From /V-solitons to a gas.

Bob Jenkins and Ken McLaughlin



Encoding solitons in a Riemann-Hilbert problem
» Solitons are eigenvalues of scattering problem: Z'w = z,w, w1 (z) = 7w, (2)
 Get encoded into RH problem as (simple) poles with prescribed residues
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» Can be encoded differently by changing the normalization of M(z)
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Encoding solitons in a Riemann-Hilbert problem

» Solitons are eigenvalues of scattering problem: Z'w = z,w, wi(z) = }/sz+ (Z)

» More generally, you can factor the scattering coefficient: a(z) = ap(z)a;(z)
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Encoding solitons in a Riemann-Hilbert problem

* At the level of the RHP we “flip the triangularity” of residues

M(z) has simple poles at each z, € Z :

 Make a change of variable: Z = Z; U Zp,

I

» For 2, € Zp:  Res M(2) = lim M(2) |-
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» For 2, € Z;:  Res M(2) = lim M(z)
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Using soliton flipping to recover phase shift
. One soliton solution with data: 7z, = & + iy, ¢y = — 2inye"10"e'%0
Ysol(x,t) = 2ng sech (2ng(x + 20t — x0)) o—2i(§ox+(§5—mg)t) ,—id0

» Two soliton with data: {(z;,¢1), (20, C)} 2z =&k +imk ¢ = —2ing e T el

1. M(2) =1+0 (271) as z — <.

Student exercise:

9. M(z) — UQM(Z*)*JQ for all z € C. Compute the exact_ formula
for the two-soliton.

3. M(z) has simple poles at each z; and 2} with

. _ O O_
Res M(z) = Tim M(2) | = si(sm0) |

Z=Z Z—rZL Cl

Re(2i0(zp: x,1)) = —2nx (z + 2641)

+ Key idea: For finitely many solitons, exponentially small residues can be
ignored at the cost of exponentially small errors.



Using soliton flipping to recover phase shift

Res M(z) = lim M(z) |

Ck
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As t — + oo, we consider five cases (assume w.l.o.g. &; < &)):

1. x 2 —2(&; — e)t: Both exponentials small
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Using soliton flipping to recover phase shift

| i 0 0
Res M(z) = lim M(z) o210 (zi;x,t) ()

2=Z A AN Cl

Re(2:0(zk; x,t)) = —2nk(x + 2&,t)

As t — + oo, we consider five cases (assume w.l.o.g. &; < &)):

2. x =—2&t+ o(f): Residue at z, negligible: Re(2i0(zo; z,t)) < —4not(&s — &1) + o)
 Dropping the residue at z, gives a one soliton problem to solve with data (z;, ¢;)

[P(x,t)| = 211 sech (21 (z + 261 — 21)) r=—26t+o(t), t = <



Using soliton flipping to recover phase shift

| i 0 0
Res M(z) = lim M(z) o210 (zi;x,t) ()

2=Z A AN Cl

As t — + oo, we consider five cases (assume w.l.o.g. §; < &)):

3. =2(& —e)t <x < —2(&; +e): Residue at z; now large!!

z2=21 zZ—>2z1 0

>k

Res ﬁ(z) = lim 1/\\/[(2) o p2i0(22;52,t)
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* All residues are exponentially small again: w(a;, t) =20, (€_Ct)

M(z) = M(z) (Z — Zl) Res 1/\\/.[(,2) = lim ﬁ(z) 0 Ge
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Re(2i0(z1;x,1))
Re(2i60(z9; x,1))

To deal with the exponentially large residue at z; we flip the triangularity:
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Using soliton flipping to recover phase shift

| i 0 0
Res M(z) = lim M(z) o210 (zi;x,t) ()

2=Z A AN Cl

Re(2:0(zk; x,t)) = —2nk(x + 2&,t)

As t — + oo, we consider five cases (assume w.l.o.g. §; < &)):

4. x = —2&1+ o(1): Re(2i0(z1;x,t)) > 4mt(§2 — &1) + o(t)
Re(2i0(z9;x,t)) = o(t)
» Upper triangular residue at z; is negligible:
= e =21\’ 0 0 2o — 21\
MG) =M (22) R Me) = i MO [ e o] 2= (222)
 See one soliton with a shifted position:
1 <9 — X1
Y(x,t)| = 2m2 sech (2m2(x + 262t — 22 — Ag)) = —2&t + o(t), Ag = 77_ log R
2 2 7 ~1




Using soliton flipping to recover phase shift

Res M(z) = lim M(z) 0210 (zk;2,)
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As t — + oo, we consider five cases (assume w.l.o.g. §; < &)):

5. x < —=2(& + e)r:

2

M(2) = M(2) (H )

k=1

* Again get uniform decay estimate;

Re(2:0(zk; x,t)) =

_277k (QIZ‘ —+ 2§kt)

Re(2i9(21; L, t)) Z 4771t(52 — 51 -+ E)
Re(2i0(z9;x,t)) > 4nqet

Now we flip both triangularities to get to a problem with small residues:

Res M(z) = lim M(z)
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Using soliton flipping to recover phase shift

 The argument we just gave shows that as f — ©0, 2-soliton can be expressed as
w(ﬂi’?t) — wsol(x — xi_a L; Zl) T wsol(aj — 333_7 Z2) + O (B_Ct) ; t — +00

 The argument can be repeated for ¥ — — o0, with minor alterations

Y(,t) = Ysol (T — Ty ,1; 21) + Ysol (T — Ty 22) + O (€_C|t|) : t — —0C

* The phase shifts can be explicitly calculated:

B 1 z1 — 24

Al i=a] —ax] = log 2
Im 21 Z1 — K9

B 1 2o — 27

Ay :=x] —x, = log L
Im Z9 9 — Z1




Analyzing many soliton problems

* For finite and fixed number N, the 2-soliton analysis extends to /N-soliton problem

1 2L — 21

A = Re(z; — ] / k=1,....N
k Imzk;Sgn( e(z] Zk)) Og Zk_zj ? ) 9

« |f N grows at a rate proportional to (x, ¢) analysis will become much more delicate:

2
i 1= cp,e210(zkTt) H i H “i ~ eV ®(zk) if |Z|=¢cN and N > 1
2 — 20 2 — 27
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* The accumulation of many solitons interactions may begin to effect the macroscopic soliton velocity
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Analyzing many soliton problems

 This idea was originally observed by Zakharov (JETP 1971) in context of KdV equation:

(k =ik, 1x) — Usol (z,t) = 2k sech® (2k(z — 4Kkt — x0))

 Assume solitons have joint distribution function f(k; Xy, f) which is sufficiently “dilute”

s(k) = 4x” + J - log A/ (4> — 4n*)f(n) dy, fi+s®f),=0

0 K K—1

* Derivations for dense “gas” of solitons and extended to other equation (NLS, mKdV, ...) by El and collaborators.

- Modeled as “thermodynamic limit” of high genus quasi-periodic (finite gap) solutions of the PDE

® |
$() = 4K + J Ztog | K (st) = s ) diy £+ (5G)f), = 0




What is a soliton gas? What'’s interesting about them?

2000 g

——— = e Study potentials consisting of many, many solitons
1500 = .'.“" — ‘, e

< 1000 s — — ¢ How do the many soliton-soliton interactions

500 S effect the resulting dynamics?

—
0 . ., .
time e Can consider the statistics of randomly sampled solitons
156! | - |=+1 realization

—=averaging over 20 realizations

¢ Can study deterministic soliton gases (realizations)
to get tiner details of interactions

8L 24,
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time | ~
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Modeling a soliton gas

« As the number of solitons N — o0, analysis of exact solutions is analytically intractable

Finite-Gap Models: model soliton gas with exact quasi-period solutions: y = y(0), ..., 0y), 0, = kx — @i + 6}0

« Solutions modeled by spectral data supported on /N bands in spectral z-plane ‘f? o,

« As N — 00, bands shrink to points accumulating on some finite set &/ —
7—3_‘%;-.,.7—1 .
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Modeling a soliton gas

« As the number of solitons N — o0, analysis of exact solutions is analytically intractable

Primitive Potentials: Zakharov et. al. (Physica D 2016) formal limit of N-solitons accumulating on a curve

N-soliton problem

Im A\

Re A
Res M(2) — lim M(z) | .0
z:ezi (Z) — zinzlj (Z) _Cj€2i9(z;a:,t)

;
O_

Primitive Potential Problem

N — o0

—

Questions:

How can me make this limit precise?

In what sense does it converge?

What does a primitive potential look like?

M, (z) = M_(2)

Im A\

1— R R>
1+ R1 Ro
21 Ro

210 (z;x,t)

€

| 14+ R1 Ro

Re A

21 Ro —2i0(z;z,t)

1+ R1 R> €

1—R1 Ro

1+ R1 Ro



Intermezzo: Interpolating poles in a RH problem

Express M(z) in terms of its columns: M (z) = [Ml(z) , Mg(z)}

The residue condition relates the poles of each column:

c; 62739(zj;:v,t)

- 0 0 M, (z) = My (z;) + holomorphic, 2z — z;
,ziez? M(Z) — le)n?}j M(Z) _Cj62i9(z;a:,t) O_ J
M5 (z) = holomorphic, 2z — z;
C; .
The following linear combination is clearly locally holomorphic: M (z) / ezze(z’x’t)l\/[g(z)
2 — 2.
J
M(:) | e =zl <
2 ¢ 2i0(zz. z—zi| <r
Define: H(z) = T =z 05T 1 g ’
M(z) 1z — zi| > 10

New function H(z) is now piecewise analytic with a jump across |z — zj\ =1,



Intermezzo: Interpolating poles in a RH problem

1

M(z Cj 10(z;x
H<z>{ 0|z o

0
| 12—zl <o

|z — 2| > 1o

Meromorphic problem for M(z)

Im 2z

Purely local: can be repeated for any number of poles

> Re z

H, (2) =H_(z)

1

O_
—C; .

J 6219(z,x,t) 11’

| <7

|z—z| =7

Holomorphic problem for H(z)

Im z

Algebraic construction: Doesn’t depend on the PDE or the scattering background.

> Re z



Modeling a soliton gas starting from the n-soliton

» Consider a sequence of n-soliton potentials v, (x, 7) forn = 1,2,...

« Assume that the poles ZIE”) accumulate on some fixed domain & (1-D and/or 2-D) .

% Disc. c.(s.s. it

~ otpywmulation A
dormaoing

1. m(™(2) is analytic for z € C \ {z,in)}z“:l
2. m™(z) =1+ 0(27!) as z = o0
3. For all z € C\ {z,(cn)}zzl, m™ (2*)* = gom(z)0o

4. m™(z) has simple poles at each 2" (and at z,(cn)* ) satisfying

i 0 .
Res m™(z) = lim m{™(z) , k=1,...n ﬂ’; @

(n) 2i z;x,t
z:z,gn) z—)z,in) Cr "€ o ) O_

Given data {(z,gn), c,gn))}}g:l, find a 2 x 2 matrix m™ (z; z,t) such that

3Ke2




Modeling a soliton gas starting from the n-soliton

» Consider a sequence of n-soliton potentials v, (x, 7) forn = 1,2,...

« Assume that the poles ZIE”) accumulate on some fixed domain & (1-D and/or 2-D) .

* |ndividually interpolate each pole.

% Disc. c,(s.s.

z) analytic away from 2n circles of radius rg. ~— octirmslation
dormaing

tm

n n 1 0
HS— )(Z) — H(_ )(Z) CL 622'@(2;33,75) 11 k = ]., !

_ Z— Xk _

Retr



Modeling a soliton gas starting from the n-soliton

1 of (1 Of|1 O
vi+v, 1| |v, 1| ]|v, 1

Technical restriction: Residue conditions on each connected component of &/ have same triangularity.

¥ : B
.ﬂ:

1 Of 1 O
Triangular matrices with unit diagonal commute: [ ] [ ] =
vi 1| v, 1

Can expand interpolates to remove all poles in a component simultaneously.

1. H™(2) analytic away for z € C\ T

tw

2. HM(2) =1+ O (z71) as z — 0.
3. H™ (2) = o0oH™ (2*)*g5 for all z € C.

4. H™(z) has jump on each component of T

[y
i 1 0 [V
, ZEF]'

Retr

I/:Ig?)(z) — ﬁ(_n)(Z) _€2i9(z;x,t) Z Ck 1

kE’Cj < <k




1.

Preparing to pass to a limit: soliton gas assumptions

dz A dz
Eigenvalues accumulate with some limiting density: — 2 o(z—2z) — J pl(z)— x1(2) + pr(2,2)
n of 27Tl 2Tl

2. Norming constants sampled from a some smooth function: c, = —f(z)

Assumptions can be relaxed/altered; what one really needs is that the interpolate converges
to an integral in the many soliton limit, i.e., n — ©0.

& 21 ) w)p(w) dz w)p(w,w) dz N dz _p/d
Zz—zk: Zf _ [ fwpw) dz [ fw)p(w, w) dz A IC’)(n/>

— 2 — Zk A, W—z 2m A w— z 271



Preparing to pass to a limit: soliton gas assumptions

S G L) [ fpw) dz [ S 0) d Nz g o)
kzlz—Zk nkzlz_zk Aq w — =z 271 As w — %2 V11
1. H™(2) analytic away for z € C\ T (w2

A B
2. HW(2) =1+ 0 (271) as z — oo. % @
3. H™ (2) = o, H™ (2%)* 04 for all z € C.
4. H™ () has jump on each component of T

o e
N N I 1 0
H(2) = H" (2) | _e2i0an) s~ % 4|, z€T,

kGle <k




. . ) Q)
Taking it to the limit! R S
o iyt Qi [ @it Dtz o )
k:lz_zk nkzlz_zk Aq w—z 2m Ao w — z 271
L. ﬁ(%)(z) analytic away for z € C\ I’ lm 2

P I2
2. ﬁ(m)(z) =140 (2—1) as z —» 00Q. % @

3. H(®)(2) = goH() (2*)*g for all z € C.

4. For z € T, ﬁi )(z) - H" )(z) V() (2) o c rn
: ) cl .
210(z;x, r(w) dw < 1
—€ (Fimt) f.Al 1

V(@) (2) = ¢ - R

— O

_€2i9(z;x,t) fA r(w,w) dwAdw

5 W—Z 271




The limit...a model of a soliton gas
r(w) dw J’ r(w, w) dw A dw
and
Ko/4

The continuum limits J are analytic away from &/, and &,.

g W=IW=2 W=z w-=z

We can collapse the contours |, back onto the accumulation domains:

1. H(>) (%) is continuous for z € C \ A;, analytic in C \ A.
2. H®)(2) =1+ O (27') as 2 — oc. .
3. H(®)(2) = 0, H(®) (2*)*04 for all z € C.

4. For z € Ay, H(®) gsatisfies the jump relation

(00) ey | 1 0
H-I— (Z) T H— (Z) _T(Z)€2i9(z;:c,t) 1_ , A Al . )R&L

5. H(°) is non-analytic in As; it is locally a (weak) solution of the PDE:

Arr(o0) _ y(s0) | 0 0
aH — H ’)"(Z’ 2)627;9(7;;:1:,75) O ] Z E AQ.




A primitive potential

The resulting problem is a specialized case of the "1-R1 R 2Ry ,—2i6(z,t)
Zakharov et. al. primitive potential where one of M, (2) = M_(2) | "5 2it(z50. R s
the datum R, (z) is zero on each component of &, L1+ R Ry 1+ R Ry

1. H(>®)(2) is continuous for z € C\ A;, analytic in C \ A.

2. H®)(2) =1+ 0O (27') as 2 — oc. lw %

3. H(®)(2) = 0oH(®) (2*)*g4 for all z € C.

4. For z € Ay, H(®) gsatisfies the jump relation

o0 o0 ' 1 0
H (2) = H(2)

_T(Z)Q%Q(z;az,t) 1_ , R & Ai

N
PK
5. H(®) is non-analytic in As; it is locally a (weak) solution of the PDE: 6}

— 0 0

z € As.




A primitive potential

The resulting problem is a specialized case of the "1-R1 R 2Ry ,—2i6(z,t)

ey . o 1+R1 R I+R1 R
Zakharov et. al. prlmltlve potential where one of M, (2) =M_(2) | %R, 2627;9(2;% 0 1-RiRs s
the datum R, (z) is zero on each component of &, |1+ R Ry L+ R1 Ry

* Adapting this interpolation technique to recover full primitive potentials an open and challenging problem!

1. H(>®)(2) is continuous for z € C\ A;, analytic in C \ A.
2. H®)(2) =1+ 0O (27') as 2 — oc.
3. H(®)(2) = 0oH(®) (2*)*g4 for all z € C.

4. For z € Ay, H(®) gsatisfies the jump relation

o0 o0 ' 1 0
H (2) = H(2)

_T(Z)€2i9(z;a:,t) 1_ , R & Ai

\
N
PK
5. H(®) is non-analytic in As; it is locally a (weak) solution of the PDE: 6)

— 0 0

z € As.




What’s hiding under the rug...

Question: In what sense does the exact solution H"(z; x, f) converge to H(®)(z; x, 1)?

Analyzing this question means understanding the ratio: E"(z; x, ¢) := ﬁ(”)(z;x, t)ﬁ(“)(z;x, £)~!

B} = HY(H)™

— HW V) ({1 E(f“) _ E(_n)vl(an)
— I/-VI(_n)V(”)V(OO)_1(I/-VI(_OO))_1 Vg")(z;a;,t) — I/:I(_OO) {V(”)V(m)_l} (I/—VI(_OO))_1

1 0 I 0
V(n) (Z) _ _62i9(z;:€,t) zn: Cl ! V(OO) (z) — _627L9(z;:13,t) f T(UJ) dw.
i k=12 — 2k _ i Az w



What’s hiding under the rug...

Question: In what sense does the exact solution H"(z; x, f) converge to H(®)(z; x, 1)?

Analyzing this question means understanding the ratio: E"(z; x, ¢) := ﬁ(”)(z;x, t)ﬁ(“)(z;x, £)~!

B} = HY(H)™

— HW V) ({1 E(f“) _ E(_n)vl(an)
~ —1 ~ n 1 (00 n o) 1 ry(00)y —
= HM vy (- vig) (212, 8) o= HE |V (O

~~

V(n)(z)v(oo) (Z)_l _ Tl = Z Ck / ’r(w) dw __ 62i9(z;az,t)0 (n—p/d>
w

2 — w 271

* Simple observation, but useful: model problem ﬁ(w)(z;x, 1) is independent of n.



What’s hiding under the rug...

Vl(En)(Zw»t) = H"> [V(”)V(m)_l} (H(OO))_l

VO (V) (o)~ 1 = [ T — / r(w) dw _ 200 0 (y72/4)
w

* For any fixed (x,f): = Convergence to primitive potential with algebraic rate of convergence.

* Uniform convergence for (x, ) in compact sets of R?

* Convergence on expanding domains is much more delicate:

If solution of the gas model RHP H(®)(z; x, t) is of exponential order in x and #, then convergence on sets

[(x, Dl < Klogn

To get convergence on larger domains with ||(x, t)|| > logn requires a different approach.



