
  

Extreme events in deterministic dynamics
with application to rogue waves

Giovanni Dematteis
(with Tobias Grafke, Miguel Onorato, and Eric Vanden-Eijnden)

ICTP School/Workshop on Wave Dynamics:
Turbulent vs Integrable Effects

Trieste,   Aug 28, 2023



  

Outline

● Introduction
● Large Deviation Theory: fundamentals
● Computation of instantons in wave systems
● Experimental instantons in a wave flume
● Rogue waves in a real ocean?
● Outlook: future directions and applications



  

Outline

● Introduction
● Large Deviation Theory: fundamentals
● Computation of instantons in wave systems
● Experimental instantons in a wave flume
● Rogue waves in a real ocean?
● Outlook: future directions and applications



  

What are rogue waves?



  

only anecdotal evidence until a few decades ago

In art

The Great Wave off Kanagawa,  Katsushika Hokusai (c. 1830)



  

In history
(A chronology of freak wave encounters. PC Liu - Geofizika, 2007)
● Starting from “mythological” accounts about Columbus' 

fleet and Henry VIII's favourite ship Mary Rose which 
sank on July 19, 1545 (possibly due to a rogue wave 
and a sudden breeze causing her to capsize), there 
are tens of documented episodes

● Until recently often dismissed as seafarer lore



  

Definition:
Waves whose height from crest to 
trough exceeds twice the significant 
wave height H

s

(4 times the standard deviation of 
the surface elevation)

Unpredictable and dangerous: 
represent a serious threat to boats 
and naval structures

2006-2010: 78 rogue waves (all with 
either damage or human losses).
I Nikolkina, I Didenkulova, nat. hazards earth. 
syst. sci. (2011)

Mechanisms of emergence:
Two plausible scenarios have emerged 
over the years, linear superposition
and nonlinear focusing

Rogue Waves



  

Two limiting theories for extreme waves
Linear (dispersive) theory

● “Quasi-determinism” for 
Random Gaussian fields: 
Lindgren (’70s), Boccotti (’80s)

● Larger waves have the shape of 
the covariance of the wave field

● Gaussian PDF tails: about 1/3000 
waves is “rogue”

Semi-classical theory of NLS

● Benjamin-Feir modulational 
instability: Onorato, Chabchoub, 
etc. (2000's on) 

● Theorem in Bertola & Tovbis, 
CPAM 66.5 (2013): large bumps 
tend nonlinearly to a local 
Peregrine soliton

● Non-gaussianity and increased 
probability of tail events

Peregrine soliton evolution



  

● Intrinsic randomness: need for a statistical approach

●  incorporate the effective dynamics (e.g. dispersive vs 
nonlinear effects)

● Must be suitable for the description of events in the 
distribution tails, beyond the Central Limit Theorem 

descripton

Looking for suitable theory



  

Large Deviation Theory (LDT)



  

Some notable applications

● Statistical mechanics

The entire theory can be naturally  
formalized in terms of LDT

Touchette U, The large deviation 
approach to statistical mechanics, 
Phys. Rep. 2009

● Stochastic processes

Freidlin-Wentzell LDT for 
stochastic differential equations in 
the limit of small noise

Freidlin MI, and Wentzell AD, 
Random perturbations of 
dynamical systems, Springer 1998 

● Turbulence “multifractality”

Frisch U, and Parisi G, Fully 
developed turbulence and 
intermittency, 1980

Benzi R, and Vulpiani A, 
Multifractal approach to fully 
developed turbulence, 2022
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Central Limit Theorem (CLT)



  

Comments on CLT



  

Cramér Theorem



  

Large Deviation Principle



  

Dominating point “LDP”

● “Dominating-point” regime starts for 
“large-enough” z

● In the tail, same rate function as large 
N LDP, but different limit: no uniform 
convergence for any z

● Works of Ney, Iltis and others ('80s and 
'90s)

● DG, Grafke T, and Vanden-Eijnden E, 
SIAM/ASA Journal of Uncertainty 
Quantification, 2019
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LDT for deterministic dynamics
with random initial data

Note: will use θ or u
0  

indistinctly for the initial conditions



  

In practice: constrained optimization

Note: we will call u
0
* the instanton of the problem, borrowing the terminology

from field theory (instanton = minimizer of action in path-integral formalism).
See also works by Falkovich and others in the '90s in the theory of turbulence



  

Schematic picture of the LDP



  

Example: normal distribution with linear observable



  

Example: normal distribution with linear observable

● Probability concentration in parallel direction: LDP
● Degeneracy in perpendicular directions: sub-exponential prefactor



  

Wavefield w/ Gaussian independent Fourier modes, T=0



  

Analytical optimization



  

Introduce a dynamics

● Deep water, unidirectional spectrum, narrow-
band around k

0

● Governing dynamics reduces to 1D Nonlinear 
Schroedinger Equation (NLS)

Zakharov, J. Appl. Mech. Theor. Phys. (1968)



  

Linear case

● Moving reference frame
● Small amplitude field

● u and x in units of 8-1/2k
0
-1 and t in units of ω

0
-1

Now modes DO NOT INTERACT, preserving Gaussian statistics
Optimization at time T = Optimization at time 0



  

Instanton evolution, linear case

● Consider a large box
● Gaussian-shaped spectrum for simplicity 

● Look for max at T=0: u
0
*(z) given by covariance

● Use free-particle kernel, find instanton evolution



  

Instanton and Uncertainty Principle

Instanton saturates the bound of the Uncertainty 
Principle at the maximal focusing point

(not physically possible to focus a wave packet further)



  

Nonlinear case:
Numerical optimization by gradient descent



  

Instanton computation
● NLS with periodic boundary conditions discretized on a grid of 2048 points
● Spectrum of initial data parametrized by 93 Fourier modes: optimization in 185 

dimensions
● Solution evolved with pseudo-spectral exponential time differencing Runge Kutta of 

second order (ETDRK2) scheme
● Optimization through gradient descent with adaptive step (line search) and 

preconditioning of the gradient
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Experimental setup: the wave flume

Artificial wave tanks are a great 
test bed to mimick realistic 
“rescaled” sea states

● Narrow-banded states: NLS 
equation is the governing 
equation at leading order:

● Wave generator enforcing random initial data with 
Gaussian statistic and observational Jonswap spectrum

● Pick as observable:



  

Filtering of experimental extreme events



  

Comparison: Experiment vs Instanton



  

Experiment vs Instanton: quasi-linear regime



  

Experiment vs Instanton: highly-nonlinear regime



  

A unifying picture of rogue waves
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Framework for the problem in deep sea



  

Slow spectral dynamics on large scales



  

Modified NLS (Dysthe)

Non-integrable. 
Instantons qualitatively 
similar to NLS but with 
asymmetry



  

LDT estimate of the tails



  

Consistency check: spectral invariance 
during evolution



  

Statistics in large space-time domains



  

Accounting for entropic effect

Nice interplay with statistics of extrema:

● LDT: provides the effective mechanism and likelihood
● Statistics of extrema: straightforward extension of results to 

domains of arbitrary size



  

Outline

● Introduction
● Large Deviation Theory: fundamentals
● Computation of instantons in wave systems
● Experimental instantons in a wave flume
● Rogue waves in a real ocean?
● Outlook: future directions and applications



  

Application to other wave equations
KdV past a step

Shallow water equations for tsunami prediction

Extension of “LDP” for extreme events
to include second-order prefactor
correction



  

Extending to 2 dimensions (linear)
(from MS thesis by Alessandro Falchi)



  
Instantons in a 2D nonlinear evolution? to be done (see works by
Fedele extending quasi-determinism to nonlinear bound modes)

2D linear case

n(x,θ) = n(x)n(θ)
n(θ)=B(N) cos(θ)N

Straightforward generalization
of the 1D case: again same
result as Lindgren-Boccotti 

n(θ)



  

Generalize to random parameters / adjoint method

Direct method

● J evolution: dim(u) x dim(θ)

Adjoint method
● p evolution: dim(u) !!

Random parameters in the dynamics: e.g. variable-depth wave propagation in coastal waters?
Optimal bathymetry for rogue wave formation?  

Now the dynamics itself
can depend on random
parameters, not only ICs

All technical details in: GD et al. 2019   and    Tong et al. 2021 



  

Application in nonlinear optics
Experimental observation of
optical rogue waves in
nonlinear fiber optics.
NLS governing dynamics

Optical rogue waves
studied as potential 
treatment. Tumor cells
illuminated by randomly
modulated laser beams.
Need for control of energy
delivered by focused beams:
Could be posed as
optimization problem?

Instantons and LDP
shown to be highly relevant.
Promising application
not really exploited so far



  

Rigorous LDP

(small nonlinearity regime)

Rigorous LDP with
“speed” given by smallness
parameter ε
(proof uses Gärtner-Ellis)

“All extreme waves larger
than z look like the optimizer
(instanton)”



  

Thank you for your attention!
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