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Fermat‘s principle
- minimize path integral

path = ∫!
" �⃗� 𝑥, 𝑦, 𝑧 ) 𝑑𝑠

varying	refractive index
𝑛# 𝑥, 𝑦, 𝑧 − 𝑝$# − 𝑝%# − 𝑝&# = 0

free	space
1 − 𝑝$# − 𝑝%# − 𝑝&# = 0

A

B

pa
th

𝑛 𝑥, 𝑦, 𝑧

à ray optics

𝑥

phase space
𝑝!

paraxial regime …

𝑥"
𝑝!!

𝑥

�⃗� = direction of ray
�⃗� # = 1
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Fermat‘s principle à ray optics

varying	refractive index
𝑛# 𝑥, 𝑦, 𝑧 − 𝑝$# − 𝑝%# − 𝑝&# = 0

paraxial regime …

𝑥"
𝑝!!

𝑥

�⃗� = direction of ray
�⃗� # = 1

𝑥

phase space
𝑝!

now: experimental observation of diffraction at a slit

𝑥

phase space
𝑝!

𝑥

phase space
𝑝!

→ the values of 𝑥 and 𝑝! are given by
phase space distribution functions, 

which are related by Fourier transformation! 

typical for wave phenomena !!!
→ 𝑥 and 𝑝! are called conjugate variables
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It is clear from the experiment, that there is a 
minimum area in phase space. The product of the

variances of 𝑥 and 𝑝# has a lower bound,
so there must be a Fourier transform relationship !!!!

𝑥

phase space

𝑝#

phase space distribution function
𝑊 𝑥, 𝑝#dynamics of rays à dynamics of distributions

marginal	probability distributions:	

𝑃 𝑥 = ∫$%
% 𝑊 𝑥, 𝑝# 𝑑𝑝# , 𝑃 𝑝# = ∫$%

% 𝑊 𝑥, 𝑝# 𝑑𝑥

Are the marginal distributions 𝑃(𝑥) and =𝑃 𝑝#

the functions related by Fourier transformation?

𝑥
𝑃 𝑥

𝑃
𝑝 #

𝑝 #
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=𝑃 𝑘 =
1
2𝜋

B
$%

%

𝑑𝑥𝑃 𝑥 𝑒$&'#

Are the marginal distributions 𝑃(𝑥) and 𝑃 𝑘#
the functions related by Fourier transformation?

𝑃 𝑥 =
1
2𝜋

B
$%

%

𝑑𝑝 =𝑃 𝑘 𝑒&'#

𝑘 ( and 𝑝 ) is related to $&(
(#

,  because 𝑘 𝑃 𝑥 = $&(
(#
𝑃 𝑥

test:

'𝑑𝑥
−𝑖𝜕
𝜕𝑥

𝑃 𝑥 = '𝑑𝑥
−𝑖𝜕
𝜕𝑥

1
2𝜋

'𝑑𝑘 0𝑃 𝑘 𝑒"$! =
1
2𝜋

'𝑑𝑥'𝑑𝑘 𝑘 0𝑃 𝑝 𝑒"$! = '𝑑𝑘 𝑘 0𝑃 𝑘 𝛿 0 = 0
No!

2nd test:

'𝑑𝑥Ψ∗ 𝑥
−𝑖𝜕
𝜕𝑥 Ψ 𝑥 =

1
2𝜋

'𝑑𝑥Ψ∗ 𝑥 '𝑑𝑘 𝑘 5Ψ 𝑘 𝑒"$! = '𝑑𝑘 5Ψ∗ 𝑘 𝑘 5Ψ 𝑘 = '𝑑𝑘 𝑘 𝑃 𝑘 = 𝑘

Ψ 𝑥 =
1
2𝜋

'𝑑𝑘5Ψ 𝑘 𝑒"$!how about: 𝑃 𝑥 = Ψ∗ 𝑥 Ψ 𝑥 ?  à , 5Ψ∗ 𝑘 = &
#' ∫𝑑𝑥

5Ψ∗ 𝑥 𝑒"$!

Yes!

conjugate variables have inverse dimensions…
so 𝑝 has not the right dimension to be
conjugate to 𝑥: 𝑘" ≡ ⁄2𝜋 𝜆 𝑝"
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Fermat‘s principle à ray optics

varying	refractive index
𝑛# 𝑥, 𝑦, 𝑧 − 𝑝$# − 𝑝%# − 𝑝&# = 0

experiment: diffraction at a slit

𝑥

phase space
𝑝!

𝑊 𝑥, 𝑝#

Now we have everything
to turn this into a differential equation: 𝑝# →

*
+,

$&(
(#

, 𝑝- →
*
+,

$&(
(-

, 𝑝. →
*
+,

$&(
(.

2𝜋
𝜆

+
𝑛+ 𝑥, 𝑦, 𝑧 Ψ +

𝜕
𝜕𝑥

+

Ψ +
𝜕
𝜕𝑦

+

Ψ +
𝜕
𝜕𝑧

+

Ψ = 0

∇JΨ + JKL
M

J
Ψ = 0 Helmholtz equationè



09 May 2024 East African Summer School in Optcs and Lasers - Leuchs 11

𝜓/ 𝑥 = 𝑥 𝑒$0#(

𝑊 𝑥, 𝑘 = '
)*

*

𝑑𝑦 𝜓∗ 𝑥 +
𝑦
2 𝜓 𝑥 −

𝑦
2 𝑒"$+

𝑊& 𝑥, 𝑘 = '
)*

*

𝑑𝑦 𝜓&∗ 𝑥 +
𝑦
2

𝜓& 𝑥 −
𝑦
2
𝑒"$+

= '
)*

*

𝑑𝑦 𝑥 +
𝑦
2 𝑥 −

𝑦
2 𝑒), !-+#

"
- !)+#

"

𝑒"$+

= 𝑒)#,!" '
)*

*

𝑑𝑦 𝑥# −
𝑦#

4
𝑒)

,
# +")"#$, +

...

hint:

'
)*

*

𝑑𝑦 𝑒), +-". " =
𝜋
𝑎

=
𝜋
2𝑎/

𝑒)#,!
")$

"

#, 2𝑎𝑥# +
𝑘#

2𝑎
−
1
2

Wigner function and diffraction
- examples -

𝒂 𝒍𝒂𝒔𝒆𝒓𝒎𝒐𝒅𝒆
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Transverse mode pattern in lasers

à invariant under propagation
à invariant under Fourier transformation
à rotationally symmetric Wigner function

Hermite Gaussian
functions

zero of pr(P) requires
negative values of W(X,P)

09 May 2024
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𝑊 𝑥, 𝑘 = B
$%

%

𝑑𝑦 𝜓∗ 𝑥 +
𝑦
2

𝜓 𝑥 −
𝑦
2
𝑒&'-Phase space description of

diffraction:

à two slit interference

see: “Wigner distribution
function and its application
to first order optics“ , 
M J Bastiaans, J.Opt.Soc.Am. 
69, 1710 (1979)
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summary of first part: wavization

“classical“ phase space description

experiments give hints for

• lower bound for occupied volume in phase space

• FT relationship between phase space variables

• typical interference pattern

à “wave“ phase space description

• non-commuting conjugate variables

è works also for 1st quantization, we will use it for 2nd quantization
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other example of “wavization“

Newtonian mechanics à quantum mechanics

à𝑝 = ℏ𝑘 = 𝑚 '(
')

àdispersion relation

àSchrödinger equation

… and others

Lecture at the Enrico Fermi Summer School at Varenna, Course 197 
'Foundations of Quantum Theory', 2016, Organizers: Ernst M Rasel, 
Wolfgang P Schleich and Sabine Wölk (published in the proceedings)

G Leuchs
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phase space description

• Wigner function quantum physics
Moyal:  evolution of Wigner function

• Ville function
• ambiguity function RADAR
• Woodward‘s ambiguity fct. Electrical engineering

space / angle versus 
momentum

time versus 
frequency

J. Ville, “Théorie et Applications de la Notion de Signal Analytique.“ Câbles et Transmissions 2, 61 (1948)

P.M. Woodward, “Probability and Information Theory with Applications to Radar“, Norwood, MA: Artech House, (1980)

J. E. Moyal, “Quantum mechanics as a statistical theory“, Math. Proc. Cambr. Phil. Soc. 45, 99 (1949)

Other names in other fields ...
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à q2 has dimension
energy

Maxwell‘s equations
travelling mode

separation of variables

09 May 2024

P
𝑎 ∇+𝑢 𝑟 + 𝑘+𝑢 𝑟 = 0

𝑏
1
𝑐+

𝜕+

𝜕𝑡+
𝑞 𝑡 + 𝑘+𝑞 𝑡 = 0 ß Helmholtz

equation
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à q2 has dimension energy

Equations describing
spatio-temporal evolution

à Harmonic oscillator

excitation of mode

(b) à

abstract phase space
where excitation lives

09 May 2024

P
𝑎 ∇+𝑢 𝑟 + 𝑘+𝑢 𝑟 = 0

𝑏
1
𝑐+

𝜕+

𝜕𝑡+
𝑞 𝑡 + 𝑘+𝑞 𝑡 = 0
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experiment𝑞 0 - value
projection of 𝑝𝑜𝑖𝑛𝑡
onto 𝑞 0 - axis

light 
source

intensity (amplitude) measurement

light 
source

lo
ca

l
os

ci
lla

to
r

-
amplitude & phase measurement

1st experiment

2nd experiment

09 May 2024
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light 
source

lo
ca

l
os

ci
lla

to
r

-

amplitude & phase measurement

09 May 2024
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-

amplitude & phase measurement

q1

q2

q2'

q1'

I2

I1 I2 – I1

𝑞/1 = ⁄𝑞/ − 𝑞+ 2
𝑞+1 = ⁄𝑞/ + 𝑞+ 2

I1 = ⁄𝑞/1 + = 𝑞/ + + 𝑞+ + − 𝑞/𝑞+∗ − 𝑞+𝑞/∗ 2

I2 = ⁄𝑞+1 + = 𝑞/ + + 𝑞+ + + 𝑞/𝑞+∗ + 𝑞+𝑞/∗ 2

I2−I1 = 2 ℜ𝔢 𝑞/𝑞+∗

If q1= 0  à 𝐼+ −𝐼/ = 0

But experiment shows noise:

time

I2−I1
𝑞& = 0
𝑞# ≠ 0

𝑞& = 0
𝑞# = 0

electronic 
noise

noise of
the light

homo-
dyning

àobviously:
𝑞/ = 0 and 𝑞/+ ≠ 0

09 May 2024
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dark

quantum state reconstruction of the vacuum state (zero-photon Fock state)
A I Lvovsky et al., Phys. Rev. Lett. 87, 050402 (2001)

Homodyning à projection of
phase space distribution

onto “𝜑“ �̇�

q

phase
space

local
oscillator

𝜑
Measure for different 𝜑
and reconstruction, e.g. 
Radon transformation

projection

𝑞/ = 0
and    
𝑞/+ ≠ 0

09 May 2024
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light 
source

local
oscillator
𝜑+𝜋/2

-

simultaneous amplitude & phase measurement
3rd experiment

-
local

oscillator
𝜑

BUT:
noise at this input port

09 May 2024
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experiment

laser source

l.o
.

-
Δ𝑞0

laser source

Δ𝑞1 • distributions  𝑃 𝑞 , 𝑃 �̇�

• minimum area in phase space

• for laser:    symmetric

Ø 𝑃 𝑞 dependent on 𝑃 �̇�

Δ𝑞0

𝑊 𝑞, �̇�

projection of𝑊 𝑞, �̇�
onto 𝑞 0 - axis

𝑞 0 - value
projection of 𝑝𝑜𝑖𝑛𝑡
onto 𝑞 0 - axis

09 May 2024
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p is conjugate to variable q

à 𝑝 ~ �̇�

𝑝 ≡ −𝑖
𝜕
𝜕𝑞

variable
conjugate variable

inertia
Fourier action

complement time derivative

x ⁄𝑘 = 𝑖 𝜕 𝜕𝑥 p �̇� = ⁄𝑝 𝑚 m

t 𝜔 = 𝑖 ⁄𝜕 𝜕𝑡 E - -

𝜑 ⁄𝑖 𝜕 𝜕𝜑 L �̇� = ⁄𝐿 Θ Θ = mr"

property of waves
or oscillations particle property

𝑀† ⁄𝑖 𝜕 𝜕𝑀 �̇�

† arbitrary variable

09 May 2024
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still missing :

width of Ψ 𝑞
and

𝑝 ≡ −𝑖
𝜕
𝜕𝑞

↔ �̇�

09 May 2024
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light source

Δ𝑞1

nτ = nτ + Δnτ
b = 12τ sampling bandwidth

𝑃 = ℏ𝜔𝑛22𝑏
shot noise Δ𝑃 # = ℏ𝜔2𝑏 𝑃

Ȧ
B
≈ 1.5 c 10$/C 𝐽 𝑝
≈ 0.5 c 10$DE 𝐽𝑠 𝜔 𝑝

area in phase space

ℏ

→
�̇�
𝜔
≈
ℏ𝜔
2
𝑝

quantitative result:

He Ne laser of 1mW

root mean square
power fluctuations in 
radio frequency band 
of 1 MHz:

𝟐. 𝟓 c 𝟏𝟎$𝟖 Watt

(same for phase ..... )

X∆𝑃 #

4𝑏# = 4 𝑞1 # ∆𝑞1 #

à q2 has dimension energy

Δ𝑃 + =∆𝑞 " = ∆
�̇�
𝜔

"

≈ 1.5 M 10#$%𝐽

with Fourier conjugate variable ∆𝑝 " = P$ ∆' !

09 May 2024
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â† = 1
!ω

q − !ω
2

∂
∂q

= 1
!ω

q − i !ω
2

p

â = 1
!ω

q + !ω
2

∂
∂q

= 1
!ω

q + i !ω
2

p

Ψ0 q( ) = N0e
− q

2

!ω

Ψ1 q( ) = N1qe
− q

2

!ω

...

Wn = n + 1
2

⎛
⎝⎜

⎞
⎠⎟ !ωSn

eigen functions

eigen values
Field operators

m𝑎| ⟩𝑛 = 𝑛 | ⟩𝑛 − 1

m𝑎Q| ⟩𝑛 = 𝑛 + 1 | ⟩𝑛 + 1

| ⟩𝑛

interestingly enough:

eigen functions the same as for

laser modes !!!

ℏ𝜔
2

m𝑎Q m𝑎 + m𝑎 m𝑎Q Ψ 𝑞 = 𝑆Ψ 𝑞

09 May 2024
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Field operators
m𝑎| ⟩𝑛 = 𝑛 | ⟩𝑛 − 1
m𝑎Q| ⟩𝑛 = 𝑛 + 1 | ⟩𝑛 + 1

m𝑎Q m𝑎| ⟩𝑛 = 𝑛 | ⟩𝑛
m𝑎 m𝑎Q| ⟩𝑛 = (𝑛 + 1) | ⟩𝑛

m𝑎, m𝑎Q = m𝑎 m𝑎Q- m𝑎Q m𝑎 = s1

| ⟩𝑛 , 𝑛 = 0, 1, 2, …
ortho-normal
basis of Hilbert space

eigen functions of Z𝑎 ? 

Z𝑎 [
345

*

𝑐3| ⟩𝑛 = 𝛼[
345

*

𝑐3| ⟩𝑛 ≡ 𝛼| ⟩𝛼
?

| ⟩𝛼 =𝑒) ⁄7 " # [
345

*
𝛼3

𝑛!
| ⟩𝑛

eigen functions of Z𝑎8? 

Z𝑎8 [
345

*

𝑐3| ⟩𝑛 = 𝛽[
345

*

𝑐3| ⟩𝑛 ≡ 𝛽| ⟩𝛽
?

09 May 2024



East African Summer School in Optcs and Lasers - Leuchs 32

types of continuous quantum variables
• field quadratures
• Stokes variables (polarization)

discrete 
dichotomic variables

Y= a |0ñ + b |1ñ =  

= i
i

iå
=

2

1
a

alternatively : 

continuous variables

x , p

à Wigner-function

)
2
1()

2
1()exp(

2
1),( * xxxx
p

+Y-Y-= ò
¥

¥-

xxipdpxW
!!

xp
phase space

W(x,p)

Continuous versus disrete variables

field quadrature detection (amplitude, phase, …)'click'-detection

i
i

iå
¥

=

=Y
1
a

many photons

à ¥ dim Hilbert space

09 May 2024
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vacuum state (n=0)

Fock state, n=1

coherent state | ⟩𝛽

thermal state

squeezed state

cat state

wave function in q wave function
Fock/coherent basis

Wigner function
𝛼 =

𝑞
ℏ𝜔

+ 𝑖𝑝 ℏ𝜔

| ⟩𝛽 = 𝑒# ⁄) ! "V
*+,

-
𝛽*

𝑛!
| ⟩𝑛...

| ⟩0

| ⟩1 1
𝜋 4 𝛼 # − 1 𝑒)# 7 "

2
𝜋 𝑒

)# 7)9 "

N.A. N.A.
𝑤
𝜋 𝑒

) 7 ": ,

1
𝜋
𝑒);<"/ ℏ? )@"ℏ?/;

𝑁 Z ⟩𝛼 ± | ⟩−𝛼

Ψ1 q( ) = N1qe
− q

2

!ω

Ψ0 q( ) = N0e
− q

2

!ω 2
𝜋 𝑒

)# 7 "

𝑁:$𝑒
) <)<$ "

#:$"ℏ?
-"@$<

w =
1

𝑛 + 12

...

no
te:

ph
as

e
sp

ac
e

di
st

rib
ut

io
n

fu
nc

tio
n

is
un

iq
ue

in
 

cl
aa

ic
al

ph
ys

ic
s,

 b
ut

 in
 q

ua
nt

um
ph

ys
ic

si
ti

sn
ot
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classical wavequantum 
wave

Superp
osition

 of 

states

quantum measurement classiscal measurement

2
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“collapse of the 
wave function”

or
“projection”

2

09 May 2024 East African Summer School in Optcs and Lasers - Leuchs 37



measurement process in quantum physics
Ø collapse of the wave function ... or
Ø projection on to one of the superposed states

... it takes time to get used to it...  visualization??

2
a superposition 
state contains  
information about 
two or more states 
so different that 
they seem to be  
mutually exclusive 
for us

09 May 2024 East African Summer School in Optcs and Lasers - Leuchs 38



state 1 state 2

another more abstract example: 2

09 May 2024 East African Summer School in Optcs and Lasers - Leuchs 39



quantum - entanglement ... and measurement 2
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1. measurement

... à projection ,  e. g.

2. measurement ...  is then strictly 
correlated with the first one

2quantum - entanglement ... and measurement 

09 May 2024 East African Summer School in Optcs and Lasers - Leuchs 41
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a single photon is
either reflected or
transmitted but not 
both at the same time
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theory

experimen
t
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B Hessmo, P Usachev, H Heydari, G Björk, Phys Rev Lett 92, 180401 (2004)

measurement of energy
versus

measurement of field amplitudes (quadratures)
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• applications

o interferometry
Ø sensing
Ø quantum computing

o sensing
o communication



East African Summer School in Optcs and Lasers - Leuchs 47

phase shift
φ≈0I

II

mirror

1

2

4

3

p

x

x

x

x

p

p

p

D

C

B

A

C

DA

B

A

BC

D

p

x

C

D

p

x

A

B

=

=

x

p

BCC
A
D
D

A

B

x

p

φ

AAD
B
B
C

D

C

laser

vacuum

interferometer
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• field quantization
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Ø optics
Ø mechanics

o application to fields
• importance of measurement in quantum physics
• quantum uncertainty and correlations
• applications

o interferometry
Ø sensing
Ø quantum computing

o sensing
o communication
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Alex Arkhipov

Galton 
board

Hong-Ou-Mandel 
interference

: photon

…

…

…

…

…

…

1
2
3

4

n

n-1

1
2
3

4

n
n-1

sources detectors

single
photon

states at 
the input

photon
number
resolving
detectors
at the
output:

𝑃 𝑛

Scott Aaronson
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Christine 
Silberhorn

Igor Jex

n=1 non-Gaussian

beam splitters

phase shifters

photon number resolving
detector

non linearity,
non Gaussian operation

Gaussian light source: 
squeezed light

x

p
in 3D

deterministic
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• field quantization
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Ø optics
Ø mechanics

o application to fields
• importance of measurement in quantum physics
• quantum uncertainty and correlations
• applications

o interferometry
Ø sensing
Ø quantum computing

o sensing
o communication
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quantum communication

• secure communication of classical information
(quantum key distribution QKD)
o security through loss of information by

measurement
o fibre technology
o free space / satellite technology

• exchange of quantum information e. g. 
between quantum computers
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thank you

09 May 2024



East African Summer School in Optcs and Lasers - Leuchs 54

Z𝑎&A

Z𝑎#AZ𝑎&

Z𝑎#

state at input

𝑓 Z𝑎&, Z𝑎# | ⟩0,0

state at output

𝑓 Z𝑎&A , Z𝑎#A | ⟩0,0

Z𝑎& =
1
2
Z𝑎&A + Z𝑎#A

Z𝑎# =
1
2
−Z𝑎&A + Z𝑎#A

Z𝑎&
8| ⟩0,0 = | ⟩1,0 à

&
#
Z𝑎&
A8 + Z𝑎#

A8 | ⟩0,0 = &
#
| ⟩1,0 + | ⟩0,1

Z𝑎&
8 Z𝑎#

8| ⟩0,0 = | ⟩1,1 à
&
#
Z𝑎&
A8 + Z𝑎#

A8 −Z𝑎&
A8 + Z𝑎#

A8 | ⟩0,0 = &
#
−| ⟩2,0 + | ⟩0,2

product states à entangled states

&
#
Z𝑎&
8#| ⟩0,0 = | ⟩2,0 à

&
# #

Z𝑎&
A8 + Z𝑎#

A8 #
| ⟩0,0 = &

#
| ⟩2,0 + 2| ⟩1,1 + | ⟩0,2

examples:
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parametric down conversion:

amplification:

phase sensitive amplification:

Hamiltonian u𝐻^_` = 𝑖𝛾 m𝑎/
Q m𝑎+

Q − m𝑎/ m𝑎+

u𝐻^_` = 𝑖𝛾 s𝑏 m𝑎/
Q m𝑎+

Q − s𝑏Q m𝑎/ m𝑎+

or

a𝑎$ = a𝑎"
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Z𝑎&A

Z𝑎#AZ𝑎&

Z𝑎#

state at input

𝑓 Z𝑎&, Z𝑎# | ⟩0,0

state at output

𝑓 Z𝑎&A , Z𝑎#A | ⟩0,0

Z𝑎& =
1
2
Z𝑎&A + Z𝑎#A

Z𝑎# =
1
2
−Z𝑎&A + Z𝑎#A

examples:

| ⟩𝛼, 0 =𝑒) ⁄7 " # [
345

*
𝛼3

𝑛! Z𝑎&
83| ⟩0,0

= 𝑒$
B (

( 𝑒c a0C
D
| ⟩0,0

à 𝑒$
c (

+ 𝑒
c
a0C
EDd a0(

ED

+ | ⟩0,0 = 𝑒$
c
+

(
d c

+

(

+ 𝑒
c
+
a0C
EDd c

+
a0(
D

| ⟩0,0

= y z
𝛼
2
,
𝛼
2product states à product states
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p

q

𝑛 = 𝛼 Z𝑎8 Z𝑎 𝛼 = 𝛼 #

Δ𝑛# = 𝑛# − 𝑛 # = 𝛼 Z𝑎8 Z𝑎 Z𝑎8 Z𝑎 𝛼 − 𝛼 Z𝑎8 Z𝑎 𝛼 2
&
#

= 𝛼 F + 𝛼 # − 𝛼 F = 𝑛

Continuous variables q, p
their distribution described by phase space distribution
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Z𝑎&A

Z𝑎#AZ𝑎&

Z𝑎#

p

q

𝑛 =
1
2
𝛼 "

Δ𝑛" =
1
2
𝛼

𝑛 =
1
2
𝛼 "

Δ𝑛" =
1
2
𝛼

𝑛 = 𝛼 "

Δ𝑛" = 𝛼
Δ𝑛" =

1
2
𝛼

Δ𝑛" =
1
2
𝛼

noise higher than expected!

50%
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Z𝑎&A

Z𝑎#AZ𝑎&

Z𝑎#

| ⟩𝛼, 0

p

q

p

q

p

q

p

q

50%

do not forget
uncertain field

at dark input

convolution of
the two inputs
(but careful – in general their
can be correlations)
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light 
source

local
oscillator
𝜑+𝜋/2

-

amplitude & phase measurement

-
local

oscillator
𝜑

BUT:
noise at this input port

p

q

homodyne:
measures Wigner function projection

but:
à “8-port homodyning“ measures
Q-function of light source, which is the
convolution of ist Wigner function with
the vacuum
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Z𝑎&
8| ⟩0,0 = | ⟩1,0 à

&
#
Z𝑎&
A8 + Z𝑎#

A8 | ⟩0,0 = &
#
| ⟩1,0 + | ⟩0,1

the case

becomes much more involved in the continuous variable picture

A Windhager et al.,   arXiv:1009.1844v2

09 May 2024



East African Summer School in Optcs and Lasers - Leuchs 63

the case

Gaussian states à (Gaussian states)‘

is, however, much simpler in the continuous variable picture

09 May 2024



East African Summer School in Optcs and Lasers - Leuchs 64

thank you
merci

спасибо
نونمم یلیخ

çox sağ ol
⾮常感谢你

مكل ركشلا
ध"यवाद आप

gracias
molto grazie

ehara koe i a ia!
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abstract phase space where excitation “lives“

𝑞 𝑡 ,		�̇� 𝑡

𝑞 = 𝑞 0 ,				�̇� = �̇� 0

𝑃 𝑞 , 𝑃 �̇�

𝜓 𝑞 , 𝜓 �̇�

𝑥 0 ,		𝑘! 0

𝑥 ,												G!
GH
= $%

$&
≈ $%

$

𝐼 𝑥 , 𝐼 𝑘!
𝑢 𝑥 , 𝑢 𝑘!

(fractional) Fourier transform
(fractional) Fourier transform

!

x(0) x(z)

z

𝑘 𝑘!

𝑘/

“lab“ phase space of classical optics

near field distribution

far
field

𝑥 𝑧 = 0

𝑘! 𝑧 = 0

t ⟺ z
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First experimental evidence

09 May 2024



East African Summer School in Optcs and Lasers - Leuchs 6909 May 2024



East African Summer School in Optcs and Lasers - Leuchs 7009 May 2024



East African Summer School in Optcs and Lasers - Leuchs 71

dark

quantum state reconstruction of the vacuum state (zero-photon Fock state)
A I Lvovsky et al., Phys. Rev. Lett. 87, 050402 (2001)

Homodyning à projection of
phase space distribution

onto “𝜑“ �̇�

q

phase
space

local
oscillator

𝜑
Measure for different 𝜑
and reconstruction, e.g. 
Radon transformation

projection

back to phase space distri
bution
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