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Basic facts about Derivations

Notations:
K := a field of characteristic zero.
K∗ = K \ {0}.
K [X ] := K [x1, x2, . . . , xn] is the polynomial algebra in n variables over
K .
A := K -algebra.

K -Derivation: A K -linear map d : A → A s.t.

d(a+ b) = d(a) + d(b),

d(ab) = bd(a) + ad(b) ∀ a, b ∈ A.
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Basic facts about Derivations

KE-Derivation: A K -linear map δ : A → A s.t.

δ(a+ b) = δ(a) + δ(b),

δ(ab) = bδ(a) + aδ(b)− δ(a)δ(b) ∀ a, b ∈ A.

Note: δ is a KE-derivation of A if and only if δ = I− ϕ, for some
K -endomorphism ϕ of A, where I denotes the identity automorphism of A.
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Basic facts about Derivations

Linear K -Derivation: A K -derivation (or KE-derivation) d of K [X ]
is called linear if

d(xi ) =
n∑

j=1

aijxj , i = 1, . . . , n,

where aij ∈ K . The matrix A = [aij ] is called associated matrix of the
derivation d .

If the corresponding matrix A is nilpotent, then the derivation d is
called linear locally nilpotent derivation of K [X ].
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Mathieu-Zhao subspaces

First introduced by Zhao1.

By subspace of a K -algebra, we always mean a K -linear subspace.

Mathieu-Zhao subspaces

A K -subspace M of A is called a Mathieu-Zhao subspace of A if the following
equivalent conditions holds:

1 If f ∈ A is such that f m ∈ M for all m ≥ 1, then for every g ∈ A, we have
gf m ∈ M for all large m (i.e. there exists some mg ∈ N such that gf m ∈ M
for all m ≥ mg ).

2 If f ∈ A is such that f m ∈ M for large m, then for every g ∈ A, we have
gf m ∈ M for all large m.

1Zhao, Wenhua. (2010) in 2010. Generalizations of the image conjecture and the
Mathieu conjecture, Journal of Pure and Applied Algebra 214(7): 1200-1216.
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Mathieu-Zhao subspaces

Mathieu-Zhao subspace is the natural generalization of notion of
ideals in a ring.

Every ideal is a Mathieu-Zhao subspace but not all Mathieu-Zhao
subspaces are ideals.

Example

For any n ≥ 1 and integral domain R of characteristic zero, let
A = Mn×n(R) be the algebra of n × n matrices with entries in R and M
the subspace of trace-zero matrices. The subspace M is a Mathieu
subspace of A but certainly cannot be an ideal of A.
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The LFED and LNED Conjecture

Zhao proposed the following conjectures2:

The LFED Conjecture

Let d be a linear K -derivation (or KE-derivation) of K [X ]. Then the image of
the derivation d is a Mathieu-Zhao subspace of K [X ].

The LNED Conjecture

Let d be a linear locally nilpotent K -derivation (or KE-derivation) of K [X ]. Then
d maps every ideal of K [X ] to a Mathieu-Zhao subspace of K [X ].

Zhao et.al3 showed that if K̄ is an algebraic closure of K and the LFED (or
LNED) Conjecture holds for Ā = K̄ ⊗K A, then it also holds for A.

2Zhao, Wenhua. (2018). Some open problems on locally finite or locally nilpotent
derivations and E-derivations. Communications in Contemporary Mathematics 20(04): 1750056.

3Van den Essen, Arno, Zhao, Wenhua. (2019). On images of locally finite derivations and
E-derivations. Journal of Pure and Applied Algebra 223(4):1689-1698
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Results

Definition: A set {λ1, λ2, . . . , λn}, where λi ∈ K for 1 ≤ i ≤ n is said to
be linearly independent over N0 if there exists no non-trivial linear
combination over N0 that equals to zero.

Theorem (–,Ahuja, Kour)

Let d be a linear K -derivation of K [X ]. If the eigenvalues of the associated
matrix of d are linearly independent over N0, then

Imd is an ideal of K [X ].

Moreover, Imd = (x1, x2, . . . , xn).
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Results

Consider R = K [x1, x2, x3, x4], the polynomial algebra in four variables over
K . Up to conjugation of matrices, there are five possible Jordan forms of a
4× 4 matrix, i.e.

(A1) =


λ1 0 0 0
0 λ2 0 0
0 0 λ3 0
0 0 0 λ4

 (A2) =


λ1 1 0 0
0 λ1 0 0
0 0 λ2 0
0 0 0 λ3

 (A3) =


λ1 1 0 0
0 λ1 1 0
0 0 λ1 0
0 0 0 λ2



(A4) =


λ1 1 0 0
0 λ1 0 0
0 0 λ2 1
0 0 0 λ2

 (A5) =


λ1 1 0 0
0 λ1 1 0
0 0 λ1 1
0 0 0 λ1


for λ1, λ2, λ3 and λ4 ∈ K .
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Results

• Let d be a linear K -derivation of R. Then d is conjugate to one of the
following linear K -derivations of R.

1 d1(x1) = λ1x1, d1(x2) = λ2x2, d1(x3) = λ3x3, d1(x4) = λ4x4;

2 d2(x1) = λ1x1 + x2, d2(x2) = λ1x2, d2(x3) = λ2x3, d2(x4) = λ3x4;

3 d3(x1) = λ1x1 + x2, d3(x2) = λ1x2 + x3, d3(x3) = λ1x3, d3(x4) = λ2x4;

4 d4(x1) = λ1x1 + x2, d4(x2) = λ1x2, d4(x3) = λ2x3 + x4, d4(x4) = λ2x4;

5 d5(x1) = λ1x1 + x2, d5(x2) = λ1x2 + x3, d5(x3) = λ1x3 + x4, d5(x4) = λ1x4;
where λi ∈ K for i = 1, 2, 3 and 4.

Now we study the image of d ′
i s.

• It has been proved4 that Imd1 is a Mathieu-Zhao subspace of R.

4van den Essen, Arno, Wright, David, Zhao, Wenhua. (2011) Images of locally finite
derivations of polynomial algebras in two variables. Journal of Pure and Applied Algebra
215(9): 2130-2134.
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Results

Theorem (–,Ahuja, Kour)

1 If λ1 ∈ K∗ and λ2 = λ3 = 0, then Imd2 is an ideal of R generated by
x1 and x2.

2 If λ2 ∈ K∗ and λ1 = λ3 = 0, then Imd2 is an ideal of R generated by
x2 and x3.

1 If λ1 ∈ K∗ and λ2 = 0, then Imd3 is an ideal of R generated by x1, x2
and x3.

2 If λ2 ∈ K∗ and λ1 = 0, then Imd3 is a Mathieu-Zhao subspace of R.
3 If λ1 = λ2 = 0, then Imd3 is a Mathieu-Zhao subspace of R.

1 If λ1 ∈ K∗ and λ2 = 0, then Imd4 is an ideal of R generated by x1, x2
and x4.

2 If λ1 = λ2 = 0, then Imd4 is a Mathieu-Zhao subspace of R.

If λ1 ∈ K ∗, then Imd5 is an ideal of R generated by x1, x2, x3 and x4.
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Results

• Outline of the proof:

Varying weights on R are assigned that correspond to distinct derivations on R.

Derivation Weight

d2
(λ1, λ1, 0, 0)
(0, 0, λ2, 0)

d3

(λ1, 0, 0, 0)
(0, 0, 0, λ2)
(1, 0,−1, 0)

d4

(λ1, λ1, 0, 0)
(1, 0, 0,−1)
(0,−1, 1, 0)

d5 (λ1, λ1, λ1, λ1)

The proof utilizes the established factorial conjecture5 for homogeneous
polynomials in two variables.

5Liu, Dayan, Sun, Xiaosong. (2020). The factorial conjecture and images of locally
nilpotent derivations. Bulletin of the Australian Mathematical Society. 101(1): 71-79.
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Linear KE-derivation

Now, we discuss the image of a linear KE-derivation of R = K [x1, x2, x3, x4].

Let δ be a linear KE-derivation. Then δ = I− ϕ for a linear
K -endomorphism ϕ of R.

Proposition

Let ϕ be a linear K -endomorphism of R. Then ϕ is conjugate to one of the
following K -endomorphisms of R.

1 ϕ1(x1) = λ1x1, ϕ1(x2) = λ2x2, ϕ1(x3) = λ3x3, ϕ1(x4) = λ4x4;

2 ϕ2(x1) = λ1x1 + x2, ϕ2(x2) = λ1x2, ϕ2(x3) = λ2x3, ϕ2(x4) = λ3x4;

3 ϕ3(x1) = λ1x1 + x2, ϕ3(x2) = λ1x2 + x3, ϕ3(x3) = λ1x3, ϕ3(x4) = λ2x4;

4 ϕ4(x1) = λ1x1 + x2, ϕ4(x2) = λ1x2, ϕ4(x3) = λ2x3 + x4, ϕ4(x4) = λ2x4;

5 ϕ5(x1) = λ1x1 + x2, ϕ5(x2) = λ1x2 + x3, ϕ5(x3) = λ1x3 + x4, ϕ5(x4) = λ1x4;
where λi ∈ K for i = 1, 2, 3 and 4.
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Linear KE-derivation

Let δi = I− ϕi for 1 ≤ i ≤ 5.

Then, upto conjugation, a linear KE-derivation of R is conjugate to
δi for some 1 ≤ i ≤ 5.

Essen et.al in 20186 proved that Imδ1 is a Mathieu-Zhao subspace.

Further in 2022, Tian et.al7 derived the result that Imδ2 is a
Mathieu-Zhao subspace.

6Van den Essen, A., Sun, X. (2018). Monomial preserving derivations and
Mathieu-Zhao subspaces. J. Pure Appl. Algebra. 222(10):3219–3223.

7Haifeng Tian, Xiankun Du & Hongyu Jia, (2022). Images of linear derivations and
linear E-derivations of K [x , y , z], Communications in Algebra, 50:7, 3124-3132.
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Results

We have established the following result on δi ’s.

Theorem (–,Ahuja, Kour)

1 If λp
1λ

q
2 ̸= 1 for all p, q ∈ N, then Imδ3 is a Mathieu-Zhao subspace of

R.
2 If there exists p, q ∈ N such that λp

1 = 1 and λq
2 = 1, then Imδ3 is a

Mathieu-Zhao subspace of R.

1 If λp
1λ

q
2 ̸= 1 for all p, q ∈ N, then Imδ4 is a Mathieu-Zhao subspace of

R.
2 If there exists p, q ∈ N such that λp

1 = 1 and λq
2 = 1, then Imδ4 is a

Mathieu-Zhao subspace of R.

If λp
1 ̸= 1 for all p ∈ N, then Imδ5 is a Mathieu-Zhao subspace of R.
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Results

• Outline of the proof:

Introduced new K -algebra endomorphisms corresponding to the given
derivations.

Automorphism New Matrix

ϕ3 [ϕλ1,λ2 ] =


λ1 λ1 −λ1

2 0
0 λ1 −λ1 0
0 0 λ1 0
0 0 0 λ2


ϕ4 [ϕλ1,λ2 ] =


λ1 λ1 0 0
0 λ1 0 0
0 0 λ2 −λ2

0 0 0 λ2



Used the same weights as defined for di ’s to complete the proof.
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