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Plan of the Talk

• Quantization and SUSY SQFT


• Schur quantization of character varieties


• Quantization of Complex Chern-Simons theory


• A surprising SYK connection



Quantization 
• Classical to Quantum


• Phase space P, Poisson *-algebra Obcl of (some) functions on P


• Family of *-Algebras Obh with unitary representations Hh 


• Two aspects: deform the algebra and represent it


• Not canonical! May not be possible. 
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â b̂ = ab+ i~{a, b}+ · · ·



Extra desiderata

• Preserve symmetries


• Quantize in families. 


• States/initial conditions:


• Lagrangian L in P, functions on L as module Mcl for Obcl


• State or collection of states, form module Mh for Obh in H



Deformation vs representation
• Suppose Obh and Mh are given. 


• *-structure 


• Images |m> of Mh to H must satisfy 


• Dual to tensor product 


• Linear space of tensor products. Positive? It is a bootstrap. 
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Familiar examples

• Harmonic oscillator: [a,a*]=1, a|0>=0 fixes all. a*|0> does not work


• su(2) representation theory


• Less familiar: unitary irreps of SL(2,R), SL(2,C), other Lie algebras, finite 
W-algebras, quantum groups, etc.


• Positivity is the hard step! Continuity arguments, but also miracles. 



Positive traces and Doubles

• Special case: Algebra A wt positive twisted trace Tr:


• Inner product


• H= completion of A with inner product


• Action of Ob = A x Aop
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ea = ⇢(a)⇤
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Tr ⇢(a)a > 0
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Complex phase space
• Complex symplectic PC as a real phase space 


• A quantizes holomorphic functions


• Aop quantizes anti-holomorphic functions


• Double of A is a quantization of PC !


• Which twist? E.g. Weyl algebra has no trace, but X->-X, P->-P works


• We will find a trick: hyperkahler rotation. Will work also for PR in PC



Complex Chern-Simons theory I

• Chern-Simons with complex gauge group, e.g. SL(2,C)


• Do not confuse with analytic continuation. 


• Does it define a 3d TFT? 


• Application to 3d gravity (Lorenzian de Sitter)? 
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Complex Chern-Simons theory II
• Phase space = space PC of complex flat connections as a real manifold


• A = Skein algebra. 


• Wilson lines                                        with skein relations (real q)


• Positive trace on A => quantization with states labelled by skeins 


• Does it exist? Is it unique?


• Covariant under mapping class group? States from 3-manifolds?
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Positive Schur trace
• Schur index: defined for any 4d N=2 SQFT


• “Counts” 1/4-BPS local operators / operators in HT twisted theory


• HT twist allows a definition as partition function on


• Conj: the HT              lifts to a reflection-positive rigid SUGRA bkgr.


• Generalize to operators at endpoint of line defect or junction of many 


• Depends only on equivariant K-theory                 as an algebra 
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I⇢(a)b(q) = Ia!b(q)

Conj: positive definite

0<q^2<1



Schur quantization
• Schur indices give a positive twisted trace on algebra


•  Quantization of K-theoretic Coulomb branch


• Class S: 6d SCFT for g on Riemann surface C


• Quantization of space of complex g flat connections on C


• E.g. quantization of complex CS theory!


• Mapping class group from dualities, states from boundary conditions, 
etc.

<latexit sha1_base64="o1wrOt8UyKojdGw9prxoNrtSr1c=">AAACCXicbVC7TsMwFHXKq5RXgJHFokIqDFWCKmCs6IIEQ5HoQ2pD5LhOa9VOIttBqqKsLPwKCwMIsfIHbPwNTtoBWo5k6fice+17jxcxKpVlfRuFpeWV1bXiemljc2t7x9zda8swFpi0cMhC0fWQJIwGpKWoYqQbCYK4x0jHGzcyv/NAhKRhcKcmEXE4GgbUpxgpLbkmvHaTPkdq5HlJI70/SSv5TfDkRr8o02PXLFtVKwdcJPaMlMEMTdf86g9CHHMSKMyQlD3bipSTIKEoZiQt9WNJIoTHaEh6mgaIE+kk+SYpPNLKAPqh0CdQMFd/dySISznhnq7MxpTzXib+5/Vi5V84CQ2iWJEATz/yYwZVCLNY4IAKghWbaIKwoHpWiEdIIKx0eCUdgj2/8iJpn1bts2rttlauX87iKIIDcAgqwAbnoA6uQBO0AAaP4Bm8gjfjyXgx3o2PaWnBmPXsgz8wPn8AniWaTA==</latexit>

KC⇤(Lines)



Spherical vector

• Duality chain: |1> is created by a topological boundary condition


• Connection unitary at the boundary. 


• |a> created by decorated topological b.c.


• Turaev-Viro like, novel unitary structure?


• Relation to (novel?) complex quantum group.

<latexit sha1_base64="ePIQ9VqdljRi7x1oQ+wMRjRTDiI=">AAACG3icbVDNSgMxGMzWv1r/Vj16CRbBU9ktRb0IrV48VrCt0F1KNs22odlkSbJiWfoeXnwVLx4U8SR48G3MtnvQtgOBYeb7yHwTxIwq7Tg/VmFldW19o7hZ2tre2d2z9w/aSiQSkxYWTMj7ACnCKCctTTUj97EkKAoY6QSj68zvPBCpqOB3ehwTP0IDTkOKkTZSz656EdJDGaVN8hhPoCco17ABL+Ey3QuQhI2eXXYqzhRwkbg5KYMczZ795fUFTiLCNWZIqa7rxNpPkdQUMzIpeYkiMcIjNCBdQzmKiPLT6W0TeGKUPgyFNM9EmKp/N1IUKTWOAjOZJVbzXiYu87qJDi/8lPI40YTj2UdhwqAWMCsK9qkkWLOxIQhLarJCPEQSYW3qLJkS3PmTF0m7WnHPKrXbWrl+lddRBEfgGJwCF5yDOrgBTdACGDyBF/AG3q1n69X6sD5nowUr3zkE/2B9/wJZD6D4</latexit>

Pexp

I
A = Pexp

I
Ā



Comparison to other quantizations

• Cluster technology, 3d-3d correspondence


• Agrees and generalizes via IR formulae for Schur indices


• Holomorphic quantization


• |a> from GC/G WZW model with a Verlinde lines


•

<latexit sha1_base64="XSknAaXqICEmgbXPH5zCtLbKVS4=">AAACFnicbVDLSgMxFM34rPVVdekmWISKWmZKUTdCqQsLuqhgH9BOh0yatqGZzJBkhDKdr3Djr7hxoYhbceffmD4W2nrgwuGce7n3HjdgVCrT/DYWFpeWV1YTa8n1jc2t7dTOblX6ocCkgn3mi7qLJGGUk4qiipF6IAjyXEZqbv9q5NceiJDU5/dqEBDbQ11OOxQjpSUnddr0kOphxKJSDC/hbSuXGSvCi4ohj53rk+HNsBVZxxTK+MhJpc2sOQacJ9aUpMEUZSf11Wz7OPQIV5ghKRuWGSg7QkJRzEicbIaSBAj3UZc0NOXII9KOxm/F8FArbdjxhS6u4Fj9PREhT8qB5+rO0cly1huJ/3mNUHUu7IjyIFSE48miTsig8uEoI9imgmDFBpogLKi+FeIeEggrnWRSh2DNvjxPqrmsdZbN3+XTheI0jgTYBwcgAyxwDgqgBMqgAjB4BM/gFbwZT8aL8W58TFoXjOnMHvgD4/MHie6eWw==</latexit>

H = L2(BunG, |K|
1+is)

<latexit sha1_base64="FpArpkDlDwINK0heQ6uSAy/YqNI=">AAACGXicbVBNT8JAEN3iF+IX6tHLRmKCF9ISol5MCF70holQAlSyXRbYsN3W3a0JKf0bXvwrXjxojEc9+W9coIkKvmSSl/dmMjPPDRiVyjS/jNTS8srqWno9s7G5tb2T3d2rSz8UmNSwz3zRcJEkjHJSU1Qx0ggEQZ7LiO0OLya+fU+EpD6/UaOAOB7qc9qjGCktdbLmVf7uGJ7DNuWqE7U9pAbCiyohj2M4bv4odtOO4/FtEXayObNgTgEXiZWQHEhQ7WQ/2l0fhx7hCjMkZcsyA+VESCiKGYkz7VCSAOEh6pOWphx5RDrR9LMYHmmlC3u+0MUVnKq/JyLkSTnyXN05OVTOexPxP68Vqt6ZE1EehIpwPFvUCxlUPpzEBLtUEKzYSBOEBdW3QjxAAmGlw8zoEKz5lxdJvViwTgql61KuXEniSIMDcAjywAKnoAwuQRXUAAYP4Am8gFfj0Xg23oz3WWvKSGb2wR8Yn980A6B6</latexit>

I(q) =

Z

Bun
|ZWZW|2



Real quantization

• Add a boundary condition: half-index


• Algebra, left and right module of boundary lines


• Some kind of time-reversal symmetry needed 


• Conjectural positivity


• Promote module to Hilbert space

<latexit sha1_base64="QUUF5gXuh37xLuWlbqSlvgqH/yY="></latexit>

IIma1···ak m0 = II(ma1···an)(an+1···ak m0)

<latexit sha1_base64="PpZHLDY93KE0eITCIpEL7JyzGus=">AAAB/XicbVDLSgMxFM34rPU1PnZuUotQN2VGirqSohu7q2Af0BmGTJq2oUlmSDJCHYq/4saFIm79D3f+jWk7C209cOFwzr3ce08YM6q043xbS8srq2vruY385tb2zq69t99UUSIxaeCIRbIdIkUYFaShqWakHUuCeMhIKxzeTPzWA5GKRuJej2Lic9QXtEcx0kYK7MOaV/AKtSD1NEpK/BTy8ZUT2EWn7EwBF4mbkSLIUA/sL68b4YQToTFDSnVcJ9Z+iqSmmJFx3ksUiREeoj7pGCoQJ8pPp9eP4YlRurAXSVNCw6n6eyJFXKkRD00nR3qg5r2J+J/XSXTv0k+piBNNBJ4t6iUM6ghOooBdKgnWbGQIwpKaWyEeIImwNoHlTQju/MuLpHlWds/LlbtKsXqdxZEDR+AYlIALLkAV3II6aAAMHsEzeAVv1pP1Yr1bH7PWJSubOQB/YH3+ACH7k74=</latexit>

II⌧(m)m > 0

<latexit sha1_base64="yG/Kf82obiZAJ1Ucr4bJzP43hpk=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EitJsyI0XdCEU3LivYC7RDOZOmbWgyMyQZoQxduPFV3LhQxK0P4c63MZ3OQlsPhHz8/zkk5/cjzpR2nG8rt7a+sbmV3y7s7O7tH9iHRy0VxpLQJgl5KDs+KMpZQJuaaU47kaQgfE7b/uRm7rcfqFQsDO71NKKegFHAhoyANlLfLvY0xGVRwekNFXyVERaVvl1yqk5aeBXcDEooq0bf/uoNQhILGmjCQamu60TaS0BqRjidFXqxohGQCYxo12AAgiovSZeY4VOjDPAwlOYEGqfq74kEhFJT4ZtOAXqslr25+J/XjfXw0ktYEMWaBmTx0DDmWId4nggeMEmJ5lMDQCQzf8VkDBKINrkVTAju8sqr0DqruufV2l2tVL/O4sijIjpBZeSiC1RHt6iBmoigR/SMXtGb9WS9WO/Wx6I1Z2Uzx+hPWZ8/XWKWAA==</latexit>

⌧(m)⌧(a) = ⌧(am)

<latexit sha1_base64="iNRAYTvX4d1LTtHpklj1DGB/KQ4=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EitJsyI0XdCEU3LivYC7RDOZOmbWgmMyQZoQxduPFV3LhQxK0P4c63MZ3OQlsPhHz8/zkk5/cjzpR2nG8rt7a+sbmV3y7s7O7tH9iHRy0VxpLQJgl5KDs+KMqZoE3NNKedSFIIfE7b/uRm7rcfqFQsFPd6GlEvgJFgQ0ZAG6lvF3sa4jJUcHr7FXyVEYZK3y45VSctvApuBiWUVaNvf/UGIYkDKjThoFTXdSLtJSA1I5zOCr1Y0QjIBEa0a1BAQJWXpEvM8KlRBngYSnOExqn6eyKBQKlp4JvOAPRYLXtz8T+vG+vhpZcwEcWaCrJ4aBhzrEM8TwQPmKRE86kBIJKZv2IyBglEm9wKJgR3eeVVaJ1V3fNq7a5Wql9nceRREZ2gMnLRBaqjW9RATUTQI3pGr+jNerJerHfrY9Gas7KZY/SnrM8fOxKV6g==</latexit>

⌧(a)⌧(b) = ⌧(ba)



Boundaries and cross-caps

• Complex CS theory admits boundaries and cross-caps


• Reality condition on holonomies


• Challenge: find boundary condition in class S


• Real Schur provides a quantization!



A strange example

• Double-Scaled SYK model 


• Correlation functions identical to Neumann half-indices in SW theory


• SL(2,C) CS theory on a disk with one irregular puncture and SU(2) 
boundary!


• Coincidence or first of many examples?


