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From -solitons to a gas.N



Encoding solitons in a Riemann-Hilbert problem

• Solitons are eigenvalues of scattering problem:  


• Get encoded into RH problem as (simple) poles with prescribed residues
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• Can be encoded differently by changing the normalization of  M(z)
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Encoding solitons in a Riemann-Hilbert problem

• Solitons are eigenvalues of scattering problem:  


• More generally, you can factor the scattering coefficient:   

ℒw = zkw, w−
1 (zk) = γkw+

2 (zk)

a(z) = aR(z)aL(z)
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• If aR(zk) = 0, aL(zk) ≠ 0 :

• If aR(zk) ≠ 0, aL(zk) = 0 :
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Encoding solitons in a Riemann-Hilbert problem
• At the level of the RHP we “flip the triangularity” of residues
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• Make a change of variable: 
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Using soliton flipping to recover phase shift
• One soliton solution with data:    z0 = ξ0 + iη0, c0 = − 2iη0e2η0x0eiϕ0
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• Two soliton with data:   {(z1, c1), (z2, c2)}
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Key idea:  For finitely many solitons, exponentially small residues can be 
ignored at the cost of exponentially small errors.
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Using soliton flipping to recover phase shift
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As , we consider five cases (assume w.l.o.g. ): 


  1.  :   Both exponentials small       

t → + ∞ ξ1 < ξ2

x ≥ − 2(ξ1 − ϵ)t
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Using soliton flipping to recover phase shift
<latexit sha1_base64="51qPQmjDbZb99UxKNY+j0fB2MF8="></latexit>

Res
z=zk

M(z) = lim
z!zk

M(z)


0 0

cke2i✓(zk;x,t) 0

�
<latexit sha1_base64="cN4IaHS9DY3hsV4mVPNh80rbRWo="></latexit>

Re(2i✓(zk;x, t)) = �2⌘k(x+ 2⇠kt)

As , we consider five cases (assume w.l.o.g. ): 
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Using soliton flipping to recover phase shift
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t → + ∞ ξ1 < ξ2

−2(ξ2 − ϵ)t < x < − 2(ξ1 + ϵ)t z1

• To deal with the exponentially large residue at  we flip the triangularity:z1

<latexit sha1_base64="ladD0+hZQgGZEayAZnkFA/65c6o="></latexit>

Re(2i✓(z1;x, t)) � 4⌘1✏t
<latexit sha1_base64="kHT9BwabJO0l5rv9OVbAaHo0OR4="></latexit>

Re(2i✓(z2;x, t))  �4⌘2✏t

<latexit sha1_base64="bUOaSgeJ0XJWkJlS+3bl70RVsOU="></latexit>

Res
z=z1

cM(z) = lim
z!z1

cM(z)


0 bc1 e�2i✓(z1;x,t)

0 0

�
, bc1 =

1

c1

✓
1

2 Im(z1)

◆�2

<latexit sha1_base64="kmsshlaSrLwzVaUPD4K7Wme6rw4="></latexit>

 (x, t) = O
�
e�ct

�
• All residues are exponentially small again:

<latexit sha1_base64="TipnO5N3KC3psVcBTZxyivVpyKM="></latexit>

cM(z) = M(z)

✓
z � z1
z � z⇤1

◆�3

<latexit sha1_base64="w4buVbfVIGLlo8GQXmq/k+J2plc="></latexit>

Res
z=z2

cM(z) = lim
z!z2

cM(z)


0 0

bc2 e2i✓(z2;x,t) 0

�
, bc2 = c2

✓
z2 � z1
z2 � z⇤1

◆2



Using soliton flipping to recover phase shift
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  4.  :    
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• Upper triangular residue at  is negligible: z1

• See one soliton with a shifted position:
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Using soliton flipping to recover phase shift
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As , we consider five cases (assume w.l.o.g. ): 


  5.  :    
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• Now we flip both triangularities to get to a problem with small residues:

• Again get uniform decay estimate:
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Using soliton flipping to recover phase shift

• The argument we just gave shows that as , 2-soliton can be expressed as  t → ∞
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• The argument can be repeated for , with minor alterationst → − ∞
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• The phase shifts can be explicitly calculated:

<latexit sha1_base64="5cKbg48z0dCIxeR7TU5y0Z6rJ+s="></latexit>

�1 := x+
1 � x�

1 =
1

Im z1
log

����
z1 � z⇤2
z1 � z2

����
<latexit sha1_base64="Vy4dk33rkOz6RXZVYVBXTjjs5N0="></latexit>

�2 := x+
2 � x�

2 = � 1

Im z2
log

����
z2 � z⇤1
z2 � z1

����



Analyzing many soliton problems

• For finite and fixed number , the 2-soliton analysis extends to -soliton problemN N
<latexit sha1_base64="T2rdKGIwCz2fBg77GWAIMn5ilUo="></latexit>

�k :=
1

Im zk

X

j 6=k

sgn(Re(zj � zk)) log

����
zk � z⇤j
zk � zj

���� , k = 1, . . . , N

• If  grows at a rate proportional to  analysis will become much more delicate:N (x, t)
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• The accumulation of many solitons interactions may begin to effect the macroscopic soliton velocity



Analyzing many soliton problems
• This idea was originally observed by Zakharov (JETP 1971) in context of KdV equation: 

 

• Assume solitons have joint distribution function   which is sufficiently “dilute”

 

,                    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• Derivations for dense “gas” of solitons and extended to other equation (NLS, mKdV, …) by El and collaborators. 
  
    - Modeled as “thermodynamic limit” of high genus quasi-periodic (finite gap) solutions of the PDE
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What is a soliton gas?   What’s interesting about them?
[Shurgaline, Pelinovki, ’16]

•  Study potentials consisting of many, many solitons

• Can consider the statistics of randomly sampled solitons

• How do the many soliton-soliton interactions  
effect the resulting dynamics?

• Can study deterministic soliton gases (realizations)  
to get finer details of interactions



Modeling a soliton gas
• As the number of solitons , analysis of exact solutions is analytically intractable N → ∞

Finite-Gap Models: model soliton gas with exact quasi-period solutions:   ψ = ψ(θ1, …, θN), θj = kjx − ωjt + θ0
j

• Solutions modeled by spectral data supported on  bands in spectral -plane


• As , bands shrink to points accumulating on some finite set 


N z

N → ∞ 𝒜



Modeling a soliton gas
• As the number of solitons , analysis of exact solutions is analytically intractable N → ∞

Primitive Potentials:  Zakharov et. al. (Physica D 2016) formal limit of -solitons accumulating on a curveN
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Primitive Potential Problem

N → ∞

Questions:  
How can me make this limit precise?  
In what sense does it converge? 
What does a primitive potential look like?



Intermezzo: Interpolating poles in a RH problem
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New function  is now piecewise analytic with a jump across H(z) |z − zj | = r0



Intermezzo: Interpolating poles in a RH problem
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• Purely local: can be repeated for any number of poles


• Algebraic construction: Doesn’t depend on the PDE or the scattering background.
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Modeling a soliton gas starting from the -solitonn

• Consider a sequence of -soliton potentials  for 


• Assume that the poles  accumulate on some fixed domain   (1-D and/or 2-D) .


n ψn(x, t) n = 1,2,…

z(n)
k 𝒜



Modeling a soliton gas starting from the -solitonn

• Consider a sequence of -soliton potentials  for 


• Assume that the poles  accumulate on some fixed domain   (1-D and/or 2-D) .


• Individually interpolate each pole.

n ψn(x, t) n = 1,2,…

z(n)
k 𝒜
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Modeling a soliton gas starting from the -solitonn

• Triangular matrices with unit diagonal commute:     

• Technical restriction: Residue conditions on each connected component of  have same triangularity.


• Can expand interpolates to remove all poles in a component simultaneously.

[ 1 0
v1 1] [ 1 0

v2 1] = [ 1 0
v1 + v2 1] = [ 1 0

v2 1] [ 1 0
v1 1]

𝒜
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Preparing to pass to a limit: soliton gas assumptions

1. Eigenvalues accumulate with some limiting density:                 


2. Norming constants sampled from a some smooth function:        

1
n

n

∑
k=1

δ(z − zk) → ∫𝒜
ρ1(z)

dz
2πi

χ1(z) + ρ2(z, z̄)
dz ∧ dz̄

2πi
χ2(z)

cn =
1
n

f(zk)

• Assumptions can be relaxed/altered; what one really needs is that the interpolate converges  
to an integral in the many soliton limit, i.e., .n → ∞
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Taking it to the limit!
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The limit…a model of a soliton gas 
The continuum limits  and  are analytic away from  and .


We can collapse the contours , back onto the accumulation domains:

∫𝒜1

r(w)
w − z

dw
w − z ∫𝒜2

r(w, w̄)
w − z

dw ∧ dw̄
w − z

𝒜1 𝒜2

Γk
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A primitive potential 
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The resulting problem is a specialized case of the  
Zakharov et. al. primitive potential where one of  
the datum  is zero on each component of :Rk(z) 𝒜k
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A primitive potential 
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Adapting this interpolation technique to recover full primitive potentials an open and challenging problem!



Analyzing this question means understanding the ratio: E(n)(z; x, t) := H̃ (n)(z; x, t)H̃ (∞)(z; x, t)−1

What’s hiding under the rug…
Question: In what sense does the exact solution  converge to ?H̃ (n)(z; x, t) H̃ (∞)(z; x, t)
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Analyzing this question means understanding the ratio: E(n)(z; x, t) := H̃ (n)(z; x, t)H̃ (∞)(z; x, t)−1

What’s hiding under the rug…
Question: In what sense does the exact solution  converge to ?H̃ (n)(z; x, t) H̃ (∞)(z; x, t)
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Simple observation, but useful: model problem  is independent of . H̃ (∞)(z; x, t) n
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What’s hiding under the rug…
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For any fixed :      Convergence to primitive potential with algebraic rate of convergence.  

Uniform convergence for  in compact sets of  

Convergence on expanding domains is much more delicate: 
 
If solution of the gas model RHP  is of exponential order in  and , then convergence on sets  
 
 
 
 
To get convergence on larger domains with    requires a different approach.

(x, t) ⟹

(x, t) ℝ2

H(∞)(z; x, t) x t

∥(x, t)∥ ≫ log n

∥(x, t)∥ ≤ K log n


