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Notations

o (R, m) is a Noetherian commutative local ring of dimension d and of prime
characteristic p (i.e., R contains F,, = Z/pZ).

R° =R\ |J pisthe set of elements of R that are not contained in any
peMinR
minimal prime ideal.

I = (z1,...,z¢) is an ideal of R.

@ ( is a parameter ideal of R.

F: R — R, x — zP is the Frobenius endomorphism of R.
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The Frobenius action and the relative Frobenius action

O Let I = (x1,...,¢) be an ideal of R. The local cohomology H(R) may be
computed as the cohomology of the Cech complex

dO dl d2 dtfl
i i<j

The Frobenius endomorphism of R and R induce a natural Frobenius action on
local cohomology ) ) )
F:H;(R) — H}[p] ~ H:(R).

@ Let K < I be ideals of R. The Frobenius endomorphism F' : R/K — R/K,
F(z+ K) = 2P + K for all z € R can be factored as follows:

R/K £ s R/K

R/K

where Fr : R/K — R/KPl, Fp(z 4+ K) = P + KIP) for all z € R.
The homomorphism Fp induces the relative Frobenius actions on local
cohomology Fr : H}(R/K) — H}(R/K[p]) via Cech complexes.
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Frobenius closure, tight closure
Let I be an ideal of R, we define
@ The Frobenius closure of [ is
7 = {z| o € IP°] for some e > 0},

where I1P°1 = (22° | z € I).

@ The tight closure of [ is

I* = {z | ca?” € IP°] for some c € R® and for all e » 0}.

© The Frobenius closure of the zero submodule of H}(R) is

F _ i -
OH}.(R) ={z€ H{(R) | 3e = 0,F°(z) = 0}
Ofﬂ(R) is the nilpotent part of H:(R) by the Frobenius action.
I

Note: I < IF < I* for all I.
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Hartshorne-Speiser-Lyubeznik number

e Since H:(R) is Artinian for all i > 0, there exists a non-negative integer e such
that Ofp (B = = ker(HL (R) R H! (R)). The Hartshorne-Speiser-Lyubeznik
number of HI(R) is

HSL(Hy, (R)) = min{e | 07, = kex(H}, (R) £ HL(R))}-

Hi (R)

o The Hartshorne-Speiser-Lyubeznik number of a local ring (R, m) is

HSL(R) = min{e | 0F = ker(HE (R) R H7 w(R)) foralli=0,...,d}.

Hi (R)

Note: HSL(R) < 0.
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Frobenius test exponent

e By theeNoetheEianess of R, there is an integer e (depending on I) such that
(IF)[P°] — 1P°]. The smallest number e satisfying the condition is called the
Frobenius test exponent of I,

Fte(I) = min{e | (IF)P°] = [lP°1},

@ The Frobenius test exponent for parameter ideals is

Fte(R) = min{e | (qF)[pe] = q?“I for all parameter ideals q},

and Fte(R) = oo if we have no such integer.
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Uniform bound of the Frobenius test exponents for parameter ideals

There is no uniform bound of the Frobenius test exponents for all ideals by Brenner in
2006.

Question 1: Study the existence of an uniform bound of the Frobenius test
exponents for some classes of ideals (parameter ideals, ideals generated filter
regular sequences).

Question 1.1 (Katzman-Sharp)

Let (R, m) be an (equidimensional) local ring of prime characteristic p. Then does
there exist an uniform bound of the Frobenius test exponents for parameter ideals
(i.e., Fte(R) < 0)?

Theorem

| \

Let (R, m) be a local ring of prime characteristic p and of dimension d. Then
Fte(R) < o in the following cases

O (Katzman-Sharp, 2006) R is a Cohen-Macaulay ring. Moreover,
Fte(R) = HSL(R).

@ (Huneke-Katzman-Sharp-Yao, 2006) R is a generalized Cohen-Macaulay ring.

© (Quy, 2019) R is a weakly F-nilpotent ring, i.e., H% (R) = ngn(R) for all ¢ < d.
Q (Maddox, 2019) R is a generalized weakly F-nilpotent ring, i.e., Hﬁl(R)/Ogg(R)

has finite length for all ¢ < d.
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Uniform bound of the Frobenius test exponents for ideals generated by filter
regular sequences

Corollary(Katzman-Sharp, 2006)

Let (R, m) be a local ring of prime characteristic p and of dimension d and
x =x1,...,xt a fixed regular sequence with ¢ < d. Then there exists an integer C
such that Fte((z]?!,...,2}'t)) < Cg for all ny,...,ne > 1.

| \

Question 1.2

Let (R, m) be a Noetherian local ring of prime characteristic p and of dimension d,
and t < depth{R) an integer. Does there exist a positive integer C' such that for any
regular sequence z1, ...,z we have Fte((z1,...,z¢)) < C?

A\

Theorem (Huong-Quy)

Let (R, m) be a Noetherian local ring of dimen_sion d and of prime characteristic p,
and ¢ < d a non-negative integer such that H%(R)/Ogj ) has finite length for all

j < t. Then there exists a positive integer C' such that for any filter regular sequence
Z1,...,Tr With 0 < r < t we have Fte((z1,...,z,)) < C.

\

Note: From this theorem we have aforementioned positive answers of Question 1.1.
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An application of the Frobenius test exponent for parameter ideals

Question 2: Let (R, m) be a Noetherian local ring of prime characteristic p and of
dimension d with the embedding dimension v. Suppose Fte(R) is finite, and let

Q = pFte(®), Find an upper bound of the Hilbert-Samuel multipicity e(R) in terms
of d, v and Fte(R).

@ In 2015, Huneke and Watanabe proved that:
If Ris F-pure (i.e., F: R— R,z — zP is a pure homomorphism) then
e(R) < (1),
If R is F-rational (i.e., it is a homomorphic image of a Cohen-Macaulay local ring
and q* = q for all q), then e(R) < (Z:i)
o In 2019, Katzman and Zhang proved that:
If R is Cohen-Macaulay then e(R) < Q"%(7).
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Upper bound of the multiplicity of the ring

Theorem (Huong-Quy)

Let (R, m) be a Noetherian local ring of prime characteristic p and of dimension d
with the embedding dimension v. Set Q = pFte(B) Then

O If Ris F-nilpotent (i.e., OZ&(R) = Hi(R) foralli <d—1 and
F _ 0%
Ongr) = Vg my) then

e(R) < Qv_d(z: 1)

@ Suppose Fte(R) < o0. Then e(R) < QV~4().




Q>



	Introduction
	Questions and results

