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Cosmic photons with blackbody spectrum and  predicted 
on basis of models of Nucleosynthesis by
     Gamow, Alpher, Hermann (40-50’s),                Zel’dovitch (60’s),

              Dicke, Peebles (60’s)…

T ∼ 𝒪(10)K

Cosmic Microwave Background: an early prediction!
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The CMB is no pigeon shit!

While discussing about
dedicated experiment…

… contacted thanks to 
luck and coffee room 

discussions by…

Dicke, Peebles (60’s)…

Penzias & Wilson (1964)

Nobel prize Penzias & Wilson (1978)
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Prediction of non-trivial correlations in CMB anisotropies!

90’s: precise prediction of CMB spectra:
 Bertschinger, Hu, Kamionkowski, Ma, Seljak, 
Sujiyama, White, Zaldarriga + many others…

Confirmation by COBE, Boomerang, WMAP, Planck … 

Nobel prize Mather & Smoot 2006
Nobel prize Peebles 2019

↓

70-80’s : Peebles, Silk, Sunyaev and respective collaborators (70-80’s)…

…discuss information 
contain in CMB 

temperature spectrum and 
acoustic oscillations !
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The CMB is the Rosetta Stone of cosmology
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• Thomson scattering 
• Linear theory of stochastic cosmological perturbations 
• Spectrum of temperature anisotropies 
• Polarisation and tensors 
• Observation summary; Planck results for ΛCDM model 
• Why can we measure independently the ΛCDM parameters ? 
• Beyond ΛCDM: CMB & neutrino masses, Neff, inflation, DM … 
• Future CMB surveys

6

The Young Universe: Primordial Cosmology,  
edited by R. Taillet (John Wiley & Sons, 2022) ISBN : 1789450322 

 Chapter 2: Cosmological Microwave Background, by JL 
 
(also: Chapter 5 of: Neutrino Cosmology, JL et al., CUP 2013)

→

Plan 

…following: 
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Thomson scattering

e-
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ICTP SAIFR, 23-26.07.2017
Ionisation fraction in the Universe

98 The Young Universe

reionization) and that, finally, it increases sharply during recombination (see
Figure 2.1(c)). The plateau value denoted by τreio is called the optical depth of
reionization. It quantifies the fog effect induced by reionization, which prevents us
from seeing perfectly the images coming from the recombination epoch. However,
the measured value, τreio ! 0.06 (see section 2.8.1.2), is much less than one, in
agreement with the fact that the universe is strongly transparent since recombination.
The time when τ(η) = 1, that is the “opaque universe-transparent universe”
transition, occurs during recombination and photon decoupling, at a redshift of the
order of z ! 1,080.

Figure 2.1. Evolution of characteristic quantities from an arbitrary time before
recombination to the present day: ionization fraction xe (a), Thomson scattering rate
Γγ compared to the Hubble rate in conformal time (b), optical depth τ (c) and visibility
function (d). The vertical lines indicate the times of decoupling (ηdec) and reionization
(ηreio) (figure obtained with CLASS (class-code.net)). For a color version of this figure,
see www.iste.co.uk/taillet/universe.zip

2.2.3. Visibility function

The visibility function g(η) represents the probability that a CMB photon observed
now had its last interaction with an electron at time η. A statistical reasoning shows
that there is a simple relation between this function and the optical depth:

xe = nfree
e− /ntotal

e−

conformal time →

 redshift←

recombination        reionization
z ≃ 1080 z ≃ 7H + γ ⟶ p+ + e− H + γ ⟶ p+ + e−
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Thomson scattering rate

98 The Young Universe
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Cosmological Microwave Background 97

where σT is the Thomson cross-section and nfree
e is the density of free electrons.

Switching to conformal time and decomposing nfree
e into the total electron density

ne and the fraction of ionized electrons xe, we obtain the interaction rate:

Γγ ≡ dN

dη
= σT a xe ne [2.5]

After positron annihilation, the conservation of the number of electron implies
ne ∝ a−3, so as long as the electrons are fully ionized, Γγ decreases as a−2. At
the time of recombination, the fraction of free electrons falls exponentially, then
stabilizes around a freeze-out value of the order of 10−4 (see Figure 2.1(a)). During
the exponential decay, the scattering rate becomes smaller than the Hubble rate (see
Figure 2.1(b)), which makes the photon–electron coupling inefficient and the universe
transparent. Most photons then travel freely and in a straight line toward us. They thus
transmit the image of our last scattering surface to us.

After decoupling, the interaction rate continues to decrease as Γγ ∝ a−2. Much
later, when the first stars are formed, their radiation dissociates the atoms and the
fraction of free electrons increases again to one: this is the epoch of reionization.
The rate Γγ also increases, but without reaching the Hubble rate (see Figure 2.1(b)),
because the electrons are now too diluted. The universe thus remains transparent, with
however a weak but not zero probability of Thomson interaction of the photons with
the free electrons of the intergalactic medium, which is equivalent to the presence of
a very diffuse fog.

2.2.2. Optical depth

The optical depth measures the thickness of this fog. It is obtained by integrating
the Thomson scattering rate between the observer and a given point of the universe
having emitted its image at a given time. The optical depth τ expressed with respect
to the conformal time η is thus:

τ(η) ≡
ˆ η0

η
dη Γγ(η) [2.6]

where η0 is the conformal time nowadays, called the conformal age of the universe.
With such a definition, it should be noted that the Thomson scattering rate also reads
Γγ = −τ ′.

If we start from the present time and go back in time, it can be seen that the
optical depth increases until the beginning of reionization, then stabilizes around a
plateau value (due to a very low Thomson scattering rate between recombination and

∝ a−2xe

recombination                reionization

decoupling

e-

𝛾
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Optical depth of cosmic fog

98 The Young Universe
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The time when τ(η) = 1, that is the “opaque universe-transparent universe”
transition, occurs during recombination and photon decoupling, at a redshift of the
order of z ! 1,080.
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where σT is the Thomson cross-section and nfree
e is the density of free electrons.

Switching to conformal time and decomposing nfree
e into the total electron density

ne and the fraction of ionized electrons xe, we obtain the interaction rate:

Γγ ≡ dN
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= σT a xe ne [2.5]

After positron annihilation, the conservation of the number of electron implies
ne ∝ a−3, so as long as the electrons are fully ionized, Γγ decreases as a−2. At
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transparent. Most photons then travel freely and in a straight line toward us. They thus
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After decoupling, the interaction rate continues to decrease as Γγ ∝ a−2. Much
later, when the first stars are formed, their radiation dissociates the atoms and the
fraction of free electrons increases again to one: this is the epoch of reionization.
The rate Γγ also increases, but without reaching the Hubble rate (see Figure 2.1(b)),
because the electrons are now too diluted. The universe thus remains transparent, with
however a weak but not zero probability of Thomson interaction of the photons with
the free electrons of the intergalactic medium, which is equivalent to the presence of
a very diffuse fog.

2.2.2. Optical depth

The optical depth measures the thickness of this fog. It is obtained by integrating
the Thomson scattering rate between the observer and a given point of the universe
having emitted its image at a given time. The optical depth τ expressed with respect
to the conformal time η is thus:

τ(η) ≡
ˆ η0

η
dη Γγ(η) [2.6]

where η0 is the conformal time nowadays, called the conformal age of the universe.
With such a definition, it should be noted that the Thomson scattering rate also reads
Γγ = −τ ′.

If we start from the present time and go back in time, it can be seen that the
optical depth increases until the beginning of reionization, then stabilizes around a
plateau value (due to a very low Thomson scattering rate between recombination and
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Visibility function

98 The Young Universe
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g(η) ≡ −τ ′e−τ [2.7]

This probability is indeed normalized to one:

lim
η→0

ˆ η0

η
g(η) = e−τ(η0) − lim

η→0
e−τ(η) = 1− 0 [2.8]

The evolution of the Thomson scattering rate, described above, is such that the
visibility function has two peaks (see Figure 2.1(d)): a narrow and very high
recombination peak, and a broad but much lower reionization peak (in the figure, its
amplitude is multiplied by 100). Between these peaks, the interaction rate is
negligible and the visibility function is zero. The probability that a CMB photon has
experienced its last interaction either during recombination or during reionization is
given by the integral of g(η) under each of the peaks. The integral of the reionization
peak gives a probability of 1− e−τreio # 6%: in other words, about 94% of the CMB
photons traveled to us without interacting.

2.2.4. Diffusion length

Given that photons do not decouple instantaneously, their mean free path gradually
goes from zero to infinity at the time of recombination. Each Thomson scattering sends
them back in a random direction, so that their trajectory resembles a Brownian motion.
The diffusion length of the photons is defined as the distance they travel between an
arbitrary time ηini, chosen well before recombination, and a time η. The finite value
of this length just before decoupling plays an important role in the CMB spectrum.
The comoving diffusion length rd satisfies in the first approximation2 a random walk
distribution:

r2d(η) #
ˆ η

ηini

dη̃ Γγ(η̃) r
2
lpm(η̃) [2.9]

where rlpm = c/Γγ = Γ−1
γ is the comoving mean free path of the photons, that is, the

path traveled between two Thomson interactions that occur at a frequency Γγ . Finally,
the physical diffusion length λd is given by:

λd(η) = a(η) rd(η) # a(η)

[ˆ η

ηini

dη̃ Γ−1
γ (η̃)

]1/2
[2.10]

2. A finer approximation is derived in the study conducted by Hu (1995).

probability of last interaction at  
= probability of interaction at  

x (1-probability of interaction after ) 

η
η

η
recombination                reionization

94%

6%



CMB physics - J. Lesgourgues12

ICTP SAIFR, 23-26.07.2017
Mean free path and diffusion length

random walk

diffusion length  co
ming

 m
ea

n f
ree

 path
 

  

grow
ing

 fro
m  to

 
 

c/Γ
(η)

0
∞

Cosmological Microwave Background 99

g(η) ≡ −τ ′e−τ [2.7]
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The diffusion length of the photons is defined as the distance they travel between an
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dη̃ Γγ(η̃) r
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lpm(η̃) [2.9]

where rlpm = c/Γγ = Γ−1
γ is the comoving mean free path of the photons, that is, the

path traveled between two Thomson interactions that occur at a frequency Γγ . Finally,
the physical diffusion length λd is given by:

λd(η) = a(η) rd(η) # a(η)
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ηini
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Linear cosmological perturbations
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ICTP SAIFR, 23-26.07.2017Bardeen decomposition

FLRW background invariant under spatial rotations 
 irreducible representations of SO(3)  decoupled sectors 
 Bardeen   scalars (gravity forces) : 4 d.o.f. 

                      vectors (graviton magnetism) : 2 d.o.f. 
                      tensors (gravitational waves) : 2 d.o.f.

⇒ →
⇒

100 The Young Universe

All quantities derived in this section refer to the average behavior of particles
at a time η in a homogeneous universe. However, to understand the anisotropies of
the CMB, we need to develop a mathematical framework in order to calculate the
evolution of density fluctuations in the universe. We shall therefore introduce the
theory of cosmological perturbations.

2.3. Linear cosmological perturbations

2.3.1. Why linear perturbations?

The cosmological model offers a coherent and very well observationally tested
framework, in which the primordial universe is very homogeneous, with tiny density
fluctuations. These then grow by gravitational collapse, until they form the strong
inhomogeneities observed at present (filaments, vacuums, halos, galaxies, etc.). The
best experimental evidence for this paradigm is precisely the observation of CMB
anisotropies, which directly shows that the relative density fluctuations at the time of
photon decoupling were only of the order of 10−5.

Therefore, the primordial universe can be very well described by a linear
perturbation theory. Subsequently, nonlinear perturbations appear first on small
scales and then reach gradually larger scales. Currently, the scale separating the
linear regime from the nonlinear regime is of the order of a few tens of megaparsecs.
However, the main CMB observables (such as the temperature spectrum) depend
essentially on the evolution of the perturbations at very early times: before, during
and shortly after recombination3. All currently observable scales were then in the
linear regime. As such, the physics of the CMB relies on linear differential equations,
which allows us to make very robust predictions.

2.3.2. Classification of perturbations

We can therefore decompose the metric gµν and the total stress-energy tensor Tµν

of the universe into homogeneous quantities and perturbations of order one:

gµν(η,"x) = ḡµν(η) + δgµν(η,"x) and Tµν(η,"x) = T̄µν(η) + δTµν(η,"x) [2.11]

3. The CMB maps (after foreground cleaning) are also influenced, to a lesser extent, by recent
effects, such as the late integrated Sachs–Wolfe effect and gravitational lensing, which we
describe in the following sections. Fortunately, the integrated Sachs–Wolfe effect only involves
fluctuations on very large scales, always very clearly in the linear regime. The gravitational
lensing effect is dominated by somewhat smaller scales, but still relatively well described by
the linear theory. In high-precision calculations, small nonlinear corrections to the already small
lensing effect are usually taken into account, but this is not essential.

background

perturbations 

10 d.o.f
(for each species!)

James Bardeen 1986
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Gauge freedom: perturbations depends on choice of coordinates 
 

Newtonian gauge: eliminate 2 scalar d.o.f. to stick to diagonal 
⇓

δgμν

102 The Young Universe

In the perturbed metric δgµν , these four components have the following physical
meaning (in the same order as above):

– the local relative distortion ψ of mean time. Due to density fluctuations, different
comoving observers perceive time slightly differently, as dt̃(#x) = (1 + ψ(t,#x))dt;

– the local relative distortion φ of the average scale factor a(t), the “perturbed
scale factor” being given by ã(t,#x) = (1− φ(t,#x)) a(t);

– a privileged spatial direction in the definition of the metric, generating a
“coordinate flow”;

– another preferred spatial direction, generating a “coordinate shear effect”.

The last two effects would deserve more explanation, but this will not be necessary
to understand this chapter. As a matter of fact, since we are working within the
framework of general relativity, we can without any problem redefine the coordinate
system to simplify the perturbed metric, without affecting the background metric. This
operation is called a gauge transformation. One of the many possibilities for such a
transformation is to redefine the coordinate system at each point to cancel out the third
and fourth components of the scalar perturbations of the metric. This gives a relatively
simple expression for the perturbed Friedmann–Lemaètre flat metric:

ds2 = −(1 + 2ψ)dt2 + (1− 2φ)a2(t)d#x 2

= a2(η)
[
−(1 + 2ψ)dη2 + (1− 2φ)d#x 2

]
[2.12]

which involves only the local distortions of time and scale factor. This choice
corresponds to the gauge indifferently called longitudinal (because the non-diagonal
perturbations are zero) or Newtonian (because in the small-scale limit compared to
the curvature radii of space–time, the two potentials ψ and φ are equal and act as the
Newtonian gravitational potential).

In the perturbed stress-energy tensor δTµ
ν , the scalar perturbations have the

following physical meaning (still in the same order as above, with definitions valid
both in conformal and proper time):

– the energy density perturbation δρ = −δT 0
0 = −ḡ00δT 00;

– the pressure perturbation δp = δT i
i = ḡiiδT ii, where i is fixed (i = 1,2 or 3);

– the potential v of the curl-free component of the fluid bulk velocity vi, which
contributes to the curl-free component (δT 0

i)‖ of the stress-energy tensor as (δT 0
i)‖ =

(ρ̄+ p̄)∂iv, with vi = ḡij∂jv;
– the potential s of shear forces in the fluid, which contributes to the longitudinal

and traceless component (δT i
j)‖ of the stress-energy tensor as (δT i

j)‖ = (ρ̄ +

p̄)ḡik(∂k∂j − 1
3δkj∆) s. Such shear forces are equivalent to an anisotropic pressure

with the geometry of a quadrupole (i.e. with a stronger pressure originating from two
opposite directions).

Local distorsion  
of expansion rate

Local distorsion of time 
= generalised 

gravitational potential
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ICTP SAIFR, 23-26.07.2017Matter perturbations
 : still 4 d.o.f. per species   δTμν,X X

⇓
 : relative fluctuation of energy density 
 : divergence of bulk velocity 

 : fluctuation of (isotropic) pressure 
 : anisotropic stress = quadrupole of (anisotropic) pressure

δX
θX
δpX
σX

Perfect fluids (strong interactions)  
 

Pressure is isotropic ( ) 
Local pressure relates to local density (e.g. ) 

 
only 2 d.o.f.

⇓
σX = 0

δpX ↔ δX
⇓
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104 The Young Universe

systems for each Fourier mode. For example, for a fluctuation of density δX , we
write the transformation as:

δX(η,#k) =

ˆ
d3#x

(2π)3/2
δX(η,#x)e−i!k·!x [2.15]

The quantity 2π/k, where k ≡ |#k|, represents a comoving wavelength. The
physical wavelength increases with the expansion of the universe, λ(t) = a(t) 2πk ,
while the Hubble radius grows as RH = a/ȧ. During radiation and matter
domination, the expansion is decelerated, which implies that λ(t) grows slower than
RH(t). Actually, λ(t)/RH(t) ∝ ȧ(t) has a negative derivative. Since the radius of
the observable universe is given by the current Hubble radius (within a numerical
factor), the observable Fourier modes are currently of the sub-Hubble type, that is to
say, they verify λ < RH . However in the past, these modes must have been
super-Hubble (λ > RH ), as shown in Figure 2.2. Inflation explains how to produce
primordial fluctuations possessing properties in agreement with observations at
wavelengths much longer than the Hubble radius (see Chapter 3). These modes then
enter the Hubble radius one by one, starting with the smallest wavelengths. A Fourier
mode enters the Hubble radius when:

λ(t) = RH(t) ⇔ 2π

k
a(t) =

1

H(t)
⇔ k ∼ a(t)H(t) =

a′(η)

a(η)
[2.16]

Figure 2.2. Evolution of several physical lengths with respect to conformal time η in the
standard cosmological model: wavelengths λ = a 2π

k of the typically observable modes
in the CMB spectrum, and Hubble radius RH . For a color version of this figure, see
www.iste.co.uk/taillet/universe.zip

coming wavevector

comoving coordinate

                                            Wavelengths   

Decelerated expansion  grow slower than Hubble radius  

Condition for Hubble crossing : 

λ(η) = a(η) 2π/k
⇒ RH(η) = c a(η)/ ·a(η)

k ∼ aH ∼ 1/η
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COMMENT ON FIGURE 2.2.– The vertical lines show the time of equality between
radiation and matter (R/M) and between matter and Λ (M/Λ), as well as the time of
photon decoupling (figure obtained with CLASS (class-code.net)).

The observable Fourier modes in the CMB anisotropy spectrum correspond very
roughly to four decades below the current Hubble radius, 10−4RH(t0) < λ(t0) <
RH(t0). Of these wavelengths, the longer ones entered the Hubble radius during
matter domination and the shorter ones during radiation domination.

The Friedmann equation shows that a(η) ∝ η during radiation domination, while
a(η) ∝ η2 during matter domination. In both cases, within a factor of two, a′

a is of
the order of η−1. Consequently, the condition for a mode to be in the super-Hubble
regime, that is, with a wavelength well above the Hubble radius, reads approximately:

λ " RH ⇔ k $ aH ⇔ kη $ 1 [2.17]

2.3.4. Linearized Einstein equation

In order to describe the effects of gravitation in a perturbed universe, the
perturbed Friedmann metric and stress-energy tensor need to be inserted into the
Einstein equation. This yields 10 linear equations that can be separated into four
equations for the scalar modes, four for vector modes and two for tensor modes.

For the scalar sector, the most useful equations in this chapter9 are (in conformal
time and in comoving Fourier space):

2

a2

[
k2φ+ 3

a′

a

(
φ′ +

a′

a
ψ

)]
= −8πG

∑

X

ρ̄XδX [2.20]

2

3

k2

a2
(φ− ψ) = 8πG

∑

X

(ρ̄X + p̄X)σX [2.21]

9. The two equations given here correspond respectively to the Einstein equation for δG0
0

(δG0
0 = 8πGδT 0

0) and for − a2

k2 (kikj − 1
3δijk

2)ḡjk(δGi
k)‖. The components, respectively,

associated with δGi
i with fixed i and with −ikiḡ

ij(δG0
i)‖ are:

2
a2

[
φ′′ +

a′

a
(ψ′+2φ′) +

(
2
a′′

a
− a′2

a2

)
ψ

]
= 8πG

∑

X

ρ̄Xc2sXδX [2.18]

2
k2

a2

(
φ′ +

a′

a
ψ

)
= 8πG

∑

X

(ρ̄X+p̄X)θX [2.19]

but we only make use of them in section 2.5.1 on initial conditions.

dominates on sub-Hubble 
 

Poisson equation : 

 

⇓

−
k2

a2
ϕ = 4πG ρ̄total δtotal

dominates on super-Hubble 
 

Using Friedmann : 

 

⇓

2ψ = − δtotal

 from  :∙ Gi
j = 8πG Ti

j
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ψ
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2
k2

a2

(
φ′ +

a′

a
ψ
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= 8πG

∑

X

(ρ̄X+p̄X)θX [2.19]

but we only make use of them in section 2.5.1 on initial conditions.

perfect fluids    ⇒ σX = 0 ⇒ ϕ = ψ

 other scalar equations redundant with upcoming equations of motion (Bianchi identity)∙
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Without details: each decoupled species fulfils energy/momentum conservation:  
✦ continuity equation: 

✦ Euler equation: 
                                         (featuring sound speed  and adiabatic sound speed ) 

In CDM: 
• CDM : negligible pressure/stress: closed system 

• e-/baryons: negligible pressure/stress but Thomson scattering:  

• photons, neutrinos: when not strongly coupled, anisotropic stress  

                                   need Boltzmann equation 

cs ca

Λ

→
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reionization), baryons and electrons interact very strongly by Coulomb interaction,
that is, by electromagnetic interaction between opposite charges. They thus form a
plasma in kinetic equilibrium, which can be described as a single perfect gas, with its
density fluctuations, bulk velocity and isotropic pressure fluctuations. Between
recombination and reionization, electrons and baryons are combined as atoms and it
is equally obvious that they can be described as a single gas. In conclusion, it is
unnecessary to distinguish electrons from baryons in the context of CMB physics.
Thomson scattering, which at the microscopic level only concerns photons and
electrons, can be effectively formulated as a coupling between, on the one hand,
photons and, on the other hand, the electron-baryon gas. In principle, we could
introduce an acronym to designate the electron-baryon gas. Nevertheless, it is
traditionally referred to as “baryons” only. Baryons prevail over electrons in this
choice of nomenclature because, with a mass that is 2,000 times greater, they mostly
participate to the mass and energy density. In the CMB literature, Thomson scattering
is often presented an interaction between photons and baryons. This is not an error
but a shortcut.

The other species (neutrinos, dark matter) interact with photons only
gravitationally, that is, by way of the Einstein equation, influencing the evolution of
background quantities such as a(η), as well as the fluctuations of the metric φ ! ψ.
In this introductory chapter, we do not explicitly study their evolution equation and
their impact on the CMB. To address these topics, see Lesgourgues et al. (2013).
Finally, the cosmological constant is, by definition, homogeneous, such that its
perturbations vanish.

2.3.6. General equations of motion

The Bianchi identities correspond to the conservation equations for the total
stress-energy tensor of the universe, DµTµ

ν = 0. When all the fluids involved are
decoupled, these equations apply individually to the tensor T µ

X ν of each component
X . We then obtain two equations of motion per fluid X: the continuity equation (or
energy conservation equation) and the Euler equation:

δ′X = −(1 + wX)(θX − 3φ′)− 3
a′

a
(c2sX − wX)δX [2.23]

θ′X = −a′

a
(1− 3c2aX)θX +

c2sX
1 + wX

k2δX − k2σX + k2ψ [2.24]

We introduced in these equations the equation of state parameter
wX(η) ≡ p̄X(η)/ρ̄X(η). In section 2.3.2, we already gave the definition of the sound
speed for each fluid, c2sX(η,(k) ≡ δpX(η,(k)/δρX(η,(k), and the adiabatic sound
speed c2aX(η) ≡ ˙̄pX(η)/ ˙̄ρX(η).
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For perfect fluids, the anisotropic stress σX is zero, whereas csX = caX .
Equations [2.23] and [2.24] then involves only two variables (δX ,θX ) and form a
closed system (together with the Einstein equation).

Thus, to describe the perturbations of cold dark matter of index X = c (for “cold”),
one should consider these equations with wc = ca c = cs c = σc = 0. For “baryons”
(in reality, the electron-baryon fluid) of index X = b, it is necessary to add a Thomson
scattering term in the right-hand side of the Euler equation12, which tends to align the
bulk velocity of photons (X = γ) and baryons:

θ′b = −a′

a
θb + k2ψ +

4

3

ρ̄γ
ρ̄b

τ ′(θb − θγ) [2.25]

For decoupled species, the anisotropic stress σX is non-zero and equations [2.23]
and [2.24] do not form a closed system. This shows the need for a more complete
description using kinetic theory, that is, distribution functions in phase space and
Boltzmann equations. In real space, the distribution function fX(η,)x,)p) depends on
conformal time, position and momentum. For a decoupled species such as neutrinos,
X = ν, the Liouville equation indicates that along each spacetime geodesic, this
distribution evolves as d

dηfν = 0. For photons, the Thomson scattering term, which
also depends on the electron distribution, needs to be added: formally, this term is a
functional C of the functions fγ and fe. One then obtains a Boltzmann equation of
the form:

d

dη
fγ = C [fγ ,fe] [2.26]

This is the most important equation in this chapter. We give more details about it
in the next section.

2.4. Formal description of temperature anisotropies

2.4.1. Photon propagation

In linear perturbation theory, the Boltzmann equation [2.26] is decomposed into
homogeneous terms (independent of )x and of the direction of the momentum )p)
and first-order perturbations. The term dfγ/dη represents a total derivative along a

12. For further accuracy, one can also take into account the sound speed of baryons, cs b, which
is significantly larger than that of cold dark matter, but still very small compared to the speed of
light, and thus with a negligible impact on the CMB spectrum.
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Blackbody shape: 

Up to very good approximation: preserved even when leaving thermal 
equilibrium, but becomes direction-dependent due to gravitational 
interactions: 
 
 
 

Then:  T(η, ⃗x, ̂n) = T̄(η) (1 + Θ(η, ⃗x, ̂n))
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momentum shift along each geodesic, d ln p = dp/p, is independent of the
momentum p. Each momentum p evolves, and so does the temperature T that
represents the typical photon momentum, but there is no mechanism to generate
distortions with respect to a blackbody. On the other hand, photons going through the
same point traveled along different geodesics and crossed different metric
fluctuations. The parameter T thus acquires a dependence with respect to the
direction of propagation n̂, which means that the photons are described entirely by a
variable T (η,"x,n̂), and not only T (η,"x) as in thermal equilibrium.

2.4.1.3. Linearized Boltzmann equation

We can therefore insert into the Boltzmann equation [2.26] a blackbody
distribution with a direction-dependent temperature:

fγ(η,"x,p,n̂) =
1

e
p

T (η,"x,n̂) − 1
[2.29]

and expand it at first order in perturbations. After defining the first-order relative
temperature fluctuation Θ(η,"x,n̂) ≡ δT (η,"x,n̂)/T̄ (η), we can express the total
derivative dfγ/dη at first order in perturbations, use the geodesics equation [2.27] and
obtain14 the linearized Boltzmann equation for photons:

Θ′ + n̂ · "∇Θ− φ′ + n̂ · "∇ψ = −Γγ (Θ−Θ0 − n̂ · "vb) [2.30]

Here Γγ = −τ ′ is the Thomson scattering rate, Θ0(η,"x) is the photon temperature
fluctuation at point "x averaged over all directions n̂:

Θ0(η,"x) =

ˆ
dn̂

4π
Θ(η,"x,n̂) [2.31]

and "vb is the baryon bulk velocity, equal to that of electrons, "ve = "vb. The right-hand
side of equation [2.30] is presented here in a simplified manner, neglecting the angular
dependency of the Thomson cross-section: this approximation is sufficient at the level
of this chapter, but the angular dependency must be restored to understand CMB
polarization (see section 2.7.1). By shifting from [2.26] to [2.30], we have reduced the
dimensionality of the problem, since the variable Θ no longer depends on the norm of
the momentum p: we have made use of the fact that the spectrum is a blackbody-type
spectrum to eliminate the momentum from the equation of motion.

14. The derivation of equation [2.30] from the initial equation [2.26] requires many steps, which
the reader will find, for instance, in the more detailed presentations of (Hu et al. 1998; Durrer
2008).
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light-like geodesic. At first order, one merely has to consider unperturbed geodesics
of the flat Friedmann metric, that is, straight lines13 in three-dimensional space.

2.4.1.1. Geodesics equation

The geodesic equation shows that the norm of the individual momentum p of a
photon evolves along its path as:

d ln(a p)

dη
= φ′ − n̂ · #∇ψ [2.27]

where n̂ = #p/p is a vector of norm one pointing in the direction of propagation of the
photon. Equation [2.27] first indicates that in the absence of metric fluctuations, the
momentum would simply be redshifted as p ∝ a−1, due to the expansion stretching
the photon wavelength and reducing its energy. Metric fluctuations modulate this
average evolution. The dilation effect associated with φ′ represents a local fluctuation
of the expansion rate, and thereby of the stretching effect. The gravitational Doppler
effect associated with n̂ · #∇ψ represents the energy gains and losses recorded by
photons falling into or leaving a gravitational potential well.

2.4.1.2. Photon temperature

In the primordial universe, photons are in thermal and chemical equilibrium at
every point with, consequently, a Bose–Einstein distribution of zero chemical
potential, that is, a blackbody spectrum:

fγ(η,#x,#p) =
1

e
p

T (η,"x) − 1
[2.28]

where T (η,#x) is the local value of the photon temperature. This distribution is
isotropic, that is, independent of the direction n̂ of #p. In the instantaneous decoupling
approximation, this blackbody distribution freezes at the time of recombination.
Thereafter, T no longer has the thermodynamic interpretation of a temperature, but
continues to exist as a unique parameter of the blackbody distribution. For simplicity,
it will still be called “temperature”.

If the photons interact only gravitationally after decoupling, the blackbody
distribution cannot be altered. This is easily deduced from the geodesic equation
[2.27] which shows that, even in the presence of metric fluctuations, the relative

13. Genuine geodesics are slightly deflected by metric fluctuations, but this only plays a role
at second order in perturbations, relevant for the description of CMB gravitational lensing (see
section 2.7.2).

dilation

gravitational Doppler

redshifting along 
geodesics:

̂n

γ γ

γ

γ
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Monopole and dipole of  account for local density & bulk velocity: 

 

Thomson scattering wants to align velocity of photons vs. electron/baryons, 

and to wash out higher multipoles: 

Θ

Θ(η, ⃗x, ̂n) =
1
4

δγ(η, ⃗x) + ̂n ⋅ ⃗vγ(η, ⃗x) + higher multipoles

Θ′ + ̂n ⋅ ⃗∇ Θ − ϕ′ + ̂n ⋅ ⃗∇ ψ = − Γγ ( ̂n ⋅ ( ⃗vγ − ⃗vb) + higher multipoles)
dilation

gravitational Doppler

Thomson scattering
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After: 
• Fourier transformation 
• Legendre expansion 
one gets: 

 Solved together with previous equations by Einstein-Boltzmann solvers 
     (CMBFAST, CAMB, CLASS…)
⇒
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2.4.1.5. Legendre transform
When a function depends on a unique angle, it is judicious to carry out a

transformation using the Legendre polynomials Pl(x) in order to expand this
function into multipoles Θl:

Θ(η,"k,α) =
∑

l

(−i)l(2l + 1)Θl(η,"k)Pl(cosα) [2.35]

The perturbations δT µ
γ ν of the photon stress-energy tensor are also related to these

multipoles. In kinetic theory, δT µ
X ν is actually obtained by integrating16 fX over the

momentum "p. In our case, after replacing fγ by its expression [2.29], T by T̄ (1 +Θ)
and Θ by its expansion in multipoles, one can integrate with respect to "p and keep only
the terms of order one in perturbations. One then finds a set of relations between the
first multipoles and the four generic scalar perturbations {δργ ,δpγ ,vγ ,σγ} introduced
in section 2.3.2. Finally, we obtain the following relations for the four dimensionless
degrees of freedom {δγ ,c2γ s,θγ ,σγ}:

δγ = 4Θ0 c2γ s =
1

3

θγ = 3kΘ1 σγ = 2Θ2 [2.36]

It should be noted that the first two relations in equations [2.36] are obvious for
ultrarelativistic particles in thermal equilibrium that satisfy ργ = 3pγ ∝ T 4 at every
point, but these relations are also valid after photon decoupling. Using the above
relation between θγ and Θ1, the Boltzmann equation can be reformulated in Fourier
space:

Θ′ + ik cosα Θ− φ′ + ik cosα ψ =

τ ′




∑

l≥2

(−i)l(2l + 1)Θl(η,"k)Pl(cosα)−
i

k
cosα (θγ − θb)



 [2.37]

We see again that in the limit of a very efficient Thomson scattering, |τ ′| → ∞,
the Boltzmann equation tends to cancel the term within brackets. This amounts, first,
in aligning the photon bulk velocity with that of the electron-baryon fluid (θγ = θb),
which fixes the temperature dipole Θ1, and, second, in making the fluid isotropic
beyond the dipole level (Θl≥2 = 0).

of the wave vector !k under consideration. It is thus only possible to form one angle: the angle
relative to !k.
16. The intermediate steps of this calculation are presented by Ma and Bertschinger (1995).
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2.4.1.6. Boltzmann hierarchy

Equation [2.37] can be expanded into multipoles, using the orthogonality property
of Legendre polynomials. After inserting expression [2.35] into the terms Θ and Θ′,
replacing cosα = P1(cosα) and 1 = P0(cosα) and, finally, using the relations [2.36],
we obtain a differential equation for each coefficient of the Legendre expansion:

δ′γ +
4

3
θγ − 4φ′ = 0 [2.38]

θ′γ + k2
(
−1

4
δγ + σγ

)
− k2ψ = τ ′(θγ − θb) [2.39]

Θ′
l −

kl

2l + 1
Θl−1 +

k(l + 1)

2l + 1
Θl+1 = τ ′Θl ∀l ≥ 2 [2.40]

These equations form the Boltzmann hierarchy. The first two equations are
perfectly consistent with the general stress-energy tensor conservation equations
[2.23] and [2.24] with, in addition, the Thomson scattering term. When τ ′ is very
large compared to a′/a, the last equation forces Θl to vanish for l ≥ 2; when τ ′

decreases, this equation shows how couplings between neighboring multipoles allow
for a transfer of perturbation amplitude from l = 0 and l = 1 (namely from δγ and
θγ) to higher order multipoles.

Physically, this corresponds to the fictitious experience of an observer in the
universe. As long as the photons are strongly coupled, the observer perceives
temperature anisotropies only as a dipole corresponding to their velocity relative to
the photon-electron fluid. Then, as time passes and the mean free path increases, the
observer sees photons originating from gradually more distant regions or, more
precisely, from last scattering spheres of increasing radius. These photons show to
the observer an image of these spheres, with inhomogeneities seen under a smaller
and smaller angle, corresponding to a larger and larger multipole moment l.

Equations [2.38]–[2.40] play a central role in the numerical computation of the
CMB spectrum by so-called Einstein–Boltzmann codes: CMBFAST (Seljak and
Zaldarriaga 1996), CAMB (Lewis et al. 2000) or CLASS (Lesgourgues 2011; Blas
et al. 2011). Nevertheless, they will hardly be involved in the qualitative reasoning of
this chapter.

2.4.2. Temperature anisotropy in a given direction

The map of anisotropies visible today (η = η0) from our position in the universe
()x = )o with an appropriate choice of origin), looking in a n̂ direction, corresponds to
the function:
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Canonical single-field inflation guarantees: 
A. stochastic perturbations with independent Fourier modes 
B. gaussian statistics for each Fourier mode / each d.o.f. 
      described by variance(wavenumber) = power spectrum 
C. for each Fourier mode, all d.o.f. related to each other (fully correlated) on 

super-Hubble scales: “adiabatic initial conditions” 

e.g. during RD: 

(Comes from  )

⇒

A(η, ⃗x) = Ā(η + δη( ⃗x)) = Ā(η) + Ā′ (η) δη( ⃗x)
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is static, with a relation between the perturbations of the metric and those of the total
density: −2φ = −2ψ = δtot. = constant18.

During radiation domination and with the adiabatic initial conditions of equation
[2.57], the total density fluctuation δtot. ≡

∑
X ρ̄XδX/

∑
X ρ̄X is approximately

equal to δtot. = δγ = δν , because (ρ̄γ + ρ̄ν) # (ρ̄b + ρ̄c). One then finds that
all density and metric perturbations are constant and related by:

−2ψ = −2φ = δγ = δν =
4

3
δb =

4

3
δc = constant (rad. dom.) [2.60]

This solution is the one that correctly describes initial conditions in our universe.
It is generally called the growing adiabatic mode, although density and metric
perturbations are actually constant in the Newtonian gauge – in other gauges, they
would indeed be growing.

During matter domination, the total density fluctuation is approximately equal to
δtot. = δb = δc, because (ρ̄γ+ ρ̄ν) $ (ρ̄b+ ρ̄c). One then finds an analogous solution
but with different coefficients:

−2ψ = −2φ = δb = δc =
3

4
δγ =

3

4
δν = constant (mat. dom.) [2.61]

This last relation will be important for the calculation of the SW effect in
section 2.6.3.1.

18. These results are reached in several steps. We explained in section 2.3.4 that as a first
approximation, we can neglect the impact of the anisotropic neutrino pressure, in order to
deduce from equation [2.21] the equality φ = ψ. Moreover, for adiabatic solutions, the
right-hand side terms of equations [2.20] and [2.18] can be written as:

−8πG
∑

X

ρ̄XδX = −8πGρtot.δtot. , 8πG
∑

X

ρ̄Xc2sXδX = 8πGc2aρtot.δtot. [2.58]

where ca is the adiabatic sound speed of the total fluid. It is thus possible to obtain a
homogeneous differential equation for φ = ψ, by combining c2a×[2.20]+[2.18]. This equation
is easy to solve in the limit k # aH = a′/a, using either a ∝ η (radiation domination) or
a ∝ η2 (matter domination), which follows from the Friedmann equation. In both cases, two
solutions are found for φ = ψ, one decaying and the other is constant. Finally, for the constant
solution, [2.20] becomes:

6
a2

(
a′

a

)
φ = −8πGρtot.δtot. [2.59]

After replacing ρtot. using the Friedmann equation, we obtain 2 = −δtot..

Einstein eq. Einstein eq.

perturbation  
in adiabatic case

δA(η, ⃗x)

V

φ
slow roll
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Canonical single-field inflation guarantees: 
A. stochastic perturbations with independent Fourier modes 
B. gaussian statistics for each Fourier mode / each d.o.f. 
      described by variance(wavenumber) = power spectrum 
C. for each Fourier mode, all d.o.f. related to each other (fully correlated) on 

super-Hubble scales: “adiabatic initial conditions” 
 need power spectrum for single degree 

 of freedom, e.g. curvature perturbation                                 in Newt. Gauge     

 Primordial spectrum:  

D. Power law, nearly scale-invariant spectrum:  

⇒

⇒

⇒
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2.5.1.4. Curvature fluctuation
The quantities in equations [2.60] and [2.61] are constant in time during either

radiation or matter domination, but not during the transition between these eras. To
link them, the linearized Einstein equation can be used to prove the existence of
conserved quantities for each Fourier mode, in the super-Hubble regime and with
adiabatic initial conditions. There are several quantities satisfying these criteria, as
shown by extensive calculations that will not be discussed here. One of them is a gauge
invariant variable, R, which coincides with the perturbation of the spatial curvature of
the universe expressed in the comoving gauge, that is, the gauge in which the total
cosmological fluid has no bulk velocity, δT 0

tot. i = 0. Therefore, R is called the
comoving curvature fluctuation.

In the Newtonian gauge (see section 2.3.2) and in the super-Hubble regime, one
derives R from density and metric fluctuations through19:

R −−−−−−−−−→
super−Hubble

φ− 1

3

δρtot.
ρ̄tot.+p̄tot.

[2.64]

The comoving curvature fluctuation has the advantage of being constant with
respect to time in the super-Hubble regime when the initial conditions are adiabatic.
Therefore, R is often used as a reference quantity to define the primordial
perturbations. For each Fourier mode, R keeps the same value between the time each
mode reaches the super-Hubble regime during inflation and the time it enters the
sub-Hubble regime during radiation or matter domination. This is not the case for φ
and ψ. In effect, using relations [2.60], [2.61] and [2.64], it is easy to show that on
super-Hubble scales:

R =
3

2
φ (rad. dom.) [2.65]

R =
5

3
φ (mat. dom.) [2.66]

19. In reality, in the Newtonian gauge, the fluctuation R is equal on all scales to:

R ≡ φ− a′

a
vtot.
a2

= φ+
a′

a
θtot.
k2

[2.62]

This relation involves the velocity potential vtot. and the velocity divergence θtot. of the total
cosmological fluid. To obtain the limit [2.64], one must use Einstein’s equations [2.20] and
[2.19]. When k # a′

a , the gradient k2φ can be neglected in equation [2.20]. Then we obtain a
simple relation between the right-hand sides of equations [2.20] and [2.19]:

3
a′

a
(ρ̄tot.+p̄tot.)θtot. −−−−−−−−−→

super−Hubble
−k2δρtot. [2.63]

This can be substituted in equation [2.62] to get [2.64].
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Very often, in cosmology, observable quantities21 are expressed as an integral of a
power spectrum over Fourier modes:

ˆ
d3!k

(2π)3
PA(η,k) =

ˆ
4πk2dk

(2π)3
PA(η,k) [2.74]

Such observables thus receive contributions from all wave numbers k representing
various length scales. The statistical weight of each logarithmic interval in the space
k is given by the dimensionless spectrum:

PA(η,k) ≡
k3

2π2
PA(η,k) [2.75]

defined in such a way that the integral reads:

ˆ
d3!k

(2π)3
PA(η,k) =

ˆ
dlnk PA(η,k) [2.76]

The dimensionless spectrum PA has a more intuitive meaning than the power
spectrum PA. If PA(η,k) is an increasing function of k, the observable is dominated
by large k, that is, small length scales. If it is a decreasing function, the observable is
dominated by large scales. When PA(η,k) is constant with respect to k, each
logarithmic interval contributes equally and the observable receives an identical
contribution from each order of magnitude of k: in this case, PA(η,k) is called a
scale-invariant spectrum.

2.5.2.3. Primordial spectrum
According to the findings of section 2.5.2.1, the initial conditions for all

cosmological perturbations are fully described by the dimensionless spectrum of
curvature PR(k), called the primordial spectrum:

〈R(ηini,!k)R∗(ηini,!k
′)〉 = δD(!k′ − !k)

2π2

k3
PR(k) [2.77]

Moreover, inflation predicts a nearly scale-invariant primordial spectrum. We shall
see in Chapter 3 that this is related to the very slow evolution of background quantities

21. For example, for the CMB temperature spectrum Cl, PA(η,k) will be the power spectrum of
the multipole moment Θl(η0,k) of photon temperature, as we shall see in section 2.5.3.2. Within
the context of the study of large-scale structures, the variance σ2

V of density perturbations in a
given volume V is deduced from a formula of this type.
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during inflation, in the so-called slow-roll regime. The simplest inflationary models
predict a slight dependency of PR on k, described in excellent approximation by a
power law:

PR(k) = As

(
k

k∗

)ns−1

[2.78]

where the amplitude As ∼ O(10−10) gives the variance of primordial curvature
perturbations, ns " 1 is the scalar spectral index and k∗ ∼ O(10−2)Mpc−1 is an
arbitrarily scale of reference called the pivot scale.

2.5.2.4. Transfer functions
The different power spectra PA are related to the primordial spectrum by the

functions α̃A(η,k) appearing in equation [2.69]. These functions, which are simply
the solutions to the equations of motion for adiabatic initial conditions normalized to
R(ηini,#k) = 1, are called transfer functions.

By convention, instead of introducing a new notation like α̃A for each transfer
function, we use the same letter as for the perturbation itself, but with, as argument,
the wave number k instead of the wave vector #k:

A(η,k) ≡ A(η,#k)

R(ηini,#k)
[2.79]

Consequently, any function of #k denotes a stochastic variable for each Fourier
mode, while any function of k denotes a deterministic solution of the equations of
motion for each comoving wavelength.

In conclusion, section 2.5.2 can be summarized as follows: within the framework
of linear cosmological perturbation theory, any problem breaks down into two parts,
the calculation of the primordial spectrum and transfer functions. The final observables
can then be derived from the power spectrum PA of several perturbations A, given by
PA(k,η) = |A(η,k)|2PR(k).

2.5.3. Spectrum of temperature anisotropies

2.5.3.1. Multipoles alm

In order to construct a quantity that can be both predicted theoretically and
observed experimentally, we expand the map of CMB temperature anisotropies,
introduced in equation [2.41], into spherical harmonics:

δT

T̄
(n̂) = Θ(η0,#o,− n̂) =

∑

lm

almYlm(n̂) [2.80]

V

φ
slow roll
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For each Fourier mode :  

• all perturbations  system of linear coupled differential equations 

• adiabatic ICs  single constant of integration 
• e.g. for densities 

⃗k
→

→
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Since R keeps the same value for each Fourier mode, φ = ψ varies by a factor
3/2× 3/5 = 9/10 during the transition between these two epochs.

2.5.1.5. Isocurvature initial conditions

It is possible to construct cosmological models in which the condition for adiabatic
initial conditions [2.53] is not applicable. There are, in fact, solutions of the equations
of motion that are non-adiabatic and non-decaying, called isocurvature modes. These
solutions were considered potentially interesting in the 1990s and 2000s, but the
Planck satellite results have set extremely strong upper bounds on the amplitude of
these modes (Akrami et al. 2018). Therefore, they are in general assumed to be zero
and we do not describe them here.

2.5.2. Power spectrum and transfer functions

2.5.2.1. Linear probability transport

In Fourier space, the density fluctuations δX(η,%k) verify a system of coupled
linear differential equations, whose solutions for each wave vector %k are independent.
Cosmological perturbation theory is a stochastic theory, but if we consider a particular
realization of this theory, initial conditions are given by a unique values of δX(ηini,%k)

and δ′X(ηini,%k) for each comoving Fourier mode %k at initial time ηini.

If the universe contains N fluids, the perturbation evolution satisfies a coupled
system of N second-order linear differential equations. In general, the solution of such
a system for each δX is a linear combination depending on 2N integration constants
δY (ηini,%k) and δ′Y (ηini,

%k), which reads formally:

δX(η,%k) =
∑

Y=1,...,N

[
αXY (η,k)δY (ηini,%k) + βXY (η,k)δ

′
Y (ηini,%k)

]
[2.67]

In other words, for each fluctuation δX , there are 2N independent solutions
αX1,...,αXN ,βX1,...,βXN . We have voluntarily written the solutions αXY (η,k) and
βXY (η,k) as functions of the wave number k rather than of the wave vector %k,
because in a universe with an isotropic background metric, the perturbation equations
only depend on the modulus k.

If the initial conditions are adiabatic, we know that δ′X(ηini,%k) = 0 and that
the integration constants δX(ηini,%k) are related to R(ηini,%k) by the simple numerical
factors of equations [2.60] and [2.65]. Consequently, the solutions take a much simpler
form, which depends only on a single integration constant:

∀X, δX(η,%k) = α̃X(η,k)R(ηini,%k) [2.68]
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Since R keeps the same value for each Fourier mode, φ = ψ varies by a factor
3/2× 3/5 = 9/10 during the transition between these two epochs.

2.5.1.5. Isocurvature initial conditions

It is possible to construct cosmological models in which the condition for adiabatic
initial conditions [2.53] is not applicable. There are, in fact, solutions of the equations
of motion that are non-adiabatic and non-decaying, called isocurvature modes. These
solutions were considered potentially interesting in the 1990s and 2000s, but the
Planck satellite results have set extremely strong upper bounds on the amplitude of
these modes (Akrami et al. 2018). Therefore, they are in general assumed to be zero
and we do not describe them here.

2.5.2. Power spectrum and transfer functions

2.5.2.1. Linear probability transport

In Fourier space, the density fluctuations δX(η,%k) verify a system of coupled
linear differential equations, whose solutions for each wave vector %k are independent.
Cosmological perturbation theory is a stochastic theory, but if we consider a particular
realization of this theory, initial conditions are given by a unique values of δX(ηini,%k)

and δ′X(ηini,%k) for each comoving Fourier mode %k at initial time ηini.

If the universe contains N fluids, the perturbation evolution satisfies a coupled
system of N second-order linear differential equations. In general, the solution of such
a system for each δX is a linear combination depending on 2N integration constants
δY (ηini,%k) and δ′Y (ηini,

%k), which reads formally:

δX(η,%k) =
∑

Y=1,...,N

[
αXY (η,k)δY (ηini,%k) + βXY (η,k)δ

′
Y (ηini,%k)

]
[2.67]

In other words, for each fluctuation δX , there are 2N independent solutions
αX1,...,αXN ,βX1,...,βXN . We have voluntarily written the solutions αXY (η,k) and
βXY (η,k) as functions of the wave number k rather than of the wave vector %k,
because in a universe with an isotropic background metric, the perturbation equations
only depend on the modulus k.

If the initial conditions are adiabatic, we know that δ′X(ηini,%k) = 0 and that
the integration constants δX(ηini,%k) are related to R(ηini,%k) by the simple numerical
factors of equations [2.60] and [2.65]. Consequently, the solutions take a much simpler
form, which depends only on a single integration constant:

∀X, δX(η,%k) = α̃X(η,k)R(ηini,%k) [2.68]

Deterministic solution of e.o.m. normalised to     =1 
= transfer function of  

Isotropic background  depends only on  
 denoted later as 

δX

⇒ k
⇒ δX(t, k)

stochastic Fourier mode stochastic IC
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2.5.1.4. Curvature fluctuation
The quantities in equations [2.60] and [2.61] are constant in time during either

radiation or matter domination, but not during the transition between these eras. To
link them, the linearized Einstein equation can be used to prove the existence of
conserved quantities for each Fourier mode, in the super-Hubble regime and with
adiabatic initial conditions. There are several quantities satisfying these criteria, as
shown by extensive calculations that will not be discussed here. One of them is a gauge
invariant variable, R, which coincides with the perturbation of the spatial curvature of
the universe expressed in the comoving gauge, that is, the gauge in which the total
cosmological fluid has no bulk velocity, δT 0

tot. i = 0. Therefore, R is called the
comoving curvature fluctuation.

In the Newtonian gauge (see section 2.3.2) and in the super-Hubble regime, one
derives R from density and metric fluctuations through19:

R −−−−−−−−−→
super−Hubble

φ− 1

3

δρtot.
ρ̄tot.+p̄tot.

[2.64]

The comoving curvature fluctuation has the advantage of being constant with
respect to time in the super-Hubble regime when the initial conditions are adiabatic.
Therefore, R is often used as a reference quantity to define the primordial
perturbations. For each Fourier mode, R keeps the same value between the time each
mode reaches the super-Hubble regime during inflation and the time it enters the
sub-Hubble regime during radiation or matter domination. This is not the case for φ
and ψ. In effect, using relations [2.60], [2.61] and [2.64], it is easy to show that on
super-Hubble scales:

R =
3

2
φ (rad. dom.) [2.65]

R =
5

3
φ (mat. dom.) [2.66]

19. In reality, in the Newtonian gauge, the fluctuation R is equal on all scales to:

R ≡ φ− a′

a
vtot.
a2

= φ+
a′

a
θtot.
k2

[2.62]

This relation involves the velocity potential vtot. and the velocity divergence θtot. of the total
cosmological fluid. To obtain the limit [2.64], one must use Einstein’s equations [2.20] and
[2.19]. When k # a′

a , the gradient k2φ can be neglected in equation [2.20]. Then we obtain a
simple relation between the right-hand sides of equations [2.20] and [2.19]:

3
a′

a
(ρ̄tot.+p̄tot.)θtot. −−−−−−−−−→

super−Hubble
−k2δρtot. [2.63]

This can be substituted in equation [2.62] to get [2.64].
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Since R keeps the same value for each Fourier mode, φ = ψ varies by a factor
3/2× 3/5 = 9/10 during the transition between these two epochs.

2.5.1.5. Isocurvature initial conditions

It is possible to construct cosmological models in which the condition for adiabatic
initial conditions [2.53] is not applicable. There are, in fact, solutions of the equations
of motion that are non-adiabatic and non-decaying, called isocurvature modes. These
solutions were considered potentially interesting in the 1990s and 2000s, but the
Planck satellite results have set extremely strong upper bounds on the amplitude of
these modes (Akrami et al. 2018). Therefore, they are in general assumed to be zero
and we do not describe them here.

2.5.2. Power spectrum and transfer functions

2.5.2.1. Linear probability transport

In Fourier space, the density fluctuations δX(η,%k) verify a system of coupled
linear differential equations, whose solutions for each wave vector %k are independent.
Cosmological perturbation theory is a stochastic theory, but if we consider a particular
realization of this theory, initial conditions are given by a unique values of δX(ηini,%k)

and δ′X(ηini,%k) for each comoving Fourier mode %k at initial time ηini.

If the universe contains N fluids, the perturbation evolution satisfies a coupled
system of N second-order linear differential equations. In general, the solution of such
a system for each δX is a linear combination depending on 2N integration constants
δY (ηini,%k) and δ′Y (ηini,

%k), which reads formally:

δX(η,%k) =
∑

Y=1,...,N

[
αXY (η,k)δY (ηini,%k) + βXY (η,k)δ

′
Y (ηini,%k)

]
[2.67]

In other words, for each fluctuation δX , there are 2N independent solutions
αX1,...,αXN ,βX1,...,βXN . We have voluntarily written the solutions αXY (η,k) and
βXY (η,k) as functions of the wave number k rather than of the wave vector %k,
because in a universe with an isotropic background metric, the perturbation equations
only depend on the modulus k.

If the initial conditions are adiabatic, we know that δ′X(ηini,%k) = 0 and that
the integration constants δX(ηini,%k) are related to R(ηini,%k) by the simple numerical
factors of equations [2.60] and [2.65]. Consequently, the solutions take a much simpler
form, which depends only on a single integration constant:

∀X, δX(η,%k) = α̃X(η,k)R(ηini,%k) [2.68]

initial time

later time

Probability

Probability

Time
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Since R keeps the same value for each Fourier mode, φ = ψ varies by a factor
3/2× 3/5 = 9/10 during the transition between these two epochs.

2.5.1.5. Isocurvature initial conditions

It is possible to construct cosmological models in which the condition for adiabatic
initial conditions [2.53] is not applicable. There are, in fact, solutions of the equations
of motion that are non-adiabatic and non-decaying, called isocurvature modes. These
solutions were considered potentially interesting in the 1990s and 2000s, but the
Planck satellite results have set extremely strong upper bounds on the amplitude of
these modes (Akrami et al. 2018). Therefore, they are in general assumed to be zero
and we do not describe them here.

2.5.2. Power spectrum and transfer functions

2.5.2.1. Linear probability transport

In Fourier space, the density fluctuations δX(η,%k) verify a system of coupled
linear differential equations, whose solutions for each wave vector %k are independent.
Cosmological perturbation theory is a stochastic theory, but if we consider a particular
realization of this theory, initial conditions are given by a unique values of δX(ηini,%k)

and δ′X(ηini,%k) for each comoving Fourier mode %k at initial time ηini.

If the universe contains N fluids, the perturbation evolution satisfies a coupled
system of N second-order linear differential equations. In general, the solution of such
a system for each δX is a linear combination depending on 2N integration constants
δY (ηini,%k) and δ′Y (ηini,

%k), which reads formally:

δX(η,%k) =
∑

Y=1,...,N

[
αXY (η,k)δY (ηini,%k) + βXY (η,k)δ

′
Y (ηini,%k)

]
[2.67]

In other words, for each fluctuation δX , there are 2N independent solutions
αX1,...,αXN ,βX1,...,βXN . We have voluntarily written the solutions αXY (η,k) and
βXY (η,k) as functions of the wave number k rather than of the wave vector %k,
because in a universe with an isotropic background metric, the perturbation equations
only depend on the modulus k.

If the initial conditions are adiabatic, we know that δ′X(ηini,%k) = 0 and that
the integration constants δX(ηini,%k) are related to R(ηini,%k) by the simple numerical
factors of equations [2.60] and [2.65]. Consequently, the solutions take a much simpler
form, which depends only on a single integration constant:

∀X, δX(η,%k) = α̃X(η,k)R(ηini,%k) [2.68]
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Since R keeps the same value for each Fourier mode, φ = ψ varies by a factor
3/2× 3/5 = 9/10 during the transition between these two epochs.

2.5.1.5. Isocurvature initial conditions

It is possible to construct cosmological models in which the condition for adiabatic
initial conditions [2.53] is not applicable. There are, in fact, solutions of the equations
of motion that are non-adiabatic and non-decaying, called isocurvature modes. These
solutions were considered potentially interesting in the 1990s and 2000s, but the
Planck satellite results have set extremely strong upper bounds on the amplitude of
these modes (Akrami et al. 2018). Therefore, they are in general assumed to be zero
and we do not describe them here.

2.5.2. Power spectrum and transfer functions

2.5.2.1. Linear probability transport

In Fourier space, the density fluctuations δX(η,%k) verify a system of coupled
linear differential equations, whose solutions for each wave vector %k are independent.
Cosmological perturbation theory is a stochastic theory, but if we consider a particular
realization of this theory, initial conditions are given by a unique values of δX(ηini,%k)

and δ′X(ηini,%k) for each comoving Fourier mode %k at initial time ηini.

If the universe contains N fluids, the perturbation evolution satisfies a coupled
system of N second-order linear differential equations. In general, the solution of such
a system for each δX is a linear combination depending on 2N integration constants
δY (ηini,%k) and δ′Y (ηini,

%k), which reads formally:

δX(η,%k) =
∑

Y=1,...,N

[
αXY (η,k)δY (ηini,%k) + βXY (η,k)δ

′
Y (ηini,%k)

]
[2.67]

In other words, for each fluctuation δX , there are 2N independent solutions
αX1,...,αXN ,βX1,...,βXN . We have voluntarily written the solutions αXY (η,k) and
βXY (η,k) as functions of the wave number k rather than of the wave vector %k,
because in a universe with an isotropic background metric, the perturbation equations
only depend on the modulus k.

If the initial conditions are adiabatic, we know that δ′X(ηini,%k) = 0 and that
the integration constants δX(ηini,%k) are related to R(ηini,%k) by the simple numerical
factors of equations [2.60] and [2.65]. Consequently, the solutions take a much simpler
form, which depends only on a single integration constant:

∀X, δX(η,%k) = α̃X(η,k)R(ηini,%k) [2.68]

Linearity of solutions  probability shape always preserved 
                                       (standard model: Gaussian) 
                                   variance evolves like squared transfer function

⇒

⇒
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 for any perturbation at any time: 

 

                               

⇒

⟨A(η, ⃗k) A*(η, ⃗k′ )⟩ = A(η, k) A*(η, k′ ) ⟨ℛ(ηi, ⃗k) ℛ*(ηi, ⃗k′ )⟩

= |A(η, k) |2 2π2

k3
𝒫ℛ(k) δD( ⃗k − ⃗k′ )

power spectrum of  at                dimensionless primordial 
                                                                     spectrum

A η

transfer function of A
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during inflation, in the so-called slow-roll regime. The simplest inflationary models
predict a slight dependency of PR on k, described in excellent approximation by a
power law:

PR(k) = As

(
k

k∗

)ns−1

[2.78]

where the amplitude As ∼ O(10−10) gives the variance of primordial curvature
perturbations, ns " 1 is the scalar spectral index and k∗ ∼ O(10−2)Mpc−1 is an
arbitrarily scale of reference called the pivot scale.

2.5.2.4. Transfer functions
The different power spectra PA are related to the primordial spectrum by the

functions α̃A(η,k) appearing in equation [2.69]. These functions, which are simply
the solutions to the equations of motion for adiabatic initial conditions normalized to
R(ηini,#k) = 1, are called transfer functions.

By convention, instead of introducing a new notation like α̃A for each transfer
function, we use the same letter as for the perturbation itself, but with, as argument,
the wave number k instead of the wave vector #k:

A(η,k) ≡ A(η,#k)

R(ηini,#k)
[2.79]

Consequently, any function of #k denotes a stochastic variable for each Fourier
mode, while any function of k denotes a deterministic solution of the equations of
motion for each comoving wavelength.

In conclusion, section 2.5.2 can be summarized as follows: within the framework
of linear cosmological perturbation theory, any problem breaks down into two parts,
the calculation of the primordial spectrum and transfer functions. The final observables
can then be derived from the power spectrum PA of several perturbations A, given by
PA(k,η) = |A(η,k)|2PR(k).

2.5.3. Spectrum of temperature anisotropies

2.5.3.1. Multipoles alm

In order to construct a quantity that can be both predicted theoretically and
observed experimentally, we expand the map of CMB temperature anisotropies,
introduced in equation [2.41], into spherical harmonics:

δT

T̄
(n̂) = Θ(η0,#o,− n̂) =

∑

lm

almYlm(n̂) [2.80]

 very peaked at  
 

last scattering sphere

g(η) ηdec
⇓

γ

γ γ

γ
̂n
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We recall that n̂ is a unit vector, described by two angles (θ,φ). Thereby, the
function δT

T̄
(n̂) is defined on a sphere. For functions defined on a sphere, expansions

into spherical harmonics play the same role as Fourier transforms. As l gets larger,
the multipoles alm (with −m ≤ l ≤ m) account for anisotropies on smaller angular
scales. The fact that the temperature map is a real function gives the constraint a∗lm =
al−m. To obtain the inverse relation of [2.80], we use the orthogonality relation of
spherical harmonics:

ˆ
dn̂ Ylm(n̂)Yl′m′(n̂) = δKll′δ

K
mm′ [2.81]

where δKll′ is the Kronecker symbol, as well as the expansion of the temperature
perturbation into Legendre multipoles (equation [2.35]) and the relation between
Legendre polynomials and spherical harmonics:

Pl(n̂ · n̂′) =
l∑

m=−l

4π

2l + 1
Ylm(n̂)Ylm(n̂′) [2.82]

After about 10 lines of calculation, we obtain the expression for each multipole
alm of the temperature map as a function of the Legendre multipole Θl evaluated at
the present time:

alm = (−i)l
ˆ

d3%k

2π2
Ylm(k̂)Θl(η0,%k) [2.83]

where we defined defining the unit vector k̂ ≡ %k/k.

2.5.3.2. Cl spectrum

We saw in the previous section that each Fourier mode of a given perturbation
can be considered as a Gaussian random variable. This is notably the case for the
multipole Θl(η0,%k). The multipole alm is thus given by a sum of independent Gaussian
variables. Therefore, it is also a Gaussian random variable, whose properties are
entirely described by its variance. The latter is inferred from:

〈alma∗l′m′〉 =
ˆ

d3%k

2π2

d3%k′

2π2
Ylm(k̂)Y ∗

l′m′(k̂′)〈Θl(η0,%k)Θ
∗
l′(η0,%k

′)〉 [2.84]

inversion + Fourier + Legendre ⇒

stochastic, Gaussianstochastic, Gaussian

correlation/variance ⇒
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Using the definition of the primordial spectrum and of transfer functions, as well
as equations [2.75] and [2.81], we can derive a simpler expression for this variance22:

〈alma∗l′m′〉 = δKll′δ
K
mm′

[
1

2π2

ˆ
dk

k
Θ2

l (η0,k)PR(k)

]
[2.85]

The quantity in square brackets plays a fundamental role for three reasons:

– it contains all the statistical information about the CMB temperature map, since
it represents the variance of Gaussian random quantities;

– it can be deduced from the observations, since the multipoles alm can be
measured (the multipole will then be denoted aobslm );

– it can be deduced from a theoretical model, since the transfer functions Θl(η0,k)
and the primordial spectrum PR(k) can be computed.

This quantity is therefore the appropriate one for testing cosmological models
against observations of CMB temperature anisotropies. It is called the temperature
anisotropy spectrum Cl:

Cl ≡ 〈|alm|2〉 = 1

2π2

ˆ
dk

k
Θ2

l (η0,k)PR(k) [2.86]

2.5.3.3. Cosmic variance

Let us reconsider the meaning of the symbol 〈...〉 in equation [2.86]. In
cosmological perturbation theory, each alm is considered to be a stochastic number,
and the average is taken over all realizations of the theory, that is, over the CMB
maps of all possible universes corresponding to a given cosmological model.
However, we observe only one map of the CMB, in other words, only one realization
of the theory. As such, we cannot know exactly the average theoretical value Cl. At
best, we can estimate it from each observed realization |aobslm |2. Fortunately, all alm
with fixed l and m comprised in the interval −l ≤ m ≤ l follow the same probability
distribution, namely a Gaussian of variance Cl. Therefore, we have the opportunity to

22. In this calculation, the fact that 〈alma∗
l′m′〉 is zero for l #= l′ or m #= m′ comes from the

orthogonality relation. However, more fundamentally, it is a consequence of the assumption of
statistical homogeneity of the universe, as in the case of Fourier space where the correlation
functions are zero for !k #= !k′. On the other hand, statistical isotropy implies that the term
between square brackets depends only on l and not on m: statistical properties can depend on
the angular scale θ considered, thus on l = 2π/θ, but not on the configuration and orientation
of the axes, thus not on m.

photon   primordial 
transfer   spectrum 
function
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Using the definition of the primordial spectrum and of transfer functions, as well
as equations [2.75] and [2.81], we can derive a simpler expression for this variance22:

〈alma∗l′m′〉 = δKll′δ
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mm′
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– it contains all the statistical information about the CMB temperature map, since
it represents the variance of Gaussian random quantities;

– it can be deduced from the observations, since the multipoles alm can be
measured (the multipole will then be denoted aobslm );

– it can be deduced from a theoretical model, since the transfer functions Θl(η0,k)
and the primordial spectrum PR(k) can be computed.

This quantity is therefore the appropriate one for testing cosmological models
against observations of CMB temperature anisotropies. It is called the temperature
anisotropy spectrum Cl:

Cl ≡ 〈|alm|2〉 = 1

2π2

ˆ
dk

k
Θ2

l (η0,k)PR(k) [2.86]

2.5.3.3. Cosmic variance

Let us reconsider the meaning of the symbol 〈...〉 in equation [2.86]. In
cosmological perturbation theory, each alm is considered to be a stochastic number,
and the average is taken over all realizations of the theory, that is, over the CMB
maps of all possible universes corresponding to a given cosmological model.
However, we observe only one map of the CMB, in other words, only one realization
of the theory. As such, we cannot know exactly the average theoretical value Cl. At
best, we can estimate it from each observed realization |aobslm |2. Fortunately, all alm
with fixed l and m comprised in the interval −l ≤ m ≤ l follow the same probability
distribution, namely a Gaussian of variance Cl. Therefore, we have the opportunity to

22. In this calculation, the fact that 〈alma∗
l′m′〉 is zero for l #= l′ or m #= m′ comes from the

orthogonality relation. However, more fundamentally, it is a consequence of the assumption of
statistical homogeneity of the universe, as in the case of Fourier space where the correlation
functions are zero for !k #= !k′. On the other hand, statistical isotropy implies that the term
between square brackets depends only on l and not on m: statistical properties can depend on
the angular scale θ considered, thus on l = 2π/θ, but not on the configuration and orientation
of the axes, thus not on m.
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get closer to Cl by computing the average value of |aobslm |2 over all m’s. In statistical
terms, one says that the theoretical Cl can be estimated from the observed multipoles
using the following estimator Ĉl(alm):

Ĉl(alm) ≡ 1

2l + 1

∑

−l≤m≤l

|alm|2 [2.87]

This function of alm is an unbiased estimator of each theoretical Cl, since its mean
(again considered with respect to the set of realizations of the theory) is given by:

〈Ĉl(alm)〉 = 1

2l + 1

∑

−l≤m≤l

〈|alm|2〉 = Cl [2.88]

Typically, the quantity Ĉl(aobslm ) is closer to the coefficient Cl of the underlying
theory (assumed to be correct) than each term |aobslm |2 taken individually. This is
quantified by calculating the standard deviation between Cl and Ĉl (again averaged
over all realizations of the theory). Using Wick’s theorem, 〈abcd〉 = 〈ab〉〈cd〉 +
〈ac〉〈bd〉+ 〈ad〉〈bc〉, one can shown in a few lines that:

〈(Ĉl − Cl)
2〉 = 1

(2l + 1)2

∑

−l≤m,m′≤l

〈|alm|2|alm′ |2〉 − 2〈Ĉl〉Cl + C2
l

=
2

2l + 1
C2

l [2.89]

Therefore, the larger l is, the smaller the standard deviation is, and the more
accurate the estimate of Cl is. Indeed, on smaller angular scales, we observe more
multipoles, that is, more independent realizations of the same theory. This standard
deviation is clearly visible in the results of the observations: the measured Cl are
highly dispersed at small l and not very dispersed at large l (see Figure 2.3). The
standard deviation of equation [2.89], called cosmic variance, should be seen as a
theoretical error. A given cosmological model provides an excellent explanation of
the measured points if the observational data are close to the theoretical predictions
within cosmic variance.

Since cosmic variance is large at small l, it will always be difficult to probe with
high accuracy the characteristics of the cosmological model that affect the shape of the
Cl spectrum only on large angular scales. Fortunately, this variance is small enough at
large l to allow most cosmological parameters to be measured with high precision.
A measurement of the temperature anisotropy spectrum is said to be “limited by
the cosmic variance” when the experimental error on each Cl becomes smaller than
cosmic variance.
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Figure 2.3. Observation of the CMB temperature anisotropy
spectrum by the Planck satellite (2018 data). For a color version of this figure, see

www.iste.co.uk/taillet/universe.zip

COMMENT ON FIGURE 2.3.– The points represent the measured central value for
each Cl, while the curve shows the theoretical Cl for the ΛCDM model that best
explains the data. The dispersion of the points increases at small l due to cosmic
variance and at large l due to instrumental errors. The light (respectively, dark)
gray band shows the cosmic variance associated with the theoretical prediction at
2σ (respectively, 1σ). A different scale is used on the x-axis at l < 30 to highlight the
first data points.

2.6. Physics of temperature anisotropies

2.6.1. Line-of-sight integral in Fourier space

Equation [2.86] shows that the knowledge of the photon transfer functions at
the present time, Θl(η0,k), is of crucial importance for the theoretical calculation
of the CMB temperature spectrum. These functions can be calculated by a “brute
force method”. Their evolution equation is given by the Boltzmann hierarchy [2.38]
to [2.40] for each k. We can truncate this hierarchy at some multipole ltrunc. larger
than the last multipole lmax at which we want to compute the Cls. This gives a system
of ltrunc. coupled differential equations for each k, which can be integrated between
an initial time where kη ! 1 and the current time.

2.6.1.1. Temperature source function

In 1996, a much more efficient alternative method was proposed and successfully
implemented in the CMBFAST code (Seljak and Zaldarriaga 1996): the line-of-sight
integral (Zaldarriaga and Harari 1995). This method is based on an integral similar
to that of section 2.4.2, this time starting from the Boltzmann equation in Fourier

transfer   primordial 
function   spectrum
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space [2.33]. It is no longer a true line-of-sight integral, since the quantities are now
expressed in Fourier space. Rather, it uses the possibility to write the Fourier mode !k
of a current multipole Θl(η0,!k) as an integral over time of the same mode !k of other
perturbations, evaluated between photon decoupling and today. By writing the formal
solution of equation [2.33] in integral form and performing Legendre transformations,
we obtain the following expression for the photon transfer function:

Θl(η0,k) =

ˆ η0

ηini

dη ST (η,k) jl(k(η0 − η)) [2.90]

ST (η,k) ≡ g (Θ0 + ψ)︸ ︷︷ ︸
SW

+
(
g k−2θb

)′
︸ ︷︷ ︸

Doppler

+ e−τ (φ′ + ψ′)︸ ︷︷ ︸
ISW

[2.91]

where jl(x) is the spherical Bessel function and ST (η,k) is called the temperature
source function. The formal similarity between this result and the true line-of-sight
integral [2.48] is obvious. Three contributions are again identified. They play the
same role as in section 2.4.2: the intrinsic anisotropy corrected by the SW effect,
the Doppler contribution and the integrated Sachs–Wolfe (ISW) effect. This similarity
is such that equation [2.90] is also called – somewhat abusively – the line-of-sight
integral in Fourier space. This integral can be expressed in other forms by integrations
by parts. All terms that depend on the visibility function g(η) and its derivatives are
zero today and negligible at ηini. Consequently, their integration by part does not
generate edge terms. For example, we also have:

Θl(η0,k) =

ˆ η0

ηini

dη {g (Θ0 + ψ) jl(k(η0 − η))

+ g k−1θb j′l(k(η0 − η))

+ e−τ (φ′ + ψ′) jl(k(η0 − η))
}

[2.92]

Because of equation [2.90], we see that in order to compute the transfer functions
Θl(η0,k) up to an arbitrarily large l, we only need to know the evolution of the
four transfer functions Θ0(η,k), θb(η,k), φ(η,k) and ψ(η,k). Thus, we do not need
a precise solution of the Boltzmann hierarchy of differential equations up to l =
lmax, but only up to l = 2 (because the Einstein equation, necessary to obtain φ
and ψ, involves temperature multipoles up to l = 2). For this, a truncation around
ltrunc. ∼ O(10) is sufficient. The number of equations is thus considerably reduced
compared to the brute force method. This better approach is used by all codes since
CMBFAST (Seljak and Zaldarriaga 1996), such as CAMB (Lewis et al. 2000) or
CLASS (Blas et al. 2011; Lesgourgues 2011). In addition to its numerical efficiency,
it gives a much better analytical intuition of the shape of the final result and of the
dependency of the spectrum on cosmological parameters.

valid both for  
single mode  or  

transfer function with 
⃗k

k

structure: ∫ dη [ f(η) A(η, ⃗k) jℓ(k(η0 − η)) ]
“Physical effects relevant at times described by  

imprint CMB photon anisotropies described in Fourier space by ,  
that project to multipole space according to ” 

f(η)
A(η, ⃗k)

jℓ(k(η0 − η))
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2.6.1.2. Angle projection

The previous computation involves a spherical Bessel function evaluated in
jl(k(η0 − η)). Mathematically, this function appears in the computation of the
line-of-sight integral when a Legendre transformation of the plane wave e−i!k·!x is
performed. More intuitively, it plays the role of a projection coefficient from Fourier
space to multipole space l. In multipole space, each l corresponds to a configuration
on a sphere such that the angle between a maximum and an adjacent minimum is
given by θ = l/π. Let us try to answer the following question: can a Fourier mode $k
of a given perturbation A(η,$k) contribute to the multipole l of the transfer function
Θl(η0,k)?

To address this, one must bear in mind the diagram on the left of Figure 2.4. If the
mode propagates at time η, the observer perceives a cross-sectional view of this mode
along a sphere whose radius is given by the angular distance da until time η:

da = a(t)

ˆ t0

t

dt

a
= a8′(η)

ˆ η0

η
dη = a(η) (η0 − η) [2.93]

The contribution of this Fourier mode to the multipole l is non-zero if the observer
perceives differences between the values of the perturbation at two points on the sphere
separated by an angle θ = l/π. The perceived contribution is the difference averaged
over all pairs of points separated by θ. The strongest contribution to this average
always comes from pairs of points on the sphere defining a segment parallel to the
wave vector, such as the vertically aligned pairs of points on the left of Figure 2.4(a).

A
B

k

C

F

E

D

θ

a) b)

Figure 2.4. a) Contribution of a Fourier mode A(η,"k) with fixed "k and variable η
to a multipole Θl(η0,k) for a fixed l = π/θ. b) Spherical Bessel function j10(x). For a

color version of this figure, see www.iste.co.uk/taillet/universe.zip

Main contribution: 

Other contributions: harmonics
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There exists a unique value of the distance da(η), and thereby of the time η, such
that these points correspond to an adjacent maximum and minimum of the Fourier
mode. On the figure, this happens for the sphere B. This value of η is the solution of
the equation λ/2 = θ da, where λ/2 is the half-wavelength, related to the comoving
Fourier mode by λ/2 = a(η)π/k. So the contribution is maximal if the relation:

θ =
π

l
=

λ/2

da
=

a(η)π/k

a(η) (η0 − η)
⇔ l = k(η0 − η) [2.94]

is satisfied. If a mode of the same k propagates later, the observer perceives a
cross-sectional view of it along a smaller sphere, such as sphere A in the figure. It is
immediately obvious that this mode cannot contribute at the desired angle (it can only
contribute at larger angles). If the mode propagates earlier, the observer perceives a
cross-sectional view of it along a larger sphere, such as spheres C, D, E and F in the
figure. For a certain value of η corresponding to sphere D, the angle subtends a
min–max–min–max contribution that also contributes, but with an opposite sign. For
the sphere F, the angle θ subtends a max–min–max–min–max–min contribution that
is of the same sign. Sphere C, halfway between B and D, gives a zero contribution
(the compared points have the same value), as does sphere E between D and F.

In a totally equivalent way, we could have fixed the diameter of the sphere da(η),
and thus the time η, and searched for values of k such that A(η,%k) gives a contribution
to the multipole l. The largest contribution comes from the modes verifying l =
k(η0 − η): this is the main harmonic. At larger ks, one finds the first harmonic, which
contributes with an opposite sign, the second harmonic, which contributes with the
same sign, and so on.

The spherical Bessel function jl(k(η0− η)) can be seen as a projection coefficient
that takes exactly all these effects into account. Its characteristic shape appears in
Figure 2.4(b). It always has a maximum near k(η−η0) = l, giving the contribution of
the main harmonic. For k(η − η0) < l, it tends rapidly to zero and for k(η − η0) > l,
it has an oscillatory behavior taking into account all harmonics.

The line-of-sight integral is often presented as a neat way to split the problem
among physics and geometry. It shows that the physics of the CMB is governed by
the evolution of the transfer functions Θ0(η,k), θb(η,k), φ(η,k) and ψ(η,k), while
geometrical (projection) effects are handled by Bessel functions that not depend on
the cosmological model.

2.6.1.3. Instantaneous decoupling approximation

In section 2.4.2, we introduced a double approximation: no reionization and
instantaneous decoupling. This allowed us to simplify the integral [2.48] and to

Role of   ?jℓ(k(η0 − η))
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space [2.33]. It is no longer a true line-of-sight integral, since the quantities are now
expressed in Fourier space. Rather, it uses the possibility to write the Fourier mode !k
of a current multipole Θl(η0,!k) as an integral over time of the same mode !k of other
perturbations, evaluated between photon decoupling and today. By writing the formal
solution of equation [2.33] in integral form and performing Legendre transformations,
we obtain the following expression for the photon transfer function:

Θl(η0,k) =

ˆ η0

ηini

dη ST (η,k) jl(k(η0 − η)) [2.90]

ST (η,k) ≡ g (Θ0 + ψ)︸ ︷︷ ︸
SW

+
(
g k−2θb

)′
︸ ︷︷ ︸

Doppler

+ e−τ (φ′ + ψ′)︸ ︷︷ ︸
ISW

[2.91]

where jl(x) is the spherical Bessel function and ST (η,k) is called the temperature
source function. The formal similarity between this result and the true line-of-sight
integral [2.48] is obvious. Three contributions are again identified. They play the
same role as in section 2.4.2: the intrinsic anisotropy corrected by the SW effect,
the Doppler contribution and the integrated Sachs–Wolfe (ISW) effect. This similarity
is such that equation [2.90] is also called – somewhat abusively – the line-of-sight
integral in Fourier space. This integral can be expressed in other forms by integrations
by parts. All terms that depend on the visibility function g(η) and its derivatives are
zero today and negligible at ηini. Consequently, their integration by part does not
generate edge terms. For example, we also have:

Θl(η0,k) =

ˆ η0

ηini

dη {g (Θ0 + ψ) jl(k(η0 − η))

+ g k−1θb j′l(k(η0 − η))

+ e−τ (φ′ + ψ′) jl(k(η0 − η))
}

[2.92]

Because of equation [2.90], we see that in order to compute the transfer functions
Θl(η0,k) up to an arbitrarily large l, we only need to know the evolution of the
four transfer functions Θ0(η,k), θb(η,k), φ(η,k) and ψ(η,k). Thus, we do not need
a precise solution of the Boltzmann hierarchy of differential equations up to l =
lmax, but only up to l = 2 (because the Einstein equation, necessary to obtain φ
and ψ, involves temperature multipoles up to l = 2). For this, a truncation around
ltrunc. ∼ O(10) is sufficient. The number of equations is thus considerably reduced
compared to the brute force method. This better approach is used by all codes since
CMBFAST (Seljak and Zaldarriaga 1996), such as CAMB (Lewis et al. 2000) or
CLASS (Blas et al. 2011; Lesgourgues 2011). In addition to its numerical efficiency,
it gives a much better analytical intuition of the shape of the final result and of the
dependency of the spectrum on cosmological parameters.

Neglecting reionization:  very peaked at  

 effect takes place only on last scattering sphere 

 mode  project to  

 = intrinsic fluctuation + gravitational Doppler shift

g(η) ηdec

⇒
⇒ k ℓ = k(η0 − ηdec)

Θ0(ηdec, ⃗k) + ψ(ηdec, ⃗k)

ψ hot photons get redshifted by potential well

super-Hubble modes with 
adiabatic IC:  , 
Sachs-Wolfe effect wins, 
negative picture of last 

scattering sphere !

ψ = − 2Θ0

cold photons get blueshifted
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space [2.33]. It is no longer a true line-of-sight integral, since the quantities are now
expressed in Fourier space. Rather, it uses the possibility to write the Fourier mode !k
of a current multipole Θl(η0,!k) as an integral over time of the same mode !k of other
perturbations, evaluated between photon decoupling and today. By writing the formal
solution of equation [2.33] in integral form and performing Legendre transformations,
we obtain the following expression for the photon transfer function:

Θl(η0,k) =

ˆ η0

ηini

dη ST (η,k) jl(k(η0 − η)) [2.90]

ST (η,k) ≡ g (Θ0 + ψ)︸ ︷︷ ︸
SW

+
(
g k−2θb

)′
︸ ︷︷ ︸

Doppler

+ e−τ (φ′ + ψ′)︸ ︷︷ ︸
ISW

[2.91]

where jl(x) is the spherical Bessel function and ST (η,k) is called the temperature
source function. The formal similarity between this result and the true line-of-sight
integral [2.48] is obvious. Three contributions are again identified. They play the
same role as in section 2.4.2: the intrinsic anisotropy corrected by the SW effect,
the Doppler contribution and the integrated Sachs–Wolfe (ISW) effect. This similarity
is such that equation [2.90] is also called – somewhat abusively – the line-of-sight
integral in Fourier space. This integral can be expressed in other forms by integrations
by parts. All terms that depend on the visibility function g(η) and its derivatives are
zero today and negligible at ηini. Consequently, their integration by part does not
generate edge terms. For example, we also have:

Θl(η0,k) =

ˆ η0

ηini

dη {g (Θ0 + ψ) jl(k(η0 − η))

+ g k−1θb j′l(k(η0 − η))

+ e−τ (φ′ + ψ′) jl(k(η0 − η))
}

[2.92]

Because of equation [2.90], we see that in order to compute the transfer functions
Θl(η0,k) up to an arbitrarily large l, we only need to know the evolution of the
four transfer functions Θ0(η,k), θb(η,k), φ(η,k) and ψ(η,k). Thus, we do not need
a precise solution of the Boltzmann hierarchy of differential equations up to l =
lmax, but only up to l = 2 (because the Einstein equation, necessary to obtain φ
and ψ, involves temperature multipoles up to l = 2). For this, a truncation around
ltrunc. ∼ O(10) is sufficient. The number of equations is thus considerably reduced
compared to the brute force method. This better approach is used by all codes since
CMBFAST (Seljak and Zaldarriaga 1996), such as CAMB (Lewis et al. 2000) or
CLASS (Blas et al. 2011; Lesgourgues 2011). In addition to its numerical efficiency,
it gives a much better analytical intuition of the shape of the final result and of the
dependency of the spectrum on cosmological parameters.

Neglecting reionization:  very peaked at  

 effect takes place only on last scattering sphere 

 mode  project to  

 = velocity Doppler shift                (  from a gradient)

g(η) ηdec

⇒
⇒ k ℓ = k(η0 − ηdec)

⃗vscalar
b → k−1θb j′ ℓ

⃗vb

photons get e.g. redshifted by emission velocity

photons get e.g. blueshifted by emission velocity
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space [2.33]. It is no longer a true line-of-sight integral, since the quantities are now
expressed in Fourier space. Rather, it uses the possibility to write the Fourier mode !k
of a current multipole Θl(η0,!k) as an integral over time of the same mode !k of other
perturbations, evaluated between photon decoupling and today. By writing the formal
solution of equation [2.33] in integral form and performing Legendre transformations,
we obtain the following expression for the photon transfer function:

Θl(η0,k) =

ˆ η0

ηini

dη ST (η,k) jl(k(η0 − η)) [2.90]

ST (η,k) ≡ g (Θ0 + ψ)︸ ︷︷ ︸
SW

+
(
g k−2θb

)′
︸ ︷︷ ︸

Doppler

+ e−τ (φ′ + ψ′)︸ ︷︷ ︸
ISW

[2.91]

where jl(x) is the spherical Bessel function and ST (η,k) is called the temperature
source function. The formal similarity between this result and the true line-of-sight
integral [2.48] is obvious. Three contributions are again identified. They play the
same role as in section 2.4.2: the intrinsic anisotropy corrected by the SW effect,
the Doppler contribution and the integrated Sachs–Wolfe (ISW) effect. This similarity
is such that equation [2.90] is also called – somewhat abusively – the line-of-sight
integral in Fourier space. This integral can be expressed in other forms by integrations
by parts. All terms that depend on the visibility function g(η) and its derivatives are
zero today and negligible at ηini. Consequently, their integration by part does not
generate edge terms. For example, we also have:

Θl(η0,k) =

ˆ η0

ηini

dη {g (Θ0 + ψ) jl(k(η0 − η))

+ g k−1θb j′l(k(η0 − η))

+ e−τ (φ′ + ψ′) jl(k(η0 − η))
}

[2.92]

Because of equation [2.90], we see that in order to compute the transfer functions
Θl(η0,k) up to an arbitrarily large l, we only need to know the evolution of the
four transfer functions Θ0(η,k), θb(η,k), φ(η,k) and ψ(η,k). Thus, we do not need
a precise solution of the Boltzmann hierarchy of differential equations up to l =
lmax, but only up to l = 2 (because the Einstein equation, necessary to obtain φ
and ψ, involves temperature multipoles up to l = 2). For this, a truncation around
ltrunc. ∼ O(10) is sufficient. The number of equations is thus considerably reduced
compared to the brute force method. This better approach is used by all codes since
CMBFAST (Seljak and Zaldarriaga 1996), such as CAMB (Lewis et al. 2000) or
CLASS (Blas et al. 2011; Lesgourgues 2011). In addition to its numerical efficiency,
it gives a much better analytical intuition of the shape of the final result and of the
dependency of the spectrum on cosmological parameters.

ϕ, ψ
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space [2.33]. It is no longer a true line-of-sight integral, since the quantities are now
expressed in Fourier space. Rather, it uses the possibility to write the Fourier mode !k
of a current multipole Θl(η0,!k) as an integral over time of the same mode !k of other
perturbations, evaluated between photon decoupling and today. By writing the formal
solution of equation [2.33] in integral form and performing Legendre transformations,
we obtain the following expression for the photon transfer function:

Θl(η0,k) =

ˆ η0

ηini

dη ST (η,k) jl(k(η0 − η)) [2.90]

ST (η,k) ≡ g (Θ0 + ψ)︸ ︷︷ ︸
SW

+
(
g k−2θb

)′
︸ ︷︷ ︸

Doppler

+ e−τ (φ′ + ψ′)︸ ︷︷ ︸
ISW

[2.91]

where jl(x) is the spherical Bessel function and ST (η,k) is called the temperature
source function. The formal similarity between this result and the true line-of-sight
integral [2.48] is obvious. Three contributions are again identified. They play the
same role as in section 2.4.2: the intrinsic anisotropy corrected by the SW effect,
the Doppler contribution and the integrated Sachs–Wolfe (ISW) effect. This similarity
is such that equation [2.90] is also called – somewhat abusively – the line-of-sight
integral in Fourier space. This integral can be expressed in other forms by integrations
by parts. All terms that depend on the visibility function g(η) and its derivatives are
zero today and negligible at ηini. Consequently, their integration by part does not
generate edge terms. For example, we also have:

Θl(η0,k) =

ˆ η0

ηini

dη {g (Θ0 + ψ) jl(k(η0 − η))

+ g k−1θb j′l(k(η0 − η))

+ e−τ (φ′ + ψ′) jl(k(η0 − η))
}

[2.92]

Because of equation [2.90], we see that in order to compute the transfer functions
Θl(η0,k) up to an arbitrarily large l, we only need to know the evolution of the
four transfer functions Θ0(η,k), θb(η,k), φ(η,k) and ψ(η,k). Thus, we do not need
a precise solution of the Boltzmann hierarchy of differential equations up to l =
lmax, but only up to l = 2 (because the Einstein equation, necessary to obtain φ
and ψ, involves temperature multipoles up to l = 2). For this, a truncation around
ltrunc. ∼ O(10) is sufficient. The number of equations is thus considerably reduced
compared to the brute force method. This better approach is used by all codes since
CMBFAST (Seljak and Zaldarriaga 1996), such as CAMB (Lewis et al. 2000) or
CLASS (Blas et al. 2011; Lesgourgues 2011). In addition to its numerical efficiency,
it gives a much better analytical intuition of the shape of the final result and of the
dependency of the spectrum on cosmological parameters.

…

Neglecting reionization:  negligible before , after 

 effect takes place at all times  along each line of sight 

 mode  projects from each sphere to  

 comes from dilation + gravitational Doppler effects

e−τ ηdec ≃ 1
⇒ η > ηdec

⇒ k ℓ = k(η0 − η)

∂η{ϕ(η, ⃗k) + ψ(η, ⃗k)}

photons get continuously red/blue-shifted by metric fluctuations

•  static: no dilation, gravitational Doppler effect is conservative: only   

•  time-dependent: net effect (e.g. net redshift when crosses deepening potential wells)

ϕ, ψ (ψdec − ψobs)
ϕ, ψ
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Using the definition of the primordial spectrum and of transfer functions, as well
as equations [2.75] and [2.81], we can derive a simpler expression for this variance22:

〈alma∗l′m′〉 = δKll′δ
K
mm′

[
1

2π2

ˆ
dk

k
Θ2

l (η0,k)PR(k)

]
[2.85]

The quantity in square brackets plays a fundamental role for three reasons:

– it contains all the statistical information about the CMB temperature map, since
it represents the variance of Gaussian random quantities;

– it can be deduced from the observations, since the multipoles alm can be
measured (the multipole will then be denoted aobslm );

– it can be deduced from a theoretical model, since the transfer functions Θl(η0,k)
and the primordial spectrum PR(k) can be computed.

This quantity is therefore the appropriate one for testing cosmological models
against observations of CMB temperature anisotropies. It is called the temperature
anisotropy spectrum Cl:

Cl ≡ 〈|alm|2〉 = 1

2π2

ˆ
dk

k
Θ2

l (η0,k)PR(k) [2.86]

2.5.3.3. Cosmic variance

Let us reconsider the meaning of the symbol 〈...〉 in equation [2.86]. In
cosmological perturbation theory, each alm is considered to be a stochastic number,
and the average is taken over all realizations of the theory, that is, over the CMB
maps of all possible universes corresponding to a given cosmological model.
However, we observe only one map of the CMB, in other words, only one realization
of the theory. As such, we cannot know exactly the average theoretical value Cl. At
best, we can estimate it from each observed realization |aobslm |2. Fortunately, all alm
with fixed l and m comprised in the interval −l ≤ m ≤ l follow the same probability
distribution, namely a Gaussian of variance Cl. Therefore, we have the opportunity to

22. In this calculation, the fact that 〈alma∗
l′m′〉 is zero for l #= l′ or m #= m′ comes from the

orthogonality relation. However, more fundamentally, it is a consequence of the assumption of
statistical homogeneity of the universe, as in the case of Fourier space where the correlation
functions are zero for !k #= !k′. On the other hand, statistical isotropy implies that the term
between square brackets depends only on l and not on m: statistical properties can depend on
the angular scale θ considered, thus on l = 2π/θ, but not on the configuration and orientation
of the axes, thus not on m.
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space [2.33]. It is no longer a true line-of-sight integral, since the quantities are now
expressed in Fourier space. Rather, it uses the possibility to write the Fourier mode !k
of a current multipole Θl(η0,!k) as an integral over time of the same mode !k of other
perturbations, evaluated between photon decoupling and today. By writing the formal
solution of equation [2.33] in integral form and performing Legendre transformations,
we obtain the following expression for the photon transfer function:

Θl(η0,k) =

ˆ η0

ηini

dη ST (η,k) jl(k(η0 − η)) [2.90]

ST (η,k) ≡ g (Θ0 + ψ)︸ ︷︷ ︸
SW

+
(
g k−2θb

)′
︸ ︷︷ ︸

Doppler

+ e−τ (φ′ + ψ′)︸ ︷︷ ︸
ISW

[2.91]

where jl(x) is the spherical Bessel function and ST (η,k) is called the temperature
source function. The formal similarity between this result and the true line-of-sight
integral [2.48] is obvious. Three contributions are again identified. They play the
same role as in section 2.4.2: the intrinsic anisotropy corrected by the SW effect,
the Doppler contribution and the integrated Sachs–Wolfe (ISW) effect. This similarity
is such that equation [2.90] is also called – somewhat abusively – the line-of-sight
integral in Fourier space. This integral can be expressed in other forms by integrations
by parts. All terms that depend on the visibility function g(η) and its derivatives are
zero today and negligible at ηini. Consequently, their integration by part does not
generate edge terms. For example, we also have:

Θl(η0,k) =

ˆ η0

ηini

dη {g (Θ0 + ψ) jl(k(η0 − η))

+ g k−1θb j′l(k(η0 − η))

+ e−τ (φ′ + ψ′) jl(k(η0 − η))
}

[2.92]

Because of equation [2.90], we see that in order to compute the transfer functions
Θl(η0,k) up to an arbitrarily large l, we only need to know the evolution of the
four transfer functions Θ0(η,k), θb(η,k), φ(η,k) and ψ(η,k). Thus, we do not need
a precise solution of the Boltzmann hierarchy of differential equations up to l =
lmax, but only up to l = 2 (because the Einstein equation, necessary to obtain φ
and ψ, involves temperature multipoles up to l = 2). For this, a truncation around
ltrunc. ∼ O(10) is sufficient. The number of equations is thus considerably reduced
compared to the brute force method. This better approach is used by all codes since
CMBFAST (Seljak and Zaldarriaga 1996), such as CAMB (Lewis et al. 2000) or
CLASS (Blas et al. 2011; Lesgourgues 2011). In addition to its numerical efficiency,
it gives a much better analytical intuition of the shape of the final result and of the
dependency of the spectrum on cosmological parameters.

Final goal: compute 

with transfer functions

Detailed physical 
understanding 

of the ClTT shape

behaviour of
 

 

Θ0(ηdec, k)
θb(ηdec)

ψ(η ≥ ηdec, k) ≃ ϕ
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Tightly coupled baryon-photon fluid: 

Photon Boltzmann hierarchy + baryon e.o.m. —> TCA equation: 

                        baryon                pressure              gravity        local baryon      dilation 
                      damping                  force                  force            damping 

Sound speed / baryon-to-photon ratio:  

Newtonian gauge with 

Tight-Coupling Approximation (TCA)
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                        baryon                pressure              gravity        local baryon      dilation 
                      damping                  force                  force            damping 

Sound speed / baryon-to-photon ratio:  

Equilibrium point neglecting metric time derivatives: 

WKB TCA solution  “   “   “   :  

Very good approximation up to gravity boost + (Silk) damping/diffusion effects

Tight-coupling equation
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Evolution for one mode

(Newtonian
gauge)
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Evolution for one mode

Adiabatic IC 
(    =1,     = 2/3) 

positive  
grav. pot.  

Fourier mode 
=>  

negative 
density 

Fourier mode
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Evolution for one mode

Metric damped near Hubble crossing during RD 
  

—> photon pressure, Poisson: 
—> very different from MD: 
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Evolution for one mode

Metric damped near Hubble crossing during RD 
  

—> photon pressure, Poisson: 
—> very different from MD: 
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Evolution for one mode

neutrino shear 
(unimportant)
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Evolution for one mode

photon 
equilibrium 

= -2/3

photon IC 
 = -1/3
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Evolution for one mode

photon 
equilibrium 

= -2/3

photon IC 
 = -1/3

⇥l(⌧0, k) =

Z
⌧0

⌧ini

d⌧ {g (⇥0 +  ) +
�
g k

�2
✓b

�0
+ ISW} jl(k(⌧0 � ⌧))

⇥l(⌧0, k) = {(⇥0 +  )rec + (...✓0b)rec + (...✓b + ISW)rec} jl(k(⌧0 � ⌧rec))

Cl ⇠ (...)
n
(⇥0 +  )2(⌧rec,k=l/(⌧0�⌧rec))

+Doppler + ISW
o2

PR(k)

✓ =
⇡

l
=

�/2

da(zdec)
=

⇡/k

⌧0 � ⌧rec

=) l = k(⌧0 � ⌧rec)

{!b,!m,⌦⇤, ⌧reio, As, ns}

C
XY

l
= 4⇡

Z
dk k

2�X

l
(k)�Y

l
(k)PR(k) PR(k) = As(k⇤)

✓
k

k⇤

◆ns�1

✓s =
ds(zrec)

da(zrec)
=

R
z1
zrec

dz cs(z)
H(z)R

zrec

0
dz

H(z)

✓
H(z)

H0

◆2

= ⌦r(1 + z)4 + ⌦m(1 + z)3 + ⌦⇤

✓
H(z)h

H0

◆2

= !r(1 + z)4 + !m


(1 + z)3 +

⌦⇤

1� ⌦⇤

�

✓d =
da(zrec)

da(zrec)
=

hR
z1
zrec

dz f(0
,R)

H(z)

i1/2

R
zrec

0
dz

H(z)

Rrec ⌘
4⇢̄b
3⇢̄�

����
rec

=
4!b

3!�(1 + zrec)

1 + zrec = !m/!r

1 + z⇤ =

✓
⌦⇤

1� ⌦⇤

◆�1/3

2

⇥l(⌧0, k) =

Z
⌧0

⌧ini

d⌧ {g (⇥0 +  ) +
�
g k

�2
✓b

�0
+ ISW} jl(k(⌧0 � ⌧))

⇥l(⌧0, k) = {(⇥0 +  )rec + (...✓0b)rec + (...✓b + ISW)rec} jl(k(⌧0 � ⌧rec))

Cl ⇠ (...)
n
(⇥0 +  )2(⌧rec,k=l/(⌧0�⌧rec))

+Doppler + ISW
o2

PR(k)

✓ =
⇡

l
=

�/2

da(zdec)
=

⇡/k

⌧0 � ⌧rec

=) l = k(⌧0 � ⌧rec)

{!b,!m,⌦⇤, ⌧reio, As, ns}

C
XY

l
= 4⇡

Z
dk k

2�X

l
(k)�Y

l
(k)PR(k) PR(k) = As(k⇤)

✓
k

k⇤

◆ns�1

✓s =
ds(zrec)

da(zrec)
=

R
z1
zrec

dz cs(z)
H(z)R

zrec

0
dz

H(z)

✓
H(z)

H0

◆2

= ⌦r(1 + z)4 + ⌦m(1 + z)3 + ⌦⇤

✓
H(z)h

H0

◆2

= !r(1 + z)4 + !m


(1 + z)3 +

⌦⇤

1� ⌦⇤

�

✓d =
da(zrec)

da(zrec)
=

hR
z1
zrec

dz f(0
,R)

H(z)

i1/2

R
zrec

0
dz

H(z)

Rrec ⌘
4⇢̄b
3⇢̄�

����
rec

=
4!b

3!�(1 + zrec)

1 + zrec = !m/!r

1 + z⇤ =

✓
⌦⇤

1� ⌦⇤

◆�1/3

2



CMB physics - J. Lesgourgues48

Evolution for one mode
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Evolution for one mode

Gravity boost effect from  

Will be important for effect of neutrinos, DR…
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Evolution for one mode

symmetric and stationary oscillation 
(deep sub-Hubble, deep DR)
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Evolution for one mode

exponentially damped oscillations 
(approaching recombination)
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Evolution for one mode
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Final goal: 
(MZ’s line-of-sight  

integral)
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Evolution for one mode
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Evolution for one mode
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Evolution for one mode

Rest for the eyes



CMB physics - J. Lesgourgues56

Evolution for all wavenumbers
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Evolution for all wavenumbers
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Evolution for all wavenumbers

gravity boost
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Evolution for all wavenumbers

gravity boost

early ISW
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Evolution for all wavenumbers

gravity boost

early ISW
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Evolution for all wavenumbers
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Evolution for all wavenumbers

CMB patterns mainly come from here
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Evolution for all wavenumbers

CMB patterns mainly come from here

45o symmetry comes from
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Evolution for all wavenumbers

CMB patterns mainly come from here

45o symmetry comes from
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fixed time will look like previous fixed k
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Transfer functions at recombination/decoupling
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Rest for the brain
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Projection effects

Instantaneous decoupling, small angle:                                                 l.s.s. 

Recover it from the CMB equations with                                                                  :
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 Projection effects:
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 Projection effects:
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 Projection effects:
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• Thickness of l.s.s produces small-scale smoothing: 

observed photons could  
carry temperature from  
wherever inside circles                           

• Mathematically, two types of smoothing: 

—> contribution of wide range of times and wavenumber to single 

• Even in instantaneous limit: Spherical Bessel functions incorporate effects 
beyond small angle, effect of harmonics of λ, …: extra smoothing on all scales 

Projection effects
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• Thickness of l.s.s produces small-scale smoothing: 
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wherever inside circles                           
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• Thickness of l.s.s produces small-scale smoothing: 

observed photons could  
carry temperature from  
wherever inside circles                           

• Mathematically, two types of smoothing: 

—> contribution of wide range of times and wavenumber to single 

• Even in instantaneous limit: Spherical Bessel functions —> effects beyond 
small angle, effect of smaller non-transverse k, …: extra smoothing on all scales 

Projection effects
⇥l(⌧0, k) = {(⇥0 +  )rec + (...✓0b)rec + (...✓b)rec} jl(k(⌧0 � ⌧rec))

Cl ⇠ 4⇡

Z
dk k2

n
(⇥0 +  )2(⌧rec,k=l/(⌧0�⌧rec)

+Doppler + ...
o
PR(k)

✓ =
⇡

l
=

�/2

da(zdec)
=

⇡/k

⌧0 � ⌧rec

=) l = k(⌧0 � ⌧rec)

2

⇥l(⌧0, k) =

Z ⌧0

⌧ini

d⌧ {g (⇥0 +  ) +
�
g k�2✓b

�0
+ ISW} jl(k(⌧0 � ⌧))

⇥l(⌧0, k) = {(⇥0 +  )rec + (...✓0b)rec + (...✓b + ISW)rec} jl(k(⌧0 � ⌧rec))

Cl ⇠ (...)
n
(⇥0 +  )2(⌧rec,k=l/(⌧0�⌧rec))

+Doppler + ISW
o2

PR(k)

✓ =
⇡

l
=

�/2

da(zdec)
=

⇡/k

⌧0 � ⌧rec

=) l = k(⌧0 � ⌧rec)

g(⌧) ' �(⌧ � ⌧rec) , jl(x) ⇠ �(l � x)

2

⇥l(⌧0, k) =

Z ⌧0

⌧ini

d⌧ {g (⇥0 +  ) +
�
g k�2✓b

�0
+ ISW} jl(k(⌧0 � ⌧))

⇥l(⌧0, k) = {(⇥0 +  )rec + (...✓0b)rec + (...✓b + ISW)rec} jl(k(⌧0 � ⌧rec))

Cl ⇠ (...)
n
(⇥0 +  )2(⌧rec,k=l/(⌧0�⌧rec))

+Doppler + ISW
o2

PR(k)

✓ =
⇡

l
=

�/2

da(zdec)
=

⇡/k

⌧0 � ⌧rec

=) l = k(⌧0 � ⌧rec)

g(⌧) ' �(⌧ � ⌧rec) , jl(x) ⇠ �(l � x)

2

�(⌧, ~x, n̂) = 4
�T

T̄
(⌧, ~x, n̂)

�l(⌧,~k) = 4⇥l(⌧,~k)

R(⌧(ini),~k)

h�(⌧(ini),~k)

�l(⌧, k) = 4⇥l(⌧, k)

8
<

:

⇥0 = 1
4�� = 1

3�b
3k⇥1 = ✓� = ✓b
⇥l�2 = 0

(1)

⇥00
0 +

R0

1 +R
⇥0

0 + k2c2s⇥0 = �k2

3
 +

R0

1 +R
�0 + �00

c2s =
1

3(1 +R)
, R ⌘ 4⇢̄b

3⇢̄�
/ a

⇥equi.
0 = � 1

3c2s
 = �(1 +R) .

⇥0 = A(1 +R)�1/4 cos

✓
k

Z
cs(⌧)d⌧

◆
� (1 +R) 

�k2� = 4⇡Ga2 �⇢r / a2⇢r �r ⇠ a2�4+0 ⇠ a�2

�k2� = 4⇡Ga2 �⇢m / a2⇢m �m ⇠ a2�3+1 ⇠ constant

⇥l(⌧0, k) =

Z ⌧0

⌧ini

d⌧ {g (⇥0 +  )| {z }
TSW

+
�
g k�2✓b

�0
| {z }

Doppler

+ e�(�0 +  0)| {z }
ISW

} jl(k(⌧0 � ⌧))

�(⌧, k)

cos(kcs⌧)

Cl = 4⇡

Z
dk k2 (⇥l(⌧0, k))

2 PR(k)

1



CMB physics - J. Lesgourgues74

 Projection effects

2



CMB physics - J. Lesgourgues75

Rest for the ears



CMB physics - J. Lesgourgues76

 Towards final ClTT’s

2



CMB physics - J. Lesgourgues77

 Towards final ClTT’s:

2



CMB physics - J. Lesgourgues78

Evolution for all wavenumbers
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is

8
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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Fig. 3. Frequency-averaged T E and EE spectra (without fitting for T -P leakage). The theoretical T E and EE spectra plotted in the
upper panel of each plot are computed from the Planck TT+lowP best-fit model of Fig. 1. Residuals with respect to this theoretical
model are shown in the lower panel in each plot. The error bars show ±1� errors. The green lines in the lower panels show the
best-fit temperature-to-polarization leakage model of Eqs. (11a) and (11b), fitted separately to the T E and EE spectra.
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upper panel of each plot are computed from the Planck TT+lowP best-fit model of Fig. 1. Residuals with respect to this theoretical
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Fig. 11. Planck measurements of the lensing power spectrum compared to the prediction for the best-fitting base⇤CDM model to the
Planck TT+lowP data. Left: the conservative cut of the Planck lensing data used throughout this paper, covering the multipole range
40  `  400. Right: lensing data over the range 8  `  2048, demonstrating the general consistency with the ⇤CDM prediction
over this extended multipole range. In both cases, green points are the power from lensing reconstructions using only temperature
data, while blue points combine temperature and polarization. They are o↵set in ` for clarity. Error bars are ±1�. In the top panels
the solid lines are the best-fitting base⇤CDM model to the Planck TT+lowP data with no renormalization or �N(1) correction applied
(see text). The bottom panels show the di↵erence between the data and the renormalized and �N(1)-corrected theory bandpowers,
which enter the likelihood. The mild preference of the lensing measurements for lower lensing power around ` = 200 pulls the
theoretical prediction for C��` downwards at the best-fitting parameters of a fit to the combined Planck TT+lowP+lensing data,
shown by the dashed blue lines (always for the conservative cut of the lensing data, including polarization).

• Beam uncertainties are no longer included in the covariance
matrix of the C��` , since, with the improved knowledge of the
beams, the estimated uncertainties are negligible for the lens-
ing analysis. The only inter-bandpower correlations included
in the C��` bandpower covariance matrix are from the uncer-
tainty in the correction applied for the point-source 4-point
function.

As in the 2013 analysis, we approximate the lensing likelihood
as Gaussian in the estimated bandpowers, with a fiducial co-
variance matrix. Following the arguments in Schmittfull et al.
(2013), it is a good approximation to ignore correlations between
the 2- and 4-point functions; so, when combining the Planck
power spectra with Planck lensing, we simply multiply their re-
spective likelihoods.

It is also worth noting that the changes in absolute calibra-
tion of the Planck power spectra (around 2 % between the 2013
and 2015 releases) do not directly a↵ect the lensing results. The
CMB 4-point functions do, of course, respond to any recalibra-
tion of the data, but in estimating C��` this dependence is re-
moved by normalizing with theory spectra fit to the observed
CMB spectra. The measured C��` bandpowers from the 2013 and
current Planck releases can therefore be directly compared, and
are in good agreement (Planck Collaboration XV 2015). Care is
needed, however, in comparing consistency of the lensing mea-
surements across data releases with the best-fitting model pre-
dictions. Changes in calibration translate directly into changes
in Ase�2⌧, which, along with any change in the best-fitting opti-
cal depth, alter As, and hence the predicted lensing power. These
changes from 2013 to the current release go in opposite direc-
tions leading to a net decrease in As of 0.6 %. This, combined
with a small (0.15 %) increase in ✓eq, reduces the expected C��`
by approximately 1.5 % for multipoles ` > 60.

The Planck measurements of C��` , based on the temperature
and polarization 4-point functions, are plotted in Fig. 11 (with
results of a temperature-only reconstruction included for com-
parison). The measured C��` are compared with the predicted
lensing power from the best-fitting base ⇤CDM model to the
Planck TT+lowP data in this figure. The bandpowers that are
used in the conservative lensing likelihood adopted in this pa-
per are shown in the left-hand plot, while bandpowers over the
range 8  `  2048 are shown in the right-hand plot, to demon-
strate the general consistency with the ⇤CDM prediction over
the full multipole range. The di↵erence between the measured
bandpowers and the best-fit prediction are shown in the bottom
panels. Here, the theory predictions are corrected in the same
way as they are in the likelihood15.

Figure 11 suggests that the Planck measurements of C��` are
mildly in tension with the prediction of the best-fitting ⇤CDM
model. In particular, for the conservative multipole range 40 
`  400, the temperature+polarization reconstruction has �2 =
15.4 (for eight degrees of freedom), with a PTE of 5.2 %. For
reference, over the full multipole range �2 = 40.81 for 19 de-
grees of freedom (PTE of 0.3 %); the large �2 is driven by a
single bandpower (638  `  762), and excluding this gives an
acceptable �2 = 26.8 (PTE of 8 %). We caution the reader that
this multipole range is where the lensing reconstruction shows a
mild excess of curl-modes (Planck Collaboration XV 2015), and

15In detail, the theory spectrum is binned in the same way as the
data, renormalized to account for the (very small) di↵erence between
the CMB spectra in the best-fit model and the fiducial spectra used in the
lensing analysis, and corrected for the di↵erence in N(1), calculated for
the best-fit and fiducial models (around a 4 % change in N(1), since the
fiducial-model C��` is higher by this amount than in the best-fit model).
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Fig. 6. Comparison of the base ⇤CDM model parameter constraints from Planck temperature and polarization data.

and HFI 353 GHz maps as polarized synchrotron and dust tem-
plates, respectively. These cleaned maps form the polarization
part (“lowP’ ) of the low multipole Planck pixel-based likeli-
hood, as described in Planck Collaboration XI (2015). The tem-
perature part of this likelihood is provided by the Commander
component separation algorithm. The Planck low multipole like-
lihood retains 46 % of the sky in polarization and is completely
independent of the WMAP polarization likelihood. In combina-
tion with the Planck high multipole TT likelihood, the Planck
low multipole likelihood gives ⌧ = 0.078 ± 0.019. This con-
straint is somewhat higher than the constraint ⌧ = 0.067 ± 0.022
derived from the Planck low multipole likelihood alone (see
Planck Collaboration XI 2015, and also Sect. 5.1.2).

Following the 2013 analysis, we have used the 2015 HFI
353 GHz polarization maps as a dust template, together with the
WMAP K-band data as a template for polarized synchrotron
emission, to clean the low-resolution WMAP Ka, Q, and V
maps (see Planck Collaboration XI 2015, for further details). For
the purpose of cosmological parameter estimation, this dataset
is masked using the WMAP P06 mask that retains 73 % of
the sky. The noise-weighted combination of the Planck 353-
cleaned WMAP polarization maps yields ⌧ = 0.071 ± 0.013
when combined with the Planck TT information in the range
2  ` <⇠ 2508, consistent with the value of ⌧ obtained from
the LFI 70 GHz polarization maps. In fact, null tests described
in Planck Collaboration XI (2015) demonstrate that the LFI and

17
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014
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ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045
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Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62
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�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 35. Predictions of standard BBN for the primordial abun-
dance of 4He (top) and deuterium (bottom), as a function of the
baryon density !b. The width of the green stripes corresponds
to 68 % uncertainties on nuclear reaction rates and on the neu-
tron lifetime. The horizontal bands show observational bounds
on primordial element abundances compiled by various authors,
and the red vertical band shows the Planck TT+lowP+BAO
bounds on !b (all with 68 % errors). The BBN predictions and
CMB results shown here assume Ne↵ = 3.046 and no significant
lepton asymmetry.

the neutron life-time:

YBBN
P = 0.2311 + 0.9502!b � 11.27!2

b

+ �Ne↵
⇣
0.01356 + 0.008581!b � 0.1810!2

b

⌘

+ �N2
e↵

⇣
�0.0009795 � 0.001370!b + 0.01746!2

b

⌘
;

(70)

yDP = 18.754 � 1534.4!b + 48656!2
b � 552670!3

b

+ �Ne↵
⇣
2.4914 � 208.11!b + 6760.9!2

b � 78007!3
b

⌘

+ �N2
e↵

⇣
0.012907 � 1.3653!b + 37.388!2

b � 267.78!3
b

⌘
.

(71)

By averaging over several measurements, the Particle Data
Group 2014 (Olive et al. 2014) estimates the neutron life-time
to be ⌧n = (880.3 ± 1.1) s at 68 % CL.26 The expansions in
Eqs. (70) and (71) are based on this central value, and we as-
sume that Eq. (70) predicts the correct helium fraction up to a
standard error �(YBBN

P ) = 0.0003, obtained by propagating the
error on ⌧n.

The uncertainty on the deuterium fraction is dominated
by that on the rate of the reaction d(p, �)3He. For that rate,
in PCP13 we relied on the result of Serpico et al. (2004),
obtained by fitting several experiments. The expansions of
Eqs. (70) and (71) now adopt the latest experimental determi-
nation by Adelberger et al. (2011) and use the best-fit expres-
sion in their Eq. (29). We also rely on the uncertainty quoted in

26However, the most recent individual measurement by Yue et al.
(2013) gives ⌧n = [887.8±1.2 (stat.)±1.9 (syst.)] s, which is discrepant
at 3.3� with the previous average (including only statistical errors).
Hence one should bear in mind that systematic e↵ects could be under-
estimated in the Particle Data Group result. Adopting the central value
of Yue et al. (2013) would shift our results by a small amount, a↵ecting
mainly helium (by a factor 1.0062 for YP and 1.0036 for yDP).

Adelberger et al. (2011) and propagate it to the deuterium frac-
tion. This gives a standard error �(yDP) = 0.06, which is more
conservative than the error adopted in PCP13.

6.5.1. Primordial abundances from Planck data and
standard BBN

We first investigate the consistency of standard BBN and the
CMB by fixing the radiation density to its standard value, i.e.,
Ne↵ = 3.046, based on the assumption of standard neutrino de-
coupling and no extra light relics. We can then use Planck data to
measure !b assuming base ⇤CDM and test for consistency with
experimental abundance measurements. The 95 % CL bounds
obtained for the base ⇤CDM model for various data combina-
tions are

!b =

8>>>>>>>><
>>>>>>>>:

0.02222+0.00045
�0.00043 Planck TT+lowP,

0.02226+0.00040
�0.00039 Planck TT+lowP+BAO,

0.02225+0.00032
�0.00030 Planck TT,TE,EE+lowP,

0.02229+0.00029
�0.00027 Planck TT,TE,EE+lowP+BAO,

(72)
corresponding to a predicted primordial 4He number density
fraction (95 % CL) of

YBBN
P =

8>>>>>>>>><
>>>>>>>>>:

0.24665+(0.00020) 0.00063
�(0.00019) 0.00063 Planck TT+lowP,

0.24667+(0.00018) 0.00063
�(0.00018) 0.00063 Planck TT+lowP+BAO,

0.24667+(0.00014) 0.00062
�(0.00014) 0.00062 Planck TT,TE,EE+lowP,

0.24668+(0.00013) 0.00061
�(0.00013) 0.00061 Planck TT,TE,EE+lowP+BAO,

(73)
and deuterium fraction (95 % CL)

yDP =

8>>>>>>>>><
>>>>>>>>>:

2.620+(0.083) 0.15
�(0.085) 0.15 Planck TT+lowP,

2.612+(0.075) 0.14
�(0.074) 0.14 Planck TT+lowP+BAO,

2.614+(0.057) 0.13
�(0.060) 0.13 Planck TT,TE,EE+lowP,

2.606+(0.051) 0.13
�(0.054) 0.13 Planck TT,TE,EE+lowP+BAO.

(74)
The first set of error bars (in parentheses) in Eqs. (73) and (74)
reflect only the uncertainty on !b. The second set includes the
theoretical uncertainty on the BBN predictions, added in quadra-
ture to the errors from !b. The total errors in the predicted he-
lium abundances are dominated by the BBN uncertainty as in
PCP13. For deuterium, the Planck 2015 results improve the de-
termination of !b to the point where the theoretical errors are
comparable or larger than the errors from the CMB. In other
words, for base ⇤CDM the predicted abundances cannot be im-
proved substantially by further measurements of the CMB. This
also means that Planck results can, in principle, be used to in-
vestigate nuclear reaction rates that dominate the theoretical un-
certainty (see Sect. 6.5.2).

The results of Eqs. (73) and (74) are well within the
ranges indicated by the latest measurement of primordial abun-
dances, as illustrated by Fig. 35. The helium data compilation of
Aver et al. (2013) gives YBBN

P = 0.2465 ± 0.0097 (68 % CL),
and the Planck prediction is near the middle of this range.27

As summarized by Aver et al. (2013); Peimbert (2008) helium

27A substantial part of this error comes from the regression to zero
metallicity. The mean of the 17 measurements analysed by Aver et al.
(2013) is hYBBN

P i = 0.2535 ± 0.0036, i.e., about 1.7� higher than the
Planck predictions of Eq. (73).
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091
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�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 11. Marginalized joint 68 % and 95 % CL regions for (✏1 , ✏2 , ✏3) (top panels) and (✏V , ⌘V , ⇠2V ) (bottom panels) for Planck
TT+lowP (red contours), Planck TT,TE,EE+lowP (blue contours), and compared with the Planck 2013 results (grey contours).

Fig. 12. Marginalized joint 68 % and 95 % CL regions for ns and r0.002 from Planck in combination with other data sets, compared
to the theoretical predictions of selected inflationary models.
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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Fig. 14. Acoustic-scale distance ratio DV(z)/rdrag in the base
⇤CDM model divided by the mean distance ratio from Planck
TT+lowP+lensing. The points with 1� errors are as follows:
green star (6dFGS, Beutler et al. 2011); square (SDSS MGS,
Ross et al. 2014); red triangle and large circle (BOSS “LOWZ”
and CMASS surveys, Anderson et al. 2014); and small blue cir-
cles (WiggleZ, as analysed by Kazin et al. 2014). The grey bands
show the 68 % and 95 % confidence ranges allowed by Planck
TT+lowP+lensing.

The changes to the data points compared to figure 15 of
PCP13 are as follows. We have replaced the SDSS DR7 mea-
surements of Percival et al. (2010) with the recent analysis of
the SDSS Main Galaxy Sample (MGS) of Ross et al. (2014) at
ze↵ = 0.15, and by the Anderson et al. (2014) analysis of the
Baryon Oscillation Spectroscopic Survey (BOSS) ‘LOWZ’ sam-
ple at ze↵ = 0.32. Both of these analyses use peculiar veloc-
ity field reconstructions to sharpen the BAO feature and reduce
the errors on DV/rdrag. The blue points in Fig. 14 show a re-
analysis of the WiggleZ redshift survey by Kazin et al. (2014)
applying peculiar velocity reconstructions. The reconstructions
causes small shifts in DV/rdrag compared to the unreconstructed
WiggleZ results of Blake et al. (2011) and lead to reductions
in the errors on the distance measurements at ze↵ = 0.44 and
ze↵ = 0.73. The point labelled BOSS CMASS at ze↵ = 0.57
shows DV/rdrag from the analysis of Anderson et al. (2014), up-
dating the BOSS-DR9 analysis of Anderson et al. (2012) used in
PCP13.

In fact, the Anderson et al. (2014) analysis solves jointly for
the positions of the BAO feature in both the line-of-sight and
transverse directions (the distortion in the transverse direction
caused by the background cosmology is sometimes called the
Alcock-Paczynski e↵ect, Alcock & Paczynski 1979), leading to
joint constraints on the angular diameter distance DA(ze↵) and
the Hubble parameter H(ze↵). These constraints, using the tabu-
lated likelihood included in the CosmoMC module16, are plotted
in Fig. 15. Samples from the Planck TT+lowP+lensing chains
are plotted coloured by the value of ⌦ch2 for comparison. The
length of the degeneracy line is set by the allowed variation in H0
(or equivalently⌦mh2). In the Planck TT+lowP+lensing⇤CDM
analysis the line is defined approximately by

DA(0.57)/rdrag

9.384

 
H(0.57)rdrag/c

0.4582

!1.7

= 1 ± 0.0004, (26)

16
http://www.sdss3.org/science/boss_publications.php

Fig. 15. 68 % and 95 % constraints on the angular diameter dis-
tance DA(z = 0.57) and Hubble parameter H(z = 0.57) from
the Anderson et al. (2014) analysis of the BOSS CMASS-DR11
sample. The fiducial sound horizon adopted by Anderson et al.
(2014) is rfid

drag = 149.28 Mpc. Samples from the Planck
TT+lowP+lensing chains are plotted coloured by their value of
⌦ch2, showing consistency of the data, but also that the BAO
measurement can tighten the Planck constraints on the matter
density.

which just grazes the BOSS CMASS 68 % error ellipse plotted
in Fig. 15. Evidently, the Planck base ⇤CDM parameters are
in good agreement with both the isotropized DV BAO measure-
ments plotted in Fig. 14, and with the anisotropic constraints
plotted in Fig. 15.

In this paper, we use the 6dFGS, SDSS-MGS and BOSS-
LOWZ BAO measurements of DV/rdrag (Beutler et al. 2011;
Ross et al. 2014; Anderson et al. 2014) and the CMASS-DR11
anisotropic BAO measurements of Anderson et al. (2014). Since
the WiggleZ volume partially overlaps that of the BOSS-
CMASS sample, and the correlations have not been quantified,
we do not use the WiggleZ results in this paper. It is clear from
Fig. 14 that the combined BAO likelihood is dominated by the
two BOSS measurements.

In the base ⇤CDM model, the Planck data constrain the
Hubble constant H0 and matter density ⌦m to high precision:

H0 = (67.3 ± 1.0) km s�1Mpc�1

⌦m = 0.315 ± 0.013

)
Planck TT+lowP. (27)

With the addition of the BAO measurements, these constraints
are strengthened significantly to

H0 = (67.6 ± 0.6) km s�1Mpc�1

⌦m = 0.310 ± 0.008

)
Planck TT+lowP+BAO.

(28)
These numbers are consistent with the Planck+lensing con-
straints of Eq. (21). Section 5.4 discusses the consistency of
these estimates of H0 with direct measurements.

Although low redshift BAO measurements are in good agree-
ment with Planck for the base ⇤CDM cosmology, this may not
be true at high redshifts. Recently, BAO features have been mea-
sured in the flux-correlation function of the Ly↵ forest of BOSS
quasars (Delubac et al. 2014) and in the cross-correlation of the

25
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Planck Collaboration: Large-scale polarization and reionization

Fig. 41. History of ⌧ determination with WMAP and Planck. We have omitted the first WMAP determination (⌧ = 0.17 ± 0.004,
Bennett et al. 2003), which was based on T E alone.

Table 8. Parameter constraints for the base⇤CDM cosmology (as defined in Planck Collaboration XVI 2014), illustrating the impact
of replacing the LFI-based lowP likelihood (used in the 2015 Planck papers) with the HFI-based SimLow likelihood discussed in
the text. We also present here the change when including the high-` polarization.

PlanckTT+lowP PlanckTT+SIMlow PlanckTTTEEE+lowP PlanckTTTEEE+SIMlow
Parameter 68 % limits 68 % limits 68 % limits 68 % limits

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02214 ± 0.00022 0.02225 ± 0.00016 0.02218 ± 0.00015

⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1207 ± 0.0021 0.1198 ± 0.0015 0.1205 ± 0.0014

100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04075 ± 0.00047 1.04077 ± 0.00032 1.04069 ± 0.00031

⌧ . . . . . . . . . . . . 0.078 ± 0.019 0.0581 ± 0.0094 0.079 ± 0.017 0.0596 ± 0.0089

ln(1010As) . . . . . . . 3.089 ± 0.036 3.053 ± 0.019 3.094 ± 0.034 3.056 ± 0.018

ns . . . . . . . . . . . 0.9655 ± 0.0062 0.9624 ± 0.0057 0.9645 ± 0.0049 0.9619 ± 0.0045

H0 . . . . . . . . . . . 67.31 ± 0.96 66.88 ± 0.91 67.27 ± 0.66 66.93 ± 0.62

⌦m . . . . . . . . . . . 0.315 ± 0.013 0.321 ± 0.013 0.3156 ± 0.0091 0.3202 ± 0.0087

�8 . . . . . . . . . . . 0.829 ± 0.014 0.8167 ± 0.0095 0.831 ± 0.013 0.8174 ± 0.0081

�8⌦
0.5
m . . . . . . . . . 0.466 ± 0.013 0.463 ± 0.013 0.4668 ± 0.0098 0.4625 ± 0.0091

�8⌦
0.25
m . . . . . . . . 0.621 ± 0.013 0.615 ± 0.012 0.623 ± 0.011 0.6148 ± 0.0086

zre . . . . . . . . . . . 9.891.8
�1.6 8.11 ± 0.93 10.01.7

�1.5 8.24 ± 0.88

109Ase�2⌧ . . . . . . . 1.880 ± 0.014 1.885 ± 0.014 1.882 ± 0.012 1.886 ± 0.012

Age/Gyr . . . . . . . 13.813 ± 0.038 13.829 ± 0.036 13.813 ± 0.026 13.826 ± 0.025

(` < 1500) is broken by the lensing e↵ect seen in the higher part
of the spectrum.

However, the ` >⇠ 1000 part of the Planck spectrum is charac-
terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
high multipoles pushes the normalization and the optical depth
values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
analysis ⌧ is driven upwards compared to Eq. (13). This e↵ect
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terized by peaks that are slightly broader and smoother than what
the ⇤CDM model predicts. The high-multipole peak smooth-
ing is compatible with a slightly stronger lensing amplitude,
and translates into a roughly 2�-high phenomenological pa-
rameter AL value. The A��L = 0.95 ± 0.04 value derived from

the lensing power spectrum (Planck Collaboration XIII 2016)
supports that this would just be a statistical fluctuation, rather
than a peculiar feature of the lensing power spectrum itself.
Nevertheless, the preference for a larger lensing amplitude at
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values up. The lowP likelihood was not statistically powerful
enough to counteract this trend, and so in the PlanckTT+lowP
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Dashed lines: higher baryon density
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Angular scale damping enveloppe
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Redshift and time of equality
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1st peak scale                                                     2nd peak scale

—> zrec nearly fixed by Trec but τrec shifts slightly due to 
expansion rate prior to recombination. Rrec is fixed. Most 
important change: (τeq - τrec)
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Less early ISW

More gravity for the same pressure, 
even peaks reduced

1st peak scale                                                     2nd peak scale

�(⌧, ~x, n̂) = 4
�T

T̄
(⌧, ~x, n̂)

�l(⌧,~k) = 4⇥l(⌧,~k)

R(⌧(ini),~k)

h�(⌧(ini),~k)

�l(⌧, k) = 4⇥l(⌧, k)

8
<

:

⇥0 = 1
4�� = 1

3�b

3k⇥1 = ✓� = ✓b

⇥l�2 = 0
(1)

⇥00
0 +

R
0

1 +R
⇥0

0 + k
2
c
2
s⇥0 = �k

2

3
 +

R
0

1 +R
�
0 + �

00

c
2
s =

1

3(1 +R)
, R ⌘ 4⇢̄b

3⇢̄�
/ a

⇥equi.
0 = � 1

3c2s
 = �(1 +R) .

⇥0 = A(1 +R)�1/4 cos

✓
k

Z
cs(⌧)d⌧

◆
� (1 +R) 

�k
2
� = 4⇡Ga

2
�⇢r / a

2
⇢r �r ⇠ a

2�4+0 ⇠ a
�2

�k
2
� = 4⇡Ga

2
�⇢m / a

2
⇢m �m ⇠ a

2�3+1 ⇠ constant

⇥l(⌧0, k) =

Z
⌧0

⌧ini

d⌧ {g (⇥0 +  )| {z }
TSW

+
�
g k

�2
✓b

�0
| {z }

Doppler

+ e
�(�0 +  

0)| {z }
ISW

} jl(k(⌧0 � ⌧))

�(⌧, k)

cos(kcs⌧)

Cl = 4⇡

Z
dk k

2 (⇥l(⌧0, k))
2 PR(k) PR(k) = As(k⇤)

✓
k

k⇤

◆ns�1

1



CMB physics - J. Lesgourgues117

⇥l(⌧0, k) =

Z
⌧0

⌧ini

d⌧ {g (⇥0 +  ) +
�
g k

�2
✓b

�0
+ ISW} jl(k(⌧0 � ⌧))

⇥l(⌧0, k) = {(⇥0 +  )rec + (...✓0b)rec + (...✓b + ISW)rec} jl(k(⌧0 � ⌧rec))

Cl ⇠ (...)
n
(⇥0 +  )2(⌧rec,k=l/(⌧0�⌧rec))

+Doppler + ISW
o2

PR(k)

✓ =
⇡

l
=

�/2

da(zdec)
=

⇡/k

⌧0 � ⌧rec

=) l = k(⌧0 � ⌧rec)

{!b,!m,⌦⇤, ⌧reio, As, ns}

C
XY

l
= 4⇡

Z
dk k

2�X

l
(k)�Y

l
(k)PR(k) PR(k) = As(k⇤)

✓
k

k⇤

◆ns�1

✓s =
ds(zrec)

da(zrec)
=

R
z1
zrec

dz cs(z)
H(z)R

zrec

0
dz

H(z)

✓
H(z)

H0

◆2

= ⌦r(1 + z)4 + ⌦m(1 + z)3 + ⌦⇤

H(z)2 = (H0/h)
2


!r(1 + z)4 + !m


(1 + z)3 +

⌦⇤

1� ⌦⇤

��

2

Exercise: add to this plots the individual effect of the matter density increase on 
the  eISW and TSW components, to see which one dominates and in which range.
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Exercise result (thank you Renan, Micol, Oscar…)

T+SW
Early ISW
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Angular scale of the peaks
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only impacts H(z) at small z
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Angular scale damping enveloppe
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only impacts H(z) at small z
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Redshift and time of M/Λ equality
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Redshift and time of M/Λ equality
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cosθ in Thomson —> coupling with 2nd Boltzmann hierarchy sourced by Θ2 
—> observable polarisation spectrum depends on (g Θ2) instead of g(Θ0+ψ) 

Ma & Berstchinger 1995 (2 hierarchies, flat, scalar);  
Tram & JL 2013 (2 hierarchies in flat/open/closed, scalar/vector/tensor)
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Optical depth: 

Visibility function:                               by construction normalised to 

CMB temp. Transfer function: 

CMB pol transfer function: 

Finally: 

Usual contribution multiplied by                   , 

plus new contribution projecting under
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CMB temp. Transfer function: 

CMB pol transfer function: 

Finally: 

Usual contribution multiplied by 

plus new contribution projected 

under
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8 physical governing Cl’s shape 

• C1: angular scale of the peaks, θs 
• C2: pressure at recombination, Rrec 
• C3: metric (value and derivative) at  recombination, zeq 
• C4: angular scale of damping enveloppe, θd 
• C5: global amplitude 
• C6: global tilt 
• C7: plateau tilting by late ISW 
• C8: reionisation effects 

but all tight to 6 parameters in ΛCDM

Why can we measure 6 ΛCDM parameters 

independently with CMB?
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In ΛCDM + Ωk, same 8 effects only, but tight to 7 parameters:  
CMB only can also bound Ωk (enters C1, C4 through da(zrec) )

And even more parameters ….
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And even more parameters ….

Planck Collaboration: Cosmological parameters

Fig. 25. Power spectra drawn from the Planck TT+lowP posterior for the correlated matter isocurvature model, colour-coded by the
value of the isocurvature amplitude parameter ↵, compared to the Planck data points. The left-hand figure shows how the negatively-
correlated modes lower the large-scale temperature spectrum, slightly improving the fit at low multipoles. Including polarization, the
negatively-correlated modes are ruled out, as illustrated at the first acoustic peak in EE on the right-hand plot. Data points at ` < 30
are not shown for polarization, as they are included with both the default temperature and polarization likelihood combinations.

Fig. 26. Constraints in the ⌦m–⌦⇤ plane from the Planck
TT+lowP data (samples; colour-coded by the value of H0) and
Planck TT,TE,EE+lowP (solid contours). The geometric degen-
eracy between ⌦m and ⌦⇤ is partially broken because of the ef-
fect of lensing on the temperature and polarization power spec-
tra. These limits are improved significantly by the inclusion
of the Planck lensing reconstruction (blue contours) and BAO
(solid red contours). The red contours tightly constrain the ge-
ometry of our Universe to be nearly flat.

more speculatively, there has been interest recently in “multi-
verse” models, in which topologically-open “pocket universes”
form by bubble nucleation (e.g., Coleman & De Luccia 1980;
Gott 1982) between di↵erent vacua of a “string landscape” (e.g.,
Freivogel et al. 2006; Bousso et al. 2013). Clearly, the detection
of a significant deviation from ⌦K = 0 would have profound
consequences for inflation theory and fundamental physics.

The Planck power spectra give the constraint

⌦K = �0.052+0.049
�0.055 (95%,Planck TT+lowP). (47)

The “geometric degeneracy” (Bond et al. 1997;
Zaldarriaga et al. 1997) allows for the small-scale linear
CMB spectrum to remain almost unchanged if changes in ⌦K
are compensated by changes in H0 to obtain the same angular
diameter distance to last scattering. The Planck constraint is
therefore mainly determined by the (wide) priors on H0, and the
e↵ect of lensing smoothing on the power spectra. As discussed
in Sect. 5.1, the Planck temperature power spectra show a slight
preference for more lensing than expected in the base ⇤CDM
cosmology, and since positive curvature increases the amplitude
of the lensing signal, this preference also drives ⌦K towards
negative values.

Taken at face value, Eq. (47) represents a detection of posi-
tive curvature at just over 2�, largely via the impact of lensing
on the power spectra. One might wonder whether this is mainly
a parameter volume e↵ect, but that is not the case, since the best
fit closed model has ��2

⇡ 6 relative to base ⇤CDM, and the
fit is improved over almost all the posterior volume, with the
mean chi-squared improving by h��2

i ⇡ 5 (very similar to the
phenomenological case of ⇤CDM+AL). Addition of the Planck
polarization spectra shifts ⌦K towards zero by �⌦K ⇡ 0.015:

⌦K = �0.040+0.038
�0.041 (95%,Planck TT,TE,EE+lowP), (48)

but ⌦K remains negative at just over 2�.
However the lensing reconstruction from Planck measures

the lensing amplitude directly and, as discussed in Sect. 5.1, this
does not prefer more lensing than base ⇤CDM. The combined
constraint shows impressive consistency with a flat universe:

⌦K = �0.005+0.016
�0.017 (95%,Planck TT+lowP+lensing). (49)

The dramatic improvement in the error bar is another illustration
of the power of the lensing reconstruction from Planck.

The constraint can be sharpened further by adding external
data that break the main geometric degeneracy. Combining the
Planck data with BAO, we find

⌦K = 0.000 ± 0.005 (95%, Planck TT+lowP+lensing+BAO).
(50)
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of the lensing signal, this preference also drives ⌦K towards
negative values.

Taken at face value, Eq. (47) represents a detection of posi-
tive curvature at just over 2�, largely via the impact of lensing
on the power spectra. One might wonder whether this is mainly
a parameter volume e↵ect, but that is not the case, since the best
fit closed model has ��2

⇡ 6 relative to base ⇤CDM, and the
fit is improved over almost all the posterior volume, with the
mean chi-squared improving by h��2

i ⇡ 5 (very similar to the
phenomenological case of ⇤CDM+AL). Addition of the Planck
polarization spectra shifts ⌦K towards zero by �⌦K ⇡ 0.015:

⌦K = �0.040+0.038
�0.041 (95%,Planck TT,TE,EE+lowP), (48)

but ⌦K remains negative at just over 2�.
However the lensing reconstruction from Planck measures

the lensing amplitude directly and, as discussed in Sect. 5.1, this
does not prefer more lensing than base ⇤CDM. The combined
constraint shows impressive consistency with a flat universe:

⌦K = �0.005+0.016
�0.017 (95%,Planck TT+lowP+lensing). (49)

The dramatic improvement in the error bar is another illustration
of the power of the lensing reconstruction from Planck.
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data that break the main geometric degeneracy. Combining the
Planck data with BAO, we find
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Fig. 36. Constraints in the !b–Ne↵ plane from Planck and
Planck+BAO data (68 % and 95 % contours) compared to the
predictions of BBN given primordial element abundance mea-
surements. We show the 68 % and 95 % confidence regions de-
rived from 4He bounds compiled by Aver et al. (2013) and from
deuterium bounds compiled by Cooke et al. (2014). In the CMB
analysis, Ne↵ is allowed to vary as an additional parameter to
base ⇤CDM, with YP fixed as a function of !b and Ne↵ accord-
ing to BBN predictions. These constraints assume no significant
lepton asymmetry.

abundance measurements derived from emission lines from low-
metallicity H ii regions are notoriously di�cult and prone to sys-
tematic errors. As a result, many discrepant helium abundance
measurements can be found in the literature. Izotov et al. (2014)
have reported a helium abundance measurement of YBBN

P =
0.2551 ± 0.0022, which is discrepant with the base ⇤CDM pre-
dictions by 3.4�. Such a high helium fraction could be ac-
commodated by increasing Ne↵ (see Fig. 36 and Sect. 6.5.3).
However, at present it is not clear whether the error quoted by
Izotov et al. (2014) accurately reflects systematic errors, includ-
ing the error in extrapolating to zero metallicity.

Historically, deuterium abundance measurements have
shown excess scatter over that expected from statistical er-
rors indicating the presence of systematic errors in the obser-
vations. Figure 35 shows the data compilation of Iocco et al.
(2009), yDP = 2.87 ± 0.22 (68 % CL), which includes mea-
surements based on damped Ly↵ and Lyman limit systems.
We also show the more recent results by Cooke et al. (2014)
(see also Pettini & Cooke 2012) based on their observations of
low-metallicity damped Ly↵ absorption systems in two quasars
(SDSS J1358+6522, zabs = 3.06726; SDSS J1419+0829, zabs =
3.04973) and a reanalysis of archival spectra of damped Ly↵
systems in three further quasars that satisfy strict selection cri-
teria. The Cooke et al. (2014) analysis gives yDP = 2.53 ± 0.04
(68 % CL), somewhat lower than the central Iocco et al. (2009)
value, but with a much smaller error. The Cooke et al. (2014)
value is almost certainly the more reliable measurement, as ev-
idenced by the consistency of the deuterium abundances of the
five systems in their analysis. The Planck base ⇤CDM predic-
tions of Eq. (74) lie within 1� of the Cooke et al. (2014) result.
This is a remarkable success for the standard theory of BBN.

It is worth noting that the Planck data are so accurate that !b
is insensitive to the underlying cosmological model. In our grid

of extensions to base ⇤CDM the largest degradation of the error
in !b is in models that allow Ne↵ to vary. In these models, the
mean value of !b is almost identical to that for base ⇤CDM, but
the error on !b increases by about 30 %. The value of !b is sta-
ble to even more radical changes to the cosmology, for example,
adding general isocurvature modes (Planck Collaboration XX
2015).

If we relax the assumption that Ne↵ = 3.046 (but adhere to
the hypothesis that electron neutrinos have a standard distribu-
tion with a negligible chemical potential), BBN predictions de-
pend on both parameters (!b,Ne↵). Following the same method-
ology as in Sect. 6.4.4 of PCP13, we can identify the region of
the (!b,Ne↵) parameter space that is compatible with direct mea-
surements of the primordial helium and deuterium abundances,
including the BBN theoretical errors. This is illustrated in Fig. 36
for the Ne↵ extension to base ⇤CDM. The region preferred by
CMB observations lies at the intersection between the helium
and deuterium abundance 68 % CL preferred regions and is com-
patible with the standard value of Ne↵ = 3.046. This confirms the
beautiful agreement between CMB and BBN physics. Figure 36
also shows that the Planck polarization data helps in reducing
the degeneracy between !b and Ne↵ .

We can actually make a more precise statement by combin-
ing the posterior distribution on (!b,Ne↵) obtained for Planck
with that inferred from helium and deuterium abundance, in-
cluding observational and theoretical errors. This provides joint
CMB+BBN predictions on these parameters. After marginaliz-
ing over !b, the 95 % CL preferred ranges for Ne↵ are

Ne↵ =

8>>>>><
>>>>>:

3.11+0.59
�0.57 He+Planck TT+lowP,

3.14+0.44
�0.43 He+Planck TT+lowP+BAO,

2.99+0.39
�0.39 He+Planck TT,TE,EE+lowP,

(75)

when combining Planck with the helium abundance estimated
by Aver et al. (2013), or

Ne↵ =

8>>>>><
>>>>>:

2.95+0.52
�0.52 D+Planck TT+lowP,

3.01+0.38
�0.37 D+Planck TT+lowP+BAO,

2.91+0.37
�0.37 D+Planck TT,TE,EE+lowP,

(76)

when combining with the deuterium abundance measured
by Cooke et al. (2014). These bounds represent the best
currently-available estimates of Ne↵ and are remarkably consis-
tent with the standard model prediction.

The allowed region in (!b,Ne↵) space does not increase sig-
nificantly when other parameters are allowed to vary at the same
time. From our grid of extended models, we have checked that
this conclusion holds in models with neutrino masses, tensor
fluctuations, or running of the scalar spectral index.

6.5.2. Constraints from Planck and deuterium observations
on nuclear reaction rates

We have seen that primordial element abundances inferred
from direct observations are consistent with those inferred from
Planck data under the assumption of standard BBN. However,
the Planck determination of !b is so precise that the theoreti-
cal errors in the BBN predictions are now a dominant source
of uncertainty. As noted by Cooke et al. (2014), one can begin
to think about using CMB measurements together with accurate
deuterium abundance measurements to learn about the underly-
ing BBN physics.
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Parameter LiteCORE-80, TEP LiteCORE-120, TEP CORE-M5, TEP COrE+, TEP

Ne↵ 3.06 ± 0.12 3.05 ± 0.10 3.05 ± 0.10 3.048 ± 0.092

Y BBN

P
0.2463 ± 0.0069 0.2463 ± 0.0057 0.2464 ± 0.0056 0.2465 ± 0.0052

⌦bh2
0.022185

+0.000085

�0.000084
0.022182 ± 0.000063 0.022181 ± 0.000058 0.022183

+0.000048

�0.000050

⌦ch2
0.1206 ± 0.0018 0.1206 ± 0.0015 0.1206 ± 0.0014 0.1205 ± 0.0013

100✓MC 1.04067 ± 0.00044 1.04068 ± 0.00034 1.04068 ± 0.00033 1.04068
+0.00029

�0.00030

⌧ 0.0597 ± 0.0020 0.0597 ± 0.0020 0.0597 ± 0.0020 0.0598 ± 0.0020

ns 0.9620
+0.0034

�0.0033
0.9619 ± 0.0030 0.9620 ± 0.0027 0.9619 ± 0.0025

ln(10
10As) 3.0565

+0.0051

�0.0047
3.0563 ± 0.0042 3.0562 ± 0.0042 3.0563

+0.0040

�0.0043

H0 [km/s/Mpc] 67.00
+0.74

�0.75
66.99

+0.62

�0.64
66.99 ± 0.62 66.96 ± 0.56

�8 0.8175 ± 0.0037 0.8174
+0.0030

�0.0031
0.8174 ± 0.0028 0.8173 ± 0.0025

Table 9. Parameter constraints for ⇤CDM + Y BBN
P + Ne↵ (68% CL uncertainties), for different

CORE experimental configurations.

6.3 Constraints on the neutron lifetime

Parameter CORE-M5, TEP CORE-M5, TEP CORE-M5,TEP CORE-M5,TEP

+ DESI + DESI

⌦bh2
0.022180 ± 0.000054 0.022179 ± 0.000053 0.022180 ± 0.000057 0.022179 ± 0.000055

Neff 3.046 3.046 3.05 ± 0.10 3.049 ± 0.084

Y BBN
p 0.2466

+0.0029

�0.0027
0.2466

+0.0029

�0.0027
0.2464 ± 0.0056 0.2465 ± 0.0050

⌧n [sec] 880 ± 13 880 ± 13 879 ± 33 880
+30

�29

Table 10. Constraints on the neutron lifetime from CORE-M5 and CORE-M5+DESI under the
assumption of BBN. The constraints reported in columns two and three have been derived under the
assumption of the standard value Ne↵ = 3.046, while the results reported in the last two columns
have been obtained assuming Ne↵ free.

Given the CORE-M5 constraints on parameters as the baryon density ⌦bh2, the Helium
abundance Yp and the neutrino number of relativistic relics Ne↵ , it is possible to constrain
the neutron lifetime under the assumption of BBN ([167]). CMB data can indeed offer
a completely independent determination of ⌧n, useful also for checking the validity of the
cosmological scenario. In Table 10 we report the constraints on ⌧n assuming BBN for CORE-
M5 and CORE-M5+DESI in the case of Ne↵ = 3.046 and Ne↵ free. As we can see, when
Ne↵ = 3.046 CORE-M5 will constrain ⌧n with an uncertainty of about ⇠ 1.5%. Adding
DESI will not improve significantly this bound. When Ne↵ is let free to vary, the CORE-M5
constraint will relax to about ⇠ 3% uncertainty, with a small improvement when the DESI
dataset is included. Current laboratory data constrain the neutron lifetime with a precision
of ⇠ 1�2s but with a ⇠ 4.5 � tension between different experiments with a difference of ⇠ 9s
(see discussion in [167]). Future data from CORE could therefore help in clarifying the issue.
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Figure 8. Reconstruction of the total neutrino mass using various schemes for the mass splitting
(NH, IH, degenerate), not always matching the assumed fiducial model. Table 11 gives the explicit
correspondence between the different curves and the assumptions made on the fiducial and fitting
models. Vertical solid lines show lower prior edges in the NH and IH cases, while dashed lines show
the fiducial values. The MCMC runs extracts the fiducial mass up to some reconstruction bias never
exceeding 0.5�.

would not detect M⌫ = 60 meV with high significance, but it would typically achieve a 3�
detection in combination with DESI BAOs, or a 4� detection when adding also Euclid cosmic
shear data. There is a small offset between the mean value of M⌫ found in the DEG fit and
the fiducial value, corresponding respectively to 0.2�, 0.2�, 0.5� in the CORE, CORE+DESI,
and CORE+DESI+Euclid cases. This can be attributed to bias reconstruction from assuming
the wrong fitting model. However, in this situation, the conclusion of fitting real data with
DEG would be that the preferred scenario is NH, since M⌫ = 100 meV would be disfavoured
typically at the 2� level by CORE+DESI+Euclid, and one would then perform a second fit
assuming NH in order to eliminate this reconstruction bias. More detailed discussions on the
discrimination power of future data between NH and IH can be found e.g. in [38, 39].

Next, we considered a fiducial total mass M⌫ = 100 meV, which could be achieved either
within the NH or IH model. We are not interested in the possibility of directly discriminating
between these two models, because the sensitivity of CORE+DESI+Euclid is clearly too low
for such an ambitious purpose. Instead we only want to check whether using the DEG model
for the fits introduces significant parameter bias. For that purpose, we perform six forecasts
for each data set, corresponding to the two possible fiducial models (NH or IH) fitted by each
of the three models DEG, IH or NH. We see on the lower panels of Figure 8 that the fiducial
mass is again correctly extracted by the DEG fits, up to a bias ranging from 0.1� to 0.3�:
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Figure 9. Results for the minimal model with massive neutrinos (discussed in section 7.2 and
Table 12).

this is smaller than with a fiducial mass of 60 meV because masses are now larger and relative
differences between NH, IH, and DEG are reduced. The error bars are always the same up
to less than 0.1� differences.

We have checked that regardless of the real mass splitting realised in nature, and with
the experimental data sets discussed in this analysis, we can correctly reconstruct the mass
simply by fitting the DEG model to the data. For the purpose of our forecasts, the most
important things to check are that the error is stable under different assumptions, and that
the reconstruction bias induced by fitting DEG to NH or DEG to IH is under control: this is
found to be the case. So the next forecasts can be done using either NH or IH as a fiducial,
and sticking to DEG as the fitted model. We can even do something simpler and use DEG
as both fiducial and fitted model in the forecasts, since we know that if the fiducial model
was NH or IH we would not have a large bias. This is exactly what we will do in the next
sections10. However, we also see that in future analyses, we ought to be a little bit more
careful, and compare the results of different fits using either NH or IH as a fitted model, to
assess the impact of different assumptions on the posterior probability for M⌫ .

7.2 Neutrino mass sensitivity in a minimal 7-parameter model

Choosing the same fiducial model as in footnote 8, with a summed mass equal to M⌫ =

60 meV, we fit the 7-parameter ⇤CDM+M⌫ model for different CORE settings, alone or in
combination with mock DESI BAOs and Euclid cosmic shear data.

Since we are looking at very small individual masses (mainly in the range m⌫ < 100 meV),
we expect the sensitivity of the CMB to M⌫ to be dominated by CMB lensing effects. The
different CORE settings considered here lead to different sensitivities to the CMB lensing
potential. However, we only observe marginal differences between the forecasted mass sensi-
tivities shown in Table 12, with a symmetrized error ranging from 48 meV for LiteCORE-80
to 44 meV for CORE-M5 and COrE+. The reason is that the neutrino mass effect on the
CMB lensing potential does not peak at the highest multipoles: rather it consists of a nearly
constant suppression for a wide range of angular scales with l > 100. Hence, in order to
achieve a good detection of M⌫ , it is sufficient to have data in the region where the signal-
to-noise ratio (S/N) is the largest, which is roughly from ` = 200 to 700 for CMB lensing.

10More precisely, in sections 7.2 and 7.3 we choose to fit DEG to NH when mock Euclid data is not used,
and DEG to DEG otherwise.

– 30 –

correlation data, is related to the window function. Indeed, since the window function
(equation 4.2) for each redshift bin is given by the integral over the line of sight, the
C

ij
` ’s of equation 4.1 receive contributions from a larger range of scales. Therefore, being

sensitive to a wider lever arm in k space, cosmic shear will be particularly sensitive to
scale dependent variations of the power spectrum.

Notice that here the tweaking of As is larger than the one we performed at point 3 of
section 2.3. Thus, the corresponding �⌧reio ⇠ 0.5 ln(1.05) ⇠ 0.027 would lead to an
enhancement of the reionization bump even bigger than the one we observed in the blue
dotted line of the CEE

` plot (figure 1, second row, right panel). This already shows that
the degeneracy discussed here can be lifted by combining LSS data with CMB data.
Nevertheless this discussion was important to understand the pulls in parameter space
appearing when all data sets are combined with each other.

Figure 9. Marginalized one- and two- � contours in the plane (!cdm,M⌫) (upper left panel),
(H0,M⌫) (upper right panel), (ns,M⌫) (bottom left panel), (As,M⌫) (bottom right panel). The
black dashed lines show the degeneracies encoded in CMB data, the red and green dashed lines
account for some of the most prominent correlations arising from cosmic shear and galaxy clustering,
respectively.

Figure 9 confirms the points discussed previously, and provides a comprehensive graph-
ical summary of the complementarity between future CMB and LSS data in the context of
neutrino mass measurement.
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Bayesian parameter extraction codes
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• Bayes theorem and inversion 

• Metropolis-Hastings 

• Proposal density, acceptance rate 

• Covmat, jumping factor, covmat update, jumping update 

• Number of chains: convergence, independence, communication 

• Cycles, eigenvectors, fast/slow, Cholesky 
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sampler.py 

2/06/2016 MontePython in Lisbon 2 

Modularity in MontePython  

Generic interface/A
PI 

with sam
plers 

Ge
ne

ri
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te
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A

PI
 

wi
th
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ol

tz
m

an
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co
de

s 
Generic interface/API 

 with likelihoods 

official 
CAMB 
python 

wrapper 

CAMB 
(fortran) 

camby.py 
python 

interface 

CLASS 
(C) 

classy.py 
python wrapper 

mcmc.py (Metropolis-Hastings  
with Cholesky and covmat update) 

nested_sampling.py 
interface 

cosmo_hammer.py 
interface 

PyMultinest 
wrapper 

Multinest  
(fortran) 

CosmoHammer  
(C++) 

importance_sampling.py 

…. 

Plik 
 

Currently ~60 likelihoods 
implemented (CMB, BAO, 
SNIa, Hubble, time delay, 

cosmic clocks, galaxy 
correlation, cosmic shear, … 

montepython.py 

developed internally 

in development (internally) 

developed externally 

+ Polychord

available soon
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…

Parameter best fit, mean, convergence R-1 

Bestfit and covmat files 

Table in latex 

Triangle plot 

1D probability plot 

log.param file for next runs and records

Run and analyse
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{h, ωcdm} from various BAO data + HST (Jorge & Javier):
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!cdm=0.158+0.0195
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h=0.742+0.0229
°0.025
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Planck results and parameter effects beyond ΛCDM



CMB physics - J. Lesgourgues149

ΛCDM + Mν

Cannot exaggerate the effects with large masses…

5.2 Neutrino perturbations 245

We recall that neutrinos travel along geodesics with on average dx = cν dt/a =
cν dη, and provided that ηin is chosen after the end of inflation (which makes
perfect sense, because neutrinos were produced by reheating after that time), dfs(η)
is independent of ηin as long as ηin ! η.

Relativistic neutrinos

If neutrinos are still relativistic today, their velocity is given at all times by cν =
c = 1, and we find

λfs = 2π

√
2
3
H−1, dfs = aη; (5.86)

i.e., the free-streaming scale is given by the Hubble radius times a numerical factor,
and the free-streaming horizon is equal to the particle horizon. Both quantities
are very close to each other. During radiation domination aη = H−1, and during
matter domination aη = 2H−1.

Neutrinos becoming nonrelativistic during matter domination

Neutrinos become nonrelativistic when their average momentum 〈p〉 falls below
their mass mν . For a relativistic Fermi–Dirac distribution with negligible chemical
potential, the average momentum is given as a function of the temperature by
〈p〉 = 3.15 Tν . We will denote the temperature of ordinary active neutrinos in the
instantaneous decoupling limit as

T a
ν ≡ (4/11)1/3T . (5.87)

The active neutrino temperature today, T a
ν 0, can easily be inferred from the known

value of the CMB temperature, T0. Ordinary neutrinos with Tν & T a
ν become

nonrelativistic during matter or % domination if their mass is in the range
from

3.15 (4/11)1/3T0 = 5.28 × 10−4 eV (5.88)

to approximately

(1 + zeq) 5.28 × 10−4 eV & 1.5 eV (5.89)

(because current observations indicate that the redshift of equality is close to
zeq = 2900). More generally, the redshift of the transition is given by

znr =
(

mν

5.28 × 10−4 eV

) (
T a

ν

Tν

)
− 1. (5.90)
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Trivial late ISW reduction 
(cosmic variance…)
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Usual eISW region 

Extra eISW from 
non-relativistic 

neutrino transition 
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Usual eISW region 

Extra eISW from 
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Neutrino Cosmology, CUP 2013, JL, Mangano, Miele, Pastor 
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1 - 8ων/ωm  Hu, Eisenstein, Tegmark 1997; Lesgourgues & Pastor 2006 

ΛCDM + Mν
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Planck Collaboration: Large-scale polarization and reionization

is discussed at length in Planck Collaboration XVI (2014) and
Planck Collaboration XIII (2016).

Adding the Planck lensing measurements, which are com-
patible with lower values of As, drives ⌧ down again, close to the
original lowP value:

⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)

We can anticipate what will happen if we replace the lowP
likelihood with a statistically more powerful polarization likeli-
hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
underestimate of the e↵ect of lensing. In fact, adding the Planck
lensing measurement to SimLow and PlanckTT has a small im-
pact on the value of ⌧, giving ⌧ = 0.057 ± 0.0092.

Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
creases the tension with some recent direct local determinations
of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)
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hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
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Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
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of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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is discussed at length in Planck Collaboration XVI (2014) and
Planck Collaboration XIII (2016).

Adding the Planck lensing measurements, which are com-
patible with lower values of As, drives ⌧ down again, close to the
original lowP value:

⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)

We can anticipate what will happen if we replace the lowP
likelihood with a statistically more powerful polarization likeli-
hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
underestimate of the e↵ect of lensing. In fact, adding the Planck
lensing measurement to SimLow and PlanckTT has a small im-
pact on the value of ⌧, giving ⌧ = 0.057 ± 0.0092.

Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
creases the tension with some recent direct local determinations
of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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is discussed at length in Planck Collaboration XVI (2014) and
Planck Collaboration XIII (2016).

Adding the Planck lensing measurements, which are com-
patible with lower values of As, drives ⌧ down again, close to the
original lowP value:

⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)

We can anticipate what will happen if we replace the lowP
likelihood with a statistically more powerful polarization likeli-
hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
underestimate of the e↵ect of lensing. In fact, adding the Planck
lensing measurement to SimLow and PlanckTT has a small im-
pact on the value of ⌧, giving ⌧ = 0.057 ± 0.0092.

Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
creases the tension with some recent direct local determinations
of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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is discussed at length in Planck Collaboration XVI (2014) and
Planck Collaboration XIII (2016).

Adding the Planck lensing measurements, which are com-
patible with lower values of As, drives ⌧ down again, close to the
original lowP value:

⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)

We can anticipate what will happen if we replace the lowP
likelihood with a statistically more powerful polarization likeli-
hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
underestimate of the e↵ect of lensing. In fact, adding the Planck
lensing measurement to SimLow and PlanckTT has a small im-
pact on the value of ⌧, giving ⌧ = 0.057 ± 0.0092.

Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
creases the tension with some recent direct local determinations
of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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is discussed at length in Planck Collaboration XVI (2014) and
Planck Collaboration XIII (2016).

Adding the Planck lensing measurements, which are com-
patible with lower values of As, drives ⌧ down again, close to the
original lowP value:

⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)

We can anticipate what will happen if we replace the lowP
likelihood with a statistically more powerful polarization likeli-
hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
underestimate of the e↵ect of lensing. In fact, adding the Planck
lensing measurement to SimLow and PlanckTT has a small im-
pact on the value of ⌧, giving ⌧ = 0.057 ± 0.0092.

Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
creases the tension with some recent direct local determinations
of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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is discussed at length in Planck Collaboration XVI (2014) and
Planck Collaboration XIII (2016).

Adding the Planck lensing measurements, which are com-
patible with lower values of As, drives ⌧ down again, close to the
original lowP value:

⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)

We can anticipate what will happen if we replace the lowP
likelihood with a statistically more powerful polarization likeli-
hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
underestimate of the e↵ect of lensing. In fact, adding the Planck
lensing measurement to SimLow and PlanckTT has a small im-
pact on the value of ⌧, giving ⌧ = 0.057 ± 0.0092.

Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
creases the tension with some recent direct local determinations
of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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is discussed at length in Planck Collaboration XVI (2014) and
Planck Collaboration XIII (2016).

Adding the Planck lensing measurements, which are com-
patible with lower values of As, drives ⌧ down again, close to the
original lowP value:

⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)

We can anticipate what will happen if we replace the lowP
likelihood with a statistically more powerful polarization likeli-
hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
underestimate of the e↵ect of lensing. In fact, adding the Planck
lensing measurement to SimLow and PlanckTT has a small im-
pact on the value of ⌧, giving ⌧ = 0.057 ± 0.0092.

Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
creases the tension with some recent direct local determinations
of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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is discussed at length in Planck Collaboration XVI (2014) and
Planck Collaboration XIII (2016).

Adding the Planck lensing measurements, which are com-
patible with lower values of As, drives ⌧ down again, close to the
original lowP value:

⌧ = 0.066 ± 0.016, PlanckTT+lowP+lensing. (15)

These shifts, and in fact the low-multipole power deficit, are
not of su�ciently high significance to suggest new physics.
Moreover, the fact that adding Planck lensing causes ⌧ to shift
downwards suggests that ⌧ is lower than the value in Eq. (13).
Indeed SimLow alone gives the following constraint on ⌧:

⌧ = 0.055 ± 0.009, SimLow. (16)

We can anticipate what will happen if we replace the lowP
likelihood with a statistically more powerful polarization likeli-
hood favouring a low value of ⌧— the main e↵ect will be to shift
�8 towards lower values, with a proportionately smaller shift of
ns also to smaller values. Furthermore this would not be consis-
tent with solving the high-multipole peak smoothing through an
underestimate of the e↵ect of lensing. In fact, adding the Planck
lensing measurement to SimLow and PlanckTT has a small im-
pact on the value of ⌧, giving ⌧ = 0.057 ± 0.0092.

Fig. 42. Parameter constraints for the base ⇤CDM cosmology,
illustrating the ⌧–ns degeneracy and the impact of replacing the
LFI-based lowP likelihood used in the 2015 Planck papers with
the HFI-based SimLow likelihood discussed here. The values of
⌧ and �8 shift downwards.

Figure 42 compares the SimLow and lowP parameter con-
straints on ⌧, �8, and ns, while Table 8 gives numerical results
for parameters of the base ⇤CDM model. The tighter constraint
on ⌧ brought by SimLow reduces the correlation between ns and
⌧, and leads to slightly tighter bounds on ns. However, larger pa-
rameter changes are seen for ⌧ and As, each changing by about
1�. We specifically find

⌧ = 0.058 ± 0.009, PlanckTT+SimLow, (17)

in excellent agreement with the result from SimLow alone.
The present day amplitude of the fluctuations, �8, decreases
by about 1� and its uncertainty shrinks by about 33 %. This
shift goes in the right direction to reduce the tensions with
cluster abundance and weak galaxy lensing, as discussed in
Planck Collaboration XIII (2016), although it is not yet su�cient
to remove them entirely.

Changes in most of the other cosmological parameters are
small, with deviations being less than 0.5�. The largest devia-
tion is in the spectral index ns, due to its partial correlation with
⌧. This slight decrease in ns means that we can now reject the
scale-invariant spectrum at the 6.7� level (8.7� when using the
high-` polarization data). The Hubble constant H0 decreases by

0.4�; within the framework of the base ⇤CDM model, this in-
creases the tension with some recent direct local determinations
of H0 (Riess et al. 2016) to around 3.2�.

The use of SimLow in place of lowP has little e↵ect on most
of the usual extentions to the ⇤CDM model, as can be seen in
Table 9. The number of relativistic species, for example, remains
compatible with 3. The phenomenological AL parameter is es-
sentially unchanged, and still discrepant at roughly the 2� level
from its expected value of 1. Additionally, the running of the
spectral index is constrained to be even closer to zero.

Due to the lowering of the normalization, the CMB con-
straint on neutrino masses improves from

P
m⌫ < 0.72 eV

(PlanckTT+lowP) to
P

m⌫ < 0.59 eV (PlanckTT+SimLow)
and

P
m⌫ < 0.34 eV (PlanckTTTEEE+SimLow). When

adding BAO information (see Planck Collaboration XIII 2016,
for details), these constraints improve further to m⌫ <
0.17 eV (PlanckTT+SimLow+lensing+BAO) and m⌫ = 0.14 eV
(PlanckTTTEEE+SimLow+lensing)

The HFI polarization measurements presented in this paper
reduce some of the tensions for some of the cosmological pa-
rameters, but have no substantial impact on the qualitative con-
clusions of the Planck 2015 cosmology papers. In particular, the
⇤CDM model remains an excellent description of the current
data.

Further interpretation of these results in terms of reion-
ization models can be found in the companion paper
Planck Collaboration XLVII (2016). A more complete quantita-
tive description of all the cosmological consequences of the new
HFI-based constraints, along with a complete reanalysis of the
high-` polarization using these new data, will be performed in a
forthcoming Planck release.

8. Conclusions

This paper presents a value of the parameter ⌧ derived solely
from low-multipole EE polarization, which is both the most ac-
curate to date and the lowest central value. It depends on the
high-` multipoles of the TT power spectrum only through the
constraint required to fix As e�2⌧.

Measurements of polarized CMB anisotropies on these large
(> 10�) scales require all-sky coverage and very low noise. Only
space experiments, with great stability, multiple redundancies,
and enough frequencies to remove Galactic foregrounds, can
achieve all of these simultaneously. The WMAP satellite was
the first to reach most of these goals, with two telescopes to di-
rectly measure very large scales, passively cooled detectors, and
nine years of observations; however, its lack of high frequencies
did not allow a good enough dust foreground subtraction to be
carried out. The Planck mission achieved much lower noise, es-
pecially with the 100 mK bolometers of the HFI. Scanning the
sky in nearly great circles at 1 rpm for 2.5 years, Planck HFI re-
quired extreme stability and many levels of redundancy to mea-
sure the polarized CMB on the largest scales. The challenge was
such that, for the first two cosmological data and science releases
by the Planck team, there were still obvious signs of poorly-
understood systematic e↵ects, which prevented the use of large-
scale HFI polarization data.

At 545 and 857 GHz, calibration is not as accurate as in
the CMB-calibrated channels (70–353 GHz), but polarized dust
emission can be removed well enough that ⌧ is una↵ected by
dust residuals. Furthermore, most of the synchrotron foreground
that is uncorrelated with dust is also mostly removed when us-
ing only 100⇥143 cross-spectra. At CMB frequencies, polarized
systematic e↵ects have now been understood and modelled. One
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Fig. 31. Samples from Planck TT+lowP chains in the Ne↵–H0
plane, colour-coded by �8. The grey bands show the constraint
H0 = (70.6 ± 3.3) km s�1Mpc�1 of Eq. (30). Note that higher
Ne↵ brings H0 into better consistency with direct measurements,
but increases �8. Solid black contours show the constraints from
Planck TT,TE,EE+lowP+BAO. Models with Ne↵ < 3.046 (left
of the solid vertical line) require photon heating after neutrino
decoupling or incomplete thermalization. Dashed vertical lines
correspond to specific fully-thermalized particle models, for ex-
ample one additional massless boson that decoupled around the
same time as the neutrinos (�Ne↵ ⇡ 0.57), or before muon
annihilation (�Ne↵ ⇡ 0.39), or an additional sterile neutrino
that decoupled around the same time as the active neutrinos
(�Ne↵ ⇡ 1).

A larger range of neutrino masses was found by Beutler et al.
(2014) using a combination of RSD, BAO, and weak lens-
ing information. The tension between the RSD results and
base ⇤CDM was subsequently reduced following the analysis
of Samushia et al. (2014), as shown in Fig. 17. Galaxy weak
lensing and some cluster constraints remain in tension with base
⇤CDM, and we discuss possible neutrino resolutions of these
problems in Sect. 6.4.4.

Another way of potentially improving neutrino mass con-
straints is to use measurements of the Ly↵ flux power spectrum
of high-redshift quasars. Palanque-Delabrouille et al. (2014)
have recently reported an analysis of a large sample of quasar
spectra from the SDSSIII/BOSS survey. When combining their
results with 2013 Planck data, these authors find a bound

P
m⌫ <

0.15 eV (95 % CL), compatible with the results presented in this
section.

An exciting future prospect is the possible direct detection
of non-relativistic cosmic neutrinos by capture on tritium, for
example with the PTOLEMY experiment (Cocco et al. 2007;
Betts et al. 2013; Long et al. 2014). Unfortunately, for the mass
range

P
m⌫ < 0.23 eV preferred by Planck, detection with the

first generation experiment will be di�cult.

6.4.2. Constraints on Ne↵

Dark radiation density in the early Universe is usually parame-
terized by Ne↵ , defined so that the total relativistic energy density
in neutrinos and any other dark radiation is given in terms of the

photon density ⇢� at T ⌧ 1 MeV by

⇢ = Ne↵
7
8

 
4

11

!4/3

⇢�. (59)

The numerical factors in this equation are included so that
Ne↵ = 3 for three standard model neutrinos that were thermal-
ized in the early Universe and decoupled well before electron-
positron annihilation. The standard cosmological prediction is
actually Ne↵ = 3.046, since neutrinos are not completely de-
coupled at electron-positron annihilation and are subsequently
slightly heated (Mangano et al. 2002).

In this section we focus on additional density from mass-
less particles. In addition to massless sterile neutrinos, a variety
of other particles could contribute to Ne↵ . We assume that the
additional massless particles are produced well before recombi-
nation, and neither interact nor decay, so that their energy den-
sity scales with the expansion exactly like massless neutrinos.
An additional �Ne↵ = 1 could correspond to a fully thermal-
ized sterile neutrino that decoupled at T <⇠ 100 MeV; for ex-
ample any sterile neutrino with mixing angles large enough to
provide a potential resolution to short-baseline reactor neutrino
oscillation anomalies would most likely thermalize rapidly in the
early Universe. However, this solution to the neutrino oscillation
anomalies requires approximately 1 eV sterile neutrinos, rather
than the massless case considered in this section; exploration of
the two parameters Ne↵ and

P
m⌫ is reported in Sect. 6.4.3. For

a review of sterile neutrinos see Abazajian et al. (2012).
More generally the additional radiation does not need to be

fully thermalized, for example there are many possible models
of non-thermal radiation production via particle decays (see e.g.,
Hasenkamp & Kersten 2013; Conlon & Marsh 2013). The radi-
ation could also be produced at temperatures T > 100 MeV,
in which case typically �Ne↵ < 1 for each additional species,
since heating by photon production at muon annihilation (at
T ⇡ 100 MeV) decreases the fractional importance of the ad-
ditional component at the later times relevant for the CMB. For
particles produced at T � 100 MeV the density would be di-
luted even more by numerous phase transitions and particle anni-
hilations, and give �Ne↵ ⌧ 1. Furthermore, if the particle is not
fermionic, the factors entering the entropy conservation equation
are di↵erent, and even thermalized particles could give specific
fractional values of �Ne↵ . For example Weinberg (2013) consid-
ers the case of a thermalized massless boson, which contributes
�Ne↵ = 4/7 ⇡ 0.57 if it decouples in the range 0.5 MeV < T <
100 MeV like the neutrinos, or �Ne↵ ⇡ 0.39 if it decouples at
T > 100 MeV (before the photon production at muon annihila-
tion, hence undergoing fractional dilution).

In this paper we follow the usual phenomenological ap-
proach where we constrain Ne↵ as a free parameter with a wide
flat prior, though we comment on a few discrete cases separately
below. Values of Ne↵ < 3.046 are less well motivated, since they
would require the standard neutrinos to be incompletely thermal-
ized or additional photon production after neutrino decoupling,
but we include this range for completeness.

Figure 31 shows that Planck is entirely consistent with the
standard value Ne↵ = 3.046. However, a significant density of
additional radiation is still allowed, with the (68 %) constraints

Ne↵ = 3.13 ± 0.32 Planck TT+lowP ; (60a)
Ne↵ = 3.15 ± 0.23 Planck TT+lowP+BAO ; (60b)
Ne↵ = 2.99 ± 0.20 Planck TT,TE,EE+lowP ; (60c)
Ne↵ = 3.04 ± 0.18 Planck TT,TE,EE+lowP+BAO . (60d)
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Bashinsky & Seljak 2004;  
Neutrino Cosmology, CUP 2013

Gravity boost and neutrino drag 

5.3 Effects of neutrinos on primary cosmic microwave background anisotropies 261

For the two models that we compared in Figs. 5.3 and 5.4, this formula predicts
19% suppression between Neff = 0 and Neff = 3.046, in rather good agreement
with the average value of the upper curve in 5.4 for the largest values of l. Notice
that for intermediate values corresponding to the first two peaks, the effect is only
partial because the modes entered the sound horizon at the beginning of matter
domination. For a small variation of Neff around three, Eq. (5.106) corresponds to
a variation of the Cl’s in the region of acoustic oscillations given by

!Cl

Cl

= −0.072 !Neff. (5.107)

A more detailed analysis was presented later by (Bashinsky and Seljak, 2004). This
work concludes with a reduction of the amplitude with respect to the neutrinoless
case by

!Cl

Cl

=
(
1 − 0.2683Rν + O(R2

ν )
)2

, (5.108)

found to be in very good agreement with Eq. (5.106). The same reference also shows
that in real space, neutrinos (traveling at the speed of light) tend to pull temperature
perturbations (propagating at a lower velocity cs ∼ c/

√
3) out of gravitational

potential wells. In Fourier space, this “neutrino drag” effect tends to shift the phase
of oscillations in such a way that acoustic peaks are seen on larger scales, i.e.,
for smaller values of l. The analytic approximation of Bashinsky and Seljak, 2004
predicts a shift with respect to the neutrinoless case by

!lpeak = −rA(ηLS)
rs(ηLS)

(
0.1912πRν + O(R2

ν )
)
. (5.109)

This approximation does not work as well as that for the amplitude of the peaks.
For instance, it would correspond to a shift !lpeak $ 20 between the middle and
lower curves of Fig 5.3, whereas the actual shift is closer to 10. The phase shift
also explains the oscillatory pattern of the curves in Fig. 5.4.

Note that in the two models that we are comparing, ωC is different. Like neutrinos,
CDM couples gravitationally with the photon–baryon fluid. So one could argue that
the effects observed here are a superposition of gravitational effects due to both
neutrinos and CDM. However, during radiation domination, the CDM density
is negligible. So the perturbation effects of an enhanced CDM component are
subleading for modes entering the sound horizon during radiation domination.
This explains why the analytic prediction for the neutrino effect in Eq. (5.106) is a
very good approximation to the full numerical result shown in Fig. 5.4.

So far, we have discussed only effects occuring before decoupling, through the
driving term in the photon–baryon oscillator equation. As mentioned in the previous
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Fig. 31. Samples from Planck TT+lowP chains in the Ne↵–H0
plane, colour-coded by �8. The grey bands show the constraint
H0 = (70.6 ± 3.3) km s�1Mpc�1 of Eq. (30). Note that higher
Ne↵ brings H0 into better consistency with direct measurements,
but increases �8. Solid black contours show the constraints from
Planck TT,TE,EE+lowP+BAO. Models with Ne↵ < 3.046 (left
of the solid vertical line) require photon heating after neutrino
decoupling or incomplete thermalization. Dashed vertical lines
correspond to specific fully-thermalized particle models, for ex-
ample one additional massless boson that decoupled around the
same time as the neutrinos (�Ne↵ ⇡ 0.57), or before muon
annihilation (�Ne↵ ⇡ 0.39), or an additional sterile neutrino
that decoupled around the same time as the active neutrinos
(�Ne↵ ⇡ 1).

A larger range of neutrino masses was found by Beutler et al.
(2014) using a combination of RSD, BAO, and weak lens-
ing information. The tension between the RSD results and
base ⇤CDM was subsequently reduced following the analysis
of Samushia et al. (2014), as shown in Fig. 17. Galaxy weak
lensing and some cluster constraints remain in tension with base
⇤CDM, and we discuss possible neutrino resolutions of these
problems in Sect. 6.4.4.

Another way of potentially improving neutrino mass con-
straints is to use measurements of the Ly↵ flux power spectrum
of high-redshift quasars. Palanque-Delabrouille et al. (2014)
have recently reported an analysis of a large sample of quasar
spectra from the SDSSIII/BOSS survey. When combining their
results with 2013 Planck data, these authors find a bound

P
m⌫ <

0.15 eV (95 % CL), compatible with the results presented in this
section.

An exciting future prospect is the possible direct detection
of non-relativistic cosmic neutrinos by capture on tritium, for
example with the PTOLEMY experiment (Cocco et al. 2007;
Betts et al. 2013; Long et al. 2014). Unfortunately, for the mass
range

P
m⌫ < 0.23 eV preferred by Planck, detection with the

first generation experiment will be di�cult.

6.4.2. Constraints on Ne↵

Dark radiation density in the early Universe is usually parame-
terized by Ne↵ , defined so that the total relativistic energy density
in neutrinos and any other dark radiation is given in terms of the

photon density ⇢� at T ⌧ 1 MeV by

⇢ = Ne↵
7
8

 
4

11

!4/3

⇢�. (59)

The numerical factors in this equation are included so that
Ne↵ = 3 for three standard model neutrinos that were thermal-
ized in the early Universe and decoupled well before electron-
positron annihilation. The standard cosmological prediction is
actually Ne↵ = 3.046, since neutrinos are not completely de-
coupled at electron-positron annihilation and are subsequently
slightly heated (Mangano et al. 2002).

In this section we focus on additional density from mass-
less particles. In addition to massless sterile neutrinos, a variety
of other particles could contribute to Ne↵ . We assume that the
additional massless particles are produced well before recombi-
nation, and neither interact nor decay, so that their energy den-
sity scales with the expansion exactly like massless neutrinos.
An additional �Ne↵ = 1 could correspond to a fully thermal-
ized sterile neutrino that decoupled at T <⇠ 100 MeV; for ex-
ample any sterile neutrino with mixing angles large enough to
provide a potential resolution to short-baseline reactor neutrino
oscillation anomalies would most likely thermalize rapidly in the
early Universe. However, this solution to the neutrino oscillation
anomalies requires approximately 1 eV sterile neutrinos, rather
than the massless case considered in this section; exploration of
the two parameters Ne↵ and

P
m⌫ is reported in Sect. 6.4.3. For

a review of sterile neutrinos see Abazajian et al. (2012).
More generally the additional radiation does not need to be

fully thermalized, for example there are many possible models
of non-thermal radiation production via particle decays (see e.g.,
Hasenkamp & Kersten 2013; Conlon & Marsh 2013). The radi-
ation could also be produced at temperatures T > 100 MeV,
in which case typically �Ne↵ < 1 for each additional species,
since heating by photon production at muon annihilation (at
T ⇡ 100 MeV) decreases the fractional importance of the ad-
ditional component at the later times relevant for the CMB. For
particles produced at T � 100 MeV the density would be di-
luted even more by numerous phase transitions and particle anni-
hilations, and give �Ne↵ ⌧ 1. Furthermore, if the particle is not
fermionic, the factors entering the entropy conservation equation
are di↵erent, and even thermalized particles could give specific
fractional values of �Ne↵ . For example Weinberg (2013) consid-
ers the case of a thermalized massless boson, which contributes
�Ne↵ = 4/7 ⇡ 0.57 if it decouples in the range 0.5 MeV < T <
100 MeV like the neutrinos, or �Ne↵ ⇡ 0.39 if it decouples at
T > 100 MeV (before the photon production at muon annihila-
tion, hence undergoing fractional dilution).

In this paper we follow the usual phenomenological ap-
proach where we constrain Ne↵ as a free parameter with a wide
flat prior, though we comment on a few discrete cases separately
below. Values of Ne↵ < 3.046 are less well motivated, since they
would require the standard neutrinos to be incompletely thermal-
ized or additional photon production after neutrino decoupling,
but we include this range for completeness.

Figure 31 shows that Planck is entirely consistent with the
standard value Ne↵ = 3.046. However, a significant density of
additional radiation is still allowed, with the (68 %) constraints

Ne↵ = 3.13 ± 0.32 Planck TT+lowP ; (60a)
Ne↵ = 3.15 ± 0.23 Planck TT+lowP+BAO ; (60b)
Ne↵ = 2.99 ± 0.20 Planck TT,TE,EE+lowP ; (60c)
Ne↵ = 3.04 ± 0.18 Planck TT,TE,EE+lowP+BAO . (60d)
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Fig. 31. Samples from Planck TT+lowP chains in the Ne↵–H0
plane, colour-coded by �8. The grey bands show the constraint
H0 = (70.6 ± 3.3) km s�1Mpc�1 of Eq. (30). Note that higher
Ne↵ brings H0 into better consistency with direct measurements,
but increases �8. Solid black contours show the constraints from
Planck TT,TE,EE+lowP+BAO. Models with Ne↵ < 3.046 (left
of the solid vertical line) require photon heating after neutrino
decoupling or incomplete thermalization. Dashed vertical lines
correspond to specific fully-thermalized particle models, for ex-
ample one additional massless boson that decoupled around the
same time as the neutrinos (�Ne↵ ⇡ 0.57), or before muon
annihilation (�Ne↵ ⇡ 0.39), or an additional sterile neutrino
that decoupled around the same time as the active neutrinos
(�Ne↵ ⇡ 1).
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(2014) using a combination of RSD, BAO, and weak lens-
ing information. The tension between the RSD results and
base ⇤CDM was subsequently reduced following the analysis
of Samushia et al. (2014), as shown in Fig. 17. Galaxy weak
lensing and some cluster constraints remain in tension with base
⇤CDM, and we discuss possible neutrino resolutions of these
problems in Sect. 6.4.4.
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Fig. 31. Samples from Planck TT+lowP chains in the Ne↵–H0
plane, colour-coded by �8. The grey bands show the constraint
H0 = (70.6 ± 3.3) km s�1Mpc�1 of Eq. (30). Note that higher
Ne↵ brings H0 into better consistency with direct measurements,
but increases �8. Solid black contours show the constraints from
Planck TT,TE,EE+lowP+BAO. Models with Ne↵ < 3.046 (left
of the solid vertical line) require photon heating after neutrino
decoupling or incomplete thermalization. Dashed vertical lines
correspond to specific fully-thermalized particle models, for ex-
ample one additional massless boson that decoupled around the
same time as the neutrinos (�Ne↵ ⇡ 0.57), or before muon
annihilation (�Ne↵ ⇡ 0.39), or an additional sterile neutrino
that decoupled around the same time as the active neutrinos
(�Ne↵ ⇡ 1).

A larger range of neutrino masses was found by Beutler et al.
(2014) using a combination of RSD, BAO, and weak lens-
ing information. The tension between the RSD results and
base ⇤CDM was subsequently reduced following the analysis
of Samushia et al. (2014), as shown in Fig. 17. Galaxy weak
lensing and some cluster constraints remain in tension with base
⇤CDM, and we discuss possible neutrino resolutions of these
problems in Sect. 6.4.4.

Another way of potentially improving neutrino mass con-
straints is to use measurements of the Ly↵ flux power spectrum
of high-redshift quasars. Palanque-Delabrouille et al. (2014)
have recently reported an analysis of a large sample of quasar
spectra from the SDSSIII/BOSS survey. When combining their
results with 2013 Planck data, these authors find a bound

P
m⌫ <

0.15 eV (95 % CL), compatible with the results presented in this
section.

An exciting future prospect is the possible direct detection
of non-relativistic cosmic neutrinos by capture on tritium, for
example with the PTOLEMY experiment (Cocco et al. 2007;
Betts et al. 2013; Long et al. 2014). Unfortunately, for the mass
range

P
m⌫ < 0.23 eV preferred by Planck, detection with the

first generation experiment will be di�cult.

6.4.2. Constraints on Ne↵

Dark radiation density in the early Universe is usually parame-
terized by Ne↵ , defined so that the total relativistic energy density
in neutrinos and any other dark radiation is given in terms of the

photon density ⇢� at T ⌧ 1 MeV by

⇢ = Ne↵
7
8

 
4

11

!4/3

⇢�. (59)

The numerical factors in this equation are included so that
Ne↵ = 3 for three standard model neutrinos that were thermal-
ized in the early Universe and decoupled well before electron-
positron annihilation. The standard cosmological prediction is
actually Ne↵ = 3.046, since neutrinos are not completely de-
coupled at electron-positron annihilation and are subsequently
slightly heated (Mangano et al. 2002).

In this section we focus on additional density from mass-
less particles. In addition to massless sterile neutrinos, a variety
of other particles could contribute to Ne↵ . We assume that the
additional massless particles are produced well before recombi-
nation, and neither interact nor decay, so that their energy den-
sity scales with the expansion exactly like massless neutrinos.
An additional �Ne↵ = 1 could correspond to a fully thermal-
ized sterile neutrino that decoupled at T <⇠ 100 MeV; for ex-
ample any sterile neutrino with mixing angles large enough to
provide a potential resolution to short-baseline reactor neutrino
oscillation anomalies would most likely thermalize rapidly in the
early Universe. However, this solution to the neutrino oscillation
anomalies requires approximately 1 eV sterile neutrinos, rather
than the massless case considered in this section; exploration of
the two parameters Ne↵ and

P
m⌫ is reported in Sect. 6.4.3. For

a review of sterile neutrinos see Abazajian et al. (2012).
More generally the additional radiation does not need to be

fully thermalized, for example there are many possible models
of non-thermal radiation production via particle decays (see e.g.,
Hasenkamp & Kersten 2013; Conlon & Marsh 2013). The radi-
ation could also be produced at temperatures T > 100 MeV,
in which case typically �Ne↵ < 1 for each additional species,
since heating by photon production at muon annihilation (at
T ⇡ 100 MeV) decreases the fractional importance of the ad-
ditional component at the later times relevant for the CMB. For
particles produced at T � 100 MeV the density would be di-
luted even more by numerous phase transitions and particle anni-
hilations, and give �Ne↵ ⌧ 1. Furthermore, if the particle is not
fermionic, the factors entering the entropy conservation equation
are di↵erent, and even thermalized particles could give specific
fractional values of �Ne↵ . For example Weinberg (2013) consid-
ers the case of a thermalized massless boson, which contributes
�Ne↵ = 4/7 ⇡ 0.57 if it decouples in the range 0.5 MeV < T <
100 MeV like the neutrinos, or �Ne↵ ⇡ 0.39 if it decouples at
T > 100 MeV (before the photon production at muon annihila-
tion, hence undergoing fractional dilution).

In this paper we follow the usual phenomenological ap-
proach where we constrain Ne↵ as a free parameter with a wide
flat prior, though we comment on a few discrete cases separately
below. Values of Ne↵ < 3.046 are less well motivated, since they
would require the standard neutrinos to be incompletely thermal-
ized or additional photon production after neutrino decoupling,
but we include this range for completeness.

Figure 31 shows that Planck is entirely consistent with the
standard value Ne↵ = 3.046. However, a significant density of
additional radiation is still allowed, with the (68 %) constraints

Ne↵ = 3.13 ± 0.32 Planck TT+lowP ; (60a)
Ne↵ = 3.15 ± 0.23 Planck TT+lowP+BAO ; (60b)
Ne↵ = 2.99 ± 0.20 Planck TT,TE,EE+lowP ; (60c)
Ne↵ = 3.04 ± 0.18 Planck TT,TE,EE+lowP+BAO . (60d)
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Fig. 31. Samples from Planck TT+lowP chains in the Ne↵–H0
plane, colour-coded by �8. The grey bands show the constraint
H0 = (70.6 ± 3.3) km s�1Mpc�1 of Eq. (30). Note that higher
Ne↵ brings H0 into better consistency with direct measurements,
but increases �8. Solid black contours show the constraints from
Planck TT,TE,EE+lowP+BAO. Models with Ne↵ < 3.046 (left
of the solid vertical line) require photon heating after neutrino
decoupling or incomplete thermalization. Dashed vertical lines
correspond to specific fully-thermalized particle models, for ex-
ample one additional massless boson that decoupled around the
same time as the neutrinos (�Ne↵ ⇡ 0.57), or before muon
annihilation (�Ne↵ ⇡ 0.39), or an additional sterile neutrino
that decoupled around the same time as the active neutrinos
(�Ne↵ ⇡ 1).

A larger range of neutrino masses was found by Beutler et al.
(2014) using a combination of RSD, BAO, and weak lens-
ing information. The tension between the RSD results and
base ⇤CDM was subsequently reduced following the analysis
of Samushia et al. (2014), as shown in Fig. 17. Galaxy weak
lensing and some cluster constraints remain in tension with base
⇤CDM, and we discuss possible neutrino resolutions of these
problems in Sect. 6.4.4.

Another way of potentially improving neutrino mass con-
straints is to use measurements of the Ly↵ flux power spectrum
of high-redshift quasars. Palanque-Delabrouille et al. (2014)
have recently reported an analysis of a large sample of quasar
spectra from the SDSSIII/BOSS survey. When combining their
results with 2013 Planck data, these authors find a bound

P
m⌫ <

0.15 eV (95 % CL), compatible with the results presented in this
section.

An exciting future prospect is the possible direct detection
of non-relativistic cosmic neutrinos by capture on tritium, for
example with the PTOLEMY experiment (Cocco et al. 2007;
Betts et al. 2013; Long et al. 2014). Unfortunately, for the mass
range

P
m⌫ < 0.23 eV preferred by Planck, detection with the

first generation experiment will be di�cult.

6.4.2. Constraints on Ne↵

Dark radiation density in the early Universe is usually parame-
terized by Ne↵ , defined so that the total relativistic energy density
in neutrinos and any other dark radiation is given in terms of the
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The numerical factors in this equation are included so that
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ized in the early Universe and decoupled well before electron-
positron annihilation. The standard cosmological prediction is
actually Ne↵ = 3.046, since neutrinos are not completely de-
coupled at electron-positron annihilation and are subsequently
slightly heated (Mangano et al. 2002).

In this section we focus on additional density from mass-
less particles. In addition to massless sterile neutrinos, a variety
of other particles could contribute to Ne↵ . We assume that the
additional massless particles are produced well before recombi-
nation, and neither interact nor decay, so that their energy den-
sity scales with the expansion exactly like massless neutrinos.
An additional �Ne↵ = 1 could correspond to a fully thermal-
ized sterile neutrino that decoupled at T <⇠ 100 MeV; for ex-
ample any sterile neutrino with mixing angles large enough to
provide a potential resolution to short-baseline reactor neutrino
oscillation anomalies would most likely thermalize rapidly in the
early Universe. However, this solution to the neutrino oscillation
anomalies requires approximately 1 eV sterile neutrinos, rather
than the massless case considered in this section; exploration of
the two parameters Ne↵ and

P
m⌫ is reported in Sect. 6.4.3. For

a review of sterile neutrinos see Abazajian et al. (2012).
More generally the additional radiation does not need to be

fully thermalized, for example there are many possible models
of non-thermal radiation production via particle decays (see e.g.,
Hasenkamp & Kersten 2013; Conlon & Marsh 2013). The radi-
ation could also be produced at temperatures T > 100 MeV,
in which case typically �Ne↵ < 1 for each additional species,
since heating by photon production at muon annihilation (at
T ⇡ 100 MeV) decreases the fractional importance of the ad-
ditional component at the later times relevant for the CMB. For
particles produced at T � 100 MeV the density would be di-
luted even more by numerous phase transitions and particle anni-
hilations, and give �Ne↵ ⌧ 1. Furthermore, if the particle is not
fermionic, the factors entering the entropy conservation equation
are di↵erent, and even thermalized particles could give specific
fractional values of �Ne↵ . For example Weinberg (2013) consid-
ers the case of a thermalized massless boson, which contributes
�Ne↵ = 4/7 ⇡ 0.57 if it decouples in the range 0.5 MeV < T <
100 MeV like the neutrinos, or �Ne↵ ⇡ 0.39 if it decouples at
T > 100 MeV (before the photon production at muon annihila-
tion, hence undergoing fractional dilution).

In this paper we follow the usual phenomenological ap-
proach where we constrain Ne↵ as a free parameter with a wide
flat prior, though we comment on a few discrete cases separately
below. Values of Ne↵ < 3.046 are less well motivated, since they
would require the standard neutrinos to be incompletely thermal-
ized or additional photon production after neutrino decoupling,
but we include this range for completeness.

Figure 31 shows that Planck is entirely consistent with the
standard value Ne↵ = 3.046. However, a significant density of
additional radiation is still allowed, with the (68 %) constraints
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Ne↵ = 3.15 ± 0.23 Planck TT+lowP+BAO ; (60b)
Ne↵ = 2.99 ± 0.20 Planck TT,TE,EE+lowP ; (60c)
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Fig. 33. 68 % and 95 % constraints from Planck TT+lowP (green), Planck TT+lowP+lensing (grey), and Planck
TT+lowP+lensing+BAO (red) on the late-Universe parameters H0, �8, and ⌦m in various neutrino extensions of the base ⇤CDM
model. The blue contours show the base ⇤CDM constraints from Planck TT+lowP+lensing+BAO. The dashed cyan contours show
joint constraints from the H13 CFHTLenS galaxy weak lensing likelihood (with angular cuts as in Fig. 18) at fixed CMB acoustic
scale ✓MC (fixed to the Planck TT+lowP ⇤CDM best fit) combined with BAO and the Hubble constant measurement of Eq. 30.
These additional constraints break large parameter degeneracies in the weak lensing likelihood that would otherwise obscure the
comparison with the Planck contours. (Priors on other parameters applied to the CFHTLenS analysis are as described in Sect. 5.5.2.)

astrophysical data described in Sect. 5.5, including the inference
of a low value of �8 from rich cluster counts.

6.4.5. Testing perturbations in the neutrino background

As shown in the previous sections, the Planck data provide ev-
idence for a cosmic neutrino background at a very high signifi-
cance level. Neutrinos a↵ect the CMB anisotropies at the back-
ground level, by changing the expansion rate before recombina-
tion and hence relevant quantities such as the sound horizon and
the damping scales. Neutrinos also a↵ect the CMB anisotropies
via their perturbations. Perturbations in the neutrino background
are coupled through gravity to the perturbations in the pho-
ton background, and can be described (for massless neutrinos)
by the following set of equations (Hu 1998; Hu et al. 1999;
Trotta & Melchiorri 2005; Archidiacono et al. 2011):
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Here dots denote derivatives with respect to conformal time, �⌫
is the neutrino density contrast, q⌫ is the neutrino velocity pertur-
bation, ⇡⌫ the anisotropic stress, F⌫,` are higher order moments
of the neutrino distribution function, and h and ⌘ are the scalar

metric perturbations in the synchronous gauge. In these equa-
tions, c2

e↵ is the neutrino sound speed in its own reference frame
and c2

vis parameterizes the anisotropic stress. For standard non-
interacting massless neutrinos c2

e↵ = c2
vis = 1/3. Any deviation

from the expected values could provide a hint of non-standard
physics in the neutrino sector.

A greater (lower) neutrino sound speed would increase (de-
crease) the neutrino pressure, leading to a lower (higher) per-
turbation amplitude. On the other hand, changing c2

vis alters the
viscosity of the neutrino fluid. For c2

vis = 0, the neutrinos act as
a perfect fluid, supporting undamped acoustic oscillations.

Several previous studies have used this approach to
constrain c2

e↵ and c2
vis using cosmological data (see e.g.,

Trotta & Melchiorri 2005; Smith et al. 2012; Archidiacono et al.
2013b; Gerbino et al. 2013; Audren et al. 2014), with the moti-
vation that deviations from the expected values could be a hint
of non-standard physics in the neutrino sector. Non-standard in-
teractions could involve, for example, neutrino coupling with
light scalar particles (Hannestad 2005; Beacom et al. 2004; Bell
2005; Sawyer 2006). If neutrinos are strongly coupled at recom-
bination, this would result in a lower value for c2

vis than in the
standard model. The presence of early dark energy that mimics
a relativistic component at recombination could possibly lead to
a value for c2

e↵ that di↵ers from 1/3 (see, e.g., Calabrese et al.
2011).

In this analysis, for simplicity, we assume Ne↵ = 3.046 and
massless neutrinos. By using an equivalent parameterization for
massive neutrinos (Audren et al. 2014) we have checked that as-
suming one massive neutrino with ⌃m⌫ ⇡ 0.06 eV, as in the base
model used throughout this paper, has no impact on the con-
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These additional constraints break large parameter degeneracies in the weak lensing likelihood that would otherwise obscure the
comparison with the Planck contours. (Priors on other parameters applied to the CFHTLenS analysis are as described in Sect. 5.5.2.)

astrophysical data described in Sect. 5.5, including the inference
of a low value of �8 from rich cluster counts.

6.4.5. Testing perturbations in the neutrino background

As shown in the previous sections, the Planck data provide ev-
idence for a cosmic neutrino background at a very high signifi-
cance level. Neutrinos a↵ect the CMB anisotropies at the back-
ground level, by changing the expansion rate before recombina-
tion and hence relevant quantities such as the sound horizon and
the damping scales. Neutrinos also a↵ect the CMB anisotropies
via their perturbations. Perturbations in the neutrino background
are coupled through gravity to the perturbations in the pho-
ton background, and can be described (for massless neutrinos)
by the following set of equations (Hu 1998; Hu et al. 1999;
Trotta & Melchiorri 2005; Archidiacono et al. 2011):
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Here dots denote derivatives with respect to conformal time, �⌫
is the neutrino density contrast, q⌫ is the neutrino velocity pertur-
bation, ⇡⌫ the anisotropic stress, F⌫,` are higher order moments
of the neutrino distribution function, and h and ⌘ are the scalar

metric perturbations in the synchronous gauge. In these equa-
tions, c2

e↵ is the neutrino sound speed in its own reference frame
and c2

vis parameterizes the anisotropic stress. For standard non-
interacting massless neutrinos c2

e↵ = c2
vis = 1/3. Any deviation

from the expected values could provide a hint of non-standard
physics in the neutrino sector.

A greater (lower) neutrino sound speed would increase (de-
crease) the neutrino pressure, leading to a lower (higher) per-
turbation amplitude. On the other hand, changing c2

vis alters the
viscosity of the neutrino fluid. For c2

vis = 0, the neutrinos act as
a perfect fluid, supporting undamped acoustic oscillations.

Several previous studies have used this approach to
constrain c2

e↵ and c2
vis using cosmological data (see e.g.,

Trotta & Melchiorri 2005; Smith et al. 2012; Archidiacono et al.
2013b; Gerbino et al. 2013; Audren et al. 2014), with the moti-
vation that deviations from the expected values could be a hint
of non-standard physics in the neutrino sector. Non-standard in-
teractions could involve, for example, neutrino coupling with
light scalar particles (Hannestad 2005; Beacom et al. 2004; Bell
2005; Sawyer 2006). If neutrinos are strongly coupled at recom-
bination, this would result in a lower value for c2

vis than in the
standard model. The presence of early dark energy that mimics
a relativistic component at recombination could possibly lead to
a value for c2

e↵ that di↵ers from 1/3 (see, e.g., Calabrese et al.
2011).

In this analysis, for simplicity, we assume Ne↵ = 3.046 and
massless neutrinos. By using an equivalent parameterization for
massive neutrinos (Audren et al. 2014) we have checked that as-
suming one massive neutrino with ⌃m⌫ ⇡ 0.06 eV, as in the base
model used throughout this paper, has no impact on the con-
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astrophysical data described in Sect. 5.5, including the inference
of a low value of �8 from rich cluster counts.

6.4.5. Testing perturbations in the neutrino background

As shown in the previous sections, the Planck data provide ev-
idence for a cosmic neutrino background at a very high signifi-
cance level. Neutrinos a↵ect the CMB anisotropies at the back-
ground level, by changing the expansion rate before recombina-
tion and hence relevant quantities such as the sound horizon and
the damping scales. Neutrinos also a↵ect the CMB anisotropies
via their perturbations. Perturbations in the neutrino background
are coupled through gravity to the perturbations in the pho-
ton background, and can be described (for massless neutrinos)
by the following set of equations (Hu 1998; Hu et al. 1999;
Trotta & Melchiorri 2005; Archidiacono et al. 2011):
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Here dots denote derivatives with respect to conformal time, �⌫
is the neutrino density contrast, q⌫ is the neutrino velocity pertur-
bation, ⇡⌫ the anisotropic stress, F⌫,` are higher order moments
of the neutrino distribution function, and h and ⌘ are the scalar

metric perturbations in the synchronous gauge. In these equa-
tions, c2

e↵ is the neutrino sound speed in its own reference frame
and c2

vis parameterizes the anisotropic stress. For standard non-
interacting massless neutrinos c2

e↵ = c2
vis = 1/3. Any deviation

from the expected values could provide a hint of non-standard
physics in the neutrino sector.

A greater (lower) neutrino sound speed would increase (de-
crease) the neutrino pressure, leading to a lower (higher) per-
turbation amplitude. On the other hand, changing c2

vis alters the
viscosity of the neutrino fluid. For c2

vis = 0, the neutrinos act as
a perfect fluid, supporting undamped acoustic oscillations.

Several previous studies have used this approach to
constrain c2

e↵ and c2
vis using cosmological data (see e.g.,

Trotta & Melchiorri 2005; Smith et al. 2012; Archidiacono et al.
2013b; Gerbino et al. 2013; Audren et al. 2014), with the moti-
vation that deviations from the expected values could be a hint
of non-standard physics in the neutrino sector. Non-standard in-
teractions could involve, for example, neutrino coupling with
light scalar particles (Hannestad 2005; Beacom et al. 2004; Bell
2005; Sawyer 2006). If neutrinos are strongly coupled at recom-
bination, this would result in a lower value for c2

vis than in the
standard model. The presence of early dark energy that mimics
a relativistic component at recombination could possibly lead to
a value for c2

e↵ that di↵ers from 1/3 (see, e.g., Calabrese et al.
2011).

In this analysis, for simplicity, we assume Ne↵ = 3.046 and
massless neutrinos. By using an equivalent parameterization for
massive neutrinos (Audren et al. 2014) we have checked that as-
suming one massive neutrino with ⌃m⌫ ⇡ 0.06 eV, as in the base
model used throughout this paper, has no impact on the con-
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comparison with the Planck contours. (Priors on other parameters applied to the CFHTLenS analysis are as described in Sect. 5.5.2.)

astrophysical data described in Sect. 5.5, including the inference
of a low value of �8 from rich cluster counts.

6.4.5. Testing perturbations in the neutrino background

As shown in the previous sections, the Planck data provide ev-
idence for a cosmic neutrino background at a very high signifi-
cance level. Neutrinos a↵ect the CMB anisotropies at the back-
ground level, by changing the expansion rate before recombina-
tion and hence relevant quantities such as the sound horizon and
the damping scales. Neutrinos also a↵ect the CMB anisotropies
via their perturbations. Perturbations in the neutrino background
are coupled through gravity to the perturbations in the pho-
ton background, and can be described (for massless neutrinos)
by the following set of equations (Hu 1998; Hu et al. 1999;
Trotta & Melchiorri 2005; Archidiacono et al. 2011):

�̇⌫ =
ȧ
a

⇣
1 � 3c2

e↵

⌘ ✓
�⌫ + 3

ȧ
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q⌫
k

◆
� k
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2
3k

ḣ
!

; (68a)

q̇⌫ = k c2
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ȧ
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q⌫
k

◆
�

ȧ
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q⌫ �
2
3

k⇡⌫ ; (68b)

⇡̇⌫ = 3k c2
vis

 
2
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q⌫ +
4

15k
(ḣ + 6⌘̇)

!
�

3
5

kF⌫,3 ; (68c)

Ḟ⌫,` =
k

2` + 1
�
`F⌫,`�1 � (` + 1) F⌫,`+1

�
, (` � 3) . (68d)

Here dots denote derivatives with respect to conformal time, �⌫
is the neutrino density contrast, q⌫ is the neutrino velocity pertur-
bation, ⇡⌫ the anisotropic stress, F⌫,` are higher order moments
of the neutrino distribution function, and h and ⌘ are the scalar

metric perturbations in the synchronous gauge. In these equa-
tions, c2

e↵ is the neutrino sound speed in its own reference frame
and c2

vis parameterizes the anisotropic stress. For standard non-
interacting massless neutrinos c2

e↵ = c2
vis = 1/3. Any deviation

from the expected values could provide a hint of non-standard
physics in the neutrino sector.

A greater (lower) neutrino sound speed would increase (de-
crease) the neutrino pressure, leading to a lower (higher) per-
turbation amplitude. On the other hand, changing c2

vis alters the
viscosity of the neutrino fluid. For c2

vis = 0, the neutrinos act as
a perfect fluid, supporting undamped acoustic oscillations.

Several previous studies have used this approach to
constrain c2

e↵ and c2
vis using cosmological data (see e.g.,

Trotta & Melchiorri 2005; Smith et al. 2012; Archidiacono et al.
2013b; Gerbino et al. 2013; Audren et al. 2014), with the moti-
vation that deviations from the expected values could be a hint
of non-standard physics in the neutrino sector. Non-standard in-
teractions could involve, for example, neutrino coupling with
light scalar particles (Hannestad 2005; Beacom et al. 2004; Bell
2005; Sawyer 2006). If neutrinos are strongly coupled at recom-
bination, this would result in a lower value for c2

vis than in the
standard model. The presence of early dark energy that mimics
a relativistic component at recombination could possibly lead to
a value for c2

e↵ that di↵ers from 1/3 (see, e.g., Calabrese et al.
2011).

In this analysis, for simplicity, we assume Ne↵ = 3.046 and
massless neutrinos. By using an equivalent parameterization for
massive neutrinos (Audren et al. 2014) we have checked that as-
suming one massive neutrino with ⌃m⌫ ⇡ 0.06 eV, as in the base
model used throughout this paper, has no impact on the con-
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Fig. 54. Marginalized joint 68 % and 95 % CL regions for ns and r0.002 from Planck alone and in combination with its cross-
correlation with BICEP2/Keck Array and/or BAO data compared with the theoretical predictions of selected inflationary models.

further improving on the upper limits obtained from the different
data combinations presented in Sect. 5.

By directly constraining the tensor mode, the BKP likeli-
hood removes degeneracies between the tensor-to-scalar ratio
and other parameters. Adding tensors and running, we obtain

r0.002 < 0.10 (95 % CL, Planck TT+lowP+BKP) , (168)

which constitutes almost a 50 % improvement over the Planck
TT+lowP constraint quoted in Eq. (28). These limits on tensor
modes are more robust than the limits using the shape of the
CTT
` spectrum alone owing to the fact that scalar perturbations

cannot generate B modes irrespective of the shape of the scalar
spectrum.

13.1. Implications of BKP on selected inflationary models

Using the BKP likelihood further strengthens the constraints
on the inflationary parameters and models discussed in Sect. 6,
as seen in Fig. 54. If we set ✏3 = 0, the first slow-roll pa-
rameter is constrained to ✏1 < 0.0055 at 95 % CL by Planck
TT+lowP+BKP. With the same data combination, concave po-
tentials are preferred over convex potentials with log B = 3.8,
which improves on log B = 2 obtained from the Planck data
alone.

Combining with the BKP likelihood strengthens the con-
straints on the selected inflationary models studied in Sect. 6.
Using the same methodology as in Sect. 6 and adding the BKP
likelihood gives a Bayes factor preferring R2 over chaotic in-
flation with monomial quadratic potential and natural inflation
by odds of 403:1 and 270:1, respectively, under the assumption
of a dust equation of state during the entropy generation stage.
The combination with the BKP likelihood further penalizes the
double-well model compared to R2 inflation. However, adding

Table 17. Results of inflationary model comparison using the
cross-correlation between BICEP2/Keck Array and Planck. This
table is the analogue to Table 6, which did not use the BKP like-
lihood.

Inflationary Model ln B0X

wint = 0 wint , 0

R + R2/6M2 . . . +0.3
n = 2 �6.0 �5.6
Natural �5.6 �5.0
Hilltop (p = 2) �0.7 �0.4
Hilltop (p = 4) �0.6 �0.9
Double well �4.3 �4.2
Brane inflation (p = 2) +0.2 0.0
Brane inflation (p = 4) +0.1 �0.1
Exponential inflation �0.1 0.0
SB SUSY �1.8 �1.5
Supersymmetric ↵-model �1.1 +0.1
Superconformal (m = 1) �1.9 �1.4

BKP reduces the Bayes factor of the hilltop models compared
to R2, because these models can predict a value of the tensor-to-
scalar ratio that better fits the statistically insignificant peak at
r ⇡ 0.05. See Table 17 for the Bayes factors of other inflationary
models with the same two cases of post-inflationary evolution
studied in Sect. 6.

13.2. Implications of BKP on scalar power spectrum

The presence of tensors would, at least to some degree, require
an enhanced suppression of the scalar power spectrum on large
scales to account for the low-` deficit in the CTT

` spectrum. We
therefore repeat the analysis of an exponential cut-off studied
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crossed the Hubble radius during inflation and the end of infla-
tion. The full shape of the potential was used in order to identify
when inflation ends, and thus the field value �⇤ when the pivot
scale crosses the Hubble radius.

In section 6 of PCI13, we explored another approach, con-
sisting of reconstructing the inflationary potential within its ob-
servable range without making any assumptions concerning the
inflationary dynamics outside that range. Indeed, given that the
number of e-folds between the observable range and the end of
inflation can always be adjusted to take a realistic value, any po-
tential shape giving a primordial spectrum of scalar and tensor
perturbations in agreement with observations is a valid candi-
date. Inflation can end abruptly by a phase transition, or can last
a long time if the potential becomes very flat after the observ-
able region has been crossed. Moreover, there could be a short
inflationary stage responsible for the origin of observable cos-
mological perturbations, and another inflationary stage later on
(but before nucleosynthesis), thus contributing to the total N⇤.

In section 6 of PCI13, we performed this analysis with a full
integration of the inflaton and metric perturbation modes, so that
no slow-roll approximation was made. The only assumption was
that primordial scalar perturbations are generated by the fluctu-
ations of a single inflaton field with a canonical kinetic term.
Since, in this approach, one is only interested in the potential
over a narrow range of observable scales (centered around the
field value �⇤ when the pivot scale crosses the Hubble radius), it
is reasonable to test relatively simple potential shapes, described
by a small number of free parameters.

This approach gave very similar results to calculations based
on the standard slow-roll analysis. This agreement can be ex-
plained by the fact that the Planck 2013 data already preferred a
primordial spectrum very close to a power law, at least over most
of the observable range. Hence the 2013 data excluded strong
deviations from slow-roll inflation, which would either produce
a large running of the spectral index or imprint more compli-
cated features on the primordial spectrum. However, this con-
clusion did not apply to the largest scales observable by Planck,
for which cosmic variance and slightly anomalous data points
remained compatible with significant deviations from a simple
power-law spectrum. The most striking result in section 6 of
PCI13 was the fact that, when giving enough freedom to the
functional form of the inflation potential, the results were com-
patible with a rather steep potential at the beginning of the ob-
servable window, leading to “not-so-slow” roll during the first
few observable e-folds. This explains the shape of the potential
in figure 14 of PCI13 for a Taylor expansion at order n = 4 and
in the region where � � �⇤  �0.2. However, such features were
only partially explored because the method used for potential re-
construction did not allow for an arbitrary value of the inflation
velocity �̇ at the beginning of the observable window. Instead,
our code imposed that the inflaton already tracked the inflation-
ary attractor solution when the largest observable modes crossed
the Hubble scale.

Given that the Planck 2015 data establish even stronger con-
straints on the primordial power spectrum than the 2013 re-
sults, it is interesting to revisit the reconstruction of the po-
tential V(�). Section 7.1 presents some new results follow-
ing the same approach as in PCI13 (explained previously in
Lesgourgues & Valkenburg (2007) and Mortonson et al. (2011)).
But in the present work, we also present some more general
results, independent of any assumption concerning the initial
field velocity �̇ when the inflaton enters the observable win-
dow. Following previous studies (Kinney, 2002; Kinney et al.,
2006; Peiris & Easther, 2006a; Easther & Peiris, 2006; Peiris
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Fig. 13. Posterior distributions for the first four potential slow-
roll parameters when the potential is Taylor-expanded to
nth order, using Planck TT+lowP+BAO (filled contours) or
TT,TE,EE+lowP (dashed contours). The primordial spectra are
computed beyond any slow-roll approximation.

& Easther, 2006b, 2008; Lesgourgues et al., 2008; Powell &
Kinney, 2007; Hamann et al., 2008; Norena et al., 2012), we re-
construct the Hubble function H(�), which determines both the
potential, V(�), through

V(�) = 3M2
Pl H2(�) � 2M4

Pl
⇥
H0(�)

⇤2 , (60)

and the solution �(t), through

�̇ = �2M2
PlH

0(�) , (61)

with H0(�) = @H/@�. Note that these two relations are exact. In
Sect. 7.2, we fit H(�) directly to the data, implicitly including
all canonical single-field models in which the inflaton is rolling
not very slowly (✏ not much smaller than one) just before en-
tering the observable window, and the issue of having to start
sufficiently early in order to allow the initial transient to decay
is avoided. The only drawback in reconstructing H(�) is that
one cannot systematically test the most simple analytic forms
for V(�) in the observable range (for instance, polynomials of
order n = 1, 3, 5, . . . in (� � �⇤)). But our goal in this section is
to check how much one can deviate from slow-roll inflation in
general, independently of the shape of the underlying inflation
potential.

7.1. Reconstruction of a smooth inflation potential

Following exactly the approach of PCI13, we Taylor-expand the
inflaton potential around � = �⇤ to order n = 2, 3, 4. To obtain
faster converging Markov chains, instead of imposing flat pri-
ors on the Taylor coefficients {V,V�, . . . ,V����}, we sample the
potential slow-roll (PSR) parameters {✏V , ⌘V , ⇠2V ,$

3
V }, related to

the former as indicated in Table 2. We stress that this is just a
choice of prior, and does not imply that we are using any kind
of slow-roll approximation in the calculation of the primordial
spectra.

The results are given in Table 7 (for Planck TT+lowP+BAO)
and Fig. 13 (for the same data set, and also for Planck
TT,TE,EE+lowP). The second part of Table 7 shows the corre-
sponding values of the spectral parameters ns, dns/d ln k, and

Planck Collaboration: Constraints on inflation 21

�1.5 �1.0 �0.5 0.0

� � ��

10�14

10�13

10�12

10�11

10�10

10�9

10�8

10�7

V

n=4

n=3

n=2

Fig. 15. Observable range of the best-fit inflaton potentials, when
V(�) is Taylor expanded to the nth order around the pivot value
�⇤, in natural units (where

p
8⇡Mpl = 1), assuming a flat prior on

✏V , ⌘V , ⇠2V , and$3
V , and using Planck TT+lowP+BAO. Potentials

obtained under the transformation (� � �⇤)! (�⇤ � �) leave the
same observable signature and are also allowed. The sparsity of
potentials with a small V0 = V(�⇤) comes from the flat prior on
✏V rather than on ln(V0); in fact, V0 is unbounded from below in
the n = 2 and 3 results. The axis ranges are identical to those in
Fig. 20, to make the comparison easier.

With the Planck TT+lowP+BAO and TT,TE,EE+lowP
datasets, models with a large running or running of the running
can be compatible with an unusually large value of the optical
depth, as can be seen in Table 7. Including lensing informa-
tion allows breaking the degeneracy between the optical depth
and the primordial amplitude of scalar perturbations. Hence the
Planck lensing data could be used to strengthen the conclusions
of this section.

Since in the n = 4 model, slow roll is marginally satisfied at
the beginning of observable inflation, the reconstruction is very
sensitive to the condition that there is an attractor solution at that
time. Hence this case can in principle be investigated in a more
conservative way using the H(�) reconstruction method of the
next section.

7.2. Reconstruction of a smooth Hubble function

In this section, we assume that the shape of the function H(�)
is well captured within the observable window by a polynomial
of order n (corresponding to a polynomial inflaton potential of
order 2n):

H(�) =
nX

i=0

Hi
�i

i!
. (62)

We vary n between 2 and 4. To avoid parameter degeneracies, as
in the previous section we assume flat priors not on the Taylor
coefficient Hi, but on the Hubble slow-roll (HSR) parameters,
which are related according to

✏H = 2M2
pl

 
H1

H0

!2

, ⌘H = 2M2
pl

H2

H0
, (63)

⇠2H = (2M2
pl)

2 H1H3

H2
0
, $3

H = (2M2
pl)

3 H2
1 H4

H3
0

. (64)

Fig. 16. Posterior distribution for the tensor-to-scalar ratio (at
k = 0.002 Mpc�1) and for the running parameter dns/d ln k
(at k = 0.05 Mpc�1), for the potential reconstructions in
Sects. 7.1 and 7.2. The V(�) reconstruction gives the solid curves
for Planck TT+lowP+BAO, or dashed for TT,TE,EE+lowP.
The H(�) reconstruction gives the dotted curves for Planck
TT+lowP+BAO, or dashed-dotted for TT,TE,EE+lowP. The
tensor-to-scalar ratio appears as a derived parameter, but by tak-
ing a flat prior on either ✏V or ✏H , we implicitly also take a nearly
flat prior on r. The same applies to dns/d ln k.

n 2 3 4

✏H < 0.0073 < 0.011 < 0.020

⌘H �0.010+0.011
�0.009 �0.012+0.015

�0.013 �0.001+0.033
�0.027

⇠2
H . . . 0.08+0.12

�0.12 �0.01+0.19
�0.19

$3
H . . . . . . 1.0+2.3

�1.8

⌧ 0.082+0.038
�0.036 0.096+0.042

�0.043 0.096+0.042
�0.042

ns 0.9693+0.0094
�0.0093 0.9680+0.0096

�0.0096 0.967+0.010
�0.010

103dns/d ln k �0.251+0.41
�0.41 �13+18

�19 �8+21
�21

r0.002 < 0.11 < 0.16 < 0.32

��2
e↵ . . . ��2

3/2 = �0.6 ��2
4/3 = �2.3

Table 8. Numerical reconstruction of the Hubble slow-roll pa-
rameters beyond any slow-roll approximation, using Planck
TT+lowP+BAO. We also show the corresponding bounds on
some related parameters (here ns, dns/d ln k, and r0.002 are de-
rived from the numerically computed primordial spectra). All
error bars are at the 95 % CL. The effective �2 value of model n
is given relative to model n � 1.

This is just a choice of prior. This analysis does not rely on the
slow-roll approximation.

Table 8 and Fig. 19 show our results for the reconstructed
HSR parameters. Figure 20 shows a representative sample of
potential shapes V(� � �⇤) derived using Eq. (60), for a sample
of models drawn randomly from the chains, for the three cases
n = 1, 2, 3.
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Two sectors decoupled and statistically independent: split in two 

each obeying  

with either curvature perturbations or GWs in the metric. 

All tensor modes vanish before recombination (h’=0 + scattering) 

Then           —> other temperature multipoles 

                   —> polarisation 

+ ISW-like contribution to temperature (h’ along line of sight)

ds
2 = �(1 + 2 )a2d⌧2 + a

2(1� 2�)�ijdx
i
dx

j

 =

Z
⌧0

⌧

d⌧ � =

Z
⌧

⌧0

d⌧ 
0

g(⌧) = �0e�

Z
⌧0

0
g(⌧)d⌧ = 1

�T

l
(⌧0, k) =

Z
⌧0

⌧ini

d⌧ {g (⇥0 +  )| {z }
TSW

+...} jl(k(⌧0 � ⌧))

�E

l
(⌧0, k) =

Z
⌧0

⌧ini

d⌧ {g⇥2 + ...} jl(k(⌧0 � ⌧))

e
�2reio

l ⇠ k(⌧0 � ⌧reio)

!dm, ✓s

zeq z⇤

(1� e
�reio)

gµ⌫ = a
2(⌘µ⌫ + hµ⌫)

hµ⌫ =

0

BB@

�2 0 0 0
0 �2� 0 0
0 0 �2� 0
0 0 0 �2 

1

CCA

hµ⌫ =

0

BB@

0 0 0 0
0 h1 h2 0
0 h2 �h1 0
0 0 0 0

1

CCA e
�i!x

3

⇥0 + n̂ · ~r⇥ = n̂ · ~r � �
0 + [Thomson]

⇥0 + n̂ · ~r⇥ = �1

2
h
0
ij
n̂
i
n̂
j +

1

2
@ih00n̂

i � h
0
0in̂

i + [Thomson]

C
XY

l
= 4⇡

X

m

Z
dk k

2 �X(m)
l

(k) �Y (m)
l

(k) P(m)(k)

X,Y 2 {T,E,B} m 2 {s, t} P(s)(k) = PR(k) P(t)(k) = Ph(k)

3

Tensor modes

ds
2 = �(1 + 2 )a2d⌧2 + a

2(1� 2�)�ijdx
i
dx

j

 =

Z
⌧0

⌧

d⌧ � =

Z
⌧

⌧0

d⌧ 
0

g(⌧) = �0e�

Z
⌧0

0
g(⌧)d⌧ = 1

�T

l
(⌧0, k) =

Z
⌧0

⌧ini

d⌧ {g (⇥0 +  )| {z }
TSW

+...} jl(k(⌧0 � ⌧))

�E

l
(⌧0, k) =

Z
⌧0

⌧ini

d⌧ {g⇥2 + ...} jl(k(⌧0 � ⌧))

e
�2reio

l ⇠ k(⌧0 � ⌧reio)

!dm, ✓s

zeq z⇤

(1� e
�reio)

gµ⌫ = a
2(⌘µ⌫ + hµ⌫)

hµ⌫ =

0

BB@

�2 0 0 0
0 �2� 0 0
0 0 �2� 0
0 0 0 �2 

1

CCA

hµ⌫ =

0

BB@

0 0 0 0
0 h1 h2 0
0 h2 �h1 0
0 0 0 0

1

CCA e
�i!x

3

⇥0 + n̂ · ~r⇥ = n̂ · ~r � �
0 + [Thomson]

⇥0 + n̂ · ~r⇥ = �1

2
h
0
ij
n̂
i
n̂
j +

1

2
@ih00n̂

i � h
0
0in̂

i + [Thomson]

⇥ = ⇥(s) +⇥(t)

3

⇥(t)
2

C
XY

l
= 4⇡

X

m

Z
dk k

2 �X(m)
l

(k) �Y (m)
l

(k) P(m)(k)

X,Y 2 {T,E,B} m 2 {s, t} P(s)(k) = PR(k) P(t)(k) = Ph(k)

4



CMB physics - J. Lesgourgues178

Finally 

with the line-of-sight integrals
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Scalar versus tensor spectra

at kp=0.05 Mpc-1


