha1_base64="k1Bh9D+E0OAeauaToZXz9K3q9kM="></latexit>

Re =
100 · 10�6 · 10�5

10�3
= 10�6

<latexit sha1_base64="wgDz/DifAk3ybYrbz/ceeSuHI5o="></latexit>

Re ⌘ ⇢[v][x]

⌘
=

⇢[v]2/[x]

⌘[v]/[x]2
=

inertia

viscous force
,

The Reynolds number



Incompressible, zero-Re flows
<latexit sha1_base64="wLzk3h9pa3lEYSWhu4zqDTahKtc="></latexit>

⇢
Dv

Dt
= �rp+ ⌘r2v + ⇢g

<latexit sha1_base64="ILw/L51D0Z6DI6rqocJkCCv7c9A=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knNrmEC+b1yxa/6M6BlEuSkAjnqvfJXt69IKqi0hGNjOoGf2DDD2jLC6aTUTQ1NMBnhAe04KrGgJsxm107QiVP6KFbalbRopv6eyLAwZiwi1ymwHZpFbyr+53VSG1+HGZNJaqkk80VxypFVaPo66jNNieVjRzDRzN2KyBBrTKwLqORCCBZfXibNs2pwWb24P6/UbvI4inAEx3AKAVxBDe6gDg0g8AjP8ApvnvJevHfvY95a8PKZQ/gD7/MH6W+OtQ==</latexit>⇠ 0

<latexit sha1_base64="7Z9pG7LNpjCz1pDtlu8eh0R54z0="></latexit>

rp = r · ⌘
⇥
rv + (rv)T

⇤
+ ⇢g,

r · v = 0
Stokes equations for viscous, incompressible flows



Example: ball falling through fluid

<latexit sha1_base64="OdVaLvja0oZoj4m16OyhVH1ReT8="></latexit>

Fg = Mg

<latexit sha1_base64="p1uTPXCDdW457QfEAKp2/hceoXw="></latexit>

Fr = ��v

gravitational body force

viscous drag force

<latexit sha1_base64="ZcjpVi5zbbfmwPl+kDX8qbh7LW4="></latexit>x

<latexit sha1_base64="iWe2RdOqwcanPPNN3tXeTFWokFA="></latexit>z

<latexit sha1_base64="zIWJ+wVuSigWkofX0TKc5DyrmPg="></latexit>

Fa = �Mdg Archimedes force <latexit sha1_base64="8jSI/x9OwBhxNOuLNQqeMHzNNdY="></latexit>X
F = Ma

<latexit sha1_base64="7Z9pG7LNpjCz1pDtlu8eh0R54z0="></latexit>

rp = r · ⌘
⇥
rv + (rv)T

⇤
+ ⇢g,

r · v = 0

<latexit sha1_base64="H+lS7m7epSRgnggzax9AePzNd8c="></latexit>

) r ·U = 0
viscous stress body 


force
pressure


force

<latexit sha1_base64="FBEUlCh3PM+OOTKZdEsSxpEpgk4=">AAACDXicbVDJSgNBEO1xjXGLevTSGAVPYSa4HYN68BjFLJCJoadTkzTpWeiuCYQhP+DFX/HiQRGv3r35N3aWgyY+KHi8V0VVPS+WQqNtf1sLi0vLK6uZtez6xubWdm5nt6qjRHGo8EhGqu4xDVKEUEGBEuqxAhZ4Empe72rk1/qgtIjCexzE0AxYJxS+4AyN1Mod9qmrRUBdXzGeutcgkbmqG9EOvXsoDlMXkA1bubxdsMeg88SZkjyZotzKfbntiCcBhMgl07rh2DE2U6ZQcAnDrJtoiBnvsQ40DA1ZALqZjr8Z0iOjtKkfKVMh0rH6eyJlgdaDwDOdAcOunvVG4n9eI0H/opmKME4QQj5Z5CeSYkRH0dC2UMBRDgxhXAlzK+VdZnJBE2DWhODMvjxPqsWCc1Y4vT3Jly6ncWTIPjkgx8Qh56REbkiZVAgnj+SZvJI368l6sd6tj0nrgjWd2SN/YH3+AM0sm2o=</latexit>

v ⇠ �⇢gR2

⌘
Stokes settling speed

<latexit sha1_base64="lYhD0qDrX0tAWKImsFAnnTMnwVo=">AAACDnicbVC7TgJBFJ31ifhatbS5kZDYgLvEV0m0sUQjj4RFMjsMMGF2djMzS0I2fIGNv2JjoTG21nb+jQNsoeBJbnJyzr259x4/4kxpx/m2lpZXVtfWMxvZza3tnV17b7+mwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndX9wPfHrQyoVC8W9HkW0FeCeYF1GsDZS284XPNkPoQfgKRaARzWGIZzA3UMJCjDx2j702nbOKTpTwCJxU5JDKSpt+8vrhCQOqNCEY6WarhPpVoKlZoTTcdaLFY0wGeAebRoqcEBVK5m+M4a8UTrQDaUpoWGq/p5IcKDUKPBNZ4B1X817E/E/rxnr7mUrYSKKNRVktqgbc9AhTLKBDpOUaD4yBBPJzK1A+lhiok2CWROCO//yIqmViu558ez2NFe+SuPIoEN0hI6Riy5QGd2gCqoigh7RM3pFb9aT9WK9Wx+z1iUrnTlAf2B9/gCsT5lc</latexit>

�⇢g ⇠ ⌘v/R2 � ⇢bg<latexit sha1_base64="FBEUlCh3PM+OOTKZdEsSxpEpgk4=">AAACDXicbVDJSgNBEO1xjXGLevTSGAVPYSa4HYN68BjFLJCJoadTkzTpWeiuCYQhP+DFX/HiQRGv3r35N3aWgyY+KHi8V0VVPS+WQqNtf1sLi0vLK6uZtez6xubWdm5nt6qjRHGo8EhGqu4xDVKEUEGBEuqxAhZ4Empe72rk1/qgtIjCexzE0AxYJxS+4AyN1Mod9qmrRUBdXzGeutcgkbmqG9EOvXsoDlMXkA1bubxdsMeg88SZkjyZotzKfbntiCcBhMgl07rh2DE2U6ZQcAnDrJtoiBnvsQ40DA1ZALqZjr8Z0iOjtKkfKVMh0rH6eyJlgdaDwDOdAcOunvVG4n9eI0H/opmKME4QQj5Z5CeSYkRH0dC2UMBRDgxhXAlzK+VdZnJBE2DWhODMvjxPqsWCc1Y4vT3Jly6ncWTIPjkgx8Qh56REbkiZVAgnj+SZvJI368l6sd6tj0nrgjWd2SN/YH3+AM0sm2o=</latexit>

v ⇠ �⇢gR2

⌘
<latexit sha1_base64="FBEUlCh3PM+OOTKZdEsSxpEpgk4=">AAACDXicbVDJSgNBEO1xjXGLevTSGAVPYSa4HYN68BjFLJCJoadTkzTpWeiuCYQhP+DFX/HiQRGv3r35N3aWgyY+KHi8V0VVPS+WQqNtf1sLi0vLK6uZtez6xubWdm5nt6qjRHGo8EhGqu4xDVKEUEGBEuqxAhZ4Empe72rk1/qgtIjCexzE0AxYJxS+4AyN1Mod9qmrRUBdXzGeutcgkbmqG9EOvXsoDlMXkA1bubxdsMeg88SZkjyZotzKfbntiCcBhMgl07rh2DE2U6ZQcAnDrJtoiBnvsQ40DA1ZALqZjr8Z0iOjtKkfKVMh0rH6eyJlgdaDwDOdAcOunvVG4n9eI0H/opmKME4QQj5Z5CeSYkRH0dC2UMBRDgxhXAlzK+VdZnJBE2DWhODMvjxPqsWCc1Y4vT3Jly6ncWTIPjkgx8Qh56REbkiZVAgnj+SZvJI368l6sd6tj0nrgjWd2SN/YH3+AM0sm2o=</latexit>

v ⇠ �⇢gR2

⌘



Dislocation creep

• The process by which plastic deformation is produced by dislocation 
motion is called slip (movement of dislocations). 

• The extra 1/2-plane moves along the slip plane. 
• Dislocation movement is similar to the way a caterpillar moves. The 

caterpillar hump is representative of the extra ½-plane of atoms. 

Slip 

Why do high-temperature rocks flow (creep)?
Journal of Geophysical Research: Solid Earth 10.1029/2018JB016530

Figure 1. Illustration of the hexagonal unit cell undergoing (a) isotropic bulk deformation and (b) pure shear. Regions of
melt are shown in gray. The color scale inside the solid grain is used to show concentration of vacancies. Black lines
show the paths of vacancy flux. Under bulk compression material is transported from the grain-grain boundaries to the
melt pores, resulting in shrinking of the melt pores and overall compaction.

An additional subtlety arises in Coble creep, in that boundary conditions also need to be specified on the
grain edges. When melt is present on the grain edges, this condition is simply that c is constant on the edges.
When melt is not present, c must be continuous across the grain edges, and flux must be conserved, which
implies that ∑

m

!m ⋅ ∇⟂c = 0 on Γ, (28)

whereΓ represents the contact line where grain boundaries meet, m is an index identifying each grain bound-
ary, and !m is the outward-pointing conormal to each surface at the contact line (i.e., !m is perpendicular to
both the normal to the surface and a vector in the direction of the contact line).
2.2.1. Scaling
As for Nabarro-Herring creep, the governing equations can be simplified by scaling. The scaling for length
and stresses is the same, but (27) motivates a slightly different choice of timescale, ! = d3∕"Dgb where
Dgb = Dgb

v c0Ω is the self-diffusion coefficient for grain boundary diffusion. The natural viscosity scale is then
kTd3∕"DgbΩ, proportional to the third power of grain size. The dimensionless equations are

− ∇2
⟂c = 2

(
n ⋅ ė ⋅ n

)
x ⋅ n on Sss, (29)

c = 0 on Ssl, (30)

" = −PlI + 1
Vcell ∫ c x n dS. (31)

As for Nabarro-Herring creep, we may write c = $ij ėij to get a single statement of the problem for the viscosity
tensor as

− ∇2
⟂$ij = 2xpnpninj on Sss, (32)

$ij = 0 on Ssl, (33)
∑

m

!m ⋅ ∇⟂$ij = 0 on Γ, (34)

Cijkl =
1

Vcell ∫ $klxinj dS. (35)

3. Results

3.1. Nabarro-Herring (Volume Diffusion) Creep
3.1.1. Two-Dimensional: Tiling of Hexagons
The simplest and most natural two-dimensional geometry one can consider is a tiling of hexagonal grains. The
hexagonal symmetry demands that the fourth-rank viscosity tensor is isotropic and hence can be described
by just two numbers: the shear viscosity % and the bulk viscosity & .

RUDGE 10,538

Diffusion creep



Work, Energy & Power



<latexit sha1_base64="ZcjpVi5zbbfmwPl+kDX8qbh7LW4="></latexit>x
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The energy equation and the temperature equation
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Plasticity



Plasticity is a change in rheology that occurs 

when the stress exceeds a yield stress

Definition

Engineering view: yield

stress



Plasticity is a change in rheology that occurs 

when the stress exceeds a yield stress

Definition

Engineering view:Geodynamics view:
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failure

yield

stress



Alam & Loukili, Int J Solids & Structures 2020

What is plasticity, really?



The yield criterion
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Plastic failure envelope:



Other composite rheologies



Naliboff et al Nature Comms 2017 

Faulting & frictional slip modelled as plastic deformation 

https://www.youtube.com/watch?v=kkOqCLoF-Fw

