Introduction to the analysis of integrable
PDEs when the number ot solitons goes to
S\infty$, with an aim towards analytical
and computational research projects
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Nonlinear Schrodinger equation: iy me 4 W|2¢ — 0, P(x,0) = 1o (x)

Zakharov and Shabat showed complete integrability, with Lax pair:
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b(x,t) < (x,t) solves NLS.

Scattering theory for (0, — £) ® = 0 yields solution procedure.
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Some important notation
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Fxistence and uniqueness: z € R
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(I)(_I_)(ZC, Z) — m(+)(:1:, Z)e—izxag PrOperties! q)(—)(a;’ Z) _ m(—)<w7 Z)e—izxag

1 ®H)(z, 2) and () (z, 2): fundamental solutions for each z € R

det ((I)(:)(LE‘, z)) = det (m(:))
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SG) = (3] ik )s detSE) = la)P + ) =1
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(I)(_I_)(ZC, Z) — m(+)(x, Z)e—izxag PrOperties! CI)(_)(QL’, Z) _ m(—)<a:.7 Z)e—iZﬂ?O‘g

() (m(:) . )) _ mg_{) m§-2->
1 2 € (£) |

Mo1” Moo

zeros of a(z) = det {mg_) , mgﬂ]

@g_)(a;‘, 2y) decaying as x — —o< <I>§+)(:c, 2g) decaying as x — +0o¢

Linearly dependent: (I)g_) (,20) = EOCI)é+) (2, 20)
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(£) ()

n + my Mg
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zeros of a(z) = det {mg_) , mgﬂ]

@g_)(a;‘, 2y) decaying as x — —o< <I>§+)(:c, 2g) decaying as x — +0o¢

Linearly dependent: (I)g_) (x,20) = EOCI)é+) (2, 20)

7 = 7 18 an eigenvalue!



(I)(_I_)(ZE, Z) — m(-l-)(x’ Z)e—izxag PrOperties! q)(—)(aj’ Z) _ m(—)(a:.7 Z)e—izxag

(x,0) yields D= {r(z),{zx,cx}r_;}

W+ Gbee WPV =0, 9(2,0) = Yo(e).

Y(x,t) yields D(t) = {r(z,t), {2z, ()er(t) } =1 }



&) (z,2) = mP)(x, 2)e 20

Properties!

(x,0) yields D= {r(z),{zx,cx}r_;}

i+ e+ [P =0,

Y(x,t) yields D(t)

wo(iﬁ) - Hj’k(

R) = {f e L¥(

(e,

&) (z,2) = m\ ) (x, 2)e 20

(r(2.1), (o Den® g} = {7(2)e2°, {ap, epe?t= 1 )

R) : 0L f, |z|" f € L*(

— r(2) € H"Y

The inverse problem

R)} + { no real zeros of a(z)}
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Going from D(t) to ¥ (x,t): The inverse problem



&) (2, 2) = m T (x, 2)e” %2 The inverse problem! &) (z, 2) = m7) (z, 2)e

i+ Ste + WP =0, (x,0) = oo

Y(x,t) is actually determined by D(t) = {T(z)ezitZQ, {Zk, 6116627;15’2”3 }kazl}

Going from D(t) to ¥ (x,t): The inverse problem

_mg_) (z,1; 2) (+)

- : cCT
If we could construct M(Z) — M(Z; X, t) = i a(z) e (:E’ d Z)_ )
oo M (z*;2,t)* 09 . z2eC.
: _ | 1 _fa;oo ‘w(sat”zds ¢(37,t) —1
We can extract ¢ (x,t): M =TI R ( ()" fxoo (s, 1)[2ds + 0 (z ) ,



Riemann-Hilbert problem

Find a meromorphic function M : C\(RU{z; } U {zj*}) — S Lo (C) satisfying
I. M(z)=I+o0(z"") as z — 0.
2. For each z € R,

1—|—‘T(Z)|2 7Q*(Z)Q—Qite(z)
7Q(Z)em'te(z) 1 )

Mi(2) = M) (
where
0=0(z;2,t) =2 —2z=(2— &) =&, €=—x/(2).

3. M(z) has simple poles at each z, and 2z} and

Z—rZL Ci€ 0

Kk —24t6
ReSM = lim M (O k€ ) .

ReSM— lim M( ()in O),



Riemann-Hilbert problem Accumulation of solitons: r = 0

Find a meromorphic function M : C\(RU{z; } U {zj*}) — S Lo (C) satisfying
I. M(z)=I+o0(z"") as z — 0.
2. For each z € R,
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Mi(2) = M) (
where
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Riemann-Hilbert problem Accumulation of solitons: r = 0

Find a meromorphic function M : C\(RU{z;}U{z}}) = SLy(C) satisfying

I. M(z)=I+o0(z"") as z — 0.

0= 0(z2,t) =2 =26z = (2= €2 — &%, €= —u/(2L).

3. M(z) has simple poles at each z, and 2z} and

Z—rZL Ci€ 0

Kk —24t6
ReSM = lim M (O k€ ) .

ReSM— lim M( 027;,59 O),



Riemann-Hilbert problem Accumulation of solitons: r = 0

Find a meromorphic function M : C\({z;} U {z]}) = SL2(C) satisfying
l. M(z)=1+o0(z"") as z — .

2. M(z) has simple poles at each zy and z; and

R@SM — lim M( ()Qité’ O) :
2k

Z—>ZL Ci€ 0

ok —24t0
Res M = lim M (O k€ ) .

«9:6’(2,x,t) :’22_25’2: (2_5)2_627 €: —J)/(Qt)



Riemann-Hilbert problem

Accumulation of solitons: » = 0

Find a meromorphic function M : C\({z;} U {z]}) = SL2(C) satisfying

l. M(z)=1+o0(z"") as z — .

2. M(z) has simple poles at each zy and z; and

ReSM = lim M

Z—7> 2

Res M = lim M

K K

If we could construct

We can extract ¢ (z,t):

.
(o

0=0(z;x,t) =2° — 2z = (2 —&)° — &2

0 0
62it9 O) 9

x —21t0
0

¢ = —a/(2t)

@F\/

M(z;x,t) =

— [ (s, t)|?ds

2 e CT

z e C™.



Poles due to a(z)

Residue conditions: at zi, m

(_

1

m;+)(:v,t;z) . zeCT M= - 1 ( —fmoo \¢(3,t)|2d8 w(a:‘,t)

)

Z—r 2k Cr€ 0

ReSM— lim M( OQZ-tQ O),

0 _Cze—Qite

0 0

= ckmg ) ReSM— lim M(

Simplest case: 7 =0 and 1 pole in C

D(t) = {{Zoacofi%tzg}} ~ {{N + ’57770062”(5“”)2}}

).



Simplest case: » =0 and 1 pole in C_ 20 = W+ 1

Find a meromorphic function M : C\{zg, 25} — SL2(C) satisfying
1. M(z)=I+o0(z71) as z — <.

2. M(z) has simple poles at zo and z§ and

Res M = lim M< Ozz-w O),
20

Z—> 20 Cp€ 0
_x —24t6
Res M = lim M (O ¢ ) .
E2 z—)zz 0 0

0=0(z2,t) =2" -2z = (2§ - &, {=—2/(2).

Can we find M, and ¢ (x,t)?
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Simplest case: » =0 and 1 pole in C_ 20 = W+ 1

Find a meromorphic function M : C\{zg, 25} — SL2(C) satisfying
1. M(z)=I+o0(z71) as z — <.

2. M(z) has simple poles at zo and z§ and

Res M = lim M( Oziw O),
20

Z—> 20 Cp€ 0
_x —24t6
Res M = lim M (O ¢ ) .
E2 z—)zz 0 0

0=0(z2,t) =2" -2z = (2§ - &, {=—2/(2).

Can we find M, and ¢ (x,t)?

1 AL
ao(z, t) 8 ) | ( 0 5*0 (2, ¢) > The residue condition determines a(z,t) and B(x,1).

{] M (e o )

Cp€




Simplest case: » =0 and 1 pole in C_

20 = [+

Find a meromorphic function M : C\{zg, 25} — SL2(C) satisfying

1. M(z)=I+o0(z71) as z — <.

2. M(z) has simple poles at zo and z§ and

0 0
CO€2it9 0/’

0 =0(zi2,t) = 2% — 262 = (2 = )" = £,

Res M =
20

lim M

Z—7Z0

Res M = lim M

%
Z-)Zk

k
<0

(O _66627;759)

E=—x/(2t).

0 0

Can we find M, and ¢ (x,t)?

> The residue condition determines a(z,t) and B(x,1).

0

60627,759

0
0




Simplest case: » =0 and 1 pole in C_

20 = [+

Find a meromorphic function M : C\{zg, 25} — SL2(C) satisfying

1. M(z)=I+o0(z71) as z — <.

2. M(z) has simple poles at zo and z§ and

Res M =
20

k
<0

. 0 0
zlgrzlo M ((:062”9 O) ’

_x —24t6
Res M = lim M(O “0°¢ )

%
Z-)Zk

0 0

0=0(z2,t) =2" -2z = (2§ - &, {=—2/(2).

Can we find M, and ¢ (x,t)?

1
2 — 24
0 —F
0 g

] 0 0\
coe2it? () ’

> The residue condition determines a(z,t) and B(x,1).
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Find a meromorphic function M : C\{zg, 25} — SL2(C) satisfying
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1. M(z)=I+o0(z71) as z — <.

Simplest case: » =0 and 1 pole in C_

20 = [+

Find a meromorphic function M : C\{zg, 25} — SL2(C) satisfying

2. M(z) has simple poles at zo and z§ and

0 =0(zi2,t) = 2% — 262 = (2 = )" = £,

Res M =
20

k
<0

. 0 0
zlgrzlo M (coe%w O) ’

_x —24t6
Res M = lim M(O “0°¢ )

%
Z-)Zk

0 0

Can we find M, and ¢ (x,t)?

Y(x,t;0q) = 2nsech (2n(x + 2ut — xp)) e~ 2i(na+(u”=n")t) g—ido,

1 1
x — O
0 — 9 &

Co
2m

E=—x/(2t).

9 (¢0

~
— ar
5 +arg

> The residue condition determines a(z,t) and B(x,1).

(CO)7



The N-soliton case: r = 0, poles at {zx, 2} };1

D(t) = {{Zk, creten N }



The N-soliton case: r = 0, poles at {zx, 2} };1

D(t) = {{Zk, creten N }

Find a meromorphic function M : C\({z;} U {2} }) = SL3(C) satisfying
1. M(z) =1+o0(z7") as z — oc.

2. M(z) has simple poles at each zy and z; and

Zlk Cl

Z2— 2L (& 0
0 _C*G—Qit@ (1)
Res M = lim M( k ) .

(9:(9(2,56,?5) 222_2€Z: (Z_g)z_fza f: —513/(2t)

— M(z) =1+ it (%(fﬂ,t) 8> . (8 ;i?fft?




The N-soliton case: r = 0, poles at {zx, 2} };1

D(t) = {{Zk, creten N }

Find a meromorphic function M : C\({z;} U {2} }) = SL3(C) satisfying
1. M(z) =1+o0(z7") as z — oc.

2. M(z) has simple poles at each zy and z; and

ReSM— lim M( 02“9 O),

Z—Z2k Ci€ 0
0 _C*G—Qit@ (1)
ReSM — lim M( k ) :

0=0(z;x,t) =22 -2z = (2 —&)* — €2, €= —:13/(275)
Z (ZE,t) 0 | 1 0 _ﬁk(mvt)*
— 2z — 2k (:E, t) 0 s z;’; 0 Ckk(ﬂf, t)*

Task: Determine {ay(x,t), Bx(z,t)}—;  and then ¢(z,t) = —2i Z,ivzl B*(xz,t)

—




The N-soliton case: r = 0, poles at {zx, 2} };1

I+Zzz3< g 8 8)

ReSM = lim M( O%w

Z—Zk Ci€

0 0

0
0

)

O * —21t60
Res M = lim M( >

>k >k



The N-soliton case: r = 0, poles at {zx, 2} };1

I+Zzz3< g 8 8)

ReSM = lim M( O%w

Z—Zk Ci€

0 0

0
0

)

O * —21t60
Res M = lim M( >

>k >k




The N-soliton case: r = 0, poles at {zx, 2} };1

- 2 () )= (0 ey

ReSM = lim M( O%w O)

Z—Zk Ci€ 0

ok —21t0
ResM = lim M (O “kC >

o, t) = =205, B*(z, 1)




The N-soliton case: r = 0, poles at {zx, 2] };_

Research / Homework:

e -1+ > - (gd )2 (0 ey

ReSM = lim M( 02%9 O)

Z—Zk Ci€ 0

ok —21t0
ResM = lim M (O “1C >

o, t) = =205, B*(z, 1)

Develop numerical code for N = 2, then general IV:
Inputs: N, {2 = pur + e}y, {ck i, , grid of space-time values

Output: solution ¢ obtained by iteration, on the space-time grid



The N-soliton case: r = 0. Can you just add a pole?

"Darboux transform”

o Mpn_1: solution with N — 1 poles

M solution with /N poles

Form FE = My (.MN_l)_1 E only has poles at zny and 2z

Res E = Res My (]\4N_1)_1
Z N Z N



The N-soliton case: r = 0. Can you just add a pole?

"Darboux transform”

o Mpn_1: solution with N — 1 poles

M solution with /N poles

Form FE = My (.MN_l)_1 E only has poles at zny and 2z

IZ{eSE = IZ{eSMN (]\4N_1)_1 = < lim My (c OQit@ O)) (MN—l)_l

Z—ZN NE 0



The N-soliton case: r = 0. Can you just add a pole?

"Darboux transform”

o Mpn_1: solution with N — 1 poles

M solution with /N poles

Form FE = My (.MN_l)_1 E only has poles at zny and 2z

. 0 0 1
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The N-soliton case: r = 0. Can you just add a pole?

"Darboux transform”
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The N-soliton case: r = 0. Can you just add a pole?

"Darboux transform”
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The N-soliton case: r = 0. Can you just add a pole?

"Darboux transform”
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Research / Homework: Develop numerical code for N = 2, then general V:

Inputs: N, {zr = pur + ink}fc\;l, {ck}fﬁ\;l , grid of space-time values, carefully ordered,

Output: solution ) obtained by iteration, on the space-time grid



The N-soliton case: r = 0. Can you just add a pole?
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Research / Homework: Develop numerical code for N = 2, then general V:

Inputs: N, {zr = pur + ink}fc\;l, {ck}fﬁ\;l , grid of space-time values, carefully ordered,

Output: solution ) obtained by iteration, on the space-time grid

A challenge: understand analytically how to make stable algorithms



