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Zakharov and Shabat showed complete integrability, with Lax pair:
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t is viewed as a parameter.
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Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="VUHFzyajNYxdphadAgE+IJRDfjQ="></latexit>

det
⇣
�(±)(x, z)

⌘
= det

⇣
m(±)

⌘
⌘ 1

<latexit sha1_base64="RGpAKh88Brwm/4igRr2CfamkOQU="></latexit>

m(±) =
⇣
m(±)

1 , m(±)
2

⌘
=

 
m(±)

11 m(±)
12

m(±)
21 m(±)

22

!
.

<latexit sha1_base64="gmXAFqBC5oqc9xoZMI01PCID1Co="></latexit>

�(+)(x, z) and �(�)(x, z): fundamental solutions for each z 2 R

<latexit sha1_base64="kZfUMeYvzxGBkvPGgal4s8xJ2ok="></latexit>

�(�)(x; z) = �(+)(x; z)S(z), z 2 R,

S(z) =

✓
a(z) �b(z)⇤

b(z) a(z)⇤

◆
, detS(z) = |a(z)|2 + |b(z)|2 = 1

<latexit sha1_base64="mFq8yw5h1kFynFg4qys2yzjeVDI="></latexit>

a(z): Analytic in C+

<latexit sha1_base64="FgPOsRJz78mRNpuHFc08roaeiTw="></latexit>

m(�)
1 : Analytic for z 2 C+

<latexit sha1_base64="FvjBteK/9GIo+ztuBSN4FI+87g4="></latexit>

m(�)
2 : Analytic for z 2 C�

<latexit sha1_base64="qATKp35b1QgmsWEXIcU+QEYYNC8="></latexit>

m(+)
2 : Analytic for z 2 C+

<latexit sha1_base64="VGcYO3B58UjBGmOooxC1FwkpCrY="></latexit>

m(+)
1 : Analytic for z 2 C�

<latexit sha1_base64="Ps3eEWqapVU5vH7yn2yB9qITJ9U="></latexit>

a(z) ! 1 as z ! 1, z 2 C+ .



<latexit sha1_base64="SqKNjIffNHTwAF/+yuA4r2VQNP4="></latexit>

Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="RGpAKh88Brwm/4igRr2CfamkOQU="></latexit>

m(±) =
⇣
m(±)

1 , m(±)
2

⌘
=

 
m(±)

11 m(±)
12

m(±)
21 m(±)

22

!
.

<latexit sha1_base64="EYqJqh/HH5GkRfJGLlof+AQnrKs="></latexit>R

<latexit sha1_base64="/h6Gh6BXhwaa2bn9/W/Bowp85eg="></latexit>

a(z
)!

1

<latexit sha1_base64="R0gcx/075jQj13JIYqSaqQBxjYY="></latexit>

m
(�)

1
(x, z) !

✓
1
0

◆
as z ! 1, z 2 C+

<latexit sha1_base64="Ac/0pVDiJCVLXEu2tiElMoY+WPM="></latexit>

m
(+)

2
(x, z

) !

✓ 0
1

◆
, as

z !
1, z 2 C+



<latexit sha1_base64="SqKNjIffNHTwAF/+yuA4r2VQNP4="></latexit>

Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="RGpAKh88Brwm/4igRr2CfamkOQU="></latexit>

m(±) =
⇣
m(±)

1 , m(±)
2

⌘
=

 
m(±)

11 m(±)
12

m(±)
21 m(±)

22

!
.

<latexit sha1_base64="EYqJqh/HH5GkRfJGLlof+AQnrKs="></latexit>R

<latexit sha1_base64="/h6Gh6BXhwaa2bn9/W/Bowp85eg="></latexit>

a(z
)!

1

<latexit sha1_base64="R0gcx/075jQj13JIYqSaqQBxjYY="></latexit>

m
(�)

1
(x, z) !

✓
1
0

◆
as z ! 1, z 2 C+

<latexit sha1_base64="Ac/0pVDiJCVLXEu2tiElMoY+WPM="></latexit>

m
(+)

2
(x, z

) !

✓ 0
1

◆
, as

z !
1, z 2 C+

<latexit sha1_base64="nSDNbdEe9uf8IvMKWCV/7D3FnyY="></latexit>

similar properties for m (�)
2 (x, z),m (+)

1 (x, z) in C�



<latexit sha1_base64="SqKNjIffNHTwAF/+yuA4r2VQNP4="></latexit>

Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="RGpAKh88Brwm/4igRr2CfamkOQU="></latexit>

m(±) =
⇣
m(±)

1 , m(±)
2

⌘
=

 
m(±)

11 m(±)
12

m(±)
21 m(±)

22

!
.

<latexit sha1_base64="EYqJqh/HH5GkRfJGLlof+AQnrKs="></latexit>R

<latexit sha1_base64="/h6Gh6BXhwaa2bn9/W/Bowp85eg="></latexit>

a(z
)!

1

<latexit sha1_base64="R0gcx/075jQj13JIYqSaqQBxjYY="></latexit>

m
(�)

1
(x, z) !

✓
1
0

◆
as z ! 1, z 2 C+

<latexit sha1_base64="Ac/0pVDiJCVLXEu2tiElMoY+WPM="></latexit>

m
(+)

2
(x, z

) !

✓ 0
1

◆
, as

z !
1, z 2 C+

<latexit sha1_base64="nSDNbdEe9uf8IvMKWCV/7D3FnyY="></latexit>

similar properties for m (�)
2 (x, z),m (+)

1 (x, z) in C�



<latexit sha1_base64="SqKNjIffNHTwAF/+yuA4r2VQNP4="></latexit>

Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="RGpAKh88Brwm/4igRr2CfamkOQU="></latexit>

m(±) =
⇣
m(±)

1 , m(±)
2

⌘
=

 
m(±)

11 m(±)
12

m(±)
21 m(±)

22

!
.

<latexit sha1_base64="EYqJqh/HH5GkRfJGLlof+AQnrKs="></latexit>R

<latexit sha1_base64="pTa1PkJNWThDFTDDrkl67jWvPsI="></latexit>

zeros of a(z) = det
h
m(�)

1 , m(+)
2

i



<latexit sha1_base64="SqKNjIffNHTwAF/+yuA4r2VQNP4="></latexit>

Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="RGpAKh88Brwm/4igRr2CfamkOQU="></latexit>

m(±) =
⇣
m(±)

1 , m(±)
2

⌘
=

 
m(±)

11 m(±)
12

m(±)
21 m(±)

22

!
.

<latexit sha1_base64="pTa1PkJNWThDFTDDrkl67jWvPsI="></latexit>

zeros of a(z) = det
h
m(�)

1 , m(+)
2

i

<latexit sha1_base64="XG2knFRwG3PPbC8nYuSG3n8eKX8="></latexit>

Linearly dependent:

<latexit sha1_base64="LviLLRYTherP+bcIAuF6+2d2ZAg="></latexit>

�(�)
1 (x, z0) decaying as x ! �1

<latexit sha1_base64="xfFKNErCZv+k/eEbJmM5JyA/Ovw="></latexit>

�(+)
2 (x, z0) decaying as x ! +1

<latexit sha1_base64="qUNXZ8AXAV/oUIV1xs2+pbcYgrA="></latexit>

�(�)
1 (x, z0) = c̃0�

(+)
2 (x, z0)



<latexit sha1_base64="SqKNjIffNHTwAF/+yuA4r2VQNP4="></latexit>

Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="RGpAKh88Brwm/4igRr2CfamkOQU="></latexit>

m(±) =
⇣
m(±)

1 , m(±)
2

⌘
=

 
m(±)

11 m(±)
12

m(±)
21 m(±)

22

!
.

<latexit sha1_base64="pTa1PkJNWThDFTDDrkl67jWvPsI="></latexit>

zeros of a(z) = det
h
m(�)

1 , m(+)
2

i

<latexit sha1_base64="XG2knFRwG3PPbC8nYuSG3n8eKX8="></latexit>

Linearly dependent:

<latexit sha1_base64="LviLLRYTherP+bcIAuF6+2d2ZAg="></latexit>

�(�)
1 (x, z0) decaying as x ! �1

<latexit sha1_base64="xfFKNErCZv+k/eEbJmM5JyA/Ovw="></latexit>

�(+)
2 (x, z0) decaying as x ! +1

<latexit sha1_base64="gtinpxCp3oppHCqyV6cA5zcJUmw="></latexit>

z = z0 is an eigenvalue!

<latexit sha1_base64="qUNXZ8AXAV/oUIV1xs2+pbcYgrA="></latexit>

�(�)
1 (x, z0) = c̃0�

(+)
2 (x, z0)



<latexit sha1_base64="SqKNjIffNHTwAF/+yuA4r2VQNP4="></latexit>

Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="5U2h0R/NZUE7i7hKoVUbHqxa9sY="></latexit>

 (x, 0)
<latexit sha1_base64="JUyN0RZDL6aYJfUCgD37eXzgA9w="></latexit>

yields
<latexit sha1_base64="Kt6JAtHOe/TM3cN5hWfr3W3GBWc="></latexit>

D = {r(z), {zk, ck}Nk=1}
<latexit sha1_base64="CjfJfFD3QXfSgLjFbvVAvvkJbhA=">AAACQHicdZDNa9swGMblbuuSbO287djLy8IgpcXYwUmWw6Bslx1TWD4gToOsyI2I/BFJHgmu/7Rd9ifstvMuPayUXnuqYmfQlu0FwaPf+z680uMnnEll27+MnSdPn+0+r1RrL17u7b8yX78ZyDgVhPZJzGMx8rGknEW0r5jidJQIikOf06G/+LzpD79RIVkcfVXrhE5CfB6xgBGsNJqawyoDL5FsquAIvEBgkjl51sxLmK1WueYXxQ0u zpql+Aj2MXjLZYpnBWisjsE+1Lgw2Y3VoTU167bV7bTcrgOFaHfcUrhuGxzLLqqOttWbmj+9WUzSkEaKcCzl2LETNcmwUIxwmte8VNIEkwU+p2MtIxxSOcmKAHJ4r8kMgljoEyko6H1HhkMp16GvJ0Os5vJxbwP/1RunKvgw yViUpIpGpFwUpBxUDJs0YcYEJYqvtcBEMP1WIHOsU1Q685oO4e9P4f9i0LScttU6desnn7ZxVNABeocayEEddIK+oB7qI4K+o9/oD7oyfhiXxrVxU47uGFvPW/SgjNs7gYysJQ==</latexit>

i t +
1

2
 xx + | |2 = 0,  (x, 0) =  0(x).

<latexit sha1_base64="kolaC91Gu2rTEjC9IHZXdzAcAFw="></latexit>

 (x, t) yields D(t) = {r(z, t), {zk, (t)ck(t)}Nk=1}



<latexit sha1_base64="SqKNjIffNHTwAF/+yuA4r2VQNP4="></latexit>

Properties!
<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="5U2h0R/NZUE7i7hKoVUbHqxa9sY="></latexit>

 (x, 0)
<latexit sha1_base64="JUyN0RZDL6aYJfUCgD37eXzgA9w="></latexit>

yields
<latexit sha1_base64="Kt6JAtHOe/TM3cN5hWfr3W3GBWc="></latexit>

D = {r(z), {zk, ck}Nk=1}
<latexit sha1_base64="CjfJfFD3QXfSgLjFbvVAvvkJbhA=">AAACQHicdZDNa9swGMblbuuSbO287djLy8IgpcXYwUmWw6Bslx1TWD4gToOsyI2I/BFJHgmu/7Rd9ifstvMuPayUXnuqYmfQlu0FwaPf+z680uMnnEll27+MnSdPn+0+r1RrL17u7b8yX78ZyDgVhPZJzGMx8rGknEW0r5jidJQIikOf06G/+LzpD79RIVkcfVXrhE5CfB6xgBGsNJqawyoDL5FsquAIvEBgkjl51sxLmK1WueYXxQ0u zpql+Aj2MXjLZYpnBWisjsE+1Lgw2Y3VoTU167bV7bTcrgOFaHfcUrhuGxzLLqqOttWbmj+9WUzSkEaKcCzl2LETNcmwUIxwmte8VNIEkwU+p2MtIxxSOcmKAHJ4r8kMgljoEyko6H1HhkMp16GvJ0Os5vJxbwP/1RunKvgw yViUpIpGpFwUpBxUDJs0YcYEJYqvtcBEMP1WIHOsU1Q685oO4e9P4f9i0LScttU6desnn7ZxVNABeocayEEddIK+oB7qI4K+o9/oD7oyfhiXxrVxU47uGFvPW/SgjNs7gYysJQ==</latexit>

i t +
1

2
 xx + | |2 = 0,  (x, 0) =  0(x).

<latexit sha1_base64="kolaC91Gu2rTEjC9IHZXdzAcAFw="></latexit>

 (x, t) yields D(t) = {r(z, t), {zk, (t)ck(t)}Nk=1}
<latexit sha1_base64="51FcCsla092BTlL79tY6sdQ4wn0="></latexit>

=
n
r(z)e2itz

2

, {zk, cke2itz
2
k}Nk=1

o

<latexit sha1_base64="ZYK5WCKOMoKAk7bktfYlvI6JAqM="></latexit>

 0(x) 2 H
j,k(R) =

�
f 2 L

2(R) : @jxf, |x|kf 2 L
2(R)

 
+ { no real zeros of a(z)}

=) r(z) 2 H
k,j

<latexit sha1_base64="00TxOVYBOeuCutFKtvyigmmbVmE="></latexit>

The inverse problem



<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="CjfJfFD3QXfSgLjFbvVAvvkJbhA="></latexit>

i t +
1

2
 xx + | |2 = 0,  (x, 0) =  0(x).

<latexit sha1_base64="51FcCsla092BTlL79tY6sdQ4wn0="></latexit>

=
n
r(z)e2itz

2

, {zk, cke2itz
2
k}Nk=1

o
<latexit sha1_base64="wT1wFTPrwVvuDsGG8m3u571krHM="></latexit>

 (x, t) is actually determined by D(t)

<latexit sha1_base64="8jZGrq6FAetFvC7hLDh83CHlFM4="></latexit>

Going from D(t) to  (x, t): The inverse problem

<latexit sha1_base64="koxHKfE/kHy05zjABEhmnoqxvqw="></latexit>

The inverse problem!



<latexit sha1_base64="tJSOR6rNKU1G/km2nVw8exCk+Oc="></latexit>

�(+)(x, z) = m(+)(x, z)e�izx�3
<latexit sha1_base64="bKn0nGBlmymplkqVJNd+u0yaOQE="></latexit>

�(�)(x, z) = m(�)(x, z)e�izx�3

<latexit sha1_base64="CjfJfFD3QXfSgLjFbvVAvvkJbhA="></latexit>

i t +
1

2
 xx + | |2 = 0,  (x, 0) =  0(x).

<latexit sha1_base64="51FcCsla092BTlL79tY6sdQ4wn0="></latexit>

=
n
r(z)e2itz

2

, {zk, cke2itz
2
k}Nk=1

o
<latexit sha1_base64="wT1wFTPrwVvuDsGG8m3u571krHM="></latexit>

 (x, t) is actually determined by D(t)

<latexit sha1_base64="8jZGrq6FAetFvC7hLDh83CHlFM4="></latexit>

Going from D(t) to  (x, t): The inverse problem

<latexit sha1_base64="XgK7ih4pz6UzXPIJylgE72sNcnU="></latexit>

M(z) = M(z;x, t) :=

8
><

>:


m(�)

1 (x, t; z)

a(z)
, m(+)

2 (x, t; z)

�
: z 2 C+

�2M(z⇤;x, t)⇤�2 : z 2 C�.

<latexit sha1_base64="VTS+YIxXLdcxzHfRqpybFjV/6io="></latexit>

If we could construct

<latexit sha1_base64="gEHOr+hdqdaYQiLiavddn5Hr9S4="></latexit>

We can extract  (x, t):

<latexit sha1_base64="/N0COQB8HGsgT0kY2lrqaPp0FpE="></latexit>

M = I +
1

2iz

✓
�
R1
x | (s, t)|2ds  (x, t)
 (x, t)⇤

R1
x | (s, t)|2ds

◆
+ o

�
z�1

�
,

<latexit sha1_base64="koxHKfE/kHy05zjABEhmnoqxvqw="></latexit>

The inverse problem!



<latexit sha1_base64="ZBevfjirFNc0kPxs6LaOlpshAI0="></latexit>

Riemann-Hilbert problem

<latexit sha1_base64="ruHAN1R1EuT7h1gC/HZBnkAtH94="> </latexit>

Find a meromorphic function M : C\(R[{zj}[
�
z⇤j
 
) ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. For each z 2 R,

M+(z) = M�(z)

✓
1 + |r(z)|2 r⇤(z)e�2it✓(z)

r(z)e2it✓(z) 1

◆
, (1)

where

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

3. M(z) has simple poles at each zk and z⇤k and

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆
,

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆
.

(2)



<latexit sha1_base64="ZBevfjirFNc0kPxs6LaOlpshAI0="></latexit>

Riemann-Hilbert problem

<latexit sha1_base64="ruHAN1R1EuT7h1gC/HZBnkAtH94="> </latexit>

Find a meromorphic function M : C\(R[{zj}[
�
z⇤j
 
) ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. For each z 2 R,

M+(z) = M�(z)

✓
1 + |r(z)|2 r⇤(z)e�2it✓(z)

r(z)e2it✓(z) 1

◆
, (1)

where

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

3. M(z) has simple poles at each zk and z⇤k and

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆
,

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆
.

(2)

<latexit sha1_base64="nwNr2Sf01TJ0nkGfJyZSDiFNSSE="></latexit>

Accumulation of solitons: r ⌘ 0



<latexit sha1_base64="ZBevfjirFNc0kPxs6LaOlpshAI0="></latexit>

Riemann-Hilbert problem

<latexit sha1_base64="ruHAN1R1EuT7h1gC/HZBnkAtH94="> </latexit>

Find a meromorphic function M : C\(R[{zj}[
�
z⇤j
 
) ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. For each z 2 R,

M+(z) = M�(z)

✓
1 + |r(z)|2 r⇤(z)e�2it✓(z)

r(z)e2it✓(z) 1

◆
, (1)

where

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

3. M(z) has simple poles at each zk and z⇤k and

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆
,

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆
.

(2)

<latexit sha1_base64="nwNr2Sf01TJ0nkGfJyZSDiFNSSE="></latexit>

Accumulation of solitons: r ⌘ 0



<latexit sha1_base64="ZBevfjirFNc0kPxs6LaOlpshAI0="></latexit>

Riemann-Hilbert problem
<latexit sha1_base64="nwNr2Sf01TJ0nkGfJyZSDiFNSSE="></latexit>

Accumulation of solitons: r ⌘ 0
<latexit sha1_base64="+AtxxeRPibGwtpv8+c49It3vMmI="></latexit>

Find a meromorphic function M : C\({zj} [
�
z⇤j
 
) ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at each zk and z⇤k and

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆
,

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆
.

(1)

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).



<latexit sha1_base64="ZBevfjirFNc0kPxs6LaOlpshAI0="></latexit>

Riemann-Hilbert problem
<latexit sha1_base64="nwNr2Sf01TJ0nkGfJyZSDiFNSSE="></latexit>

Accumulation of solitons: r ⌘ 0
<latexit sha1_base64="+AtxxeRPibGwtpv8+c49It3vMmI="></latexit>

Find a meromorphic function M : C\({zj} [
�
z⇤j
 
) ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at each zk and z⇤k and

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆
,

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆
.

(1)

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).
<latexit sha1_base64="XgK7ih4pz6UzXPIJylgE72sNcnU="></latexit>

M(z) = M(z;x, t) :=

8
><

>:


m(�)

1 (x, t; z)

a(z)
, m(+)

2 (x, t; z)

�
: z 2 C+

�2M(z⇤;x, t)⇤�2 : z 2 C�.

<latexit sha1_base64="VTS+YIxXLdcxzHfRqpybFjV/6io="></latexit>

If we could construct

<latexit sha1_base64="gEHOr+hdqdaYQiLiavddn5Hr9S4="></latexit>

We can extract  (x, t):

<latexit sha1_base64="/N0COQB8HGsgT0kY2lrqaPp0FpE="></latexit>

M = I +
1

2iz

✓
�
R1
x | (s, t)|2ds  (x, t)
 (x, t)⇤

R1
x | (s, t)|2ds

◆
+ o

�
z�1

�
,



<latexit sha1_base64="XgK7ih4pz6UzXPIJylgE72sNcnU="></latexit>

M(z) = M(z;x, t) :=

8
><

>:


m(�)

1 (x, t; z)

a(z)
, m(+)

2 (x, t; z)

�
: z 2 C+

�2M(z⇤;x, t)⇤�2 : z 2 C�.

<latexit sha1_base64="/N0COQB8HGsgT0kY2lrqaPp0FpE="></latexit>

M = I +
1

2iz

✓
�
R1
x | (s, t)|2ds  (x, t)
 (x, t)⇤

R1
x | (s, t)|2ds

◆
+ o

�
z�1

�
,

<latexit sha1_base64="vPD+vxy7t5sjvCXoJ3XvYmSd8f8="></latexit>

Poles due to a(z)

<latexit sha1_base64="87dktZ4FnzPGkMFvyWnt2gAP4Tw="></latexit>

Residue conditions: at zk, m
(�)
1 = ckm

(+)
2

<latexit sha1_base64="OBU1rpiGGLuzmrFVD7S+gkQierc="></latexit>

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆
,

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆
.

<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="Jf5w1DRV8yNq0cq8L1+xVhN7/Lw="></latexit>

D(t) =
n
{z0, c0e2itz

2
0}
o
=

n
{µ+ i⌘, c0e2it(⇠+i⌘)2}

o



<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="GoMvGZ5A1H+OrkNocU4hDjG8pUg="></latexit>

Find a meromorphic function M : C\{z0, z⇤0} ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at z0 and z⇤0 and

Res
z0

M = lim
z!z0

M

✓
0 0

c0e2it✓ 0

◆
,

Res
z⇤
0

M = lim
z!z⇤

k

M

✓
0 �c⇤0e

�2it✓

0 0

◆
.

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="e5L1ulN5UXNq0o2Ke3gbEMQySvQ="></latexit>

Can we find M , and  (x, t)?

<latexit sha1_base64="Phuu/H4fy3ZBUhi8PNqTYqLgZQg="></latexit>

z0 = µ+ i⌘



<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="GoMvGZ5A1H+OrkNocU4hDjG8pUg="></latexit>

Find a meromorphic function M : C\{z0, z⇤0} ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at z0 and z⇤0 and

Res
z0

M = lim
z!z0

M

✓
0 0

c0e2it✓ 0

◆
,

Res
z⇤
0

M = lim
z!z⇤

k

M

✓
0 �c⇤0e

�2it✓

0 0

◆
.

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="e5L1ulN5UXNq0o2Ke3gbEMQySvQ="></latexit>

Can we find M , and  (x, t)?

<latexit sha1_base64="4GI2yZvIne4aJ7dj/DpdEtP1SDE="></latexit>

M = I +
1

z � z0

✓
↵0(x, t) 0
�0(x, t) 0

◆
+

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆

<latexit sha1_base64="Phuu/H4fy3ZBUhi8PNqTYqLgZQg="></latexit>

z0 = µ+ i⌘



<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="GoMvGZ5A1H+OrkNocU4hDjG8pUg="></latexit>

Find a meromorphic function M : C\{z0, z⇤0} ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at z0 and z⇤0 and

Res
z0

M = lim
z!z0

M

✓
0 0

c0e2it✓ 0

◆
,

Res
z⇤
0

M = lim
z!z⇤

k

M

✓
0 �c⇤0e

�2it✓

0 0

◆
.

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="e5L1ulN5UXNq0o2Ke3gbEMQySvQ="></latexit>

Can we find M , and  (x, t)?

<latexit sha1_base64="4GI2yZvIne4aJ7dj/DpdEtP1SDE="></latexit>

M = I +
1

z � z0

✓
↵0(x, t) 0
�0(x, t) 0

◆
+

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆
<latexit sha1_base64="wWkhCXT7KEnQ4rdE7cb3PhnHz+o="></latexit>

The residue condition determines ↵(x, t) and �(x, t).

<latexit sha1_base64="f/FPaEX2SVanRjiL2CkuDBts3jo="></latexit>✓
↵0(x, t) 0
�0(x, t) 0

◆
= lim

z!z0

⇢
[ M(z) ]

✓
0 0

c0e2it✓ 0

◆�

<latexit sha1_base64="Phuu/H4fy3ZBUhi8PNqTYqLgZQg="></latexit>

z0 = µ+ i⌘



<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="GoMvGZ5A1H+OrkNocU4hDjG8pUg="></latexit>

Find a meromorphic function M : C\{z0, z⇤0} ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at z0 and z⇤0 and

Res
z0

M = lim
z!z0

M

✓
0 0

c0e2it✓ 0

◆
,

Res
z⇤
0

M = lim
z!z⇤

k

M

✓
0 �c⇤0e

�2it✓

0 0

◆
.

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="e5L1ulN5UXNq0o2Ke3gbEMQySvQ="></latexit>

Can we find M , and  (x, t)?

<latexit sha1_base64="4GI2yZvIne4aJ7dj/DpdEtP1SDE="></latexit>

M = I +
1

z � z0

✓
↵0(x, t) 0
�0(x, t) 0

◆
+

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆
<latexit sha1_base64="wWkhCXT7KEnQ4rdE7cb3PhnHz+o="></latexit>

The residue condition determines ↵(x, t) and �(x, t).

<latexit sha1_base64="cZOY1JxBNpMLUm0S3emVzF97VwU="></latexit>✓
↵0(x, t) 0
�0(x, t) 0

◆
= lim

z!z0

⇢
I +

1

z � z0

✓
↵0(x, t) 0
�0(x, t) 0

◆
+

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆�✓
0 0

c0e2it✓ 0

◆�

<latexit sha1_base64="Phuu/H4fy3ZBUhi8PNqTYqLgZQg="></latexit>

z0 = µ+ i⌘



<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="GoMvGZ5A1H+OrkNocU4hDjG8pUg="></latexit>

Find a meromorphic function M : C\{z0, z⇤0} ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at z0 and z⇤0 and

Res
z0

M = lim
z!z0

M

✓
0 0

c0e2it✓ 0

◆
,

Res
z⇤
0

M = lim
z!z⇤

k

M

✓
0 �c⇤0e

�2it✓

0 0

◆
.

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="e5L1ulN5UXNq0o2Ke3gbEMQySvQ="></latexit>

Can we find M , and  (x, t)?

<latexit sha1_base64="4GI2yZvIne4aJ7dj/DpdEtP1SDE="></latexit>

M = I +
1

z � z0

✓
↵0(x, t) 0
�0(x, t) 0

◆
+

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆
<latexit sha1_base64="wWkhCXT7KEnQ4rdE7cb3PhnHz+o="></latexit>

The residue condition determines ↵(x, t) and �(x, t).

<latexit sha1_base64="wxxtPi2IwHf0pEq/zFrVe9uaGXU="></latexit>✓
↵0(x, t) 0
�0(x, t) 0

◆
= lim

z!z0

⇢
I +

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆�✓
0 0

c0e2it✓ 0

◆�

<latexit sha1_base64="Phuu/H4fy3ZBUhi8PNqTYqLgZQg="></latexit>

z0 = µ+ i⌘



<latexit sha1_base64="YBRHZ7jzT/NgCelEO6B2ur+hCn0="></latexit>✓
↵0(x, t) 0
�0(x, t) 0

◆
=

✓
0 0

c0e2it✓ 0

◆
+

c0e2it✓

z0 � z⇤0

✓
��⇤

0(x, t) 0
↵⇤
0(x, t) 0

◆

<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="GoMvGZ5A1H+OrkNocU4hDjG8pUg="></latexit>

Find a meromorphic function M : C\{z0, z⇤0} ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at z0 and z⇤0 and

Res
z0

M = lim
z!z0

M

✓
0 0

c0e2it✓ 0

◆
,

Res
z⇤
0

M = lim
z!z⇤

k

M

✓
0 �c⇤0e

�2it✓

0 0

◆
.

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="e5L1ulN5UXNq0o2Ke3gbEMQySvQ="></latexit>

Can we find M , and  (x, t)?

<latexit sha1_base64="4GI2yZvIne4aJ7dj/DpdEtP1SDE="></latexit>

M = I +
1

z � z0

✓
↵0(x, t) 0
�0(x, t) 0

◆
+

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆
<latexit sha1_base64="wWkhCXT7KEnQ4rdE7cb3PhnHz+o="></latexit>

The residue condition determines ↵(x, t) and �(x, t).

<latexit sha1_base64="Phuu/H4fy3ZBUhi8PNqTYqLgZQg="></latexit>

z0 = µ+ i⌘



<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="GoMvGZ5A1H+OrkNocU4hDjG8pUg="></latexit>

Find a meromorphic function M : C\{z0, z⇤0} ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at z0 and z⇤0 and

Res
z0

M = lim
z!z0

M

✓
0 0

c0e2it✓ 0

◆
,

Res
z⇤
0

M = lim
z!z⇤

k

M

✓
0 �c⇤0e

�2it✓

0 0

◆
.

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="e5L1ulN5UXNq0o2Ke3gbEMQySvQ="></latexit>

Can we find M , and  (x, t)?

<latexit sha1_base64="4GI2yZvIne4aJ7dj/DpdEtP1SDE="></latexit>

M = I +
1

z � z0

✓
↵0(x, t) 0
�0(x, t) 0

◆
+

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆
<latexit sha1_base64="wWkhCXT7KEnQ4rdE7cb3PhnHz+o="></latexit>

The residue condition determines ↵(x, t) and �(x, t).

<latexit sha1_base64="LEH4adooaGI0tGzV6c3aOGvNxUg="></latexit>✓
↵0(x, t)
�0(x, t)

◆
=

✓
0

c0e2it✓

◆
+

c0e2it✓

z0 � z⇤0

✓
��⇤

0(x, t)
↵⇤
0(x, t)

◆

<latexit sha1_base64="Phuu/H4fy3ZBUhi8PNqTYqLgZQg="></latexit>

z0 = µ+ i⌘



<latexit sha1_base64="K0PMTsIRbcCfDA6uvLq2unMHQxI="></latexit>

Simplest case: r ⌘ 0 and 1 pole in C+

<latexit sha1_base64="GoMvGZ5A1H+OrkNocU4hDjG8pUg="></latexit>

Find a meromorphic function M : C\{z0, z⇤0} ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at z0 and z⇤0 and

Res
z0

M = lim
z!z0

M

✓
0 0

c0e2it✓ 0

◆
,

Res
z⇤
0

M = lim
z!z⇤

k

M

✓
0 �c⇤0e

�2it✓

0 0

◆
.

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="e5L1ulN5UXNq0o2Ke3gbEMQySvQ="></latexit>

Can we find M , and  (x, t)?

<latexit sha1_base64="4GI2yZvIne4aJ7dj/DpdEtP1SDE="></latexit>

M = I +
1

z � z0

✓
↵0(x, t) 0
�0(x, t) 0

◆
+

1

z � z⇤0

✓
0 ��⇤

0(x, t)
0 ↵⇤

0(x, t)

◆
<latexit sha1_base64="wWkhCXT7KEnQ4rdE7cb3PhnHz+o="></latexit>

The residue condition determines ↵(x, t) and �(x, t).

<latexit sha1_base64="LEH4adooaGI0tGzV6c3aOGvNxUg="></latexit>✓
↵0(x, t)
�0(x, t)

◆
=

✓
0

c0e2it✓

◆
+

c0e2it✓

z0 � z⇤0

✓
��⇤

0(x, t)
↵⇤
0(x, t)

◆

<latexit sha1_base64="Phuu/H4fy3ZBUhi8PNqTYqLgZQg="></latexit>

z0 = µ+ i⌘

<latexit sha1_base64="Ys07Mm8SRzpHbJoy9t69TDvC9v0="></latexit>

 (x, t;�d) = 2⌘ sech (2⌘(x+ 2µt� x0)) e
�2i(µx+(µ2�⌘2)t)e�i�0 ,

x0 =
1

2⌘
log

����
c0
2⌘

���� , �0 =
⇡

2
+ arg(c0),



<latexit sha1_base64="oSc5Dqk7Uwdr14yQCpUlUcWS8Sg="></latexit>

The N -soliton case: r ⌘ 0, poles at {zk, z⇤k}Nk=1

<latexit sha1_base64="0o0//pzrYbuKbkbwJSrUiwQOC7E="></latexit>

D(t) =
n
{zk, cke2itz

2
k}Nk=1

o



<latexit sha1_base64="oSc5Dqk7Uwdr14yQCpUlUcWS8Sg="></latexit>

The N -soliton case: r ⌘ 0, poles at {zk, z⇤k}Nk=1

<latexit sha1_base64="0o0//pzrYbuKbkbwJSrUiwQOC7E="></latexit>

D(t) =
n
{zk, cke2itz

2
k}Nk=1

o

<latexit sha1_base64="+AtxxeRPibGwtpv8+c49It3vMmI="></latexit>

Find a meromorphic function M : C\({zj} [
�
z⇤j
 
) ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at each zk and z⇤k and

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆
,

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆
.

(1)

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="ndrLf86B6O4GlMG+O5m8SVNA3Mk="></latexit>

=)

<latexit sha1_base64="b1W/9l7wp3jj0L5cIUaTvT0lk1o="></latexit>

M(z) = I +
NX

k=1

1

z � zk

✓
↵k(x, t) 0
�k(x, t) 0

◆
+

1

z � z⇤k

✓
0 ��k(x, t)⇤

0 ↵k(x, t)⇤

◆



<latexit sha1_base64="oSc5Dqk7Uwdr14yQCpUlUcWS8Sg="></latexit>

The N -soliton case: r ⌘ 0, poles at {zk, z⇤k}Nk=1

<latexit sha1_base64="+AtxxeRPibGwtpv8+c49It3vMmI="></latexit>

Find a meromorphic function M : C\({zj} [
�
z⇤j
 
) ! SL2(C) satisfying

1. M(z) = I + o
�
z�1

�
as z ! 1.

2. M(z) has simple poles at each zk and z⇤k and

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆
,

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆
.

(1)

✓ = ✓(z;x, t) = z2 � 2⇠z = (z � ⇠)2 � ⇠2, ⇠ = �x/(2t).

<latexit sha1_base64="0o0//pzrYbuKbkbwJSrUiwQOC7E="></latexit>

D(t) =
n
{zk, cke2itz

2
k}Nk=1

o

<latexit sha1_base64="ndrLf86B6O4GlMG+O5m8SVNA3Mk="></latexit>

=)

<latexit sha1_base64="aAiTzu4YE9jy2Mftj7UJv0DHZGs="></latexit>

Task: Determine {↵k(x, t),�k(x, t)}Nk=1

<latexit sha1_base64="8ykpJxEPkqz+WBoZNTg9F+9dYvo="></latexit>

and then  (x, t) = �2i
PN

k=1 �
⇤(x, t)

<latexit sha1_base64="b1W/9l7wp3jj0L5cIUaTvT0lk1o="></latexit>

M(z) = I +
NX

k=1

1

z � zk

✓
↵k(x, t) 0
�k(x, t) 0

◆
+

1

z � z⇤k

✓
0 ��k(x, t)⇤

0 ↵k(x, t)⇤

◆



<latexit sha1_base64="oSc5Dqk7Uwdr14yQCpUlUcWS8Sg="></latexit>

The N -soliton case: r ⌘ 0, poles at {zk, z⇤k}Nk=1

<latexit sha1_base64="gSSALJWyWXyOL9KFSg6U7l0mun8="></latexit>

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆

<latexit sha1_base64="RlIws7tW3rraevh5Fl6hN7lRrxY="></latexit>

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆

<latexit sha1_base64="Gsv0VftygPweO9OsdI8epTYbRm4="></latexit>

M(z) = I +
NX

j=1

1

z � zj

✓
↵j(x, t) 0
�j(x, t) 0

◆
+

1

z � z⇤j

✓
0 ��j(x, t)⇤

0 ↵j(x, t)⇤

◆



<latexit sha1_base64="oSc5Dqk7Uwdr14yQCpUlUcWS8Sg="></latexit>

The N -soliton case: r ⌘ 0, poles at {zk, z⇤k}Nk=1

<latexit sha1_base64="gSSALJWyWXyOL9KFSg6U7l0mun8="></latexit>

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆

<latexit sha1_base64="RlIws7tW3rraevh5Fl6hN7lRrxY="></latexit>

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆

<latexit sha1_base64="Gsv0VftygPweO9OsdI8epTYbRm4="></latexit>

M(z) = I +
NX

j=1

1

z � zj

✓
↵j(x, t) 0
�j(x, t) 0

◆
+

1

z � z⇤j

✓
0 ��j(x, t)⇤

0 ↵j(x, t)⇤

◆

<latexit sha1_base64="E7y7Vi4wY0OJpb9G/r5yVM29ZvA="></latexit>✓
↵k

�k

◆
=

✓
0

cke2it✓

◆
+

0

@
NX

j=1

1

zk � z⇤j

✓
��⇤

j

↵⇤
j

◆1

A cke
2it✓



<latexit sha1_base64="oSc5Dqk7Uwdr14yQCpUlUcWS8Sg="></latexit>

The N -soliton case: r ⌘ 0, poles at {zk, z⇤k}Nk=1

<latexit sha1_base64="gSSALJWyWXyOL9KFSg6U7l0mun8="></latexit>

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆

<latexit sha1_base64="RlIws7tW3rraevh5Fl6hN7lRrxY="></latexit>

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆

<latexit sha1_base64="Gsv0VftygPweO9OsdI8epTYbRm4="></latexit>

M(z) = I +
NX

j=1

1

z � zj

✓
↵j(x, t) 0
�j(x, t) 0

◆
+

1

z � z⇤j

✓
0 ��j(x, t)⇤

0 ↵j(x, t)⇤

◆

<latexit sha1_base64="R6QXghnukwaUWugM2uekXy9cdoU="></latexit>✓
��⇤

k
↵⇤
k

◆
=

✓
�cke�2it✓

0

◆
�

0

@
NX

j=1

1

z⇤k � zj

✓
↵j

�j

◆1

A c⇤ke
�2it✓

<latexit sha1_base64="E7y7Vi4wY0OJpb9G/r5yVM29ZvA="></latexit>✓
↵k

�k

◆
=

✓
0

cke2it✓

◆
+

0

@
NX

j=1

1

zk � z⇤j

✓
��⇤

j

↵⇤
j

◆1

A cke
2it✓

<latexit sha1_base64="GG6XPT12LpyBuY3DEY1phl3MmwE="></latexit>

 (x, t) = �2i
PN

k=1 �
⇤(x, t)



<latexit sha1_base64="oSc5Dqk7Uwdr14yQCpUlUcWS8Sg="></latexit>

The N -soliton case: r ⌘ 0, poles at {zk, z⇤k}Nk=1

<latexit sha1_base64="gSSALJWyWXyOL9KFSg6U7l0mun8="></latexit>

Res
zk

M = lim
z!zk

M

✓
0 0

cke2it✓ 0

◆

<latexit sha1_base64="RlIws7tW3rraevh5Fl6hN7lRrxY="></latexit>

Res
z⇤
k

M = lim
z!z⇤

k

M

✓
0 �c⇤ke

�2it✓

0 0

◆

<latexit sha1_base64="Gsv0VftygPweO9OsdI8epTYbRm4="></latexit>

M(z) = I +
NX

j=1

1

z � zj

✓
↵j(x, t) 0
�j(x, t) 0

◆
+

1

z � z⇤j

✓
0 ��j(x, t)⇤

0 ↵j(x, t)⇤

◆

<latexit sha1_base64="R6QXghnukwaUWugM2uekXy9cdoU="></latexit>✓
��⇤

k
↵⇤
k

◆
=

✓
�cke�2it✓

0

◆
�

0

@
NX

j=1

1

z⇤k � zj

✓
↵j

�j

◆1

A c⇤ke
�2it✓

<latexit sha1_base64="E7y7Vi4wY0OJpb9G/r5yVM29ZvA="></latexit>✓
↵k

�k

◆
=

✓
0

cke2it✓

◆
+

0

@
NX

j=1

1

zk � z⇤j

✓
��⇤

j

↵⇤
j

◆1

A cke
2it✓

<latexit sha1_base64="qCtFqU+Un6yuvt3k3hlXAhj3y2k="></latexit>

Research / Homework:

<latexit sha1_base64="M5gKKWxZfQiyBDvhyF9WofiPGKA="></latexit>

Develop numerical code for N = 2, then general N :

<latexit sha1_base64="GG6XPT12LpyBuY3DEY1phl3MmwE="></latexit>

 (x, t) = �2i
PN

k=1 �
⇤(x, t)

<latexit sha1_base64="d5s4y4iPnljZh//DibsWQZ9B3Mw="></latexit>

Inputs: N , {zk = µk + i⌘k}Nk=1, {ck}Nk=1 , grid of space-time values
<latexit sha1_base64="oVyHjJm8w3q3wxcRWQ74ueDrK8A="></latexit>

Output: solution  obtained by iteration, on the space-time grid



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?

<latexit sha1_base64="E5yziKGoDoSB7GGA6nH9pLnOGjI="></latexit>

Res
zN

E = Res
zN

MN (MN�1)
�1

<latexit sha1_base64="QW3Msf/D2sw8nHYaWD6iWV1U1Dc="></latexit>

MN�1: solution with N � 1 poles

<latexit sha1_base64="LffI+cYn09hO1MPEE/3P3XB0H/o="></latexit>

MN : solution with N poles

<latexit sha1_base64="yJ8ox/bQdqj1O0J6fHAXWN3Swic="></latexit>

Form E = MN (MN�1)
�1 <latexit sha1_base64="H8S5tvxUo5GbIxVtEcH+4Tfi3K0="></latexit>

E only has poles at zN and z⇤N

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?

<latexit sha1_base64="E5yziKGoDoSB7GGA6nH9pLnOGjI="></latexit>

Res
zN

E = Res
zN

MN (MN�1)
�1

<latexit sha1_base64="jAwuYbhTvnHVEIW9F6G6j/lNd60="></latexit>

=

✓
lim

z!zN
MN

✓
0 0

cNe2it✓ 0

◆◆
(MN�1)

�1

<latexit sha1_base64="QW3Msf/D2sw8nHYaWD6iWV1U1Dc="></latexit>

MN�1: solution with N � 1 poles

<latexit sha1_base64="LffI+cYn09hO1MPEE/3P3XB0H/o="></latexit>

MN : solution with N poles

<latexit sha1_base64="yJ8ox/bQdqj1O0J6fHAXWN3Swic="></latexit>

Form E = MN (MN�1)
�1 <latexit sha1_base64="H8S5tvxUo5GbIxVtEcH+4Tfi3K0="></latexit>

E only has poles at zN and z⇤N

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?

<latexit sha1_base64="E5yziKGoDoSB7GGA6nH9pLnOGjI="></latexit>

Res
zN

E = Res
zN

MN (MN�1)
�1

<latexit sha1_base64="jAwuYbhTvnHVEIW9F6G6j/lNd60="></latexit>

=

✓
lim

z!zN
MN

✓
0 0

cNe2it✓ 0

◆◆
(MN�1)

�1

<latexit sha1_base64="8wXkIVwnq0y7SdYY3FNhRUL2cSo="></latexit>

=

✓
lim

z!zN
MN (MN�1)

�1 MN�1

✓
0 0

cNe2it✓ 0

◆◆
(MN�1)

�1

<latexit sha1_base64="QW3Msf/D2sw8nHYaWD6iWV1U1Dc="></latexit>

MN�1: solution with N � 1 poles

<latexit sha1_base64="LffI+cYn09hO1MPEE/3P3XB0H/o="></latexit>

MN : solution with N poles

<latexit sha1_base64="yJ8ox/bQdqj1O0J6fHAXWN3Swic="></latexit>

Form E = MN (MN�1)
�1 <latexit sha1_base64="H8S5tvxUo5GbIxVtEcH+4Tfi3K0="></latexit>

E only has poles at zN and z⇤N

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?

<latexit sha1_base64="E5yziKGoDoSB7GGA6nH9pLnOGjI="></latexit>

Res
zN

E = Res
zN

MN (MN�1)
�1

<latexit sha1_base64="jAwuYbhTvnHVEIW9F6G6j/lNd60="></latexit>

=

✓
lim

z!zN
MN

✓
0 0

cNe2it✓ 0

◆◆
(MN�1)

�1

<latexit sha1_base64="8wXkIVwnq0y7SdYY3FNhRUL2cSo="></latexit>

=

✓
lim

z!zN
MN (MN�1)

�1 MN�1

✓
0 0

cNe2it✓ 0

◆◆
(MN�1)

�1

<latexit sha1_base64="TmkPna6y+Vnsyw+TaWz2Myk0LUk="></latexit>

= lim
z!zN

EMN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1

<latexit sha1_base64="QW3Msf/D2sw8nHYaWD6iWV1U1Dc="></latexit>

MN�1: solution with N � 1 poles

<latexit sha1_base64="LffI+cYn09hO1MPEE/3P3XB0H/o="></latexit>

MN : solution with N poles

<latexit sha1_base64="yJ8ox/bQdqj1O0J6fHAXWN3Swic="></latexit>

Form E = MN (MN�1)
�1 <latexit sha1_base64="H8S5tvxUo5GbIxVtEcH+4Tfi3K0="></latexit>

E only has poles at zN and z⇤N

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?

<latexit sha1_base64="flGcohP8G7dXq5kON20dQlLF+4o="></latexit>

Res
zN

E = lim
z!zN

E

✓
MN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="QW3Msf/D2sw8nHYaWD6iWV1U1Dc="></latexit>

MN�1: solution with N � 1 poles

<latexit sha1_base64="LffI+cYn09hO1MPEE/3P3XB0H/o="></latexit>

MN : solution with N poles

<latexit sha1_base64="yJ8ox/bQdqj1O0J6fHAXWN3Swic="></latexit>

Form E = MN (MN�1)
�1 <latexit sha1_base64="H8S5tvxUo5GbIxVtEcH+4Tfi3K0="></latexit>

E only has poles at zN and z⇤N

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?

<latexit sha1_base64="flGcohP8G7dXq5kON20dQlLF+4o="></latexit>

Res
zN

E = lim
z!zN

E

✓
MN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="QW3Msf/D2sw8nHYaWD6iWV1U1Dc="></latexit>

MN�1: solution with N � 1 poles

<latexit sha1_base64="LffI+cYn09hO1MPEE/3P3XB0H/o="></latexit>

MN : solution with N poles

<latexit sha1_base64="yJ8ox/bQdqj1O0J6fHAXWN3Swic="></latexit>

Form E = MN (MN�1)
�1 <latexit sha1_base64="H8S5tvxUo5GbIxVtEcH+4Tfi3K0="></latexit>

E only has poles at zN and z⇤N

<latexit sha1_base64="NL/48Tt+kozLuoTQaNbu0r1E/iE="></latexit>

Res
z⇤
N

E = lim
z!z⇤

N

E

✓
MN�1

✓
0 �c⇤Ne�2it✓

0 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?
<latexit sha1_base64="flGcohP8G7dXq5kON20dQlLF+4o="></latexit>

Res
zN

E = lim
z!zN

E

✓
MN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="NL/48Tt+kozLuoTQaNbu0r1E/iE="></latexit>

Res
z⇤
N

E = lim
z!z⇤

N

E

✓
MN�1

✓
0 �c⇤Ne�2it✓

0 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?
<latexit sha1_base64="flGcohP8G7dXq5kON20dQlLF+4o="></latexit>

Res
zN

E = lim
z!zN

E

✓
MN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="/9ApjYEjPiXRqvqJUSIVOK6fZ2o="></latexit>

E(z) = I +
P (x, t)

z � zN
+

Q(x, t)

z � z⇤N

<latexit sha1_base64="NL/48Tt+kozLuoTQaNbu0r1E/iE="></latexit>

Res
z⇤
N

E = lim
z!z⇤

N

E

✓
MN�1

✓
0 �c⇤Ne�2it✓

0 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="iXB984s+3C/vIhETl2RokQd1Uao="></latexit>

must have

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?
<latexit sha1_base64="flGcohP8G7dXq5kON20dQlLF+4o="></latexit>

Res
zN

E = lim
z!zN

E

✓
MN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="/9ApjYEjPiXRqvqJUSIVOK6fZ2o="></latexit>

E(z) = I +
P (x, t)

z � zN
+

Q(x, t)

z � z⇤N

<latexit sha1_base64="NL/48Tt+kozLuoTQaNbu0r1E/iE="></latexit>

Res
z⇤
N

E = lim
z!z⇤

N

E

✓
MN�1

✓
0 �c⇤Ne�2it✓

0 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="Fnf9q38mZpSDJpQW7O42F+6r0FI="></latexit>

P (x, t) ·
✓
MN�1

✓
0 0

cNe2it✓ 0

◆◆����
z=zN

=

✓
0 0
0 0

◆

<latexit sha1_base64="AxbRsZvIyhX/025EhEjfdGwinVU="></latexit>

Q(x, t) ·
✓
MN�1

✓
0 �c⇤Ne�2it✓

0 0

◆◆����
z=z⇤

N

=

✓
0 0
0 0

◆

<latexit sha1_base64="iXB984s+3C/vIhETl2RokQd1Uao="></latexit>

must have

<latexit sha1_base64="4ldT40+CXflIqovCQwihWxzrdN4="></latexit>

Q(x, t) =

✓
I +

P (x, t)

z⇤N � zN

◆ ✓
MN�1

✓
0 �c⇤Ne2�it✓

0 0

◆
(MN�1)

�1
◆����

z=z⇤
N

#

<latexit sha1_base64="aQLupKYeFsIT3X81IIVi/5m7jgM="></latexit>

P (x, t) =

✓
I +

Q(x, t)

zN � z⇤N

◆"✓
MN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1
◆����

z=zN

#

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?
<latexit sha1_base64="flGcohP8G7dXq5kON20dQlLF+4o="></latexit>

Res
zN

E = lim
z!zN

E

✓
MN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="/9ApjYEjPiXRqvqJUSIVOK6fZ2o="></latexit>

E(z) = I +
P (x, t)

z � zN
+

Q(x, t)

z � z⇤N

<latexit sha1_base64="NL/48Tt+kozLuoTQaNbu0r1E/iE="></latexit>

Res
z⇤
N

E = lim
z!z⇤

N

E

✓
MN�1

✓
0 �c⇤Ne�2it✓

0 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="qCtFqU+Un6yuvt3k3hlXAhj3y2k="></latexit>

Research / Homework:
<latexit sha1_base64="M5gKKWxZfQiyBDvhyF9WofiPGKA="></latexit>

Develop numerical code for N = 2, then general N :

<latexit sha1_base64="/WDr+iaN0t0MsLMR8VYRyUqTs8A="></latexit>

Inputs: N , {zk = µk + i⌘k}Nk=1, {ck}Nk=1 , grid of space-time values,
<latexit sha1_base64="qMfmqSxI0YJvifITcyhBgaC8uDc="></latexit>

carefully ordered,

<latexit sha1_base64="oVyHjJm8w3q3wxcRWQ74ueDrK8A="></latexit>

Output: solution  obtained by iteration, on the space-time grid

<latexit sha1_base64="4j58RvYzxwCzEvdMQUWjO/ElBi4="></latexit>

”Darboux transform”



<latexit sha1_base64="rmqRas3YXym0wPlyI6S6oZ/LOJo="></latexit>

The N -soliton case: r ⌘ 0. Can you just add a pole?
<latexit sha1_base64="flGcohP8G7dXq5kON20dQlLF+4o="></latexit>

Res
zN

E = lim
z!zN

E

✓
MN�1

✓
0 0

cNe2it✓ 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="/9ApjYEjPiXRqvqJUSIVOK6fZ2o="></latexit>

E(z) = I +
P (x, t)

z � zN
+

Q(x, t)

z � z⇤N

<latexit sha1_base64="NL/48Tt+kozLuoTQaNbu0r1E/iE="></latexit>

Res
z⇤
N

E = lim
z!z⇤

N

E

✓
MN�1

✓
0 �c⇤Ne�2it✓

0 0

◆
(MN�1)

�1
◆

<latexit sha1_base64="qCtFqU+Un6yuvt3k3hlXAhj3y2k="></latexit>

Research / Homework:
<latexit sha1_base64="M5gKKWxZfQiyBDvhyF9WofiPGKA="></latexit>

Develop numerical code for N = 2, then general N :

<latexit sha1_base64="/WDr+iaN0t0MsLMR8VYRyUqTs8A="></latexit>

Inputs: N , {zk = µk + i⌘k}Nk=1, {ck}Nk=1 , grid of space-time values,
<latexit sha1_base64="qMfmqSxI0YJvifITcyhBgaC8uDc="></latexit>

carefully ordered,

<latexit sha1_base64="uPy0MUXLAqtFPul1PHR+T7k1nmk="></latexit>

A challenge: understand analytically how to make stable algorithms

<latexit sha1_base64="oVyHjJm8w3q3wxcRWQ74ueDrK8A="></latexit>

Output: solution  obtained by iteration, on the space-time grid


