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To illustratethem I need a nice simple
nontrivialmodel
fmomagnetiemodelofrandompolss.name
graphs

we want to studythermodynamical
propertiesof
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Jij o ferromagnetic interaction

Jijo antiferromagnetic
interaction

hi bal eternal magnetic fields

let's consider for simplicity Jj o

RecallthatThermodynamical properties
ofthe system are microscopically
captured bythe Gibbs Boltzmannprobability
distribution
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F is freeenergy Observables ofinterest will have expectationvalues

GCP some observable ofinterest
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which behavior as we expect
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7Has To a nontrivial value
Cotoursethere are othermuch more
interesting question related to critical
phenomena butthat is notthe pointof
theselectures

To fundMH I need to dothefollowing
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de variablemarginal
distribution

The previousresultmakes perfectsense
if I want to calculateexpectationvalues
of bed quantities I do hotheedthe
whole Gibbs Boltzmann distributiononly
its ore variablemargins

Can I find simbleexpressions for
Piri
Intuitively
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Oi the set ofnodes which are
neighbors to node i

in our example di limiting
somehow Pila mustdepend onPoidi
and Poitre mustdepend onthe probabilities
ofthe following neighbors etc There
is of course a hierarchical structureof
equationsthatrelated marginals ofhigher
order

ey
statmech is default

Let's unte down the hierarchical structure
more explicitly for the previous Hamiltonian
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let's write theHamiltonian 218 as
follows
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This is rather simply
L

P roi qq.ee
denote also 2 fi
so we get

Pori etifier pay
which is perfectly intuitive and resonable
of course how we woulddothe same for
The object P Toi and so on and



so forth If you don'tfindthis
expression intuitive dothe following

Piri effdo.si b
ePAigo4

PHroi 8 o Jiere

probabilitythatthe neighboursof
i di generate an effectuefield
action on ri equal to

So this hierarchy forthemarginals is
somethingdefault to deal with possibility

Truncate it and use manually
depending on the

placeoftruncation you have
basic meanfieldtheory
Tst order mean fieldtheory
o o



For certaintypesofmodelsthetruncation
occurs naturally
Supposethat G is a tree

of

If we remove i thenthe neighboursoti
di are statistically independent.This
mean

Poli Coi Petre

When graph is tree like or maybe we
want to usethis as an approximationthis
is called the BettePetirls approximaton
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Bette Peters
approximation

UsingBettePerers expression approximation
we have

Pitti ebhitft.EE tepYpe

physicalreal
she variable cavity auxiliary

onevariable
marginals marginals

cavitymethod
see how system
behaveswhen removing
certainobjects

NoticethatalthoughPike andPYire are

single variable marginalsthey are not
otthesamehaturefthisisnotasys.tn
closedequations Howto use it



eg

start from Piki with je di and obtle
sametypeofderivation youwillfindthat

fi fTf

this are the so called
cavity equations

Recall8 I want and efferentwaytoobtain MIT Let's introducethe
following parametrization
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cavityequation
and

M xy atanh tanhBxTanhpy

We solvethe problem B

I Iterate until shvergencethis
is calledthe beliefpropagation
algorithm

2 Use solution in 1 2 to obtainthy
3 Use the solutionofthe in 14 4 to
obtain MCT

of course one can use this methodof
the cavity seekingto generate statistical
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independence ofobjects to calculateotherthermodynamic quantities I leave
as an exercise for youto use this method
tofundexpressions of

internalenergy inTerms of
cavitymarginals fields
freeenergy in termsofcavity
marginell

Also I leave as an exercise to consider
the case of an homogeneous system on

random regulargraphs to see how far you
can gowiththe cavityequations


