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Motivation

The landscape of string vacua is extremely complicated
The situation for a 2d target space is much more controlled
There are two well-explored classes:

- (p, g) minimal string <= Double-scaled (two) matrix-integral
[Brezin Kazakov 90; Gross Migdal 90; Douglas Shenker 90; ...]

- ¢ = | string <= Matrix quantum mechanics
[Moore Plesser Rangoolam '91; Moore 92, ...]

Can we classify the whole landscape of 2d string theories?
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The landscape of string vacua is extremely complicated
The situation for a 2d target space is much more controlled

There are two well-explored classes:

- (p, g) minimal string <= Double-scaled (two) matrix-integral

[Brezin Kazakov 90; Gross Migdal 90; Douglas Shenker 90; ...]

- ¢ = 1 string <= Matrix quantum mechanics Focus on these today
[Moore Plesser Rangoolam '91; Moore 92, ...]

Can we classify the whole landscape of 2d string theories?



A two-dimensional string landscape

Persistent paradigm:

Worldsheet: matter CFT € Liouville CFT € b ¢ ghosts

central charge: Crm ¢g =26—c, Coh= —20

Double-scaled two-matrix integral

J [dM,|[dM,]e N Tr(Vi(M) + Vo(by) = MiM,)
R2N2




A two-dimensional string landscape
A Cm




A landscape of string/matrix model holographic
dualities

(2,p) minimal string

(2,p) minimal model @ Liouville CFT € ghosts

KKK I

. 1 25
Double-scaled one-matrix integral

po(L) = sinh (%arccosh(l + E))

[Brezin Kazakov 90; Gross Migdal 90; Douglas Shenker 90; ...]



A landscape of string/matrix model holographic
dualities

(2,p) minimal string

(2,p) minimal model @ Liouville CFT € ghosts
1 p o oo

KKK I

Double-scaled one-matrix integral JT gravity ! 25

po(E) = sinh (%arccosh(l + E)) po(E) = sinh(\/i)

[Saad Shenker Stanford 19;
Seiberg Stanford]

[Brezin Kazakov 90; Gross Migdal 90; Douglas Shenker 90; ...]



A landscape of string/matrix model holographic
dualities

(p, g) minimal string

(p, g) minimal model @ Liouville CFT @ ghosts

Double-scaled two-matrix integral

x(z) = 1,(2), ¥z)=1,2)

[Kazakov 86; Boulatov Kazakov 87; ...; Eynard 02; Seiberg Shih 04; ...]



A landscape of string/matrix model holographic

dualities
“Virasoro minimal string (VMS)” 1

Liouville CFT € timelike Liouville CFT @ ghosts
c>25 26 —c <1

!

Double-scaled one-matrix integral 1 25
" sinh(2zb+/ E)sinh(2zb~'\/E)
py (E) = VE

String amplitudes Vg%: polynomials

deformations of Weil-Petersson volumes

[Collier LE MUhlmann Rodriguez ’23]



A landscape of string/matrix model holographic

dualities

“|Liouville|” string theory”

Liouville CFT & Liouville CFT €@ ghosts
= 13+ iR c_ =13—-1iIR

Double-scaled two-matrix integral

x(z) = = 2cos(mb™\/2), y(z) = 2 cos(mby/z)

String amplitudes A(b) computed by
topological recursmn

[Collier LE MUhlmann Rodriguez WIP]




Today | will explain these new dualities.

They are irrational cousins of the (p, g) minimal string.

The string theory has less subtleties than the (p, g)
minimal string since string amplitudes are analytic functions



Virasoro Minimal String



The worldsheet CFT

* The worldsheet theory is defined by the following non-perturbative CFT:

c> 25 c <1

Liouville CFT ¢  Liouville CFT
\——

“Timelike” Liouville CFT

Pd b, c ghosts

with ¢ = 26 — ¢, this defines a critical worldsheet theory, which we may
take to be a more precise definition of the theory



Liouville CFT

* Non-compact, unitary solution to the CFT crossing equations
[Dorn Otto; Zamolodchikov? '95; Teschner °'01; David, Kupiainen, Rhodes, Vargas ’14, ...]

c=1+6(b+b""H>25 be(0,1]

- Spectrum: continuum {V}}

- c—1 ,_c—1
hp = hp = oA + P72 2
- OPE data:
(Vp,V,Vp )"y = Cy(Py, Py, P3), “DOZZ formula”

* With this set of CFT data, can compute any local observable

n (D)
(ITve@) v
j=1 g

e.g. via the conformal block decomposition



Timelike Liouville CFT

* Non-compact, non-unitary solution to CFT crossing equations
[Zamolodchikov; Kostov Petkova '95; Harlow Maltz Witten '11; Ribault Santachiara '15]
Imaginary Liouville theory: [Guillarmou, Kupiainen, Rhodes 23]

« Not simply the analytic continuation of Liouville CFTto ¢ < 1!

. e=1-6b"1=-b?% <1, be(0,1]

_ Spectrum: continuum { Ap}; lﬁtls = izp = + pP? >

~ OPE data: (V; V5 V; ><lb> = Cy(P,, P,, P, = ——
PRV Bilgmg = G P2 Py C;(iP,, iP,, iP5)

» Correlation functions of local operators

n (ib)
(T17%)
J=1 g



String theory observables

 Weyl anomaly:

e Mass-shell condition

* On-shell vertex operators
l

%P: CEVPVP

* Observables are computed as usual by integrating CFT correlators over moduli space

(ib)
- > X (b,cghosts)

g




String theory observables

n (D) n (ib)
HVP> <HV1P> b cghosts)
j=1

 Absolutely convergent integral over the moduli space of Riemann
surfaces!

* “Quantum volumes”



A

Conformal blocks on 2.

* We can “derive” the matrix model description by thinking about Virasoro
conformal blocks on 2

* The inner product on the conformal block Hilbert space is tantalizingly similar
to the worldsheet moduli integrals that appear in the Virasoro minimal string
[H. Verlinde ’89; Collier LE Zhang 23]

Conformal blocks

v v L s
I N Ko~ 7 / oz o\ (D)
<Jf(zb)(P) J(ZI?>(P)> = J J(Eb)(P | m) Jf(zb)(P | m) < I I Vipj> X (b, c ghosts)
> T(Z) =1

Teichmuller space 53g—3+n(P —P)

ps(P) <«—OPE density” of Liouville CFT on X
ps® = [pP®@) || C,@.P,. P

(1,7,k)



Counting conformal blocks

* The quantum volumes formally count the number of linear combinations of
conformal blocks that are invariant under the mapping class group

|
#conf. blocks = |MCTE) Tr JdP ps(P) ‘ gTr(Zb)(P)> <9}<Eb>(P)‘

1 [ (b) ~\ (ib)
- IIV IIVi- X (b, ¢ ghosts)
|MCG(Z) T () < j P]> < | PJ>




An index theorem for the quantum volumes

 The number of conformal blocks may also be computed by an index
theorem: it computes the dimension of the Hilbert space defined by
quantization of the phase space Z () [Maloney ’15; LE '22]

Vfg[?l(Pla Y Pn) B [ td(%(E)) 6264 aa ZiPizwi

M ()
= . 13 L S B
¢ — 2m
= exp K|+ Y Phy — Ky,
[%@) 24 Z; 7 Z‘l (2m)(2m)!

Hence the quantum volumes may be computed via intersection theory on (%)

« Such intersection numbers may be computed using topological recursion = loop
equations of the matrix model [Eynard, Orantin '07; Eynard ’10]



Further properties of the quantum volumes

 Fom the intersection theory representation we learn that the quantum
volumes are simply polynomials

Vg?,)l(Pl, ...,P) e [c, P? ...,Pz] of degree 3g — 3 + n

n

* Duality symmetry that roughly swaps the roles of the spacelike and timelike
Liouville CFTs on the worldsheet

- b—ib, P, — iP;
VOGP, ..., iP) = (=1)# VP, ..., P,)

- Intuitive, but cannot even be properly formulated on the worldsheet:
timelike Liouville CFT only exists for ¢ < 1!



Quantum volumes

Py(
(b) _c—13 2 4 p24 p2 p2
PPy Py P) = — =+ P+ P+ P{+ P}
1 [c—13
(b) _ b 2
Viat =7 ( 24 +P1) P

* Absurdly simple (recall origin: integrated DOZZ formulas, Virasoro conformal
blocks over moduli space)

« Reduce to Weil-Petersson volumes in the (b — 0) limit
(= Jackiw-Teitelboim gravity):

VPP, ....P) = Bx*b>’ 87"V, (£),....¢,), ¢;=A4nbP,



Quantum volumes: sphere four-point
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The Virasoro matrix integral

 The matrix integral is perturbatively fully fixed by its leading density of
eigenvalues:

24/2 sinh(2zb\/ E)sinh(2zb~'\/E) e
VE

Universal Cardy formula for asymptotic density of states in 2d CFT

!

Disk partition function is the Virasoro vacuum character in the dual channel

Qéb)(E) dE =



The Virasoro matrix integral

 The main observables of the matrix integral are resolvents

1 1 o
ROE, ... E)= <Tr - H---Tr - H> = Z gszg‘“”R;f’,i(El, . E)
| n
§=0

* They are related to the partition functions by Laplace transform
” —p72
J

- which are in turn computed from the quantum volumes by gluing trumpets



Topological recursion and
a deformed Mirzakhani recursion relation

o0

PNY)(P,,P) = J

(2PdP)(2P'dP)H(P + P', P )(v<b> (P, P, P) + Z Z vg’fll (P,P )vgﬂh S PSP ]))
0

g—1,n+1
h=0 ILJ={2,..

+ZJ (2PdP) (H(P,P, + P) + H(P, P, — P))Vg’r)l (P,P\P)

with H(x,y) =

y 1 J’ > 7 sin(4rtx)sin(4xty)
2 2)__ sinhQ2abt)sinh(2zb~1t)

[Mirzakhani 06, Eynard Orantin '07]



| Lic>uvi||e\2 string theory



The worldsheet CFT

Liouville CFT @ (Liouville CFT)* @ bc ghosts
c,=13+iR ¢ =13—-iR C;p=—26

20



The worldsheet CFT

Liouville CFT @ (Liouville CFT)* @ bc ghosts
c,=13+iR ¢ =13—-iR C;p=—26

* The worldsheet theory is defined by the non-perturbative CFT data:
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The worldsheet CFT

Liouville CFT @ (Liouville CFT)* @ bc ghosts
c,=13+iR ¢ =13—-iR C;p=—26

* The worldsheet theory is defined by the non-perturbative CFT data:

- Central charge: - i;):)netci:r’:ruuurrll; - OPE data:
D) —
- —1\? <V Vp2Vp3> Cb(pl’p29p3)
c=1+6(b+b™" (v}
b € e4l h = h — ¢ —1 _pz “‘DOZZ formula”
p P

[Dorn Otto 95; Zamolodchikov? 95;
Teschner 01]

20



String amplitudes

* Reality of the worldsheet imposes

b e el

7Tl

p; € e 4l

* On-shell vertex operators:

— ~7 /(b) y(=ib)
% = CcC VP Vip

27



String amplitudes

* Reality of the worldsheet imposes

b e el

7Tl

p; € e 4l

* On-shell vertex operators:

— ~7 /(b) y(=ib)
% = CcC VP Vip

X (b C ghosts)

- Absolutely convergent integral over moduli space

- Invariant under swap symmetry b — —ib, p; — ip; .



Sphere three-point amplitude

 The simplest observable in the theory Is the sphere three-point amplitude

3
Agﬁ(l?ppzapg) = (H N b(pj)> Co(P1>P2s P3)C_ip(ipy, 1po, 1D3) D1
j=1

[Zamolodchikov 05]

28



General string amplitudes

2
X (b C ghosts)

g
L Complicated!

 Harness analytic structure & swap symmetry to bootstrap amplitude
- Poles associated with resonances of Liouville CFT correlators
- Discontinuities when moduli integral ceases to converge
- More constraints from symmetry considerations, higher equations of
motion, SO(8) triality symmetry for (¢, n) = (0,4), ... [Belavin,

Zamolodchikov '06] g



String amplitudes from Feynman diagrams

» Bootstrap systematically implemented with simple diagrammatic rules

- Diagrams correspond to different degenerations of the worldsheet = stable graphs

- VMS quantum volume V((gl?}l arises as a string vertex /\.

30



String amplitudes from Feynman diagrams

» Bootstrap systematically implemented with simple diagrammatic rules

- Diagrams correspond to different degenerations of the worldsheet = stable graphs

- VMS quantum volume V((gl?}l arises as a string vertex /\.

Ag;)l(plap% p39p4) —

30



String amplitudes from Feynman diagrams

» Bootstrap systematically implemented with simple diagrammatic rules

- Diagrams correspond to different degenerations of the worldsheet = stable graphs

_ VMS quantum volume V(b) arises as a string vertex /\.

Ag;)l(plap% p39p4) —

+ 2
permutations

> )

m=1 My ,Ny=

30



String amplitudes from Feynman diagrams

» Bootstrap systematically implemented with simple diagrammatic rules

- Diagrams correspond to different degenerations of the worldsheet = stable graphs

- VMS quantum volume V((gl?,)l arises as a string vertex /\.
(D) _
AO,4(p19p29 P3s p4) —
sin(2zwmbp, ) sin(2zmbp,) sin(2zwm, bp,) sin(2zxm,bp,)
o0 o0
permutations
m=1 my,n,=1

sin(2zm, bp,) sin(2zm,bp;) sin(2zm, bp,) sin(2zm,bp;) 30



String amplitudes from Feynman diagrams

» Bootstrap systematically implemented with simple diagrammatic rules

- Diagrams correspond to different degenerations of the worldsheet = stable graphs

- VMS quantum volume V((gl?,)l arises as a string vertex /\.
(D) _
AAD1> P2 D3> P1) = b~ 1" V)P 2 ) b= 1"Via Py )
' 2 : 2
b(— 1"V UPy, P2 P3s D) sin(arrm; b7) sin(rmzbe)
sin(zm, b2)
sin(2zwmbp, ) sin(2zmbp,) sin(2zwm, bp,) sin(2zxm,bp,)
o0 o0
E : E : + 2
T permutations
m=1 my,n,=1

sin(2zm, bp,) sin(2zm,bp;) sin(2zm, bp,) sin(2zm,bp;) 30



String amplitudes from Feynman diagrams

» Bootstrap systematically implemented with simple diagrammatic rules

- Diagrams correspond to different degenerations of the worldsheet = stable graphs

- VMS quantum volume V((gl?,)l arises as a string vertex /\.
(b) _
AAD1> P2 D3> P1) = b~ 1" VP10 b= 1"Via Py P2
‘ 2 : 2
b(_l)mlv(()l?zl(plap29p39p4) Sln(ﬂmlb ) 2 d . 2 b . 2 Zln(ﬂm2b )
sin(zm, b2) J qdq sim(2zmbq)sin(2zm,bq)
sin(2zm, bp;) sin(2zm, bp,) sin(2zxm,bp,)
o0 o0
§ : § : + 2
T permutations
m=1 my,n,=1

sin(2zm, bp,) sin(2zm,bp;) sin(2zm, bp,) sin(2zm,bp;) 30



String amplitudes from Feynman diagrams

* Bootstrap systematically implemented with simple diagrammatic rules

- Diagrams correspond to different degenerations of the worldsheet = stable graphs

_ VMS quantum volume V(b) arises as a string vertex

b(—=1)"V{(py) b(=1)"V§3(p1» 4, 9)
sin(ﬂmlbz) sin(ﬂmlbz) qudq SiIl(Z]Z'mle)z

A= Y. > (B .

= 1 sin(27rm1bp1) ml =1 sinQ2zm,bp,)

31



Sphere four-point amplitude: numerical verification

* Direct numerical integration over moduli space

(b=%e77i) € *  _m e 4+ e 4
AO 4 ’ e 4 ‘pz | ’ ’
, 3 7 4

0.10
0.08 AN
| o \
| // \
0.06 o \
0.04 ///
002 ///
—5 07 ‘p2|
Error < 10 % | 0.1 0.2 0.3 0.4 0.5



Example: torus two-point amplitude

9
A (P1,p2) = .a. +




The dual matrix integral

o Claim: \Liouville\2 string theory is precisely dual to a double-scaled two-
matrix integral

j [dMl] [sz] G_N Tr(Vl(Ml) + V5(M,) — Mle)
R2N2

Remarkably similar to

- Characterized by the spectral curve: f the ordinary (p, q)

minimal string!
ct. e.g. [Seiberg Shih
x(z) = — 2cos(mb™'\/2), ¥(z) = 2 cos(aby/z) 04

. . . . 2 . o - E
- Leading density of eigenvalues in M;: py(E) = - sinh(—zib”) sin| — ib~arccosh >

34



The spectral curve

- Rational parametrization, z € C
xX(z) = = 2cos(nb~'4/z), y(z) = 2 cos(mby/z)

- Has infinite genus, infinitely many nodal singularities and infinitely
branch points dx(z:) = O

- Topological recursion involves a sum over all branch points. This sum

converges absolutely and all @, ,,’s are still well-defined.

35



Topological recursion for string amplitudes

* The loop equations for the matrix integral [Chekhov Eynard Orantin 06] translate into a
recursion relation for the string amplitudes (cf. [Mirzakhani 06; Eynard Orantin 07])

DAYy, P) = J2qdq 2q'dq’ Hy(q + q', pDAYY(P1- 4, 61’)('A‘((gb)1zfz+1(9’ q-P)+ Z Z A% (@ PO 1419 pj))

h=0 ILJ={2,..

Jquq (Hb(q,pl +p) + Hy(q.p, —pj)> A P1Pp DAY (g, P\P))

g.n—1

y 1 sin(4zux)sin(4zuy) Essentially identical to recursion kernel for
Hy(x,y) = du— . — (b) ;
2 2. sinQabu)sin(zb—u) quantum volumes V7 in VMS! .



Topological recursion for string amplitudes

* The loop equations for the matrix integral [Chekhov Eynard Orantin 06] translate into a
recursion relation for the string amplitudes (cf. [Mirzakhani 06; Eynard Orantin 07])

PIAYN(PLL D) = J2qdq2q’dq’Hb(61+61’,P1 ACMP15 45 q,)(A;b)1n+1(q q-p)+ Z Z Aglbi 1@ POA, 1409 pj))
h=0 IuJ={2,..

Jquq (Hb(q,pl +p)) + Hy(q, p; —pj)> A P1Pp DAY (g, P\P))

g.n—1

y 1 sin(4zux)sin(4zuy) Essentially identical to recursion kernel for
Hy(x,y) = du— . — (b) ;
2 2. sinQabu)sin(zb—u) quantum volumes V7 in VMS! .



Some further comments



Semiclassical gravity

The worldsheet theory is a theory of two scalar fields.

There is a field redefinition mapping the worldsheet theory to dilaton gravity
[Seiberg Stanford 19, Mertens Turiaci "20]

1 sinh(27zb>®)
> PD.o)=——| d? ®R + W(D)) ., W(D) =
S(5: 0, g) zL vVE (OR+W@) . W(@) ===
. . lm

Sine potential for |Liouville|:

d82
has infinitely many vacua,

both AdS and dS |

— Rigorous model of 2d

dS quantum gravity! AdS,

R=—W'(d)



Asymptotic boundaries

The string amplitudes Vﬁfi and Ag?,?l

boundary condition

compute the gravitational path integral with

gl dary = fixed, K = fixed

One can also consider asymptotic near (A)dS boundary conditions described by

1 . 1.
8 lhoundary =  fixed , - & = —fixec

They can be described on the worldsheet by an FZZT x ZZ boundary condition

FZZT parameter is related to the boundary temperature by an integral transform

39



Non-perturbative effects

. The perturbative series (same for Vg?,)l — Ag?,)l)

VO(g: P, ...,P) = Z gr8~* "V, (P, ..., P,) is asymptotic
g=0

* | eading non-perturbative contribution
ZZ-instanton like

/iexp (O 4 @) @ - @ boundary

conditions
Sign ambiguous,
depends on choice of

contour in SFTHield space  G(g~")  Computation requires string field theory
[Sen 21 -, Eniceicu Mahajan Murdia Sen ’22]

 Matches with matrix model computation (including ambiguity)



Summary

The 2d string landscape is
bigger than we thought

Can we completely classify it?

The irrational cousins of the
minimal String are Simpler and P VR TV IV IV RV EVEVEVEVEVEVEVEVETE X7

admit matrix integral duals

The |Liouville|* string provides

a rigorous model of 2d
guantum gravity involving dS




Summary

The 2d string landscape is
bigger than we thought

Can we completely classify it?

The irrational cousins of the
minimal String are Simpler and P VR TV IV IV RV EVEVEVEVEVEVEVEVETE X7

admit matrix integral duals

The |Liouville|* string provides

a rigorous model of 2d
guantum gravity involving dS

Thank you!



Bonus slides



Liouville theory and sine dilaton gravity

* [agrangian formulation of the worldsheet theory:

1 . - b, € ¢*R
_ 2 ~ [ ~i —1 2b, +
SZ[¢]—4—EJCZ X\/§ (8]ai¢aj¢+(b++b+ RY + pe (/5) iR
S; (9] = al d°x\/§ (glifa.gza.gz + (b_+b-"HRep + ﬂezb—fﬁ) T
- A7 Y N - ce TR

 Field redefinition:

p=bp+nb,®,  P=blp+ab ®, g=e"3

43



Sphere three-point amplitude

. Agg(pl,pz,pg) has simple poles for

1

|
P1ETp,Epy = <r+5>b+ (S-l-a)b_l, r,s € Z

6_
4_

2_

44



Sphere three-point amplitude

ibn(0*) T1._, 81(2bp; |0

(b) - -
3P1PrPs) = 285(bp; £ bp, = bps | b?)

[Zamolodchikov 05]

* With a suitable identification of the parameters, this combination has
recently appeared as the boundary two-point function in double-scaled SYK
(cf. [Narovlansky, Verlinde, Zhang 23, 24])

45



Sphere four-point amplitude: domain of analyticity

* The wedges of divergence associated with the branch cuts carve out a domain of
analyticity in the p;  p; plane that is non-compact if b € ¢+R, and compact

otherwise

46



Sphere four-point amplitude: solution

* Asolution is given by:

o0

(= 1)"™* " sin(2zm,bp,)sin(2zm,bp,)sin(2zm,bp;)sin(2zm,bp,)

A(b) : : . = —
094(]?1 D2:P3Ps) Z 7% sin(zmyb?)sin(zm,b?)

X : L= Omms + 2 perms
(m; +my)?  (m; —m,)? P

4 .
o 2b* (szl s1n(27zm1pj)> Vg’fi(pl,pz,pg,m)
>

Sin(ﬂ'mlbz)z

Discontinuities

< [ 20dp A1 AP 1)

47



Sphere four-point amplitude: numerical verification

* Direct numerical integration over moduli space for other values of the parameters

(b=Le3713) e 7 e 5 e 4
AL Hipl S

3 74
0.12 Re Ay
0.10
0.08
0.06
0.04 ™ Ao
0.02

Error < 107> % o 01 02 03 04 05 P2



Discontinuities of string amplitudes from cutting
Feynman diagrams

g
: b : b b
Disc Agn(p) = 27ig. Res Ag_1142(4:9,P) + 20, 2 Res AL, 1@ PDA, 4y
(= 4=7 4~ h=0 IUJ:{pl,...,pn} 1=

e.g. -|— >

—  4dmig. Res +
q=q-
d \4 q
S — \——/
(b) ()
Ao,3 A1,1

(qv pJ)]

49



Topological recursion and string amplitudes

* |nitial data for topological recursion:

2 sin(zb ™! Z)COS(ﬂb\/z) 0 w(b)(ZI, 2,) =

b\/E 0.2 (21 — 20)?

. String amplitudes are simply related to the a)(g’,z(zl, ..., Z,) differentials by
inverse Laplace transform

(b) _
Do 1 (2) =

Ag,n(pl, ey Py) = J I I . a)g,n(wl, W) <Wj = \/EJ>
Yd4nm p.
00 n COS(QJTPJ- Z])
= Z Res --- Res —\f a)g?,g(zl, , Z)

z=mib*  7,=m’b* "
my,...,m,=1 j=1

50



