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Euler equation in the channel

Domain: two-dimensional finite channel R ˆ r´1, 1s;
Stationary Euler equation in vorticity-stream function formulation

tψ,∆ψu :“ ψx p∆ψqy ´ ψy p∆ψqx “ 0 ; (1)

Impermeability condition at the boundary: ψx “ 0 on ty “ ˘1u;
Velocity field: pupx , yq, vpx , yqq :“ ∇Kψpx , yq “ pByψpx , yq,´Bxψpx , yqq.

Informal Theorem
Let κ0 P N. There exist ε0 ą 0 small enough and a family of stationary solutions
pψεpx , yq “ ψ̆εpx, yq|x“rωx qεPr0,ε0s of the Euler equation (1) in the finite channel
px , yq P R ˆ r´1, 1s that are quasi-periodic in the horizontal direction x P R for
some frequency vector rω P Rκ0 , with x “ rωx P Tκ0 . Such family bifurcates from a
shear equilibrium ψmpyq and can be chosen to be arbitrarily close to the Couette
flow ψcoupyq :“ 1

2 y2 in Hs
x H7{2´

y pTκ0 ˆ r´1, 1sq, with s ą 0 sufficiently large.
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The hydrodynamics (in)stability problem

Figure: Kelvin-Helmholtz instability for two layered shear flows (credits: Lawrence et
at. (1991) - Cushman-Roisin (2005))

Luca Franzoi (NYU Abu Dhabi) Space Quasi-periodic near Couette School/Workshop on Wave Dynamics: Turbulent vs Integrable Effects ICTP, Trieste - August 30th, 2023 4 / 35



Literature overview: inviscid dynamics
around shear flows

Linear and nonlinear damping for Vlasov-Poisson [Mouhot & Villani
(2011)]
Linear inviscid damping for Euler close to Couette [Kelvin (1887), Orr
(1907), Lin & Zeng (2011)];
Nonlinear inviscid damping [Bedrossian & Masmoudi (2015), Deng &
Masmoudi (2018), Ionescu & Jia (2020)];
Stratified fluids with flows close to Couette [Yang & Lin (2018),
Bianchini, Coti-Zelati & Dolce (2020)];
Compressible fluids [Antonelli, Dolce & Marcati (2021)];
Linear inviscid damping for other shear flows [Zillinger (2017)];
Oscillatory stationary flows [Li & Lin (2011), Lin & Zeng (2011),
Coti-Zelati, Elgindi & Widmayer (2020)].
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Literature overview: quasi-periodic flows
Time quasi-periodic solution in fluid dynamics

§ 2D water waves equation [Berti & Montalto (2017), Baldi, Berti, Haus &
Montalto (2018), Berti, F. & Maspero (2020,2021), Feola & Giuliani (2020)];

§ Vortex patches in active scalar equations [Berti, Hassainia & Masmoudi
(2022), Hmidi & Roulley (2021), Hassainia, Hmidi & Masmoudi (2021),
Hassainia & Roulley (2022), Hassainia, Hmidi & Roulley (2023), Roulley
(2022), Garcia, Hassainia & Roulley (2023), Gómez-Serrano, Ionescu & Park
(2023)];

§ Forced Euler and Navier-Stokes [Baldi & Montalto (2021), Montalto (2021),
F. & Montalto (2022)];

§ Non-resonant Euler flows [Crouseilles & Faou (2013), Enciso, Peralta-Salas
& Torres de Lizaur (2022)];

Space quasi-periodic and “spatial dynamics” in PDE
§ Space bi-periodic analysis [Scheurle (1983), Iooss & Los (1990), Iooss &

Mielke (1991), Bridges & Rowland (1994), Bridges & Dias (1996)];
§ Quasi-periodic for semilinear elliptic PDE [Valls (2006), Poláčic &

Valdebenito (2017)].
§ Remark! In these results and in ours, space quasi-periodic means

quasi-periodic in ONE selected space direction!
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Lin & Zeng 3
2-threshold for periodic flows

Theorem (Lin & Zeng (ARMA, ’11))
Let T ą 0 be a fixed period. The following hold:
‚ s P r0, 3

2 q: For any ε ą 0, there exists ψεpx , yq solution of (1) such that ψε has minimal
x-period T,

}∆ψε ´ 1}Hs pp0,T qˆp´1,1qq ă ε ,

and ´Bxψεpx , yq is non-trivial in R ˆ r´1, 1s;
‚ s ą 3

2 : There exists ε0 ą 0 such that, for any traveling solution ψpx ´ ct, yq, c P R, of the
Euler equation Bt∆ψ ` tψ,∆ψu “ 0 on R ˆ r´1, 1s with x-period T and satisfying

}∆ψ ´ 1}Hs pp0,T qˆp´1,1qq ă ε0 ,

we must have Bxψpx ´ ct, yq ” 0 in the whole channel R ˆ r´1, 1s for all times t P R.

Important consequences:
‚ When s ą 3

2 , the non-existence of non-trivial invariant structures is a hint for
the nonlinear damping for inviscid flows close to Couette in Hs ;
‚ When s P r0, 3

2 q, there exist inviscid flows close to Couette in Hs that cannot
damp down to a shear.
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Lin-Zeng construction of periodic solutions
Starting point: a particular (monotone) shear flow (A ą 0, 0 ă γ ! 1)

Uγ,Apyq “ y ` Aγ2erf
` y
γ

˘

:“ y ` 2?
π

Aγ2
ż

y
γ

0
e´s2

ds , y P r´1, 1s ,

with associated stream function ψγ,Apyq (i.e. ψ1
γ,A “ Uγ,A) satisfying

ψ2
γ,A “ F pψγ,Aq , for some F : R Ñ R inherited from ψγ,A ;

Goal: Construct the steady stream function ψpx , yq “ ψγ,Apyq ` ϕpx , yq,
periodic in x with period 2π{α, that solves

∆ψpx , yq “ F pψpx , yqq with the same nonlinearity F : R Ñ R ; (2)

if (2) is fulfilled, then ψpx , yq is a solution of the Euler equation (1)!
When we linearize (2) around ψγ,A, we get

B2
xϕ “ ´B2

yϕ` F 1pψγ,Aqϕ` op|ϕ|2q and F 1pψγ,Aq “
ψ3

γ,A
ψ1

γ,A
“

U2
γ,A

Uγ,A
...
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What leads to periodic oscillations
Lemma
Let Lγ,A : H2p´1, 1q Ñ L2p´1, 1q be the Schrödinger operator

Lγ,A “ ´B2
y ` Qγ,Apyq , Qγ,Apyq :“ F 1pψγ,Apyqq :“ U2

γ,Apyq

Uγ,Apyq
,

with zero Dirichlet boundary conditions at ty “ ˘1u. For any fixed A ą 1
2 , for

γ ą 0 small enough, the operator Lγ,A has a (unique) negative eigenvalue ´β2
γ,A.

The remaining part of the spectrum consists of positive eigenvalues.

Key property: in the limit γ Ñ 0, the potential

Qγ,Apyq “ ´4A 1
γ

?
π

e´p
y
γ q

2
ˆ

1 ` Aγ γy erf
´y
γ

¯

˙´1
γÑ0
Ñ ´4Aδ0pyq

in the sense of distributions, and the delta potential carries one negative
eigenvalue for the Schrödinger operator

L0,A :“ ´B2
y ´ 4Aδ0pyq .
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The bifurcation argument in Lin & Zeng
Proposition
Assume U P C5r´1, 1s, monotone in r´1, 1s and with U 1p0q ą 0, U2p0q “ 0.
Define

L :“ ´B2
y ` Qpyq : H2p´1, 1q Ñ L2p´1, 1q , Qpyq “

U2pyq

Upyq ´ Up0q
,

acting with zero Dirichlet conditions at ty “ ˘1u. If L has a negative eigenvalue
´k2

0 with positive eigenfunction ϕ0pyq, then there exists ε0 ą 0 such that, for any
ε P p0, ε0q, there exists a steady solution puεpx , yq, vεpx , yqq to the Euler equation,
periodic in x with minimal period Tε Ñ 2π

k0
as ε Ñ 0, such that

∆ψε “ F pψεq , }∆ψε ´ U 1pyq}H2 “ ε

and the vector field near ty “ 0u has leading order in ε Ñ 0 given by
#

uεpx , yq „ Upyq ` ε ϕ1
0pyq cosp 2π

Tε
xq

vεpx , yq „ ´ ε 2π
Tε
ϕ0pyq sinp 2π

Tε
xq

[Kelvin’s cat-eyes flow] .
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Figure: Streamlines of the Kelvin–Stuart cat’s-eye flow (source: Majda-Bertozzi book)
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Main steps of the proof:
Construction of a nonlinearity F P C2

0pRq, rmaxψ0,minψ0s Ď sptpf q, where
ϕ1

0 “ U, by solving the Cauchy problem (assuming Upyq odd symmetric!)
#

F 1pzq “ Qpψ´1
0 pzqq

F pψ0p0qq “ ψ2
0 p0q

ù F pψ0pyqq “ ψ2
0 pyq , F 1pψ0pyqq “ Qpyq ;

Look for a stream function of the form ψpx , yq “ ψ0pyq ` ϕpξ, yq|ξ“αx with
ϕpξ, yq 2π-periodic in x , such that
#

∆ψ “ F pψq,

ψpx ,˘1q “ ψ0p˘1q
ù

#

α2B2
ξϕ` B2

yϕ´
`

F pϕ` ψ0q ´ F pψ0q
˘

“ 0,
ϕpξ,˘1q “ 0 .

Apply Crandall-Rabinowitz Theorem with the nonlinear functional

Fpϕ, α2q :“ α2B2
ξϕ` B2

yϕ´
`

F pϕ` ψ0q ´ F pψ0q
˘

“ 0,

bifurcating from the kernel KerpGq :“ tcospξqϕ0pyqu of the linearized
operator

G :“ dϕFp0, k2
0 q :“ k2

0 B2
ξ `B2

y ´ F 1pψ0q “ k2
0 B2
ξ ´L.
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What leads to space quasi-periodic flows
Key object: a well prescribed analytic potential Qmpyq, even in y ,
depending on a parameter m " 1 such that, in the limit m Ñ 8, it uniformly
approaches the classical potential well

Qmpyq “ QmpE, r; yq
mÑ8

Ñ Q8pE, r; yq :“
#

0 |y | ą r ,
´E2 |y | ă r ;

Constrain: the depth E ą 1 and the width r P p0, 1q are related by

Er “ κ0pπ ` 1
4 q,

for a given κ0 P N, fixed from the very beginning, which counts the exact
number of negative eigenvalues ´λ2

1,mpEq, ...,´λ2
κ0,mpEq ă 0 for the operator

Lm :“ ´B2
y ` Qmpyq , with eigenfunctions Lmϕj,m “ ´λ2

j,mϕj,m ,

with Dirichlet boundary conditions on r´1, 1s. The rest of the spectrum
pλ2

j,mpEqqjěκ0`1 is strictly positive.
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The shear equilibrium
We define the stream function ψmpyq as the solution of the linear ODE

ψ3
mpyq “ Qmpyqψ1

mpyq , y P r´1, 1s . (3)

When |y | ą r, ψmpyq behaves as the Couette flow, with

ψ1
mpyq

mÑ8
Ñ y ´ Aoutsgnpyq , |y | ą r ;

When |y | ă r, ψmpyq ceases to be monotone and exhibits oscillations, with

ψ1
mpyq

mÑ8
Ñ Ain sinpEyq , |y | ă r .

In particular, ψmpyq has exactly 2κ0 ` 1 critical points

0 “: y0,m ă |y1,m| ă ... ă |yκ0,m| ă r .

Proposition (Proximity to the Couette flow)
There exists an even stream function ψmpyq, solution to (3), such that

}ψm ´ ψcou}H3r´1,1s À
?

r and }ψm ´ ψcou}H4r´1,1s Á 1?
r .
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Figure: A (non-scaled) picture of the stream function ψmpyq, with κ0 “ 2
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The (unperturbed) nonlinearity
We write r´1, 1s “

Ť

p“0,1,...,κ0
Ip, where

Ip :“ ty P R : yp,m ď |y | ď yp`1,mu, p “ 1, ..., κ0 , yκ0`1,m :“ 1 .

The stream function ψmpyq solves locally on each set Ip a second-order
nonlinear ODE.

Theorem (Local nonlinearities)
Let S P N and let m ě mprq " 1. For any p “ 0, 1, ..., κ0, there exists a nonlinear
function Fp,m P CS`1

0 pRq, ψ Ñ Fp,mpψq, such that

pBψFp,mqpψmpyqq “ Qmpyq , y P r´1, 1s ñ ψ2
mpyq “ Fp,mpψmpyqq , y P Ip .

We have CS`1-continuity at ψ “ ψmpyq at the critical points y “ ˘yp,m,
p “ 1, ..., κ0, meaning that, for any n “ 0, 1, ...,S ` 1,

lim
|y |Ñy´

p,m

Bn
y pFp´1,mpψmpyqqq “ lim

|y |Ñy`
p,m

Bn
y pFp,mpψmpyqqq “ ψ

pn`2q
m pyp,mq .
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Figure: Picture of the stream function ψmpyq close to the critical point yp,m.

Luca Franzoi (NYU Abu Dhabi) Space Quasi-periodic near Couette School/Workshop on Wave Dynamics: Turbulent vs Integrable Effects ICTP, Trieste - August 30th, 2023 17 / 35



Around the shear equilibrium
We search for nontrivial stream functions close to ψmpyq of the form

ψpx , yq “ ψmpyq`φpx , yq , with φpx , yq space quasi-periodic in x P R

Definition
Let κ0 P N. A function R Q x ÞÑ upxq is quasi-periodic if there exist a function
Tκ0 Q x ÞÑ ŭpxq and a frequency vector ω P Rκ0 zt0u such that

upxq “ ŭpxq|x“ωx , with ω ¨ ℓ ‰ 0 @ ℓ P Zκ0 zt0u .

Domain: D :“ Tκ0 ˆ r´1, 1s ãÑ R ˆ r´1, 1s, Tκ0 :“ pR{2πZqκ0 ;
Equation for the perturbation: having φpx ,˘1q “ 0,

tψ,∆ψu “ 0 ψ“ψmpyq`φ
ù tψm,∆ωφ̆u ` tφ̆, ψ2

mu ` tφ̆,∆ωφ̆u “ 0

where
∆ :“ B2

x ` B2
y ù ∆ω :“ pω ¨ Bxq2 ` By .
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If we search for ψpx , tq such that, for any p “ 0, 1, ..., κ0

ψ2
mpyq “ Fp,mpψmpyqq ù ∆ψpx , yq “ Fp,mpψpx , yqq , px , yq P R ˆ Ip

then we immediately lose continuity at t|y | “ yp,mu: in general

lim
|y |Ñy´

p,m

Fp´1,mpψmpyq ` φpx , yqq ‰ lim
|y |Ñy`

p,m

Fp,mpψmpyq ` φpx , yqq

unless φpx ,˘yp,mq “ 0 for any x P R (too strict!)
Key idea: if you look for pertubations φpx , yq “ Opεq, perturb the
nonlinearities as well!

Fp,mpψq ù Fp,εpψq , ε P p0, 1q ;

Properties that we want:
§ It is perturbative: Fp,εpψq Ñ Fp,mpψq uniformly as ε Ñ 0;
§ Away from critical values, Fp,ε essentially equals to Fp,m;
§ There is “room enough” to “accomodate” the perturbation φpx , yq and

reobtain continuity everywhere.
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The equation that we solve
Equation for the perturbation: the starting point is Euler:

tψ̆,∆ωψ̆u “ 0 ψ“ψmpyq`φ
ù tψm,∆ωφ̆u ` tφ̆, ψ2

mu ` tφ̆,∆ωφ̆u “ 0.

The corresponding “elliptic” equation is (recalling ψ2
mpyq “ Fp,mpψmpyqq)

∆ωψ̆ “ Fp,εpψ̆q ù ∆ωφ̆px, yq “ Fp,εpψmpyq ` φ̆px, yqq ´ Fp,mpψmpyqq

where px, yq P Tκ0 ˆ Ip, p “ 0, 1, ..., κ0;
Boundary conditions: φ̆px,´1q “ φ̆px, 1q “ 0;
Symmetries: we search for (space) reversible φ̆px, yq, namely

φ̆px, yq P evenpxqevenpyq ;

Functional spaces: Sobolev spaces Hs,ρ :“ HspTκ0 ,Hρ
0 pr´1, 1sqq, with

Hs,ρ :“
!

upx, yq “
ÿ

ℓPZκ0

uℓpyqeiℓ¨x : }u}2
s,ρ :“

ÿ

ℓPZκ0

xℓy
2s

}uℓ}2
Hρ

0 pr´1,1sq ă 8

)

.
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The linear problem at the equilibrium

Linearizing the Euler equation at φ “ 0, we get, for px, yq P Tκ0 ˆ r´1, 1s

tψm,∆ωφ̆u ` tφ̆, ψ2
mu “ 0 ù pω ¨ Bxq2φ̆px, yq “ Lmφ̆px, yq

(recall that Lm “ ´B2
y ` Qm and that ψ3

m “ Qmψ
1
m);

Family of space quasi-periodic solutions

φpx , yq “

κ0
ÿ

j“1
Aj cospλj,mpEqxqϕj,mpyq , Aj P Rzt0u (4)

with frequency vector ω ” ω⃗mpEq :“ pλ1,mpEq, ..., λκ0,mpEqq P Rκ0 zt0u (recall
that ´λ2

1,mpEq, ...,´λ2
κ0,mpEq ă 0 are the negative eigenvalues of Lm).
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The role of the parameter E
Recall the constrain Er “ κ0

`

π ` 1
4
˘

and ω⃗mpEq :“ pλ1,mpEq, ..., λκ0,mpEqq;

Proposition (ω⃗mpEq is Diophantine)
Let E2 ą E1 ą pκ0 ` 1

4 qπ. Given υ P p0, 1q and τ " 1, there exists a Borel set

K “ Kpυ, τq :“
␣

E P rE1, E2s : |ω⃗mpEq ¨ ℓ| ě υ xℓy
´τ
, @ ℓ P Zκ0 zt0u

(

,

such that E2 ´ E2 ´ |K| “ opυq.

Goal: existence of a small amplitude, reversible space quasi-periodic
function φ̆px, yq, solution of the equation

∆ωφ̆px, yq “ Fp,εpψmpyq ` φ̆px, yqq ´ Fp,mpψmpyqq (5)

with frequency vector ω P Rκ0 close to ω⃗mpEq, resembling at leading order a
linear solution (4) at the equilibrium, for a fixed valued of the depth E P K
and for most values of an auxiliary parameter

A P JεpEq :“ rE ´
?
ε, E `

?
εs . (6)
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Theorem (F.-Masmoudi-Montalto (2023))
Fix κ0 P N and m " 1. Fix also E P K and ξ “ pξ1, . . . , ξκ0 q P Rκ0

ą0. Then there exist s ą 0,
ε0 ą 0 such that the following hold.
1q For any ε P p0, ε0q there exists a Borel set Gε “ GεpEq Ă JεpEq, withJεpEq as in (6) and with
density 1 at E when ε Ñ 0, namely limεÑ0p2

?
εq´1|GεpEq| “ 1;

2q There exists hε “ hεpEq P H3
0 pr´1, 1sq, }hε}H3 À ε, hε “ evenpyq, such that, for any A P Gε,

the equation (5) has a reversible, space quasi-periodic solution of the form

φ̆εpx, yq|x“rωpAqx “ hεpE; yq ` ε

κ0
ÿ

j“1

a

ξj cosprωj pAqxqϕj,mpE; yq ` r̆εpx, yq|x“rωpAqx , (7)

where r̆ε “ r̆εpE, A; x, yq P Hs,3, with limεÑ0
}r̆ε}s,3

ε
“ 0, and rω “ prωj qj“1,...,κ0 P Rκ0 , depending

on A and ε, with |rωpAq ´ ω⃗mpEq| ď C
?
ε, with C ą 0 independent of E and A. Moreover for any

ε P r0, ε0s, the stream function

ψεpx , yq “ ψ̆εpx, yq|x“rωpAqx “ ψmpyq ` φ̆εpx, yq|x“rωpAqx , (8)

with φεpx, yq as in (7), defines a space quasi-periodic solution of the steady 2D Euler equation
that is close to the Couette flow with estimates

}ψ̆ε ´ ψcou}s,3 Às
1?
E

` ε , ψcoupyq :“ 1
2 y2 .
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Comments on the main results

The shear perturbation hεpyq comes from the forced modification in (5) of
the nonlinearities Fp,mpψq into Fp,ηpψq;
The second term of φεpx, yq in (8) retains the space quasi-periodicity of the
linearized solution and is constructed with a suitable Nash-Moser iterative
scheme (the eigenfunctions pϕj,mpE; yqqjPN depend on the parameter E!);
Such solutions exist for fixed values of the depth E P K so that ω⃗mpEq is
Diophantine and for most values of the auxiliary parameter A P JεpEq so that
rω “ rωpA, εq is non-resonant as well;
Traveling quasi-periodic flows: the stream function

ψtrpt, x , yq :“ cy ` ψεpx ´ ct, yq

“ cy ` ψmpyq ` φ̆εpϕ, yq|ϕ“x´ϑ“rωpx´ctq , x, ϑ P Tκ0 ,

solve the Euler equations in vorticity formulation

pΩtrqt ` pψtrqy pΩtrqx ´ pψtrqx pΩtrqy “ 0 , Ωtr :“ ∆ψtr .
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Generalized Kelvin’s cat-eyes flow: The flow generated by the stream
function ψ̆εpx, yq is a deformation of the near-Couette shear flow pψ1

mpyq, 0q:
ˆ

upx , yq

vpx , yq

˙

“

ˆ

ψ1
mpyq ` h1

εpyq

0

˙

` ε
κ0
ÿ

j“1

a

ξj

ˆ

cosprωjxqϕ1
j,mpyq

rωj sinprωjxqϕj,mpyq

˙

` opεq .

Figure: Streamlines of (the leading order of) a bi-periodic flow
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Summary of main difficulties and novelties

The nonlinearity of the semilinear “elliptic” problem that we solve is actually
an “unknown” of the problem and it has to be constructed in such a way that
one has a near Couette, space quasi-periodic solution to the Euler equation;
Each space quasi-periodic function φεpx, yq solve a nonlinear PDE with
nonlinearities explicitly depending of the size ε of the solution;
The nonlinearities have finite smoothness and their derivatives lose in size;
The unperturbed frequencies of oscillations are only implicitly defined and
their non-degeneracy property relies on an asymptotic expansion for large
values of the parameter. It implies that the required non-resonance
conditions are not trivial to verify;
The basis of eigenfunctions pϕj,mpyqqjPN of the operator Lm “ ´B2

y ` Qmpyq

is not the standard exponential basis and depends explicitly on the depth
parameter E;
The potential Qmpyq is the ruler ot the scheme!
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Strategy of the proof

1 The shear equilibrium ψmpyq close to Couette and its nonlinear ODE

ψ3
mpyq “ Qmpyqψ1

mpyq ù ψ2
mpyq “ Fp,mpψmpyqq, y P Ip;

2 A forced elliptic PDE for the perturbation of the shear equilibrium

∆ωφ̆px, yq “ Fp,εpψmpyq ` φ̆px, yqq ´ Fp,mpψmpyqq;

3 A Nash-Moser scheme of hypothetical conjugation with the auxiliary
parameter

Fpi , αq “ Fpω, A, E, ε; i , αq :“ ω ¨ Bxipxq ´ XHε,α
pipxqq “ 0 ,

i “ ipxq “ pθpxq, Ipxq, zpxqq ,

Hε,α :“ α ¨ I ` 1
2
`

z ,
´

´Lm 0
0 Id

¯

˘

L2

`
?
ε
`

PεpApθ, I, zq ` 1?
ε

`

ω⃗mpEq ´ ω⃗mpAq
˘

¨ I
˘

.
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The potential Qmpyq and its properties
For m " 1 large enough, we define the even function

Qmpyq “ QmpE, r; yq » ´E2
´´coshp

y
r q

coshp1q

¯m

` 1
¯´1

,

such that, in the limit m Ñ 8, it uniformly approaches the classical potential
well (on compact intervals excluding t|y | “ ru)

Qmpyq “ QmpE, r; yq
mÑ8

Ñ Q8pE, r; yq :“
#

0 |y | ą r ,
´E2 |y | ă r ;

Lemma (Estimates for Qmpyq)
We have

sup
m"1

}Qm}L8pr´1,1sq À }Q8}L8pr´1,1sq À E2 .

Moreover, for any fixed γ ą 0 sufficiently small, we have, for any n P N0,

|Bn
y pQmpyq ´ Q8pyqq| Ñ 0 uniformly in y P r´1, 1szpBγprq Y Bγp´rqq

and }Qm ´ Q8}Lppr´1,1sq Ñ 0 for any p P r1,8q.
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How to construct the nonlinearity F0,mpψq

We determine the even shear ψmpyq by solving ψ3
mpyq “ Qmpyqψ1

mpyq;
Since Qmpyq and ψmpyq are even, then (recall that ψ1

mpy1,mq “ 0)

Qmpyq “ K0,mpy2q , ψmpyq “ G0,mpy2q , 0 ď |y | ă y1,m ,

where K0,m,G0,m P C8;
ψmpyq is invertible as a function of y2 until reaches |y | “ y1,m:
#

ψ1
mpyq ‰ 0, 0 ă |y | ă y1,m

ψ2
mp0q ‰ 0 ,

ñ G0,mpzq is invertible for 0 ď z ă
?

y1,m ;

We define F0,mpψq as solution of the Cauchy problem
#

F 1
0,mpψq “ K0,m

`

G´1
0,mpψq

˘

, ψ P ψmpr0, y1,m ´ γ0sq ,

F0,mpψmp0qq “ ψ2
mp0q .

Luca Franzoi (NYU Abu Dhabi) Space Quasi-periodic near Couette School/Workshop on Wave Dynamics: Turbulent vs Integrable Effects ICTP, Trieste - August 30th, 2023 29 / 35



How to construct the nonlinearity F1,mpψq

Qmpyq and ψmpyq are not even-symmetric with respect to y “ y1,m, BUT
they are close to be: we can write, for ||y | ´ y1,m| ă r1,˘, with
r1,´ :“ y1,m ´ y0,m and r1,` :“ y2,m ´ y1,m.

Qmpyq “ K1,m,˘
`

p|y | ´ y1,mq2˘ , K1,m,˘ P CSpB?r1,˘
p0qq ,

ψmpyq “ G1,m,˘
`

p|y | ´ y1,mq2˘ , G1,m,˘ P CS`1pB?r1,˘
p0qq ;

In their regions (where ψ1
mpyq does not change sign), both G1,m,´pzq and

G1,m,`pzq are invertible (also here, ψ2
mpy1,mq ‰ 0).
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In the region 0 ă |y | ď y1,m, we consider
#

F 1
0,mpψq “ K1,m,´

`

G´1
1,m,´pψq

˘

, ψ P ψmprγ1,´, y1,msq ,

F0,mpψmpy1,mqq “ ψ2
mpy1,mq ,

which has to coincide with the F0,mpψq constructed before, because

F 1
0,mpψmpyqq “ Qmpyq @ |y | P r0, y1,ms

In the region y1,m ď |y | ă y2,m, we define F1,m as the solution of
#

F 1
1,mpψq “ K1,m,`

`

G´1
1,m,`pψq

˘

, ψ P ψmpry1,m, y2,m ´ γ1,`sq ,

F1,mpψmpy1,mqq “ ψ2
mpy1,mq ,

Thanks to the “approximate local evenness” we have CS`1-continuity when
ψ “ ψmpyq at y “ ˘y1,m: for any n “ 0, 1, ...,S ` 1,

lim
|y |Ñy´

1,m

Bn
y pF0,mpψmpyqqq “ lim

|y |Ñy`
1,m

Bn
y pF1,mpψmpyqqq “ ψ

pn`2q
m py1,mq .
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The issue nonlinearity vs. perturbation
Recall: If we search for ψpx , tq such that, for any p “ 0, 1, ..., κ0

ψ2
mpyq “ Fp,mpψmpyqq ù ∆ψpx , yq “ Fp,mpψpx , yqq , px , yq P R ˆ Ip

then we immediately lose continuity at t|y | “ yp,mu: in general

lim
|y |Ñy´

p,m

Fp´1,mpψmpyq ` φpx , yqq ‰ lim
|y |Ñy`

p,m

Fp,mpψmpyq ` φpx , yqq

unless φpx ,˘yp,mq “ 0 for any x P R (too strict!)
Key idea: replace Fp,m with a perturbed version to “accomodate” the
perturbation φpx , yq “ Opεq:

Fp,ηpψq “

$

’

’

&

’

’

%

1
2
`

Fp´1,mpψq ` Fp,mpψq
˘

“ Fp´1,ηpψq |ψ ´ ψmpyp,mq| ď η ,

Fp,mpψq
|ψ ´ ψmpyp,mq| ě 2η and
|ψ ´ ψmpyp`1,mq| ě 2η ,

1
2
`

Fp`1,mpψq ` Fp,mpψq
˘

“ Fp`1,ηpψq |ψ ´ ψmpyp`1,mq| ď η ,

where η “ ε1{S " ε P p0, 1q, with smooth connections in the remaining
regions, so that Fp,ηpψq Ñ Fp,mpψq uniformly as η Ñ 0.
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Figure: Where the nonlinearities Fp,η are constructed
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Spectral analysis of Lm “ ´B2
y ` Qmpyq

Proposition
The Schrödinger operator Lm “ ´B2

y ` Qmpyq is self-adjoint in L2
0pr´1, 1sq on

DpLmq :“ H1
0,evenr´1, 1s with a countable L2-basis pϕj,mpyqqjPN Ă C8r´1, 1s corresponding to

the eigenvalues pµj,mqjPN. Moreover, there exists m “ mpE1, E2, κ0q " 1 large enough such that,
for any m ě m,

µj,m “

#

´λ2
j,m P p´E2, 0q j “ 1, ..., κ0 ,

λ2
j,m ą 0 j ě κ0 ` 1 .

In particular, for any j “ 1, ..., κ0, we have that λj,m is close to λj,8, with the latter being the
j-th root out of κ0 in the region λ P p0, Eq of the equation

Fpλq :“ λ cos
`

r
a

E2 ´ λ2
˘

cothpp1 ´ rqλq ´
a

E2 ´ λ2 sin
`

r
a

E2 ´ λ2
˘

“ 0 .

Lemma
For any j “ 1, ..., κ0, we have the asymptotic expansion

λj,8pEq “ E cos
´

π
`

α0pjq ` α2pjqβj pEq2 ` opβj pEq3q
˘

¯

, E Ñ `8 ,

βj pEq :“ exp
`

ppκ0 ` 1
4 qπ ´ Eq cospπα0pjqq

˘

, sinpπα0pjqq “
j ´ 1

2 ´ α0pjq
κ0 ` 1

4
.
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Thank you for your attention!
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