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Integrable turbulence and Soliton gas
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Applying a partially coherent phase for 30 turns at P0=11mW
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Wave  turbulence = nonlinear dispersive random waves

hydrodynamics, optics, mechanics, plasma physics…

Wave Turbulence – integrable turbulence

Integrable turbulence = nonlinear dispersive random waves in integrable systems

hydrodynamics, optics, mechanics, …

Ø Korteweg De Vries (KdV), 1D nonlinear Schrodinger (1DNLS), sine-Gordon 
(Universal equations)

Ø Inverse Scattering Transform
Ø Solitons, breathers solutions

“Nonlinear wave systems integrable by Inverse Scattering Method could demonstrate a complex behavior
that demands the statistical description. The theory of this description composes a new chapter in the 
theory of wave turbulence -Turbulence in Integrable Systems”

Turbulence in Integrable Systems, V.E. Zakharov, Studies in Applied Mathematics, 122, 219 (2009)

D.S. Agafontsev and V.E. Zakharov, Nonlinearity, (2015)
P. Walczak et al., Phys. Rev. Lett., 114, 143903, (2015)
J. Soto-Crespo et al., Phys. Rev. Lett., 2016
S. Randoux et al, Physica D : Nonlinear Phenomena, 333, (2016)
P. Suret et al. Nat. Commun. 7, 13136 (2016).

A. Tikan, et al., Nat. Photon., 12, 228 (2018)
A. Gelash et al., 123 (23), 234102, Phys. Rev. Lett., (2019)
F. Copie et al., Reviews in Physics 5, 100037 (2020)
A. Tikan et al., Scientific reports 12 (1), 10386 (2022)



Ø Optical fibers (Phlam, Univ Lille)

Ø Deep water waves (Ecole Centrale de Nantes)
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T0 ~ 5 fs
t ~ 100 ps
L   ~ 1000 km

T0 ~ s
t ~ 5s
L   ~ 0.1 km
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1D Nonlinear Schrodinger Equation (NLS)
Experiments in optical fibers and in water tank

T0 ~ 5 fs
t ~ ps
L   ~ 0.1-1 km

or



Random initial conditions + integrable system (focusing 1D-NLSE)

Hamiltonian PDE with an infinite number of conserved quantities

Ø Conservations laws

Ø Ex:

Ø Conserved quantities (with z)

Hamiltonian : H=P3

Ø Conserved quantities (with t)

1. Integrable Turbulence
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1. “standard” Wave Turbulence

ü Nonlinear dispersive random waves

ü Resonant four waves mixing (FWM)
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E1 + E2 = E3 + E4

Collisions in gas

Wave Turbulence, S. Nazarenko, Springer Science 2011

Kolmogorov spectra of turbulence I: Wave turbulence 
VE Zakharov, VS L'vov, G Falkovich Springer, 2012

nonlinearity / | (t)|2 (t)
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ü Nonlinear dispersive random waves

ü Non resonant four waves mixing (FWM) i
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A. Picozzi et al., Physics Reports, (2014)

P Suret, A Picozzi, S Randoux Opt. Express 19, (2011)

PAEM Janssen, Journal of Physical Ocean. 33 (4), (2003)

usual Wave Turbulence theory

!!!

1. Integrable Turbulence



Initial partially coherent waves

ü Linear superposition of independent waves

ü Probability Density Functions (PDF)

Ø Field : Gaussian statistics (central limit theorem)

Ø Power : exponential
PDF (P/ < P >) = exp(�P/ < P >)
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1. Integrable Turbulence: example of partially coherent waves



1D deep water waves + optical fiber experiments (rogue waves)
ü From Gaussian to heavy-tailed statistics (surface elevation)
ü Initial conditions = JONSWAP spectrum + Random phases
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Gaussian statistics : k =2 

M. Onorato et al., Phys. Rev. E, 70, 067302 (2004)
R El Koussaifi et al., Phys. Rev. E, 97 (1), 012208 (2018)

Experiments
Water waves
Optical fibers

 =
h| |4i
h| |2i2

⌘ = <( ei(k0z�!0t))

Numerical simulations 1DNLSE
Euler eqs. (higher order spectral method)



1. Integrable turbulence: kurtosis (exemple focusing NLS)

 =
h| |4i
h| |2i2

D. Agafontsev, S. Randoux and P. Suret, Phys. Rev. E, 103, 032209 (2021)



Optical Rogue Waves in Integrable Turbulence1. Solitons in integrable systems

Ø Integrable equations
Korteweg De Vries (KdV), 1D nonlinear Schrödinger (NLS), Sine Gordon…

Ø Inverse Scattering Transform (IST) –nonlinear Fourier transform-

Ø Solitons 

ü Exact and stable solutions

ü Elastic collision 
(phase and space shifts)

Particle like behavior => statistical mechanics of solitons ?

NLS simulations, Elias Charnay (master)

d1

V. E. Zakharov and A. B. Shabat, Sov. Phys. JETP 34, 62 (1972)



Ø Focusing nonlinear Schrödinger equation

ü Discrete spectrum (=solitons) : constant of motion

ü Continuous spectrum (=nonlinear dispersive waves)

Optical Rogue Waves in Integrable Turbulence1. Inverse Scattering Transform (IST)

�n = const, Cn(z) = Cn(0)e
�2i�2
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Zakharov, V. E.,  Sov. Phys. JETP, 33(3), 538-540, (1971)
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Ø Focusing nonlinear Schrödinger equation
ü Discrete spectrum (=solitons)
ü Continuous spectrum (=nonlinear dispersive waves)

Ø Hamiltonian structure

Ø (empirical) rule of thumb (partially coherent waves)

at z=0,

Ø Nonlinearity strength in integrable turbulence

Optical Rogue Waves in Integrable Turbulence1. Regimes of integrable turbulence
<latexit sha1_base64="8qjjxLRD/HOaCp4k2l+SPQ29pbg="></latexit>

@ 

@z
= i

1

2

@2 

@t2
+ i| |2 

Fourier components
Wave turbulence

Nonlinear basis (solitons)
Soliton gas
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Fiber Optics

Previously in hydrodynamics

∂z n(ω, z) ≠ 0

Wave turbulence / Transcient regime

D.B.S. Soh et al., Opt. Express 18, 22393-22405 (2010)

P. Suret et al., Opt. Express 19, 17852-17863 (2011) 

Optical Rogue Waves in Integrable Turbulence2. Wave Turbulence theory of integrable turbuence



1D NLS

Wave Turbulence theory : gaussian statistics (HNL << HL))

Kinetic equation

€ 

∂z nω (z) = Coll = ?

Closure of the moments equation

Optical Rogue Waves in Integrable Turbulence2. Wave Turbulence theory of integrable turbuence

P. Suret et al., Opt. Express 19, 17852-17863 (2011) 



Optical Rogue Waves in Integrable Turbulence2. Wave Turbulence theory of integrable turbuence



Oscillatory terms neglected in the usual treatment

€ 

∂z nω (z) = 01DNLS : NO Phase matched interactions

€ 

z >>
1
Δk

Oscillatory terms ? 
Transient regime ?

Optical Rogue Waves in Integrable Turbulence2. Wave Turbulence theory of integrable turbuence

P. Suret et al., Opt. Express 19, 17852-17863 (2011) 



HNL/HL=0.05 HNL/HL=0.5

Optical Rogue Waves in Integrable Turbulence2. WTT of IT : numerical simulations

P. Suret et al., Opt. Express 19, 17852-17863 (2011) 



HNL/HL=0.05 HNL/HL=0.5

Optical Rogue Waves in Integrable Turbulence2. WTT of IT : numerical simulations

P. Suret et al., Opt. Express 19, 17852-17863 (2011) 



HNL/HL=0.5
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Optical Rogue Waves in Integrable Turbulence2. WTT of IT : no cascade !

P. Suret et al., Opt. Express 19, 17852-17863 (2011) 



Experiments / numerical simulations (NLS) Simulations (NLS / Kinetic equations)€ 

P ≈12mW

€ 

nω
0 = e−ω

4

0.15nm

l=1064nm

2. WTT of IT : experiments P. Suret et al., Opt. Express 19, 17852-17863 (2011) 



Ø 1971 DILUTED Soliton gas in KdV
V. E. Zakharov, Kinetic equation for solitons, Sov. Phys. JETP 33, 538 (1971) 

ü Large ensemble of weakly interacting solitons
ü Random parameters

Ø 2003 Dense soliton gas (KdV+NLS)

El. G, Phys. Lett A, 311, 374 (2003)
El G. and Kamchantov, Phys. Rev. Lett. 95, 204101 (2005)
El G. and Tovbis A., Phys. Rev. E 101, 052207 (2020)

Ø 1980 Solitons in optical fibers
Mollenauer, L. F., Stolen, R. H., & Gordon, J. P.  Experimental observation of picosecond pulse narrowing and solitons in optical fibers. Physical Review Letters, 45(13), 
1095 (1980)

Ø Recent soliton gas experiments (water waves + optical fibers)

Redor I. et al., Experimental evidence of a hydrodynamic soliton gas. Phys. Rev. Lett., 122, 21, (2019)
Suret P., et al. "Nonlinear spectral synthesis of soliton gas in deep-water surface gravity waves." Phys. Rev. Lett. 125. 26 (2020)
Suret, Pierre, et al. "Soliton refraction through an optical soliton gas." arXiv preprint arXiv:2303.13421 (2023)

3. Soliton gas (integrable systems)



Dense SG (focusing 1DNLS)

ü Isospectrality. l  : spectral parameter (IST discrete eigenvalue)

ü Density of state (DOS) : r(l,z,t)

ü Theory of Inhomogeneous soliton gas (kinetic equation)

ü Non trivial Effective velocity space shift

ü In this talk : Homogeneous gas : r (l , z , t ) = r ( l )

r(l,z,t) dl dt is the number of soliton states found at length z
in the element of the phase space [l,l+dl]x[t,t+dt]

⇢z + (s⇢)t = 0
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z : evolution coordinate
t equivalent to space !

El G. and Tovbis A., Phys. Rev. E 101, 052207 (2020)
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3. Soliton gas (integrable systems)



Optical Rogue Waves in Integrable Turbulence3. Soliton gas in shallow water experiments

Ø Shallow water
Ø Generation : Zabusky-Kruskal (1965)
Ø Analysis: dispersion relation (Fourier)



Ø Focusing nonlinear Schrödinger equation

Ø Inverse scattering transform (nonlinear Fourier transform)

ü Discrete spectrum (=solitons) : constant of motion

ü Norming constants Cn

Ø Soliton gas : random phases of Cn

Optical Rogue Waves in Integrable Turbulence3. Soliton Gas : model with N-solitons

�n = const, Cn(z) = Cn(0)e
�2i�2

nz
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Zakharov, V. E.,  Sov. Phys. JETP, 33(3), 538-540, (1971). El, G. A., & Kamchatnov, A. M., Phys. Rev. Lett. 95(20), 204101, (2005)
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Ø Focusing 1D NLS equation

Ø Model of a dense (and stationary) SG
ü Zero boundary conditions
ü N-soliton solution with N>>1
ü Density of state r(l) : ln (n=1..N)
ü Random phases (norming constant) and

Ø Arbitrary precision + dressing method N~200

Gelash, A. A., & Agafontsev, D. S., 
Physical Review E, 98(4), 042210 (2018)

Optical Rogue Waves in Integrable Turbulence3. How to “build” an experimental dense soliton gas ?

t

≠ rarefied SG

V. E. Zakharov and A. B. Shabat, Sov. Phys. JETP 34, 62 (1972)

|Cn(0)| = 1
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Optical Rogue Waves in Integrable Turbulence3.Water Tank experiments

Ø N=16, random phase Ø N=128, random phase



4. Modulation Instability

Ø Benjamin-Feir instability (1967)

Ø deep Water waves, optical fibers (anomalous dispersion)…

Ø 1D focusing NLS 

Ø Harmonic perturbation

Benjamin, T. Brooke; Feir, J.E. (1967).  Journal of Fluid Mechanics. 27 (3) p.417–430
Benjamin, T.B. (1967). Proceedings of the Royal Society of London. A. 299 (1456) p.59–76

N. Akhmediev et al.,, Sov. Phys. JETP 62, 894 (1985).
N. Akhmediev and V. Korneev,, Theor. Math. Phys. 69, 1089 (1986).
N. Akhmediev, et al. Phys. Lett. A 373, 675 (2009).
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Optical Rogue Waves in Integrable Turbulence4. Spontaneous (noise induced) Modulation Instability
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Optical Rogue Waves in Integrable Turbulence4. Spontaneous modulation instability: statistics
Agafontsev, D. S., & Zakharov, V. E.  Integrable turbulence and formation of rogue waves, Nonlinearity, 28,(8), 2791. (2015)
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MI modeled by soliton gas ?
Soliton gas modeled by N soliton ?

Boundary conditions

x

|y|

L0

IST eigenvalues (limit h     0)

Bohr-Sommerfeld (semi-classical approximation)
Exact formula : S. V. Manakov, Zh. Eksp. Toor. Fiz. 65, 1392-1398 (1973) 
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Ø Density of state : Weyl distribution
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Bound state soliton gas dynamics 
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First observation of 
MI in optical fiber
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Närhi et al. Nat. Comm. 7 (2016) 

4. Modulation Instability in optical fiber experiments
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4. Density of state in optical fiber experiments (new results)

• Initial condition (z=0)

experiments theory (box)



4. Density of state in optical fiber experiments

• Output

PMF, P = 6.6W
b2 = -20.6ps2/km
c(3) = 2.4W-1km-1

L=400m



4. Density of state : Experiments + Numerical simulations



4. Density of state in optical fiber experiments

• Output (PMF, z=400m)

PMF, P = 4W
b2 = -20.6ps2/km
c(3) = 2.4W-1km-1

L=400m

� = i�
<latexit sha1_base64="mAMZOIOUpx0TnpWSBLOwSKviObM=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHCOYB2TX0zk6SIbMPZmaVsOQ/vHhQxKv/4s2/cZLsQRMLBoqqarqn/ERwpW372yqsrK6tbxQ3S1vbO7t75f2DlopTSVmTxiKWHR8VEzxiTc21YJ1EMgx9wdr+6Gbqtx+ZVDyO7vU4YV6Ig4j3OUVtpAdXmGiAV9z1mcZeuWJX7RnIMnFyUoEcjV75yw1imoYs0lSgUl3HTrSXodScCjYpualiCdIRDljX0AhDprxsdvWEnBglIP1YmhdpMlN/T2QYKjUOfZMMUQ/VojcV//O6qe5fehmPklSziM4X9VNBdEymFZCAS0a1GBuCVHJzK6FDlEi1KapkSnAWv7xMWrWqc1at3Z1X6td5HUU4gmM4BQcuoA630IAmUJDwDK/wZj1ZL9a79TGPFqx85hD+wPr8AVMKkmU=</latexit>

⇢(�) =
1

⇡

�

1� �2
<latexit sha1_base64="mWiCxFopwX61K8BDVPWZ/w10aYo=">AAACGXicbZDLSgMxFIYz9VbrbdSlm2AR6sIyUwXdCEU3LivYC3RqyaSZNjSTDElGKMO8hhtfxY0LRVzqyrcxnc5CWw8Evvz/OSTn9yNGlXacb6uwtLyyulZcL21sbm3v2Lt7LSViiUkTCyZkx0eKMMpJU1PNSCeSBIU+I21/fD312w9EKir4nZ5EpBeiIacBxUgbqW87nhyJiucTjY4vvUAinLhp4kU0nV0yJ03ckwzua2nfLjtVJyu4CG4OZZBXo29/egOB45BwjRlSqus6ke4lSGqKGUlLXqxIhPAYDUnXIEchUb0k2yyFR0YZwEBIc7iGmfp7IkGhUpPQN50h0iM1703F/7xurIOLXkJ5FGvC8eyhIGZQCziNCQ6oJFiziQGEJTV/hXiETCLahFkyIbjzKy9Cq1Z1T6u127Ny/SqPowgOwCGoABecgzq4AQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK5/ZB3/K+voBz66gzg==</latexit>

� = i�
<latexit sha1_base64="mAMZOIOUpx0TnpWSBLOwSKviObM=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHCOYB2TX0zk6SIbMPZmaVsOQ/vHhQxKv/4s2/cZLsQRMLBoqqarqn/ERwpW372yqsrK6tbxQ3S1vbO7t75f2DlopTSVmTxiKWHR8VEzxiTc21YJ1EMgx9wdr+6Gbqtx+ZVDyO7vU4YV6Ig4j3OUVtpAdXmGiAV9z1mcZeuWJX7RnIMnFyUoEcjV75yw1imoYs0lSgUl3HTrSXodScCjYpualiCdIRDljX0AhDprxsdvWEnBglIP1YmhdpMlN/T2QYKjUOfZMMUQ/VojcV//O6qe5fehmPklSziM4X9VNBdEymFZCAS0a1GBuCVHJzK6FDlEi1KapkSnAWv7xMWrWqc1at3Z1X6td5HUU4gmM4BQcuoA630IAmUJDwDK/wZj1ZL9a79TGPFqx85hD+wPr8AVMKkmU=</latexit>

<latexit sha1_base64="0n5cG6ggtoKU+YX46ipLiF1POAs=">AAACIHicbVDLSsNAFJ34rPUVdekmWIS6sCSlWDdC0Y3LCvYBTSyT6aQdOnk4cyOUkE9x46+4caGI7vRrnKZZaOuBgXPPuZc797gRZxJM80tbWl5ZXVsvbBQ3t7Z3dvW9/bYMY0Foi4Q8FF0XS8pZQFvAgNNuJCj2XU477vhq6nceqJAsDG5hElHHx8OAeYxgUFJfr9tiFJZtlwI+ubA9gUlipYkdsXRWZI4S5L2AxDrNyrtqmvb1klkxMxiLxMpJCeVo9vVPexCS2KcBEI6l7FlmBE6CBTDCaVq0Y0kjTMZ4SHuKBtin0kmyA1PjWCkDwwuFegEYmfp7IsG+lBPfVZ0+hpGc96bif14vBu/cSVgQxUADMlvkxdyA0JimZQyYoAT4RBFMBFN/NcgIq2BAZVpUIVjzJy+SdrVinVVqN7VS4zKPo4AO0REqIwvVUQNdoyZqIYIe0TN6RW/ak/aivWsfs9YlLZ85QH+gff8AH5WkNw==</latexit>

⇢(�) =
1

⇡

�p
1� �2



Ø Kurtosis 

Ø Conservation laws

Ø Finite gap theory / heuristic derivation

T. Congy, G. A. El, G. Roberti, A. Tovbis, S. Randoux, P. Suret,  Statistics of extreme events in integrable turbulence

arXiv:2307.08884

5. Soliton Gas : statistics
1D focusing NLSE

The knowledge of the DOS is required…



T. Congy, G. A. El, G. Roberti, A. Tovbis, S. Randoux, P. Suret, Statistics of extreme events in integrable turbulence, arXiv:2307.08884 (2023)

Optical Rogue Waves in Integrable Turbulence5. Spontaneous MI and PCW modeled by Soliton Gas

Phys. Rev. E, 103, 032209 (2021)

Ø PCW : k =4

Ø MI : k =2

Bound state (no velocity)



6. Refraction of a soliton by a soliton gas



6. Quantitative test of the theory of soliton gas (velocity)
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Open questions
ü Experimental study of inhomogenous soliton gas
ü Finite gap SG: a complete model of integrable turbulence (DWs+solitons) ?
ü Soliton gas with perturbative effects (breaking integrability) ?
ü Generalized Hydrodynamics

ü Observation of a soliton gas designed by using IST

ü MI = soliton gas

ü Measurement of IST spectrum (MI)

ü Refraction of soliton

ü Kurtosis = f (DOS)

Conclusion and perspectives

Gelash, A. et al , Phys. Rev. Lett., 123, 234102, (2019)

P. Suret, et al., PRL, 125, (2020)

P. Suret, et al., arXiv:2303.13421 (2023)

T. Congy et al., arXiv:2307.08884 (2023)



SEAHORSE(phase+amplitude)

Single-shot
Optical spectrum analyser

P. Suret et al., Nat. Commun. 7, 13136 (2016)
A. Tikan et al., Nat. Photon. 12 (2018)

SFG

c(2)
800nm

1550nm 528nm

Space !

Time=wSFG

Signal
Time scale : ~1ps

Chirped pump
Sum frequency generation

wpump+wsignal=wSFG



SEAHORSE(phase+amplitude)
A. Tikan et al., Nat. Photon. 12 (2018)

Heterodyne measurement
Ø Single shot
Ø Resolution ~300fs
Ø Observation window 200ps
Ø No abberations
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i ∂z A(z,t) = −
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2 A(z,t) + χ (3) A(z,t) 2) A(z,t)
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ω1
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ω4
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ω3
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ω2
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ω

NLS1D : integrable equation infinity of motion constants
quasi-periodic behavior

1D nonlinear Schrödinger equation
Wave Turbulence in optics

1D NLS

c(3) / 4 waves interaction

€ 

ω1 +ω2 =ω3 +ω4

€ 

k(ω1) + k(ω2) = k(ω3) + k(ω4 )

Trivial interaction !

€ 

k(ω) =
1
2
β2ω

2

€ 

ω1 =ω3

usual Wave Turbulence theory

€ 

∂z n(ω,z) = 0 !!!
Zakharov



Wave Turbulence in optics

1D NLS Numerical simulations

HNL/HL=0.05 HNL/HL=0.5



Wave Turbulence in optics

1D NLS Numerical simulations

HNL/HL=0.05 HNL/HL=0.5



Wave Turbulence in optics

1D NLS Numerical simulations

Good approximation  N(z) = N(z=0) !!

HNL/HL=0.05 HNL/HL=0.5



Wave Turbulence in optics

1D NLS Where initial conditions play a crucial role

N(z’) = N(z’=0) /  integration  

Wings Center

ω1



Wave Turbulence in optics

1D NLS A last approximation…

Dominant

contributions

€ 

⇒ Δk ≈ 8
9
σω1

2



Wave Turbulence in optics

1D NLS Dominant contribution

HNL/HL=0.5
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Wave Turbulence in optics

1D NLS Damped oscillations toward  steady state

comparison with numerical integration 1D NLS

€ 

Λ =
2π
Δk

≈
2π
8
9
ω1
2

The period of oscillations 

is given by the dominant contribution 

L



Randoux and Suret (2016), in “Rogue and shock waves in nonlinear dispersive media”, Springer 

Optical Rogue Waves in Integrable TurbulenceExample of integrable turbulence
ü Existence of a stationary state
ü Focusing / defocusing NLS : heavy/ low  tail (PDF)

defocusing focusing

zz



Optical Rogue Waves in Integrable Turbulence1D deep water waves Experiments (freak/rogue waves)

Benjamin-Feir index (BFI) = wave steepness / spectral bandwidth
M. Onorato et al., PRE, 70, 067302 (2004)

BFI ⇠ ✏

�f/f0
⇠ k0Hs

�f/f0

ü From Gaussian to heavy-tailed statistics (surface elevation )
ü Initial conditions = JONSWAP spectrum + Random phases



Optical Rogue Waves in Integrable TurbulenceScaling : focusing 1D-NLSE

Optical fibers  Deep water waves

Optical power / Significant wave height
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Frequency scales  

R El Koussaifi et al., Phys. Rev. E, 97 (1), 012208 (2018)



Optical Rogue Waves in Integrable TurbulenceWater tank vs Optical fibers experiments

 =
h| |4i
h| |2i2

Fourth order moment
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Numerical simulations
1DNLSE

Euler eqs. (higher order spectral method, A. Toffoli)

Gaussian statistics : k=2 

Experiments
Water waves
Optical fibers

PhD of Rebecca El Koussaifi R El Koussaifi et al., Phys. Rev. E, 97 (1), 012208 (2018)



Relation between spectrum and statistics
M. Onorato, et al. On the origin of heavy-tail statistics in equations of the Nonlinear Schrödinger type Phys. Lett. A, 380 , 39, 
(2016)

Optical Rogue Waves in Integrable TurbulenceHamiltonian structure

kurtosis



Density of state : Experiments + Numerical simulations



3. Refraction of a soliton by a soliton gas



Modulation Instability in optical fiber experiments

A Lebel, et al., Opt. Lett. 46 (2), 298-301 (2021)



Modulation Instability in optical fiber experiments

• Spectrum
z=0

z=1km

• g(2)



Ultrafast measurement (SEAHORSE) in optical fiber experiments

SMF28, P = 4W
b2 = -21.7ps2/km
c(3) = 1.3W-1km-1

L=1km
l=1.55µm

P. Suret et al., Nat. Commun. 7, 13136 (2016)
A. Tikan et al., Nat. Photon. 12 (2018)
A Lebel et al. Opt. Lett. 46 (2), 298-301 (2021)



Random eigenvalues vs Borh Sommerfeld



Optical (power) spectrumNLS Experiments in optical fibers and in water tank

Ø Phlam, University of Lille, France Ø Ecole Centrale of Nantes, France



Noise-driven Modulation instability (water tank experiments)

6 m

120 m

F. Copie, S. Randoux, A. Tikan, P. Suret
Phlam, Univ Lille, France

Eric Falcon, Annette Cazaubiel (PhD) 
MSC, Univ. Paris Diderot, France

Guillaume Michel, Gaurav Prabhudesai (ENS, PhD), 
Ecole Norm. Sup., France

Félicien Bonnefoy, Guillaume Ducrozet, Ecole Centrale de 
Nantes

Amin Chabchoub, Univ. Sydney, Australia



Spectrum :

Kurtosisg(2)

Noise-driven Modulation instability (water tank experiments)
f0=1.15Hz, steepness=0.1, noise=10%



Optical Rogue Waves in Integrable TurbulenceWater Tank experiments
Ø First measurement of the DOS of SG  in experiments (N=128)

Exp

Sim

Simulations : Euler’s equations



Optical Rogue Waves in Integrable TurbulenceModulation Instability

Ø Benjamin-Feir instability (1967)

Ø Deep Water waves

Ø Sideband instability (breathers)

Benjamin, T. Brooke; Feir, J.E. (1967).  Journal of Fluid Mechanics. 27 (3) p.417–430
Benjamin, T.B. (1967). Proceedings of the Royal Society of London. A. 299 (1456) p.59–76

from Nobuhito Mori, reuse with permission

N. Akhmediev et al.,, Sov. Phys. JETP 62, 894 (1985).
N. Akhmediev and V. Korneev,, Theor. Math. Phys. 69, 1089 (1986).
N. Akhmediev, et al. Phys. Lett. A 373, 675 (2009).



First observation of 
MI in optical fiber

Single Shot Measurement
of spectra

Spatio-Temporal
dynamics

A. E. Kraych et al., Phys. Rev. Lett. 123, 093902 (2019) 

Modulation Instability in optical fiber experiments
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A. E. Kraych, D. Agafontsev, S. Randoux, and P. Suret, Phys. Rev. Lett. 123, 093902 (2019) 



Noise-driven Modulation instability (optical fiber experiments)
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A. E. Kraych, D. Agafontsev, S. Randoux, and P. Suret, Phys. Rev. Lett. 123, 093902 (2019) 



Random eigenvalues
vs Borh Sommerfeld

SG1

SG2





Optical Rogue Waves in Integrable TurbulenceWater Tank experiments
Ø N=128

Ø First measurement of the DOS of SG  in experiments (N=128)

301-231-850



Optical Rogue Waves in Integrable TurbulenceNumerical simulations (high order terms)

NLS eq.

Dysthe eq.



Ø 1971 Soliton gas in integrable system (ex: KdV, focusing 1DNLS)
V. E. Zakharov, Kinetic equation for solitons, Sov. Phys. JETP 33, 538 (1971) 

ü Solitons with elastic collisions
ü Random parameters

Ø 1973 Solitons in optical fibers
Hasegawa, A., Tappert, F., Mollenauer, L. F., Stolen, R. H., & Gordon, L. P. Experimental observation of pico second pulse narrowing and solitons in 
optical fiber. Appl. Phys. Lett., 23, (1973). 

F. M. Mitschke and L. F. Mollenauer , Experimental observation of interaction forces between solitons in optical fibers, Opt. Lett., 12, 5, (1987)

Ø 1997 Numerical simulations of solitons gas in optical fibers
A. Schwache and F. Mitschke, “Properties of an optical soliton gas”, Phys. Rev. E, 55, 6 (1997)

Ø Recent experiments (water waves + optical fibers)

Redor I. et al., Experimental evidence of a hydrodynamic soliton gas. Phys. Rev. Lett., 122, 21, (2019)
Suret P., et al. "Nonlinear spectral synthesis of soliton gas in deep-water surface gravity waves." Phys. Rev. Lett. 125. 26 (2020)
Suret, Pierre, et al. "Soliton refraction through an optical soliton gas." arXiv preprint arXiv:2303.13421 (2023)

The concept of soliton gas (integrable systems)



Optical Rogue Waves in Integrable TurbulenceOutline

1. Experimental realization of soliton gas (water waves)

2. Spontaneous modulation instability
Ø Modelling statistical properties with soliton gas

3. Refraction of a soliton by a soliton gas (optical fibers)

Theoretical framework: focusing 1D nonlinear Schrodinger Equation (1DNLS)  



Optical Rogue Waves in Integrable TurbulenceInfluence of the initial condition

ü Noise driven modulational instability 
D.S. Agafontsev and V.E. Zakharov, Nonlinearity, 2015

Stationnary state : 
Gaussian statistics

ü Strongly fluctuating initial condition
P. Walczak et al., Phys. Rev. Lett., 2015

Stationnary state : 
strongly non Gaussian 
statistics
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ü Transition between the two cases J. Soto-Crespo et al., Phys. Rev. Lett., 2016
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ü Theoretical description ? Soliton Gas ? 



Randoux and Suret (2016), in “Rogue and shock waves in nonlinear dispersive media”, Springer 

Optical Rogue Waves in Integrable TurbulenceExample of integrable turbulence
ü Existence of a stationary state
ü Focusing / defocusing NLS : heavy/ low  tail (PDF)

defocusing focusing

zz



ü Noise driven modulational instability 

ü Strongly fluctuating initial condition

Ø movie

450

460

470

480

490

500

0 1 2 3 4 5

T
im

e 
(p

s)

z (km)

0

2

4

6

8

10

12

P
(t

)/
<

P
(t

)>

240

250

260

270

280

290

300

0 1 2 3 4 5

Ti
m

e 
(p

s)

z (km)

0

10

20

30

40

50

60

70

P
(t)

/<
P

(t)
>

Optical Rogue Waves in Integrable TurbulenceInfluence of the initial condition
Dudley et al. Nat. Photon. 8, 75 (2014)



Influence of the initial condition (focusing NLS)

F Copie, S Randoux, P Suret, Reviews in Physics 5, 100037 (2020)



Influence of the initial condition (focusing NLS)

F Copie, S Randoux, P Suret, Reviews in Physics 5, 100037 (2020)



Kurtosis (focusing NLS)  =
h| |4i
h| |2i2

D. Agafontsev, S. Randoux and P. Suret, Phys. Rev. E, 103, 032209 (2021)



ü Waves 

ü Dispersion

ü Nonlinearity

ü randomness

Wave Turbulence

Wave  turbulence  = nonlinear dispersive random waves

hydrodynamics, oceanography, optics, mechanics, plasma physics…


