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Three-dimensional 
interfacial gravity-
capillarity waves with 
short peaks in the 
presence of a parallel 
current

Abstract
Internal waves are waves that develop inside a stratified fluid medium whose thermodynamic properties vary with altitude.

Two emblematic examples are to be cited The atmosphere, which is mainly stratified in temperature, and the ocean, whose
temperature and salinity vary significantly with depth. Mention may also be made of astrophysical systems such as stars or
galaxies, or even cocktails. When these waves appear at the interface of two layers of fluids of different densities, these are called
interfacial waves. We are interested in the calculation of the three-dimensional gravity-capillarity waves which propagate at the
interface of two layers of fluids of different densities and arbitrary thickness in the presence of a parallel current. The method used
to solve the problem is that of disturbances. An analytical solution of order 3 was obtained using computer algebra software
MAPLE. We study the properties of these waves in the vicinity of the harmonic resonance phenomenon
POSITION OF THE PROBLEM

Governing Assumptions and Equations
The flow is assumed to be irrotational and the fluids perfect,
incompressible, homogeneous and immiscible in the presence of
a parallel current. We consider the effects of voltage superficial

Schematic representation of an interfacial wave
Dimensionless equations and conditions 
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2D internal wave profile

Three-dimensional internal wave profile

The influence of the harmonic (2.0) results in the appearance of ripples in with 2 peaks along X

The calculation of the three-dimensional interfacial waves is carried out by the disturbance 
method, this method has made it possible to highlight the harmonic resonance. third-order 
analytical solutions were obtained using the computer algebra software Maple. In addition, we 
have shown the influence of current and the capillarity coefficient on the properties of the 
wave.and the behavior of these properties in the vicinity of harmonic resonance.

Conclus ion
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About integration the loaded negative order KdV equation via
inverse scattering transform method

G.U. Urazboev 1,2, I.I. Baltaeva 1, and O.B. Ismoilov2,1

1(Urgench State University)
2 V.I.Romanovsky Institute of Mathematics of the Academy of Sciences of

Uzbekistan,Khorezm branch

In 1967 American scientists Gargner, Green, Kruskal, and Miura [1] proposed the inverse
scattering problem method for the Sturm-Liouville equation as a method for solving the
Cauchy problem for the Korteveg-de Vries (KdV) equation. In the work [2] the loaded
Korteweg—de Vries equation is solved, this equation plays an important role in hemody-
namic processes.

Based on the regular KdV system, Qiao originally studied nKdV equations, particu-
larly their Hamiltonian structures, Lax pairs, conservation laws, and explicit multisoliton
and multikink wave solutions through bilinear Bäcklund transformations [3, 4].

This poster aims to study the integration of the loaded negative order Korteweg-de
Vries equation in the ”rapidly decreasing” class via the inverse scattering problem.

[1] C.S. Gardner, J. M. Greene, Kruskal M.D. and Miura R.M. Phys. Rev. Lett. 19, 1095 (1967).
[2] G. U. Urazboev, I. I. Baltaeva, and I. D. Rakhimov “The Generalized (G /G)-Expansion

Method for the Loaded Korteweg–de Vries Equation” Journal of Applied and Industrial
Mathematics, 15:4, pp. 679–685 (2021). Q. Zhijun, F. Engui Negative-order Korteweg–de
Vries equations Phys. Rev. E 86:1, 016601 (2012).

[3] Z. Qiao, J. Li Negative-order KdV equation with both solitons and kink wave solutions.
Europhys. Lett. 94, 50003 ( 2011).

[4] Q. Zhijun, F. Engui Negative-order Korteweg–de Vries equations Phys. Rev. E 86:1, 016601
(2012).
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Isospectral Control of Self-Similar Rogue waves

Sanjana Bhatia1, and C. N. Kumar1

1Department of Physics, Panjab University, Chandigarh-160014, India

“Rogue waves”, “freak waves” and “killer waves”, refer to giant isolated waves that ap-
pear from nowhere, having amplitudes significantly larger than the background waves.
Firstly observed in the oceans as extreme water waves, rogue waves (RWs) are ubiquitous
in nature and appear in various contexts such as nonlinear optical systems, Bose-Einstein
condensates, microwave cavities, etc. In particular, the study of rogue waves has gained
fundamental significance in nonlinear optical systems, because of its potential applications
in producing high-intensity optical pulses. Several models have been developed to study
the dynamics of RWs, the nonlinear Schrödinger equation (NLSE) being the most studied
one [1].
A significant aspect of the implementation of RWs in the communication industry is the
manipulation of features like amplitude, speed etc. Recently, Dai and his collaborators
have studied the dynamics of controllable rogue waves, modeled by variable coefficient
NLSE, through dispersion and nonlinearity management [2]. Authors in [3] have shown
that the equation governing rogue wave dynamics admits a wide class of self-similar solu-
tions, whose amplitudes can be exactly controlled by tailoring gain and tapering profiles
in optical fibers through a free parameter using the isospectral hamiltonian technique. In
the present work, we extend this class of solutions, to control the amplitude by tailoring
the gain and tapering profiles through two free parameters. In the paraxial regime, the
beam propagation is governed by the inhomogeneous NLSE given by

i
∂U

∂Z
+

1

2

∂2U

∂X2
+ F (Z)

X2

2
U − i

2
G(Z)U + |U |2U = 0, (1)

where U(X,Z) represents the dimensionless complex field envelope, F (Z) is the graded-
index profile, and G(Z) is the linear gain/loss function. Fig. 1 demonstrates the effect of

Figure 1: (a) Rogue wave intensity corresponding for undeformed case. Rogue wave
intensity for (b) λ1, λ2 = (0.1,−1.1) (c) λ1, λ2 = (1,−1.1)

Ricatti parameters (λ1, λ2) on intensity of the RW. It can be observed that the height of
the RW can be effectively controlled through judicious combination of (λ1, λ2), increasing
up to 30 times in Fig. 1(c).

[1] N. Akhmediev, A. Ankiewicz, and M. Taki, ” Waves that appear from nowhere and disappear
without a trace”, Phys. Lett. A 373, 675 (2009).

[2] C. Q. Dai, Y. Y. Wang, Q. Tian, and J. F. Zhang, ” The management and containment of
self-similar rogue waves in the inhomogeneous nonlinear Schrödinger equation”, Ann. Phys.
327, 512 (2012).

[3] C. N. Kumar, R. Gupta, A. Goyal, and S. Loomba, ” Controlled giant rogue waves in
nonlinear fiber optics”, Phys. Rev. A 86, 025802 (2012).
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Title ： Well-posedness and wave-breaking for the stochastic rotation-two-component
Camassa-Holm system

Abstract：We study the global well-posedness and wave-breaking phenomenon for the stochastic
rotation-two-component Camassa-Holm (R2CH) system. First, we find a Hamiltonian structure of
the R2CH system and use the stochastic Hamiltonian to derive the stochastic R2CH system. Then,
we establish the local well-posedness of the stochastic R2CH system using a
dispersion-dissipation approximation system and the regularization method. We also show a
precise blow-up criterion for the stochastic R2CH system. Moreover, we prove that the global
existence of the stochastic R2CH system occurs with high probability. At the end, we consider the
transport noise case and establish the local well-posedness and another blow-up criterion.
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 One-dimensional Optical Turbulence 

Clément Colléaux¹, Sergey Nazarenko¹, Jason Laurie² and Jonathan Skipp² 

1Université Côte d’Azur, CNRS, Institut de Physique de Nice - INPHYNI, Nice, France 

² Department of Mathematics, College of Engineering and Physical Sciences Birmingham, B4 7ET, 

UK 

 

 

One dimensional Non-Linear Schrödinger Equation (1D NLSE), which governs different non-

linear systems (optical fibers, liquid crystals, Bose-Einstein condensation), was proven to be 

integrable by Zakharov and Shabat in 1971 [1]. They used the Direct Scattering Transform 

(DST) method, a computation of the non-linear spectrum, equivalent of Fourier Transform. 1D 

NLSE is however just a model for most systems, the real equations contain high-order 

corrections. These new terms often break its integrability, allowing these systems to have a 

turbulent behaviour. The system studied here is the propagation of a laser beam into a liquid-

crystals medium, governed by an non-integrable equation corresponding to a modified 1D 

NLSE. This system is thus turbulent and present interactions between linear waves and solitons. 

The main idea of our work is that we can apply DST to characterize solitons and thus study 

this turbulent system. 

 

To understand these interactions, we run Direct Numerical Simulations and process the data 

obtained by using different methods to characterize the solitons, including the DST. We 

compare the results given by DST to the x − t plot of the simulation and to k − ω plots. Doing 

this, we have three ways to identify solitons and to obtain their speeds and amplitudes. It 

appeared that the information given by DST is consistent with x−t and k −ω plots which makes 

it a useful tool to study a non-integrable system. With these tools, we observed different sets 

of sech-profile solitons evolving with modified 1D NLSE and obtained interesting results, (i) 

these solitons move with an oscillating amplitude, (ii) some new solitons can be created and 

some annihilated, (iii) we saw evidences of soliton turbulence [2], a series of non-elastic 

collisions that leads to a big single soliton. 

 

 

[1] V. E. Zakharov, A. B. Shabat, Journal of Experimental and Theoretical Physics, 34, 62-69, (1970). 

[2] J. Laurie, U. Bortolozzo, S. Nazarenko, S. Residori, Physics Reports, 514, 121-175, (2012). 
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Interaction of soliton gas with dispersive hydrodynamic
mean flows

Thibault Congy1, Henry Carr1, Mark A. Hoefer2, and Gennady A. El1

1(Presenting author underlined) Department of Mathematics, Physics and Electrical
Engineering, Northumbria University, Newcastle upon Tyne NE1 8ST, UK

2University of Colorado, Department of Applied Mathematics, Boulder, CO 80303, USA

The soliton structure plays a fundamental role in many physical systems due to its fun-
damental feature: its shape remains unchanged after the collision with another soliton in
the case of integrable dynamics. Such particle-like behavior has been at the origin of a
new mathematical object: the soliton gas, consisting of an incoherent collection of solitons
for which phases (positions) and spectral parameters (e.g. amplitudes) are randomly dis-
tributed. The study of soliton gas involves the description of the gas dynamics as well as
the corresponding modulation of nonlinear wave field statistics, which makes the soliton
gas a particularly interesting embodiment of the particle-wave duality of solitons.
Building on the recent developments of the theory of soliton-mean flow interaction, we
investigate the interaction of a soliton gas with mean flows for the Korteweg-de Vries
(KdV) equation. The existing results on the individual soliton’s interaction with slowly
varying mean fields (e.g. rarefaction wave) are generalized to the case of so-called cold
soliton gases; we notably present a new hydrodynamic reduction of the kinetic equation
based on the theory of KdV soliton condensates [1]. The obtained analytical results are
compared with the numerical simulation of the KdV soliton gases propagating through
simple hydrodynamic waves.

[1] T. Congy, G.A. El, G. Roberti, A. Tovbis, arXiv:2208.04472v2.
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Dam-break problem in integrable and non-integrable discrete nonlinear Schrödinger
equation, and applications to neuromorphic computing

C. Danieli1

1Physics Department, Sapienza University of Rome, Piazzale Aldo Moro 5, Rome, 00185, Italy

Integrability provides analytically treatable framework to study the formation and dynamics of solitonic and rogue
wave excitations. A notable example is the the dam-break problem (box initial condition) for the integrable one-
dimensional nonlinear Schrödinger (NLS) equation [El.et.al., Nonlinearity 29, 2798 (2016)]. We consider two dis-
cretized versions of the one-dimensional NLS – namely, the Ablowitz-Ladik and the discrete nonlinear Schrödinger
lattices, where only the former one is integrable We discuss the dam-break problem in both nonlinear lattice cases,
observing generation of Rogue waves in the integrable case, while condensation in the non-integrable one. We then
introduce their applications of these two nonlinear lattices as reservoirs in neuromorphic computing.
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Integrability, solitons and invariant solutions of a generalized (2+1)-

dimensional Hirota bilinear equation 

 

Amiya Das 1 , Uttam Kumar Mandal 1  

1(Presenting author underlined) Department of Mathematics, University of Kalyani, Kalyani, 
India 

 

 

 
The present exposition investigates an extended version of the generalized (2+1)-dimensional 
Hirota bilinear equation, which is relevant to nonlinear wave phenomena in areas such as 
shallow water, oceanography, and nonlinear optics. The integrability properties [1] of the 
equation are studied using the Painleve analysis technique [2], which reveals that it is not 
completely integrable in the Painleve sense. The Bell polynomial form is introduced to obtain 
the Hirota bilinear form [3] and Backlund transformations [4], and Lax pairs are derived using 
the Cole-Hopf transformation and linearization of a coupled system of binary Bell polynomials. 
The paper also derives infinite conservation laws and illustrates one, two, and three soliton 
solutions from the Hirota bilinear form. Lie symmetry approach [5] is applied to analyze the 
Lie symmetries and vector fields of the problem, and similarity variables are used to obtain 
symmetry reductions and closed-form solutions such as parabolic wave and kink wave 
solutions. 

 
[1] M. Ablowitz and P. Clarkson, Solitons, Nonlinear Evolution Equation and Inverse Scattering , 
Cambridge University Press, Cambridge, (1999). 

[2] J. Weiss, M. Tabor and G. Carnevale, The Painleve property for partial differential equations, J. 
Math. Phys., 24, pp. 532, (1983). 

[3] R. Hirota, The Direct Method in Soliton Theory, Cambridge University Press, Cambridge, (2004). 

[4] J. Weiss, The Painleve property for partial differential equations. II: Backlund transformation, Lax 
pairs, and the Schwarzian derivative, J. Math. Phys., 24, pp. 1405-1413, (1983). 

[5] P.J. Olver, Applications of Lie groups to differential equations, Springer Science, Business Media, 
107, (2000). 
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Mean Field Evolution of Weakly Interacting Fermions

D. Desio1, N. Benedikter2

1Università degli studi di Milano, Department of Mathematics
2Università degli studi di Milano, Department of Mathematics

A major problem in condensed matter is the derivation of effective theories to describe
d-dimensional electron gases as a model for conducting materials. A conductor can be
approximated as a three-dimensional electron gas but more sophisticated materials, like
graphene and carbon nanotubes, are modelled in two and one dimensions. We are con-
sidering systems whith a number of particles in the order of 1023, this sets a limit in the
resolution of the many-body Schrödinger equation. To overcome this problem, effective
evolution equations are introduced; in an idealized regime the many-body Schrödinger
equation can be approximated by equations with fewer degrees of freedom. For a sys-
tem of interacting fermions, the many-body dynamics can be approximated by the time-
dependent Hartree-Fock equation. In 2014 Benedikter, Porta and Schlein studied the
many-body dynamics for a three-dimensional system of weakly interacting fermions where
a mean field regime is coupled to a semiclassical scaling. Considering the same regime
and scaling limit, we generalize the model in d dimensions. The novelty of our approach
lies in the introduction of an explicit formula for the unitary implementation of a particle-
hole transformation. We prove that the error of this approximation tends to zero as the
number of particles grows at infinity.

[1] N. Benedikter, D. Desio . Two Comments on the Derivation of the Time Dependent Hartree-
Fock Equation. https://arxiv.org/abs/2207.07939 (2022).

[2] N. Benedikter, M. Porta , B. Schlein . Mean Field Evolution of Fermionic Systems . Commun.
Math. Phys. 331, 1087-1131 (2014).
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Delta-shaped perturbations of the Laplace-Beltrami operator
on a two-dimensional sphere

Karlygash Dosmagulova
Department of Mathematics: Analysis, Logic and Discrete mathematics, and Ghent Analysis & PDE Center (Ghent, Belgium)

Department of Mathematics, Al-Farabi Kazakh National University (Almaty, Kazakhstan)

This work deals with delta-shaped perturbations of the Laplace-
Beltrami operator on a Riemannian manifold. Some examples of the
construction of the Laplace-Beltrami operator on a smooth Riemannian
manifold with a smooth compact boundary are given. Green's functions
in the two-dimensional sphere are constructed. Functionals in Sobolev
space in the punctured sphere are found, such that regularization of an
element allows to redefine its value at a singular point. Then the
eigenvalues of the operator with the punctured point are estimated.

Main results

Conclusion

Introduction

The true application of multivariate differential operator studies has
been studied in medicine. Currently, there is a great need for important
research in the field of biotechnology, i.e the development of gene
interactions using polymers. This study aims to determine the type of
mathematical model of polymers. Therefore, the ability to use
Riemannian surfaces allows you to build a model.
Although Riemannian spaces were used in physics, mathematics, and
chemistry, their most important role was identified in the theory of
homology.

References
[1] R. Abraham, J. Marsden, T. Ratiu, Manifolds, Tensor Analysis and Applications,
second edition, Springer-Verlag, New York, (1988).
[2] Ruzhansky, M., Turunen, V. Pseudo-differential Operators and Symmetries:
Background Analysis and Advanced Topics. Birkhaüser-Verlag, Basel, (2010).
[3] R.A. Adams, J.J.F. Fournier, Sobolev Spaces, Pure Appl. Math., Academic Press,
(2003).
[4] E.B. Davies, Spectral Theory and Differential Operators, Cambridge University Press,
Cambridge, (1995).
[5] J.L. Lions, E. Magenes, Nonhomogeneous Boundary Value Problems and
Applications I, Grund-lehren Math. Wiss., Springer, (1972).
[6] W.A. Poor, Differential Geometric Structures, McGraw–Hill, (1981).
[7] B. E. Kanguzhin, K. A. Dosmagulova, Well-posed problems for the Laplace-Beltrami
operator on a punctured two-dimensional sphere, Advances in the Theory of Nonlinear
Analysis and its Applications, 7(2), (2023), 1253855
[8] G. Grubb, A characterization of the nonlocal boundary value problems associated with
an elliptic operator, Ann. Sc. Norm. Super. Pisa, 22 (3) (1968) 425–513.

Abstract
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Resonant Dynamics of the Gross-Pitaevskii Equation

Anxo Biasi1

1 Laboratoire de Physique de l’Ecole Normale Supérieure ENS Université PSL,CNRS,
Sorbonne Université, Université de Paris, F-75005 Paris, France

This contribution will discuss how resonances influence the dynamics of the Gross-
Pitaevskii equation with an external trapping potential

i∂tψ = −∆ψ + V ψ + g|ψ|2ψ. (1)

The attention will be focused on highly resonant potentials, where the linear spectrum
ωk is non-dispersive, such as in the harmonic trap,

ωk = 2k +
d

2
k = 0, 1, 2, ..., (2)

where d is the spatial dimension. In this case, the resonance condition ωk1+ωk2 = ωk3+ωk4

is trivially satisfied by integers numbers, guaranteeing the presence of many resonances. It
makes that GPEs with (2) display nontrivial dynamics even in the weakly nonlinear regime
|g| ≪ 1. The effects of these dynamics are “visible” in the time-scale t ∼ 1/g [1], which is
much smaller than the kinetic scale (1/g2), showing the dominance of exact resonances. In
this contribution we will show interesting phenomena associated with resonant dynamics
that can be captured analytically as stationary and time-periodic energy-flows [2, 3, 4],
or numerically as Fermi-Pasta-Ulam-Tsingou recurrences [5].

[1] S. Kuksin, and A. Maiocchi, New Approaches to Nonlinear Waves, Springer (2016).
[2] A. Biasi, P. Bizoń, B. Craps and O. Evnin, Phys. Rev. A 96, 053615 (2017).
[3] A. Biasi, P. Bizoń, B. Craps and O. Evnin, Phys. Rev. E 98, 032222 (2018).
[4] P. Gérard, P. Germain, and L. Thomann, Arch. Rat. Mech. and Anal., 231, 1073-1128

(2019).
[5] A. Biasi, O. Evnin, and B. A. Malomed, Phys. Rev. E 104, 034210 (2021).
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Unusual chaos and thermalization properties of confined hard
rods

Debarshee Bagchi1, Jitendra Kethepalli1, Abhishek Dhar1, Manas Kulkarni1

and Anupam Kundu1

1(Presenting author underlined) International Centre for Theoretical Sciences, Tata
Institute of Fundamental Research, Bengaluru–560089, India

In this work, we will present a comprehensive analysis of the dynamical properties and
equilibration behaviour of hard rods confined to integrability-breaking confining traps.
Specifically, we will explore the behaviour of hard rods in both harmonic and quartic
traps and discuss how the harmonically trapped system shows non-chaotic to chaotic be-
haviour with increasing system size. We further investigate the underlying non-ergodic
nature of the hard rod in the harmonic trap and contrast it with the ergodic and ther-
malizing behaviour observed in the quartic trap. Based on this we provide a heuristic
understanding of the equilibration of harmonically trapped rods, highlighting the sig-
nificant differences observed between the two types of confinement. Our findings shed
new light on the complex dynamics of confined hard rod systems, with implications for
Generalized hydrodynamics in the presence of confinement.
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Extreme wave generation due to exceptional bathymetry 

Arnida L. Latifah 1 and Ayu Shabrina 1 

1Research Center for Computing, The National Research and Innovation Agency of Indonesia 

 

We present the numerical wave simulations over a particular seabed using Hawassi model. We 

investigate the amplification of a mild wave and a more energetic wave evolution over an 

abrupt bathymetry change. The existence of a shallow bathymetry in the open sea causes the 

extreme wave generation as the consequences of many physical aspects [1]. The amplification 

of the wave seems to behave only locally near the shallow bottom. Passing the shallow bottom, 

the wave transforms into a downward running flow toward the shore. The wave-bottom 

interaction incorporating wave shoaling, breaking waves, and nonlinearity also results in 

statistics wave transformation [2]. 

 

 

[1]. Latifah, A.L., Shabrina, A. and Handri, D., 2022. Simulations of long-crested wind waves over the 

shallow seamount at Glagah. Applied Ocean Research, 129, p.103366.  

[2]. Latifah, A.L., Handri, D., Shabrina, A., Hariyanto, H. and van Groesen, E., 2021. Statistics of 

Simulated Storm Waves over Bathymetry. Journal of Marine Science and Engineering, 9(7), p.784. 
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Novel nonlinear wave structure for some
nonlinear equations with applications
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Semiclassical Trace Formula for Lieb-Liniger model

David Martin1, Dr Rémy Dubertrand 1, and Prof Gennady El 1

1Northumbria University

In quantum chaos, an important tool to study the correspondence between a quantum
system and its classical limit is the trace formula. This relates the energy density of a
quantum model to the properties of the periodic solution of its classical limit. It is of rel-
evance for our study particularly as it has been written decades ago for a fully integrable
model by Berry and Tabor [1]. Here we apply the trace formula to the Lieb-Liniger model
[2], [3] for a finite number of particles. This model has played a central role in mathe-
matical physics and we believe it is particularly relevant for studying classical/quantum
correspondence. Our motivation for using the trace formula here is that we believe it
can be a valuable tool to give new insights as it pertains to the topic of thermalisation.
The model deals with N 1-Dimensional Bose particles trapped in a box, interacting via a
two-body potential chosen as the Dirac delta ”function”. More explicitly the stationary
Schrödinger equation for the eigenstates reads:−

N∑
j=1

∂2

∂x2j
+ 2c

∑
1≤i ̸=j≤N

δ (xi − xj)

ψ = Eψ , R : 0 ≤ xi ≤ L, 1 ≤ i ≤ N (1)

Where c > 0 is the interaction strength and R is the region of space. The original
treatment by Lieb and Liniger uses the Bethe ansatz to find the energy spectrum and the
corresponding eigenstates. Using the Bethe equations to count all the eigenvalues of the
Hamiltonian (1) enables us to write a formula for the mean density of states as a volume
integral over the phase space of the classical corresponding model. The oscillating part
of the trace formula will relate the quantum energy spectrum to the classical periodic
trajectories. We test our trace formula in two ways. First by solving numerically the
Bethe equations for N and computing a long sequence of levels to get their density. Then
comparing the obtained density by a sum over the classical periodic solutions with the
shortest period obtained also numerically. In future we plan to expand this analysis to
the continuum limit N,L→ ∞ when the phase space becomes infinite dimensional. The
Lieb-Liniger model has been well studied in generalised hydrodynamics (GHD) [4], [5],
[6] and we aim to make more explicit a connection between this and the trace formula.

References

[1] M. V. Berry and M. Tabor, Proc. Roy. Soc. A 356, 375 (1977)

[2] E. H. Lieb and W Liniger, Phys. Rev. 130, 1605 (1963)

[3] E. H. Lieb, Phys. Rev. 130, 1616 (1963)

[4] O. Castro-Alvaredo, B. Doyon, T. Yoshimura, Phys. Rev. X 6, 041065 (2016)

[5] B. Doyon, SciPost. Lect. Notes 18 (2020)

[6] H. Spohn, arxiv:2301.08504[cond-mat.stat-mech]

P15



Maxwell-Bloch equations without spectral
broadening: the long-time asymptotics of an
input pulse in a long two-level laser amplifier
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Soliton Shielding of the Focusing Nonlinear Schrödinger
Equation

Marco Bertola1,2,3, Tamara Grava1,4,3, and Orsatti Giuseppe1,3

1(Presenting author underlined) SISSA, via Bonomea 265, 34136, Trieste, Italy
2Concordia University, 1455 Avenue de Maisonneuve W. 1455 Avenue de Maisonneuve

West, H4G 1M8, Montral, Canada
3INFN, Sezione di Trieste, via Valerio 2, 34127, Trieste, Italy

4School of Mathematics, University of Bristol, Fry Building, Bristol, BS8 1UG, United
Kingdom

We first consider a deterministic gas of N solitons for the focusing nonlinear Schrödinger
(FNLS) equation in the limit N → ∞ with a point spectrum chosen to interpolate a given
spectral soliton density over a bounded domain of the complex spectral plane. We show
that when the domain is a disk and the soliton density is an analytic function, then the
corresponding deterministic soliton gas surprisingly yields the one-soliton solution with
the point spectrum the center of the disk. We call this effect soliton shielding. We show
that this behavior is robust and survives also for a stochastic soliton gas: indeed, when
the N -soliton spectrum is chosen as random variables either uniformly distributed on the
circle, or chosen according to the statistics of the eigenvalues of the Ginibre random matrix
the phenomenon of soliton shielding persists in the limit N → ∞. When the domain is an
ellipse, the soliton shielding reduces the spectral data to the soliton density concentrating
between the foci of the ellipse. The physical solution is asymptotically steplike oscillatory,
namely, the initial profile is a periodic elliptic function in the negative x direction while
it vanishes exponentially fast in the opposite direction.

[1] M. Bertola, T. Grava, and G. Orsatti, Phys. Rev. Lett. 130, 127201 (2023).
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Riemann problem for polychromatic soliton gases:
a testbed for the spectral kinetic theory

G. Roberti1, H. Carr1, T. Congy 1 and G. El 1

1 Department of Mathematics, Physics and Electrical Engineering,
Northumbria University, Newcastle upon Tyne, UnitedKingdom

We use Riemann problem for soliton gas as a benchmark for a detailed numerical verifica-
tion of the kinetic equation describing the evolution of the density states in the nonlinear
Fourier spectral phase plane. We construct weak solutions of the kinetic equation de-
scribing collision of two dense, uniform soliton gases, each composed of a finite number
of “quasi-monochromati” components. We extract the macroscopic physical observables
of the associated nonlinear incoherent wave fields (integrable turbulence) for the focusing
nonlinear Schrodinger equations from the the analytical spectral solution and compare
them with the results of direct numerical simulations of respective polychromatic soliton
gases. To numerically synthesize dense soliton gases we employ a novel method that com-
bines advances in the spectral theory of the so-called soliton condensates and the recently
developed effective algorithms for the numerical realization of N-soliton solutions with
large N.
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Thermalization and hydrodynamics in an interacting integrable

system: the case of hard rods

Sahil Kumar Singh1   

(work with Anupam Kundu, Abhishek Dhar, Herbert Sphon)

1International Centre for Theoretical Sciences, Bengaluru, India

A classical  Hamiltonian  many-body system will  generally  thermalize  to  Gibbs Ensemble

(GE) if left alone for a long time. However, there may exist systems that do not thermalize to

GE, because of the existence of extra conservation laws which restrict their motion in the

phase  space.  Thus,  dynamical  many-body  systems  can  be  thought  of  as  constituting  a

spectrum, with systems having only Hamiltonian as the conserved quantity at one end of the

spectrum, and systems having infinitely many conservation laws at the other end. The latter

end  consists  of  integrable  many-body  systems,  which  are  believed  to  thermalize  to  the

Generalized Gibbs Ensemble (GGE). They have a number of conservation laws equal to the

number of degrees of freedom, and thus an infinity of them in the thermodynamic limit. Their

non-equilibrium states close to local GGE is described by generalised hydrodynamics (GHD).

In this poster, we will study thermalization to GGE of an interacting integrable system, which

is that of hard rods, starting from an initial non-equilibrium state. We will also solve the GHD

equations at the Euler level exactly by mapping it to a free particle Euler equation. We will

compare our analytical results with those of molecular dynamics simulations.
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Formation of Rouge Waves and
Modulational Instability Analysis in non-

autonomous system
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Reducibility of a class of quasi-linear wave equation on the torus.
M. Berti1, R. Feola2, M. Procesi2 and S. Terracina3

1 SISSA
2 Dipartimento di Matematica e Fisica, Università degli Studi Roma Tre

3 Dipartimento di Matematica ”Federigo Enriques”, Università degli Studi di Milano

We prove reducibility of a class of quasi-periodically forced linear wave equations of
the form

ψtt − ψxx + mψ +Q(ωt)ψ = 0 , x ∈ T := R/2πZ

where ψ = ψ(t, x), m ∈ [1, 2], Q is an unbounded pseudo-differential operator of order
2, provided that the forcing frequency ω ∈ Rν , ν ≥ 1 satisfies suitable non resonance
conditions. In appropriate complex coordinates the equation reads as a first order sys-
tem with a very weak, even, dispersion. At the highest order we split the dynamics
into a backward/forward transport equation, with non-constant coefficients, on posi-
tive/negative modes. The key idea is to straighten such vector fields through a novel
quantitative Egorov analysis.
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Creation and annihilation of solitons in the negative order
Korteweg-de Vries equation

G.U. Urazboev 1,2, I.I. Baltaeva 1, and O.B. Ismoilov2,1

1 (Presenting author underlined) Urgench State University
2V.I.Romanovsky Institute of Mathematics of the Academy of Sciences of

Uzbekistan,Khorezm branch

Studying the negative order Korteweg de Vries equation (nKdV) plays an important role
in the theory of peaked soliton (peakon) and cusp soliton (cuspon) [1, ?].In the work [2]
the inverse scattering method for the one-dimensional Schrodinger operator on a straight
line is used to derive solutions for the Korteweg-de Vries equation with a self-consistent
source which describes the creation and annihilation of solitons. In this work, the creation
and annihilation of solitons in the system described by the negative order Korteweg-de
Vries equation with a self-consistent source are studied.

[1] Qiao, Z.J. and Fan, E.G. Negative-Order Korteweg-De Vries Equations, Physical Review E,
862 (2012).

[2] Mel’nikov V.K. Creation and annihilation of solitons in the system described by the
Korteweg-de Vries equations with a self-consistent source, Inverse Problems,6:5, 809–823
(1990).
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Energy transfer in 3D DNS of turbulent systems.
Case of study: space plasmas

Christian L. Vásconez1, E. Manobanda2, R. Marino3 and L. Sorriso-Valvo4,5

1Departamento de F́ısica, Escuela Politécnica Nacional, Eciador
2Universidad Técnica de Ambato, Ecuador

3Université de Lyon, France
4CNR/ISTP, Italy

5Swedish Institute of Space Physics, Sweden

Recent in situ observations of the solar corona have corroborated, and revealed, a variety
of details on its nature and its contribution to the solar-wind turbulence, e.g., [1, 2, 3, 4].
However, the existence of multiple components, scales, and regimes make this media ex-
tremely complex and holds open interesting questions [5]. In fact, one of this questions is
related to the nature of the turbulent cascade of the solar-wind plasma, which is a quasi
collisionless plasma because of its low density and high temperature [6]. In particular,
the dissipation mechanisms of the electromagnetic fields and plasma flow fluctuations are
not fully understood.
We study the energy transfer rate in three-dimensional direct numerical simulations of
quasi collisionless space plasmas. The Yaglom-Politano-Pouquet law is analyzed in a tur-
bulent scenario evolved using a Hall magnetohydrodynamic model. This law is computed
using two different numerical schemes, where we evidence a scale-by-scale sign dependence
to the integration method. The so-called Local Energy Transfer proxy is also studied in
this simulation, showing no dependence to the integration method.

[1] J. C. Casper et al., Nature 576, 228 (2019).
[2] S. Bale et al., Nature 237, 237 (2019).
[3] D. M. Malaspina et al., ApJ Supp. Series 246, 21 (2020).
[4] R. Chhiber et al., ApJ Supp. Series 246, 31 (2020).
[5] N. M. Viall and J. E. Borovsky, Space Phys. 125, e2018 (2020).
[6] R. Bruno and V. Carbone, Springer (2016).
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Kinetic equations for soliton gas: a Hamiltonian formulation

P. Vergallo1,2 and E.V. Ferapontov3,4,

1 Department of Mathematics ’F. Enriques’, University of Milano, Milano, Italy
2Istituto Nazionale di Fisica Nucleare, sez. di Milano,

3 Department of Mathematical Sciences, Loughborough University, Loughborough,
Leicestershire, United Kingdom

4 Institute of Mathematics, Ufa Federal Research Centre, Russian Academy of Sciences,
Ufa, Russia

The El’s integro-differential kinetic equation for dense soliton gas was firsly derived in
[1] as a thermodynamic limit of the KdV Whitham equations and reads as

ft + (sf)x = 0,

s(η) = S(η) +
∫∞
0 G(µ, η)f(µ)[s(µ) − s(η)] dµ,

(1)

where f(η) = f(η, x, t) is the distribution function, s(η) = s(η, x, t) is the associated
transport velocity, S(η) is the free soliton velocity and the kernel G(µ, η) is the phase
shift due to pairwise soliton collisions.

In [2], the authors introduced a delta-functional ansatz

f(η, x, t) =
n∑

i=1

ui(x, t) δ(η − ηi(x, t)), (2)

to reduce system (1) into a 2n× 2n quasilinear system for ui(x, t) and ηi(x, t).
In this poster, we present a Hamiltonian formalism for El’s equations after delta-

functional reduction. In particular, we find multiple first-order Hamiltonian structures
for separable 2-soliton interaction kernels. We show explicitly the computed structures
for the general separable case, for partially inhomogeneous hard rod gas and for hard rod
gas, presenting the operators in arbitrary n number of components.

We finally discuss some future perspectives.
This is a joint work with E.V. Ferapontov and it is based on [3]

[1] El G A 2003 The thermodynamic limit of the Whitham equations, Phys. Lett. A 311, no.
4-5 374-383.

[2] Pavlov M V , Taranov V B and El G A 2012 Generalized hydrodynamic reductions of the
kinetic equation for a soliton gas, Theoret. and Math. Phys. 171, no. 2 675-682

[3] P. Vergallo and E.V. Ferapontov: Hamiltonian systems of Jordan block type, arXiv:
https://arxiv.org/abs/2212.01413, 2022;
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On existence, uniqueness and stability of multi-solitons for the generalized
Benjamin Ono equations

Zhong Wang

Foshan University , China

In this talk we will present our recent results concerning on the existence, uniqueness and
stability of multi-solitons for the following generalized Benjamin Ono (gBO) equations

.3,0)||||( 1   puuuDu x
p

t

We constructed its strongly interacting N -solitons and showed the uniqueness of which for
2N and mass supercritical case 3p . Compare to logarithmic relative distance of each

solitons for the gKdV and gNLS equations, the relative distance of each soliton of gBO is t .
We will also consider the stability of N -solitons for the completely integrable BO equation.
It is more likely a two dimensional integrable system, the recursion operator of which is
implicit. By employing some IST, we finished the spectral anlysis of the recursion operators
and second variation operator of the Lyapunov functional of N -solitons. Our approach in the
spectral analysis consists in an invariant for the multi-solitons and new operator identities
motivated by the bi-Hamiltonian structure of the BO equation. Our argument reveals that
stability of one soliton in 2

1

H implies stability of N -solitons in 2
N

H .This is a joint work with
Yang Lan at Yau Center of Tsinghua University.
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