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A message from Mel Hochster for the participants:

‘I would like to thank the organizers, and the participants for listening.
I count myself lucky to have had so many wonderful collaborators, col-
leagues, students and mathematical friends. I wish everyone much joy in
their pursuit of mathematics!’



Throughout:
p is a prime integer, q is a power of p
R is a ring, k is a field, most of the time of characteristic p

R° is the set of all elements of R not in any minimal prime ideal
I is an ideal

I9 = (29 : x € I) is a Frobenius power of I (eth power if ¢ = p°)

Definition: An element z € R is in the tight closure I* of I if there
exists ¢ € R° such that for all large g,

cx? ¢ Jl4,
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Rings in which all ideals are tightly closed are called F-regular.
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Hochster’s question: Can you find a proof of the following fact without
using tight closure?
Let R = k|z,y| be the polynomial ring in variables x, y over a field k. Then
for any f,g,h € R,

f29*h* € (f°,0°,1°),
(Here, I = (f3,¢%,h?), 1 =2, n=0; fgh is integral over I.)
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such that A and S are regular domains and R is module-finite over A.
Then for any finitely generated A-module M and any integer ¢« > 1, the
map Tori* (M, R) — Tori* (M, S) is zero.
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Phantom intersection theorem



Improvement of the syzygy theorem of Evans and Griffith: Let R
be Noetherian local of characteristic p, let M be a finitely generated kth
syzygy theorem of finite projective dimension, and let x be a minimal gen-
erator of M. Then the depth of the order ideal {f(z) : f € Homgr(M, R)}

i1s at least k.
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- (integral closure, regular closure, plus closure)



Test elements

An element ¢ € R° is a test element if for every ideal I in R, every x € I*
and every power q of p, cx? € Il9.

Test elements exist under some (mild) assumptions on the ring.
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An element ¢ € R° is a test element if for every ideal I in R, every x € I*
and every power q of p, cx? € Il9.

Test elements exist under some (mild) assumptions on the ring.

Consequence: persistence of tight closure under ring homomorphisms.



Phantom homology, phantom acyclicity criterion: Suppose that R is
a homomorphic image of a Cohen-Macaulay ring and is locally equidimen-
sional. Let G be a finite free complex that satisfies the standard rank and
height conditions after tensoring with R/+/0. Then for all e, all (higher)
cycles of F°G are in the tight closure of the boundaries (i.e., the homologies
of F*G are phantom).



Phantom homology, phantom acyclicity criterion: Suppose that R is
a homomorphic image of a Cohen-Macaulay ring and is locally equidimen-
sional. Let G be a finite free complex that satisfies the standard rank and
height conditions after tensoring with R/+/0. Then for all e, all (higher)
cycles of F°G are in the tight closure of the boundaries (i.e., the homologies
of F*G are phantom).

Also:

Phantom acyclicity with denominators, what elements annihilate
the homologies.

Under (mild) conditions on the ring, there exist test elements that anni-
hilate all higher Koszul homology on parameters.
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- test elements and uniform properties
- Singularity theory:

e (Smith; Hara; Mehta and Srinivas) F-rational, F-regular rings
correspond to rational and log terminal singularities respectively

e (Smith; Hara) Geometric interpretation of test ideals
- Hilbert-Kunz function, Hilbert-Kunz multiplicity
- F-signature
- F-threshold



