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Motivation Univariate Multivariate Conclusions

Goal
What model would you use to fit these time series ?
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Trajectory Model

What model would you use to explain these time series ?

X(t) — xlinear(t) + xoffsets(t) + xseasonal(t) + ?

= e e ——
E 0O
£ -500
)
Z _1 000 _ | | | | | ~__ L . |
2004 2006 2008 2010 2012 2014 2016 2018 2020 2022
3 . e n — © ———— . et
g 0~
_S -200 -
E) -400 | | | | | M |
2004 2006 2008 2010 2012 2014 2016 2018 2020 2022
Time (yr)
A. Gualandi 3

Signal extraction from GNSS position times series



Motivation Univariate Multivariate Conclusions

Univariate Vs Multivariate Models

Univariate Multivariate
Fit time series one-by-one Fit all time series at once
Pre-determined functions Data-driven modes
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Trajectory Model

x(t) = xlinear(t) + xoffsets(t) + xseasonal(t) + ?

x(t) = qg+m(t — 1) +

Noffsets
+ Z AiOffsetSH(t . tioffsetS) +
i=1
_ 27t
+Asin| —+¢ | +
T
+ ?
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Seasonal Signal
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Trajectory Model

x(t) = xlinear(t) + xoffsets(t) + xseasonal(t) + ?
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Offsets

VWhat can generate an offset ¢

Farthquakes Antenna change / firmware update

) ‘.
PPN iy,

Photo by G.K Gilbert

1906 San Francisco: ~ 3 m
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Trajectory Model

x(t) = xlinear(t) + xoffsets(t) + xseasonal(t) + ?

x(t) =qg+m(t—1t) +

Noffsets
+ Z AioffsetsH(t . tioffsetS) +
i=1
, 27t 2nt , 2t 27t
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Trajectory Model

x(t) = xlinear(t) + xoffsets(t) + xseasonal(t) + ?

x(t) =qg+m(t—1t) +

Ninstr N¢4
+ Z Al-inStrH(t . tiinstr) + Z AiCCIH(t _ tieq) +
i=1 i=1
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Afterslip
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Friction Law
dv
. m— = Z 7, = 1, +7,— 15 +A1(2)
by —> /
ki
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Huang and Turcotte,
1990, Nature

Perfettini and Avouac, 2004a, JGR
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Friction Law
dv
Vo ma — 2 T] =17, +7 _Tf +ATH(f)
b ¥y —> ' ] . .
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Friction Law
1% — —
0 = 7.+ k(vt — 8) — 6, | o + (a = b)In | + AzH@) =1 =0
V; — Y
Vi
Vi
7, =0, |4y + (a — b)ln —]
Vi
v
0 = k(vyt — ) — (a — b)s, In — + ATH(?) b= 3§
Vi
5
(a —b)o,In— = k(vyt — 0) + AtH(?)
Vi
Perfettini and Avouac, 2004a, JGR
A. Gualandi e Signal extraction from GNSS position times series



Motivation nivariate Multivariate Conclusions

Friction Law
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Friction Law
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Friction Law
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Friction Law
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Viscoelastic Mantle

AN

mantle
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Viscous Resistance To Slip

Multivariate Conclusions
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Motivation Univariate Multivariate

Viscous Resistance To Slip

Quasi-static approximation:
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Viscous Resistance To Slip
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Viscous Resistance To Slip
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Afterslip vs Viscoelastic Relaxation

400

/ == Afterslip
== \/iscoelastic |

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (yr)

A. Gualandi 2 Signal extraction from GNSS position times series



Motivation Univariate Multivariate

Afterslip vs Viscoelastic Relaxation

Conclusions
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Trajectory Model
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Advanced Trajectory Models
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Univariate

Advanced Trajectory Models

Multivariate Conclusions
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Univariate

Advanced Trajectory Models

Multivariate

Conclusions
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Multivariate Models

Surface Displacement

UOISIOAU]
Elastic Dislocation
Forward Model

Slip at Depth
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Extended Network Inversion Filter

N
Surface Displacement X(t) = Z AiCO H(r — tl_eC.I) earthquakes
i=1
£ = +J (81— 1y) Gpy(X, &) m (&) dA(S) tectonic transients
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Z S =
< e
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=2 5
&
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Slip at Depth +€ observational Gaussian noise
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Multivariate Statistics

Surface Displacement
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Centering

)
o0 8
°

ol
o o °

A. Gualandi i Signal extraction from GNSS position times series



Motivation Univariate Multivariate Conclusions

Centering
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Multivariate Statistics
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Principal Component Analysis (PCA)
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Principal Component Analysis (PCA)
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SingularValue Decomposition (SVD)

UUT=U0TU =1
X=Uuxzv! Vvl =viy =]

Y diagonal =X =37

1 1
var(X) = E[(X — E(X))*] = E[(X - EX)(X — E(X))']= M(X - WX =" - ﬁXXT

var(X) x XXT = wxvhHuozvhH!r =uzviveiy? = uz?u”

U eigenvectors
XXTU = US2UTU = US> S
2~ eigenvalues
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Univariate Multivariate

Motivation

SingularValue Decomposition (SVD)

U eigenvectors

XX'U = Us*U'U = Uz? ,
2~ eigenvalues

- 5 V eigenvectors
X' XV=VX -
2~ eigenvalues
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PCA-Based Inversion Method

PCA Decomposition

r
Surface Displacement Z Principal Component(7)

1=1

UOISIOAU]
Elastic Dislocation
Forward Model

Slip at Depth

Kositsky and Avouac et al, 2010, JGR
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PCA-Based Inversion Method
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Multivariate

Conclusions
Gaussian Assumption and Whitening
T 1 2771T —17,T
X [E[XX]=MUZU X, =2"UX
N 5
3
o
%]
Sensor 1
Choudrey, 2002, PhD thesis
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Uncorrelation vs Independence

Y random variable ~ 47(0,1)

7 random variable such that Z = Y?

cov(V,Z)= B |[Y-E[YD(Z-E[Z)| =E[¥Z] =E[V?] =0

Y and Z are uncorrelated, but clearly not independent !

Y and Z are independent if P(Y,Z) = P(Y)P(Z)
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Independent Component Analysis

music original signals recorded
S1 éﬂ; /\/\N\N dyg MWMWWW 1
§ X
Y
voice
2

2{)wmwwmwwmwwmwwww [ Nb— MWWNMWWWW 0
X
22 b4 2
‘ Shlens, 2014, ArXiV
cocktail party problem

X=AS S; and S, are independent
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Motivation Univariate

Independent Component Analysis

X=AS s; and s, are independent = E[SST] =1
1
ElXX"] = —=Uz*U"
M

F[XXT] = F[ASSTAT]

= E[U,Z,V, SS"V, 2, U] ] U= Uz L A=y
_ T T T 2y =— M

= U,z VI E[SST] V,2,U! M

— UAEAVIZVAZAUZ

= U,22U;
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Motivation Univariate Multivariate

Independent Component Analysis

X=AS

2
A=U—7V,

N
AT = v/ Mz UT X, =x"'U'X
Orthogonal rotation
_A-ly _ ./ 17Ty _ &

S=ATX = MV,TUTX = \MV,X, of pre-whitened data
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Geometrical Interpretation

Sensor 2
Sensor 2

Sensor 1

Sensor 1

Choudrey, 2002, PhD thesis
A. Gualandi
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Geometrical Interpretation

Sensor 2
u2

Sensor 1

ui

Choudrey, 2002, PhD thesis
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Univariate

Geometrical Interpretation

Multivariate

Conclusions

Sensor 2
h,
1

Sensor 1

A. Gualandi
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Choudrey, 2002, PhD thesis
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Motivation Univariate

Mutual Information

|l

[E—

@)
oQ

KL (Pys, [ PyPy,) = | [Pa,

— PS1S2 lOg Pslszdsld82 - JPSI log Psldsl - /[PSZ lOg PSZdSZ

= —J[8),8] + Z[s] + Z[s,] = MI(s{;$,)

s; and s, are independent if P(s{,S,) = P(s)P(s,) = MI(s;,s,)
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Mutual Information

KL (Pslsz I PslP82> = — Hs,,8,] + Zs,] + Zls,)]

KL (Pys, [ PPy, ) = 2 ZIG/MV,X, )] = 21/ MV,X,)]

H[(\MV,X )] = Z[X,] +log|\/MV,| constant

V, = argminy, Z H [(\/M ViX,);]
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Independent Component Analysis

music original signals recorded
Sq éﬁ\ W ajg WWMW 1
8 x
T
voice

2OWMMNWWMWWWWMWWW [ \+H— NWMWWMWW
22
‘ Shlens, 2014, ArXiV
cocktail party problem

X=AS S; and S, are independent
central
The sum of independent random variables (X') tends towards a Gaussian limit
theorem
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Maximize Non-Gaussianity

X=AS S| and s, are independent
central
The sum of independent random variables (X)) tends towards a Gaussian limit
theorem
WX =WAS =S§

Find w; such that non-Gaussianity of projection WiTX IS maximised

How can we maximise non-Gaussianity ?
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Negentropy
Py = N (u, ) P arbitrary but with same p and c°
0 PSl(x) 0
0 < KL (PS, [ Py) =] PWlog—dv =~ #ls] — || Py(log(Pya)dx
l 1 x 1
— 00 y —0

. ~ 00 1 P
J P,(0)log(P,(x)dx = | P, (x)log ( e ) dx

J oo 2702
h 1 - (x — p)’
= P, (x)log dx + loge P,(x)| — dx
Joo \/ 2762 feo 262
1 o2 1
= — —log27m0? — loge— = — = (log2zec*) = -
~ log g5y =75 (log 27e0?) [y]
independent of Py
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Negentropy
0 <KL (Ps,. || Py) =—=H1ls;] — J R (0)log(Py(x))dx
Nyl —[s;] >0 Gaussian distribution has max entropy
maximising non-Gaussianity = minimising mutual information

V, = argminy, Z [s;]

— Ayl
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Multimodal Distributions

~p(s)
200 100 0 1 2 3 4 5 400 200 0 1 2 3 4

~p(s) Time (yr) Time (yr)
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c D Gualandi et al, 2016, JOGE
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Variational Bayesian ICA

o NS08 EOG-L

W={A,S,A\,q,u, p, n} parameters

pX|W)p(W) . ‘/
W|X) = Bayes' theorem
p(W|X) p(X) (an) ‘

Choudrey and Roberts, 2003, Neural Comput.
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Variational Approach

pX|W)p(W) _ pX, W)
pX) pX)

p(W|X) = usually intractable integral

p'(W) approximation of p(W|X)

p'(W)
p(W|X)

p'(W)p(X) 4w
pX, W)

KL(p'(W) || p(W|X)) =[ p'(W)ln dw =J p'(Wln
W w

p'(W)
pX, W
X, W)

p
— (W) dW + InpX
J'WP( )In ) + Inp(X)

— [ p'(W)ln )dW+ J p'(W)ln p(X)dW
W

74
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Variational Approach

X, W
pX, W) aw = &
p'(W) dW

LKLy 11 pwix) + —d;[ P (W)ln 1 p(X)
dW Jw

dw

Negative Free Energy
p'(W) approximation of p(W|X)

p'W) = p'(Ap'(Np'Slap (@p' (wp'(Hp'(x)

L
with independence among the sources: p'(S) = Hp’(Si)
i=1
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VbICA on GNSS Synthetic Time Series
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VbICA on GNSS Synthetic Time Series
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VbICA on GNSS Synthetic Time Series
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Conclusions

Let’s play with some real data now !
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