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R- rio -mfd4 s Calabi- Yau 4- folds

Donaldson invs Doldsonna _ Tmasho rnvs
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vectspaceon 3d :

Closed 3mfdDi CY 3 -fold D

CS
: A (DR) → IR csc : A (D) → ¢

( Chen - Simons ) ( holomorphic Chern - imons )

Instanton Floer homology holo coasin of instanton Floer homology
"

"
”

(AHp = H g ,
cs) Hp= H (Alga , φcsc ① ]

∞ - dim ∞ _ dim
“ "

”Morsehomology
"

Vanishing cylehomology



More precisely : MD: moduliofistable)s heavesndles/onDCY3 )

To make sense the homology HMD , the key str is :

Tm : ( Panter - Toen - Vaquie- Vezzosi + Brav - Bussi -Joyce )

Mp has (- 1) - shifted symplectic structare

&

Cocally i' sofform ait (4 : U→ 4 )
品



Brav-Bussi -Dupont-Joyce- Szendro
"

i

HMD= H (MD
, ≈φfi ① ) Kiem _ Li

( ori data : Kontsevich-Soibelman )

Toayd :sayMD =it( 4 : W→ 4 )

global critical locos

Then : HMp = H ( ω, φf ①) vanshing cyde homologyFo

ftavorsym "

critical homo
"

logy



Examples of -MD = it ( W出, ¢ ) :,

1)
.

( GLSM )

w = θp4( -5) =
45

、903)(
上 , ¢
ω .
t = ( 1 , …, 1

,
-5 )

φ (X,… X5, p ) = P , X ,

5
+… +5 )

crit (φ) = Quintic 3 - fold Q
,

H ( W
,
φf ) ≡ HBM(Q )

{ x ; 5=0 }<¢1p4 dimreduction

(Davison]



2)
,

(quier withpotential )
.

W=Hom( V,V )*x v →
GL(V)

a

A Ox=¢n a ( ,b ,c ,v )→ tracb, c ]

0⼝> 与 ⼭
⑤ b

t 1( ,
tz
,
t3) . (a, b , c)

F0 ≤ F =¢
*

)
3

c
= (t . a , z . b,t 3c )

H

{ t1 .tzt3 = 1}

citf
=
Hilb"

(
43
)
,citf) F

=
3 DYoungdiagrams

w/ n -boxes

H卡W,φ f)cohoDTtheory
( relevanttogeoreptheory )



Relative 4dtheoy :

( Y
,

D ) sm log CY4 pair ( Diyanti-canonical divisor )

AWNT to restrict sheaves F onY to D

τXF Li*F

classicalrestrct"on derivedrestriction

(geobetter ) Chomological alge better)

onsiderthoseF suchthat i
*
F = Li
*F 世

( relative condition )



say F = te eaid l sheaf ofCEX

(
加

then 世resuinseintsrsatD isahpaeoay

.为

⇒Nloduliofsuch F has no compactness ,

solution : onsider such Fon expanded pairs :

¢* <¢
*

< →

TTWC
-

Fix topo data ire edasses etc )

业
⼀

Y 0 0 only need finitely many babbles
l

IP (NDYOθ )



Li -Wu : 雪 a moduli of sheaves on expanded pairs

w1 relative conditions on D
'
s

.

And a restriction map

r

MY
,
D → MD

Y D
时 →[ CIIb
IC

. MY, Dis pserroify is so
.



Given My, D
上
, MD = Crit (ω←¢ )

Q : HMp = +(w, φfQ) -⑤HBMMY(D )relatedtoJoycewnj )
≥

K- theoryversion:K . (W , 中 ) ⑤KoY, D )
⼀

1

K0 (MF( ,φ))w

E0 ≡E 1

atrixM factorization Category d== f

By poshforward to pt , obtain HMD →①

吶
→



. ppoximationbyalge cyles :

z (4 ) : zero locus of f : W → 4 w/ i : Z ($)GW

Milnor/ triangle ψf →φf → i
*

⽌

Canonicalmap : HBM(E($))→ H (W
, φf ]

( Borel-Moore homology) composition :} A (z(4)) → H (W, φf )
cyclemap : A( E1φ )) → HBME() ) "

algecyles onH (w, φf ) .
“

( hcwgpofalgecyles)



K- theorg Version :
Orlo

Db(=(d"
perf(z(f))

≈ MF(W , f], Ballard-Faven_Katzarkou

↓ Ko (- )
,

K0 (Z(φ )) → ko W( f)

⼀hm
。/ ( C, - zhao - zhou 24)

—

”

r
!
: A* z(4)( ) → A* (MY, D )

雪

r
!
; K0 (Z(4)) → Ko MY( D )

satisfyigin nataral functorial property



Some key features ;

1 .Needframeworkofshiftedsympleti geometry

My
,
D
→ MD = cit ( N←¢ )
Lag

→( - 1 ) _ symp

—
,

↓ lagib
(-2) -symp W

2
,
(-2) - shifted symp=⇒specialobstructiontheory

( obs bdl ash quadraticform )

so(n,4) - characteristic class Edidin - Graham )

Localized to isotropic section ( Oh - Thomas )

familyversion ( H . Park )
,



ormulaGlSun奖 :

Danmobgoaseinofoye L
[

1* ,
yY

。

Thu (CEz ) : here1 sa gling formala relating inus of
⼀

genericfibers Xt (tt 0) and ( Y±, D) .



. tppcation☆ :

Eg 1 : 44 & Hilb
"

(¢
4
)
←
F { ( t1…,t4) ← 4*)4 ) trtzts - t

4
= 1 }

orus fixed pts Hilb
"

(44)
T
=

solidPartitions ofsizen
4( DYoungdiagrams)

I

No Khown closed formala oftheircounts

MacMahon gave a wrong guess at 1915

(Hilb
"

(¢4)] ÷ε AnT( Hilb ( ¢4" )

L : T- equilinebdl ,

LEn] : tautologicalbdl onHilb
¢

( 4)

L
[n]
|
z
= H

0
(44, L1z ) ≡ 4

n



Tm : (CEZ )
.

Wehave

4

[3(44) ,CT(L )

1 Ʃ q" . fex (巡) = M (-q) !⼗
n= 1

,

Hilb"(¢)( Jyi

⼚where M (q) = ⽩1
1-EisMacMahonfunction .

pf: By osing gluing formula & similar poleanalysis

of Maulil-Nekraso- Okounkov - Pandharipande on 3 -folds



RK : 1
.

Nekrasou (2017) conf ak- theoretic version ofaboveformula

Kool - Rennemo ( in pogress ) proveitby factorization seq ofokounkou

2
.

We also computezerodimerlative1 usfor
all logCY localurves

ie
.
加(c (L 1 +lz④

l3 )
,
¢
3
× {P1, ∵ Pr}

L , OL2DL3 ≈ ωc (P1 + … +Pr )

genus of C arbitrary



Eg2 : Y =θp1 (l . ) ←θp 1
(la ⑤θp1 (l3 ) π 1p

1

n n
_

li = n -2
D =∠π

"
( Pi ) ≡ 上 ¢

3 logcy : ⾔
i= 1 i= 1

r : My ,D → MDhascomponents

d d

QM 0, n (Hilb (ε
3
,

d

,

d)p,
" Hilb (D ) = Hilb (43]

d
x … xHicb(

3

)

⼀

n-op

P1
时

Z
8 d

坎 ⼀

(n=2 )
、 v → Hilb (¢

3

) ( fcp1 ), fcp=) )⼀ c

↓ paradetrized
Carv

—→ 1p



Above relative 4d theory efindes Gromou - Witten type inus of

Hilb (¢
3

)
d

⼀
⼀

singalarspaceifd ≥4

-

m/上 (C-zhao 23 ) ; We can replace Hilbd
(
4'
)

byanyqiverwithpotential

( rcrit locus in GIT )

& define their GW type inus .



三xsl

RK : 1 . Thisto parttiuefaitio
Mathermaticoveslafpracd

,fs

, 3d N2 susfgaryethoy
丑

. augedg inearsigma model CGLSM )

after( Witten
,
FJR , CFGKS , KL , TX , FK ,

… )

2
.
Can be osed to extract informationofquantum gpactions onHM

(along wl ideas & works of OKounkou school on Nakajima qliveroars )

todivectionRelatedqus— :

Stable envelopes as Maulik- Kounkov , Aganagic_ Okounkoo

for quivers with poteatials

& Connections to above invs


