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Locally Hamiltonian flows

Let (M,w) be a compact connected orientable surface with a fixed
smooth area form w. A locally Hamiltonian flow yg = (¢¢)ter on
M is a smooth flow on M which preserves the area form w. These
flows are also called multi-valued Hamiltonian flows. The interest in
the study of multi-valued Hamiltonians and the associated flows in
higher genus (g > 1) was highlighted by Novikov in connection
with problems arising in solid-state physics as well as in
pseudo-periodic topology.

To see the Hamiltonian nature of such the flow let us consider the
corresponding vector field X : M — TM, %gpt(x) = X(p¢(x)) and
a real-valued differential 1-form 7 given by the contraction operator
n = ixw =w(X,:) (n = —Xodx + Xidy). As g preserves the area
form w, n is closed d(n) = 0. So 7 is locally exact, this is

1 =w(X,-) = dH, where H is defined locally. Moreover, if

w = dx A dy (in local coordinates), then X = (%, —%—’1), so the
flow g is really “locally Hamiltonian”.
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Fixed points

A point o € M is a fixed point if X(o) = 0 or equivalently

VH(o) = 0. We deal only with flows having isolated fixed points.
Denote by Fix(¢r) the set of fixed points (also called singularities)
of the flow ¢g. Then Fix(¢R) is a finite set and when g > 2,
Fix(yr) is always not empty. Since g is area-preserving,
singularities in Fix(¢r), can be either centers, simple saddles or
multi-saddles (i.e. saddles with 2k pronges, k > 2).
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We distinguish so called non-degenerate fixed points, such that the
Hessian of H at o is non-zero. By Morse lemma, there exists a local
chart (x, y) in a neighborhood of & such that H(x,y) = x? + y? or
H(x,y) = 2xy(or = x> — y?). It corresponds to a center or a
simple saddle. Non-degenerate fixed points are topologically
typical, this is there exists an open and dense subset of locally
Hamiltonian flows such that all fixed points are non-degenerate.
We permit the appearance of some degenerate fixed points o, i.e.
perfect saddles of multiplicity m, > 2 such that the corresponding
Hamiltonian function is of the form H(x,y) = S(x + iy)™ . Each
such saddle has m, incoming and m, outgoing separatrices.
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Minimality vs. decomposition into minimal and periodic

components

Recall that a saddle connection is an orbit (separatrix) of ¢
running from a saddle to a saddle. A saddle loop is a saddle
connection joining the same saddle. For example, each center is
surrounded by a saddle loop.

If there are no saddle connections then the flow g on M minimal
(every orbit, except of fixed points, is dense in M).

In general, M splits into a finite number of r-invariant surfaces
(with boundary) so that every such surface is a minimal component
of Y or is a periodic component (is filled by periodic orbits, fixed
points and saddle connections).
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(Zero) measure class

Denote by F the set of smooth locally Hamiltonian flows on M
with isolated fixed points. F has a natural stratification into
subsets Fr .. For any vector m = (my, my, ..., ms) of natural
numbers > 2 and any ¢ < Y 7_;(m; — 1), denote by Fp . the set
of smooth locally Hamiltonian flows with ¢ centers and s saddles of
multiplicity m1, mo, ..., ms. By the Poincaré-Hopf Theorem,

c— Y : ;(mj —1) =2 —2g. A measure-theoretical notion of
typicality on F (on each Fr - separately) is defined by the
cohomology class of the 1-form 7, so called Katok fundamental
class. Let 71,...,7, be a base of H;(M, Fix(¢r), Z), where
n=2g+ s+ c— 1. Let us consider the period map

@(wR)z(/ 77/777) €R",

7
which is well-defined in a neighbourhood of Yr € F ..
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(Zero) measure class

The ©-pullback of the Lebesgue measure class (i.e. class of sets
with zero measure) gives the desired measure class on F .. When
we use the expression a.e. locally Hamiltonian flow below we mean
full measure in each F ¢ with respect to the corresponding
measure class. We distinguish a subset Frin = U7 Fmo C F and
the corresponding measure class.

Theorem (Masur, Veech)

Almost every flow Vg in Fmin is ergodic (with respect to the area
measure w). Moreover, every ergodic measure is either w or the
delta Dirac measure at a fixed point.

For almost every g € F \ Fmin, the flow ¢y restricted to any is
minimal component is ergodic and ect.
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Special representation

Locally Hamiltonian flows are represented as special flows. Let us
consider a restriction of a locally Hamiltonian flow ¥g on M to its
minimal component M’ C M. Let | C M’ be any transversal
smooth curve. By minimality, / is a global transversal and the first
return map T : | — [ is an interval exchange transformation (IET)
(in so called standard coordinates on /). Moreover, 1R restricted to
M’ is isomorphic to the special flow T£, where

g : 1 — RygU {400} is the first return time map. The roof
function has logarithmic (polynomial) singularities derived from
non-degenerate degenerate ) saddles.
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Special representation

Recall that every IET T : | — | exchanging d intervals is
determined by a pair (m, A), where A = (Aq)aca € RYy (#A=d
and elements of A label the exchanged intervals) collects the length
of exchanged intervals I, = [ln, ra), @ € A which are rearranged
according to the permutation 7. Then we write T = T, ). This
gives a natural Lebesgue measure on the space of all I[ETs.

We say that a function ¢ : | — R (|/| = 1) for an IET T, ) has
logarithmic singularities if there exist constants CF, C, € R,

a € A, and a function g, absolutely continuous on the interior of
each interval I, o € A such that

p(x) ==Y Cllog{x— I} = > C; log{ra — x} + g,(x).
acA acA

The space of such functions is denoted by LOG(Uaealy). Thisis a
Banach space equipped with the norm

lellow =Y UCTT+1C D)+ D Vari, (8,) + gl sup-
acA acA
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Special representation

For every 0 < a < 1 denote by P,(Uscals) the space of functions
with polynomial singularities of degree at most a, i.e. the space of
piecewise C! maps such that

pa() = gﬂeajmin{sup |0/ (x) (x=1a) 2], sup [/ (x)(ra X)”a!} < 400

XEly x€ly

and for every a € A the limits

Ch:= —XIQ‘TIL O (X)(x = l)t™ and C; = XIi/n:a @' (X)(re — x)tT2

exist. Pa(Unealy) equipped with the norm

lella = pale) + llell gy

is also a Banach space.
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Proposition

Let 4g be a locally Hamiltonian flow, M' C M its minimal
component and | C M’ a transversal curve.

If all its saddles are non-degenerate then g € LOG(Uncala)-

If g has degenerate perfect saddles in M’, then g € Py(Uacals),
where a = ™=2 with m := max{m, : o € Fix(¢yr) N M'}.
Moreover, if g is minimal on M then the singularities of g are of
symmetric type, this is

Y ar=>g¢.

General approach to further results: To prove that a dynamical
property is satisfied for a.e. locally Hamiltionian flow in F. s it is
enough to show this property for special flows T& for almost all
IETs T and for all roof functions g from the appropriate function
class. This reduces many of the problems regarding flows on
surfaces to roof functions analysis.
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Mixing

Theorem (Kochergin, Khanin-Sinai, Ulcigrai)

Non-degrenerated case. Almost every flow g € Fq5 (minimal
and non-degenerate case) is weakly mixing but not strongly mixing.
Almost every flow yg € F_5 with ¢ > 0 (non-minimal and
non-degenerate case) restricted to any its minimal component is
strongly mixing.

Degrenerated perfect case. Almost every flow Yr € Fc m with
at least one m; > 2 (degenerate perfect saddle) restricted to any its
minimal component is strongly mixing.
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Deviation spectrum - the beginning of the story

The phenomenon of deviation spectrum and its relation with so
called Lyapunov exponents of the Kontsevich-Zorich cocycle were
first observed by Zorich in the context of studying deviations of
Birkhoff (ergodic) sums for piecewise constant observables for
almost all interval exchange translations:

oM (x) = > 0<k<n @©(Tkx) ~ n" for some 0 < v < 1.
Inspired by this result and numerical experiments, Kontsevich and
Zorich in 1997 formulated the following conjecture: there exist
Lyapunov exponents 0 < v; < 1, 1 </ < g so that for almost every
locally Hamiltonian flow g with non-degenerate fixed points and
for every smooth map f : M — R there exists 1 <7 < g+ 1 such
that

 og |y lwelx)) d
lim sup

= v; for almost every x € M.
T—+oc0 log T

(vg+1 = 0) The exponents 0 < vy < ... < 11 = 1 are the positive
Lyapunov exponents of the Kotsevich-Zorich cocycle.



Deviation spectrum - the beginning of the story

This conjecture was essentially positively verified by Forni in his
seminal paper (2002). More precisely, for almost every locally
Hamiltonian flow ¢Yr € Fpin (here we do not demand that all
saddles are non-degenerate) and a class of function vanishing at
Fix(¢r) Forni constructed g (genus of M) invariant distributions
D1, ..., Dg such that if Di(f) = ... = Dj(f) =0 and Dj;1(f) #0
then

 log ‘ JoT F(e(x)) dt
limsup

T—+co log T

= vjy1 for almost every x € M,

where 11 = 0. The first distribution is obvious Di(f) = [}, fdw,
but the others are not so directly defined.

Forni used the fact that the flow Y € Fp,i, after a smooth change
of speed on M\ Fix is a translation flow hg. Suppose that

W : M\ Fix — R describes that change of speed. As the
translation flow has constant speed and g slows down quickly
around fixed points, W has singularities at Fix.
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Deviation spectrum - the beginning of the story

Next, Forni developed a huge and powerful machinery using so
called Teichmiiller flow on the moduli space to prove deviation
spectrum for a.e. translation flow hg and smooth (Sobolev)
observables f : M — R. By passing through the inverse change of
velocity, one can obtain deviation spectrum for 1g and observables
of the form f/W. They must vanish at Fix.

The next step was taken by Bufetov (2014), who proved the
deviation spectrum in an improved form. He proved the existence
of g cocycles uj : R x M — R (ui(t + s, x) = ui(t, x) + ui(s, Yx)
for all t,s € R) such that for every observable f : M — R such
that Wf is smooth (weakly Lipschitz) we have

;
/ ZD Yui(T,x) + err(f, T, x),
0

where for a.e. x € M we have

log |u;i(T, x I f, T,
lim supM =v;, _lim og lerr(f, T, x)| <0.
T—+00 log T T—+00 log T.
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Further problems with deviation spectrum

Problems:

1. The tools developed by Forni and Bufetov work only for locally
Hamiltonian flows which are the minimal strata, i.e. there are no
centers. But the existence of a non-degenerate center is an open
condition (it is stable under a small perturbation). Therefore the
set of flows with centers is topologically big.

2. The tools developed by Forni and Bufetov work only for
observables which vanish at saddle points. In fact, also, some
higher-order derivatives must also vanish when we deal with
multiple saddles.
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Marmi-Mousa-Yoccoz approach

The first problem one can solve by passing to the special
representation of ¢g and applying a Marmi-Mousa-Yoccoz (2005)
approach. Let us consider a restriction of the locally Hamiltonian
flow ¥g on M to its minimal component M’ C M. Let | € M’ be
any transversal smooth curve. Then vy restricted to M’ is
isomorphic to the special flow T, where T : | — T is and IET and
g : | — RygU {400} is the first return time map. Moreover, to
any smooth observable f : M — R we assign the map ¢r: | = R
given by

g(x)
wr(x) == / f(Yrx)dt for every x € I.
0

Heuristic observation: the problem of studying the asymptotic of
the growth of ergodic integrals for the flow g boils down to
studying the asymptotic of the growth of ergodic sums

" = k (n ) (x)
— Zo<k<n of(T"x), since ¢y fo F(1bex)dt.



Properties of o

1. If f: M — R is zero on a neighborhood of any saddle point then
©0r € ACBY(Ungeuly), ie. of is absolutely continuous on each I,
and its derivative is of bounded variation on /,. This is the case
considered by Marmi-Mousa-Yoccoz.

2. For general observables f if all saddles of 1) are non-degenerate,
then pr € LOG(Upealy), i.e.

of(x) = — Z Cllog{x —I,} — Z C, log{ra — x} + go(x)-

acA acA

3. If g has degenerate saddles, then pf € Py(Uqcala), where

a= mT_Z with m := max{m, : o € Fix(¢yr) N M'}.

Moreover, ACBY © LOG C P, and in each case the linear operator
f— ©Ff

is bounded.
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Renormalization procedure

Let T = T(x) : / — [ 'is a minimal and ergodic IET exchanging
intervals I, o € A. Suppose that there exists a nested sequence
(1)) =0, (19 = 1) such that the induced map T) : j(k) — j(K)
on /() is an IET exchanging d-intervals and T() = T(ﬂ.(k))\(k)).
Moreover, assume that there is a subset A C Sy x Rio and a map
R : A — A such that

(), AH) = RA(, )

and the projectivization of R is ergodic. Such sequences of intervals
are usually obtained by accelerations of so called Rauzy-Veech
induction.

By the definition of the induced map, T(K)x = T, where
7(K) . (k) —5 N is the first return time map to /(K. In fact, 7(K) is

piecewise constant and denote by T(;(yk) the common first return time

), Finally, we can define the renormalization operator

on l,gk
S(k) : LX) = LUK, S(K)p(x) = o™ (x) for x € 109,
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Renormalization operator

S(k)(ACBY (Uaeals)) € ACBY (Ugeall9)
S(k)(LOG(Ugealy)) C LOG(Ugeal(F)
S(k)(Pa(l—laEAIa)) C Pa(l—laEAlo(zk))'
)

If (k) denotes the space of functions constant on intervals /((xk ,
a € A, then S(k)r® =,
As T(k) can be identified with RY, the restricted operator can be
identified with a matrix Q(k) € SL(d,Z). Moreover, Q(k) can be
treated as an SL(d,Z)-valued cocycle over the transformation
R : P(A) — P(A) called a renormalization. This is an acceleration
of so called Kontsevich-Zorich cocycle. By the ergodic Oseledets
theorem, sympecticity of the cocycle and Avila-Viana (2007) about
the simplicity of the spectrum, it has Lyapunov exponents of the
form

AL < <A <0=...=0< g <. < AL
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Accelerated KZ-cocycle

Using an invertible version of the renormalization map
R : P(A) — P(A) we can construct a spliting

r=@roers @ ri(=r.)
1<i<g 1<i<g

such that dimly; =1for 1 </ < g and

k)h
lim w:/\; if heTl;forsome —g<i<g(X\=0).
k——+oco k
Let hy,..., hg be a basis of the unstable subspace such that
I k) hil|su
i VEIS(lan _
k——+oco k

In 1997, Zorich observed that for a.e. I[ET T we also have

L o Y
imsup—— = V; 1= —.
n—-+o00 |Og” A1

Krzysztof Fraczek Deviation spectrum of ergodic integrals



Deviation for some special observables

On the other hand, for every h; € ', there exists a C*° map
& : M — R vanishing on a neighborhood of any fixed point such
that ¢, = h;. Then

log | Ji)" &(wex)dt]

lim sup < v; for every regular orbit starting form x
T—+4o00 log T
-
. log | [y &ithex)dt|
limsup =vy; for a.e. x
T—+00 log T
T
i log || [y &iovedt]
im sup = .
T—+o0 log T

So fOT &i(Yex)dt is a good candidate to play the role of u;(T,x) in
the decomposition
g

;
/O F(We(x))dt = Di(F)ui(T,x) + err(f, T, x).

i=1
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Correction operator

Marmi-Mousa-Yoccoz constructed the following (correction)
operator (their original construction is different from what |
present) b : ACBY (Uneala)) — Ty given by

() = lim Prr, o Q(K) ™ o MU o S(K)(s),

where M) ACBV(I_IaeAlc(yk)) — I'K) is the mean-value operator
given by
1
(k) — : (k)
M (o) (x) = vl /(k) o(y)dy if x € 1.

la

One of the important challenges here is to show that this operator
is well defined as well as bounded. Moreover,

lim IOg Hs(k)(QD B h(@))”sup < 0.
k—4o00 k
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Correction operator

Note that if ¢ = h € ', then we can take h(h) = h.
As hy, ... hg is a basis of I',, we can define g functionals
di : ACBY (Upeals) = R, i=1,...g such that

Finally, we define D; as D;(f) := di(¢r).
Moreover, for every smooth observable f : M — R vanishing on a
neighborhood of saddles we use the following decomposition

g

F(x) =Y Di(F)&i(x) + fo(x).

i=1
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By passing to ergodic integrals, this gives

Tf dt = g D;(f ! ; dt Tf dt
/0 (ver)a =3 i) /0 (i)t + /0 - (6e)

g
—ZD, ui(T,x) +err(f, T,x).

On the other hand, applying the operator f +— f, we have

g
or =Y di(or)hi + or,.
i=1

Next, we apply the operator h to obtain

h(er) = Zd @r)b(hi)+h(er.) Zd ef)hi+b(er) = bler)+b(er),

i=1

so h(e¢r) =0.
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Error term

As h(pr,) =0, we have

im 108 IS(K)(2r)llsup

<0.
k—+o00 k
This gives
log | llsup
limsup———=—— <0
n—-+o00 |Og n
and finally

-
: | f, dt

limsup log llerr(£, T - )llsue = limsup ogll Jo feotrdtlsup <0

T—+o0 log T To4o0 log T

This completes the proof of deviation formula (deviation spectrum)
for smooth observables f vanishing around fixed points.
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General observables - non-degenerate case

Suppose that ¥y has only non-degenerate fixed points and let us
consider smooth observables f : M — R which can be non-zero at
some saddles in Fix(¢r) N M’. Then ¢f € LOG \ ACBY.
Theorem (A) (Ulcigrai-F)

The correction operator ) can be extended to

h: LOG(Uneala) — Ty so that for every ¢ € LOG(Upenly) we

have )
log WHS(/‘)(W - b(‘P))HLl(/(k))
i <0
k——+o00 k =

Moreover, if @ has logarithmic singularities of symmetric type

S CF=>C,, then

1S(k)(e — b(#))ll 12 (s is bounded along a subsequence.

\/(k\
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General observables - non-degenerate case

Using the overall strategy outlined earlier, based on the first part of
Theorem (A), we have confirmed completely the Konstevich-Zorich
conjecture.

Theorem (Ulcigrai-F)

For a.e. locally Hamiltonian flow g with non-degenerate fixed
points restricted to its minimal component M’ C M there are g
invariant distribution D; : C2(M) — R and cocycles u;(t, x) for
i=1,...,g such that for every f € C? we have

T g
/ f(e(x))d Z Di(f)ui(T,x) + err(f, T,x),
0 i=1

where for a.e. x € M we have

log ‘u,-(T,x)‘ B

_ _ log |err(f, T, x)|
lim sup =vj, lim
T oo log T T—+00 log T
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General observables - non-degenerate minimal case

If 4 is additionally minimal, based on the second part of Theorem
(A), we provide much more accurate information on the behavior of
the error term. We have the following dichotomy:

Theorem (Ulcigrai-F)

Suppose additionally that the locally Hamiltonian flow v is
minimal on M. If f € C? and f(o) = 0 for every o € Fix then the
error term is uniformly bounded, i.e. there exists C > 0 such that

lerr(f,t,x)| < C for every x € M and t € R.

If f € C? and f(o) # 0 for some o € Fix then the error term is
equidistributed on R for a.e. x € M, i.e. for a.e. x € M, for any
pair of finite intervals |, J C R we have

. {telo, T]:err(f, t,x)c I} |/

T Ht e [0, T]:err(f,t,x) €} |J|
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General observables - degenerate case

Suppose that the locally Hamiltonian flow g has multiple saddles
and f is non-trivial around them. Then ¢f € P, \ LOG for some
0 < a < 1. Unfortunately (or fortunately), the correction operator
h: LOG(Ungealn) — Iy cannot be extended to P,(Uaecala)-
However, by modifying the previous construction we can construct
another operator

bj : Pa(Uacala) = €D Ti CTu,
1<i<y

whenever \j 11 < al; < Aj. In fact, we construct (with Minsung
Kim) a one-parameter family of such correction operators. They
help us for prove deviation spectrum in much more complicated
form than in the non-degenerate case. In the general case, there are
new exponents that are not derived from Lyapunov exponents for
the KZ-cocycles.
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Theorem (Kim-F)

For a.e. g for every f € C™ (m = max, m,) we have

)
| fwbod= 3 aen(T)

o€Fix(¢Yr)NM’ anio
|a|l<ms—2

g
+)  Di(F)ui(T,x) + err(f, T, x)
i=1

with
| T -2 —
lim sup 08 |Coa( T, X)| _ e o for a.e. x e M';
T—00 log T meg
| (T
Iimsupiog’u'( X _ v; for a.e. x € M';

T—o0 |Og T
_ log |err(f, T, x)]
limsup
T—o0 |Og T
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Thank you for your attention!
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