
 2 Tools of statisticalmechanicsof
disorderedsyste.ms m
The replica and cavitymethods are
somewhatequivalent although some
time to provethey indeed are can
be cumbersome for some models
and sometimes whichmethod you use
is matter of style or personal preferences
In other occasions you realizethat
it's veryeasy to tackle one problem
directly with one method insteadoftheother even thoughthey are equivalent

From the pointof view of physical
intuition I'd say cavity

methodwins
hands down to replicas as it allows
you to understand the problem physically
in a deeper way
Sometimes however one lacks some



physical intuition and thereplicamethod
should be a methodofchoice Doesthis
meanthat replicamethod is devoidof
physics Not at all you canalso learn
a lot on howthis mathematical framework
is able to verybeautifully capturedthe
physics of spunglasses
Consider again our model on a glen
graph G Nowthis graphbelongsto
an ensemble ofgraphs sharing
some featuresofinterest

Given a graph youwill have aHamiltonian

HGE EEGJijfitj Eh.fi
and assumed that the graph is aweighted
graph withweights Jj that is the
couplings constants are a partoftheinformationofthe graph



Supposethat a have an observable
of interestsay G E

Its expectation
value I
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where
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Sometimes it might be better To use
notationof conditional probability
PIPIG éβ E

suppose nowthat a have a sequence
of graphs Gays with G E E
ound on each graphthe ferromagnet
will have some typicalThermal properties



what isthetypical behaviour ofthe
typicalthermal properties withrespect
to the sequencesofgraph
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Inthis problem now I have twotypes
of random variables



8 dynamical variables

coupled to thethermal
bath

G thegraph onwhich is
coupled tothebath
this is called quenched
disordered

so in the above expression
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thermal
average

quenched
average this is
L

easy to dothis is difficult
to do why Becauseofthefollowing
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its position inthedenominatorenthe
partitionfunction makesthis quenched
average some mathematical derivation
somewhat difficult impossible8 to do

How do we solvethis Nb we
could use replicamethod here directlybut let me take some afferent
avenue

Recall that the MZ is the
generatorofthermodynamic observables
of interest
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from here

1 RFI

thefundamental quantity to perform
the quenched average over isthe
free energy

sothis meansthatmy
objectofdesire is
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This is as difficult asthe previousexpression
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but its a nicer starting pointtointroducethe replicamethod So let'sstart
bynoting the following for an integer
value n the following average is
in principleeasyto do

JIGGG Zf 2T
2h this is equivalentto consider

thethermodynamicalproperties
of n copiesofyoursystemall sharingthe same graph
structure

from another pointof view I knowthat
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therefore

bgz nl.intbgzf
This is the firststep of
the replicamethod

Themathematicalframework ofthe
replicamethod is thefollowing

step I consider n copiesof IgE
and do

7
step2 Introduce a hypothesisthat

says something above the
propertiesofthe copiesofthe
system under permutation



step 3 Step2 should allowyouhave
a reapeto analytically
continuethe n from integerstoreals

step4 Performthe replacelimit

MET
Nb Somewhere she alsohas to

assumethat replica limitand
thermodynamic limitcan be
interchanged

Nb step 2 isthe one that took
30 years or so to formally

adf.tk t
theferromagneticmodel when the



ensemble of graphs E hasthe
following probabilitistic recipe for
simplicity let's take hi h and
Tip J Fij If is the adjacency
matrix of a given G then

51 HI Fiji It Edip

Sajiji II Iii 0
averageconnectivity

ensembleofPoissohlan random
graphs or Erb's Reny graph

Thisrecipetells you
The graph is directed symmetric

thebunch of independent Ci are
iid Bernoulli RVs



Prob cej I

Using G she can unitetheHamiltonian
as follows
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So we have to dothefollowingderivation
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let's do it

step I Assume n integer
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sumover Tsumoverall
all configurations

configurationsof
spy replica spy replica h
I
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Now
Ihavetodotequencheddisorder.averageofth.ie
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All in all
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Next we want to linearizethe sums on
the argument oftheexponential To achieve
this we introducethefollowing order

parameters

PII YES SCT Tia
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with notation I 9 Tn and
Ii Tim y Tin
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This impliesthat
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where BCE andPID obeythe
saddle pointequations
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ThisstepI



Now noticethe following

4 4970 KEITH's
thermodynamic
magnetization
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But Sn PP i PIPPI
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by eβʰE R IPG
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Therefore

MIT Link BEER
To understandthe ideaofstep2
lansats hypothesis to dothe limith o

We will focus onthis expression above
considerthe followinghysis
Since spies are identical whenthey are
introduced 12 Zo Zo if I
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were to interchangethe replicalabels
nothing should changed the result
should be unvarent order permutations
in replica space
This iscalled replica symmetric

onsets
which isthemostgeneralformthatBCE
can have under RS ansatz giant

PPE 5kWh 9 ath 4h44

let's see nowthatthisexpression albusus
to performthe replica limit has in
the expression for the magnetization
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fromthe saddle pointofBlel we
can untethe correspondingsaddle point
for wth
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Exercise

self consistent integral equation for
Wh That can besolved numerically
by using populationdynamics


