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Massive : X 00
k
+(Ak � 2q cos(2z))Xk = 0 (Mathieu Eq.)
q = g2�2/(2µ)2, Ak = (k/a)2/µ2 + 2q

9
>>=

>>;

Xk ⇠ eµk t

nk ⇠ eµk t

Chaotic Inflation (KLS94,GKLS97)

1)



SCALAR (P)REHEATING
Chaotic Scenarios: PARAMETRIC RESONANCE

Massless : X 00
k
+(2 + g

2

�
cn2(z))Xk = 0 (Lamé Eq.)
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Massive : X 00
k
+(Ak � 2q cos(2z))Xk = 0 (Mathieu Eq.)
q = g2�2/(2µ)2, Ak = (k/a)2/µ2 + 2q

9
>>=

>>;

Xk ⇠ eµk t

nk ⇠ eµk t

Chaotic Inflation (KLS94,GKLS97)

1) Chaotic Scenarios: PARAMETRIC RESONANCE

V (�, �) = V (�) + 1

2
m2

�
�2 + 1

2
g2�2�2 (Chaotic Models)

X 00
k

+ [2 + m2(�)]Xk = 0 (Fluctuations of Matter)



SCALAR (P)REHEATING
Chaotic Scenarios: PARAMETRIC RESONANCE

Massless : X 00
k
+(2 + g

2

�
cn2(z))Xk = 0 (Lamé Eq.)
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Massive : X 00
k
+(Ak � 2q cos(2z))Xk = 0 (Mathieu Eq.)
q = g2�2/(2µ)2, Ak = (k/a)2/µ2 + 2q

9
>>=

>>;

Xk ⇠ eµk t

nk ⇠ eµk t

Chaotic Inflation (KLS94,GKLS97)

MATTER FIELD FLUCTUATIONS

(n = 4)

(n = 2)
[X = a3/2χ]

q q ≡
g2

λ
; κ ≡

k
ω*

; z ≡ ω*t



SCALAR (P)REHEATING
Chaotic Scenarios: PARAMETRIC RESONANCE

Massless : X 00
k
+(2 + g

2

�
cn2(z))Xk = 0 (Lamé Eq.)
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Massive : X 00
k
+(Ak � 2q cos(2z))Xk = 0 (Mathieu Eq.)
q = g2�2/(2µ)2, Ak = (k/a)2/µ2 + 2q

9
>>=

>>;

Xk ⇠ eµk t

nk ⇠ eµk t

Chaotic Inflation (KLS94,GKLS97)

MATTER FIELD FLUCTUATIONS

(n = 4)

(n = 2)

q q ≡
g2

λ
; κ ≡

k
ω*

; z ≡ ω*t

; κ ≡
k

ω*
; ω* ≡ mϕz ≡ ω*t[X = a3/2χ]

q ≡
g2ϕ2

*

4ω2
*



SCALAR (P)REHEATING
Chaotic Scenarios: PARAMETRIC RESONANCE

Massless : X 00
k
+(2 + g

2

�
cn2(z))Xk = 0 (Lamé Eq.)
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Lattice Simulations: Dynamics

• Scalars (nk � 1): ⇤� + V,� = 0, ⇤�a + V,�a = 0

Semi-classical regime ⇡k ⇡ �k + ... (Squeezed States)

• FRW: H2
=

8⇡G
3

⇢, ä
a = � 4⇡G

3
(⇢ + 3p) ,

⇢
⇢ = h⇢� + ⇢� + ...i
p = hp� + p� + ...i

• GW: h00
ij + 2Hh0

ij �r2hij = 16⇡G⇧
TT

ij , ⇧ij = Tij � hTijiFRW

ds2
= a2

(�d⌘2
+ (�ij + hij)dxidxj

), TT :

⇢
hii = 0

hij ,j = 0

TT dof carry energy out of the source!!!

non-linear
out-Eq
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a = � 4⇡G

3
(⇢ + 3p) ,

⇢
⇢ = h⇢� + ⇢� + ...i
p = hp� + p� + ...i

• GW: h00
ij + 2Hh0

ij �r2hij = 16⇡G⇧
TT

ij , ⇧ij = Tij � hTijiFRW

ds2
= a2

(�d⌘2
+ (�ij + hij)dxidxj

), TT :

⇢
hii = 0

hij ,j = 0

TT dof carry energy out of the source!!!

FLRW:

Lattice Simulations: Dynamics

• Scalars (nk � 1): ⇤� + V,� = 0, ⇤�a + V,�a = 0

Semi-classical regime ⇡k ⇡ �k + ... (Squeezed States)

• FRW: H2
=

8⇡G
3

⇢, ä
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a = � 4⇡G

3
(⇢ + 3p) ,

⇢
⇢ = h⇢� + ⇢� + ...i
p = hp� + p� + ...i

• GW: h00
ij + 2Hh0

ij �r2hij = 16⇡G⇧
TT

ij , ⇧ij = Tij � hTijiFRW

ds2
= a2

(�d⌘2
+ (�ij + hij)dxidxj

), TT :

⇢
hii = 0

hij ,j = 0

TT dof carry energy out of the source!!!

non-linear
out-Eq

GW extraction (II)

Building the Solution:

8
<

:

hij(k, t) = ⇤ij,lm(k̂)ulm(k, t)

ulm(k, t) =
R

t

t0
dt0G(t� t0)⇧e↵

lm
(k, t0)

1) Non-Physical eq.:
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a = � 4⇡G

3
(⇢ + 3p) ,

⇢
⇢ = h⇢� + ⇢� + ...i
p = hp� + p� + ...i

• GW: h00
ij + 2Hh0

ij �r2hij = 16⇡G⇧
TT

ij , ⇧ij = Tij � hTijiFRW

ds2
= a2

(�d⌘2
+ (�ij + hij)dxidxj

), TT :

⇢
hii = 0

hij ,j = 0

TT dof carry energy out of the source!!!

non-linear
out-Eq

Hybrid Preheating
Results for Hybrid Reheating (Part I)

V (�, �) = �

4 (|�|2 � v2)2 + 1
2 |�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Higgs GW (Energy density)

Results for Hybrid Reheating (Part I)

V (�, �) = �

4 (|�|2 � v2)2 + 1
2 |�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Higgs GW (Energy density)

Animation by  
Alfonso Sastre

INFLATIONARY PREHEATING



Lattice Simulations: Dynamics

• Scalars (nk � 1): ⇤� + V,� = 0, ⇤�a + V,�a = 0

Semi-classical regime ⇡k ⇡ �k + ... (Squeezed States)

• FRW: H2
=

8⇡G
3

⇢, ä
a = � 4⇡G

3
(⇢ + 3p) ,

⇢
⇢ = h⇢� + ⇢� + ...i
p = hp� + p� + ...i

• GW: h00
ij + 2Hh0

ij �r2hij = 16⇡G⇧
TT

ij , ⇧ij = Tij � hTijiFRW

ds2
= a2

(�d⌘2
+ (�ij + hij)dxidxj

), TT :

⇢
hii = 0

hij ,j = 0

TT dof carry energy out of the source!!!

non-linear
out-Eq

Hybrid Preheating
Results for Hybrid Reheating (Part I)

V (�, �) = �

4 (|�|2 � v2)2 + 1
2 |�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Higgs GW (Energy density)

Results for Hybrid Reheating (Part I)

V (�, �) = �

4 (|�|2 � v2)2 + 1
2 |�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Higgs GW (Energy density)

Animation by  
Alfonso Sastre

INFLATIONARY PREHEATING



Lattice Simulations: Dynamics

• Scalars (nk � 1): ⇤� + V,� = 0, ⇤�a + V,�a = 0

Semi-classical regime ⇡k ⇡ �k + ... (Squeezed States)

• FRW: H2
=

8⇡G
3

⇢, ä
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Parameter Dependence (Peak amplitude)

Figure 9. The top panels show the time-evolution of the GW spectra ⌦GW(, z) for the quadratic
preheating model, for both q = 21000 (top-left) and q = 100000 (top-right). The spectra are depicted
at times z = 0, 5, 10, . . . , and go from red (early-times) to blue (late-times). The bottom panels show
the same quantities, but zoomed to observe the peak better.

GW are also populated. During this displacement, a peak forms at a given scale p > M .
We will refer to the final amplitude of this peak as ⌦

(f)
GW(p). As the position of this peak

cannot be properly observed in the top panels of Fig. 9, we have plotted the same spectra
in the bottom panels, zooming in the last stages of GW production. The position p clearly
indicates the transition from short to large momenta, so that for  > p, the amplitude of
the GW spectra starts decreasing significantly. It constitutes therefore an estimate of the
maximum momenta attained by the GW spectra, due to the population of UV modes outside
the initial radius  . M , when the system becomes non-linear at z & zbr.

In Fig. 10 we show the position p and amplitude ⌦GW(p) of the peak in the GW
spectra, extracted from our lattice simulations for different values of q. We observe that as
we increase q, the position of the peak p in the saturated spectra moves to the UV, while
the amplitude of the peak decreases. We have found the following fits to the peak amplitude
and position,

p ⇡ 48

⇣
q

104

⌘0.67
, ⌦

(f)
GW(p) ⇡ 3.8⇥ 10

�6
⇣

q

104

⌘�0.43
. (3.40)

Let us remark that the fit for q . 25000 should be taken with a ’grain of salt’, as the position
of the peak is not so clearly distinguishable (given that the spectral amplitude flattens out).
Not surprisingly, we see that the linear prediction for the peak position at p ⇠ q

1/4 is not
well verified, given that the location indicated in Eq. (3.40) corresponds to the final peak,
measured after the system became non-linear and ceased to source GWs. The mentioned
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Figure 9. The top panels show the time-evolution of the GW spectra ⌦GW(, z) for the quadratic
preheating model, for both q = 21000 (top-left) and q = 100000 (top-right). The spectra are depicted
at times z = 0, 5, 10, . . . , and go from red (early-times) to blue (late-times). The bottom panels show
the same quantities, but zoomed to observe the peak better.

GW are also populated. During this displacement, a peak forms at a given scale p > M .
We will refer to the final amplitude of this peak as ⌦

(f)
GW(p). As the position of this peak

cannot be properly observed in the top panels of Fig. 9, we have plotted the same spectra
in the bottom panels, zooming in the last stages of GW production. The position p clearly
indicates the transition from short to large momenta, so that for  > p, the amplitude of
the GW spectra starts decreasing significantly. It constitutes therefore an estimate of the
maximum momenta attained by the GW spectra, due to the population of UV modes outside
the initial radius  . M , when the system becomes non-linear at z & zbr.

In Fig. 10 we show the position p and amplitude ⌦GW(p) of the peak in the GW
spectra, extracted from our lattice simulations for different values of q. We observe that as
we increase q, the position of the peak p in the saturated spectra moves to the UV, while
the amplitude of the peak decreases. We have found the following fits to the peak amplitude
and position,

p ⇡ 48

⇣
q

104

⌘0.67
, ⌦

(f)
GW(p) ⇡ 3.8⇥ 10

�6
⇣

q

104

⌘�0.43
. (3.40)

Let us remark that the fit for q . 25000 should be taken with a ’grain of salt’, as the position
of the peak is not so clearly distinguishable (given that the spectral amplitude flattens out).
Not surprisingly, we see that the linear prediction for the peak position at p ⇠ q

1/4 is not
well verified, given that the location indicated in Eq. (3.40) corresponds to the final peak,
measured after the system became non-linear and ceased to source GWs. The mentioned
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Depending on the potential, the resonance parameter may be written as proportional to the
expression provided in Eq. (2.6), with a proportionality factor4 of order ⇠ O(1). However,
this is purely conventional, and what really matters is, of course, the dimensionless ratio
/ g2�2
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⇤

captured in Eq. (2.6).
In most relevant situations in the early Universe where parametric resonance takes place,

the oscillatory field � is considered to be initially in a homogeneous classical field configuration,
whereas the field � is considered to be a quantum field, initially in vacuum. The scalar field �

can be promoted into a quantum operator by means of the standard quantization procedure

�(x, t) ⌘ a(t)X(x, t) =

Z
dk

(2⇡)
3 e

�ik·x
h
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where the creation/annihilation operator satisfy the canonical commutation relations
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†
k0 ] = (2⇡)

3
�
(3)

(k� k0
), (2.8)

with other commutators vanishing. The (initial) vacuum state is defined as usual, given by
âk|0i = 0. Given our choice of Eqs. (2.7), (2.8), we note that the mode functions �k have
dimensions of (Energy)�1/2. From Eq. (2.5) we obtain the EOM for the latter as
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where we have discarded the term / 1
a
d2a
dz2 in the rhs of the equation, as it is negligible

at sub-horizon scales 
2 � 1

a(
da
dz )

2
,
1
a
d2a
dz2 . Given the oscillatory nature of ', Eq. (2.9) can

exhibit unstable solutions of the type � ⇠ e
µq()z, with µq() some complex exponent.

For certain values of {q,}, Re[µ] > 0, causing an exponential growth of the given field
mode amplitude. It is precisely this unstable behavior, occurring only within finite-momenta
’resonance bands’ with Re[µ] > 0, that we call parametric resonance. For a thoughtful
description of the phenomena of parametric resonance in the early Universe see [15]. For a
fit-parameter analysis based on numerical simulations of parametric resonance in the early
Universe, see [59].

2.1 Spectrum of gravitational waves

The exponential growth of the �k modes experiencing parametric resonance, generate a sig-
nificant anisotropic stress ⇧ij ⇠ @i�@j�, which in turn creates gravitational waves (GW), as
we will see next. Gravitational waves correspond the transverse and traceless (TT) degrees
of freedom of metric perturbations,

ds
2
= �dt

2
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2
(t) (�ij + hij) dx

i
dx

j
. (2.10)

4
For example, in the case of a quartic potential V (�) = ��4/4, Eq. (2.6) states that q = g2/�, matching

exactly the resonance parameter definition in the Lamé equation [7]. Therefore, in this case, there is no need

to add any proportionality constant. However, in the case of a quadratic potential V (�) = m2
��

2/2, with

m� some mass scale, one normally defines the resonance parameter as q ⌘ g2�2
i /4m

2
�, introducing the extra

factor 1/4 to match the resonance parameter definition in the Mathieu equation, see [6].
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Depending on the potential, the resonance parameter may be written as proportional to the
expression provided in Eq. (2.6), with a proportionality factor4 of order ⇠ O(1). However,
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captured in Eq. (2.6).
In most relevant situations in the early Universe where parametric resonance takes place,

the oscillatory field � is considered to be initially in a homogeneous classical field configuration,
whereas the field � is considered to be a quantum field, initially in vacuum. The scalar field �

can be promoted into a quantum operator by means of the standard quantization procedure
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with other commutators vanishing. The (initial) vacuum state is defined as usual, given by
âk|0i = 0. Given our choice of Eqs. (2.7), (2.8), we note that the mode functions �k have
dimensions of (Energy)�1/2. From Eq. (2.5) we obtain the EOM for the latter as
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at sub-horizon scales 
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exhibit unstable solutions of the type � ⇠ e
µq()z, with µq() some complex exponent.

For certain values of {q,}, Re[µ] > 0, causing an exponential growth of the given field
mode amplitude. It is precisely this unstable behavior, occurring only within finite-momenta
’resonance bands’ with Re[µ] > 0, that we call parametric resonance. For a thoughtful
description of the phenomena of parametric resonance in the early Universe see [15]. For a
fit-parameter analysis based on numerical simulations of parametric resonance in the early
Universe, see [59].

2.1 Spectrum of gravitational waves

The exponential growth of the �k modes experiencing parametric resonance, generate a sig-
nificant anisotropic stress ⇧ij ⇠ @i�@j�, which in turn creates gravitational waves (GW), as
we will see next. Gravitational waves correspond the transverse and traceless (TT) degrees
of freedom of metric perturbations,
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For example, in the case of a quartic potential V (�) = ��4/4, Eq. (2.6) states that q = g2/�, matching

exactly the resonance parameter definition in the Lamé equation [7]. Therefore, in this case, there is no need

to add any proportionality constant. However, in the case of a quadratic potential V (�) = m2
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2/2, with

m� some mass scale, one normally defines the resonance parameter as q ⌘ g2�2
i /4m
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�, introducing the extra

factor 1/4 to match the resonance parameter definition in the Mathieu equation, see [6].
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Figure 9. The top panels show the time-evolution of the GW spectra ⌦GW(, z) for the quadratic
preheating model, for both q = 21000 (top-left) and q = 100000 (top-right). The spectra are depicted
at times z = 0, 5, 10, . . . , and go from red (early-times) to blue (late-times). The bottom panels show
the same quantities, but zoomed to observe the peak better.

GW are also populated. During this displacement, a peak forms at a given scale p > M .
We will refer to the final amplitude of this peak as ⌦

(f)
GW(p). As the position of this peak

cannot be properly observed in the top panels of Fig. 9, we have plotted the same spectra
in the bottom panels, zooming in the last stages of GW production. The position p clearly
indicates the transition from short to large momenta, so that for  > p, the amplitude of
the GW spectra starts decreasing significantly. It constitutes therefore an estimate of the
maximum momenta attained by the GW spectra, due to the population of UV modes outside
the initial radius  . M , when the system becomes non-linear at z & zbr.

In Fig. 10 we show the position p and amplitude ⌦GW(p) of the peak in the GW
spectra, extracted from our lattice simulations for different values of q. We observe that as
we increase q, the position of the peak p in the saturated spectra moves to the UV, while
the amplitude of the peak decreases. We have found the following fits to the peak amplitude
and position,

p ⇡ 48

⇣
q

104

⌘0.67
, ⌦

(f)
GW(p) ⇡ 3.8⇥ 10

�6
⇣

q

104

⌘�0.43
. (3.40)

Let us remark that the fit for q . 25000 should be taken with a ’grain of salt’, as the position
of the peak is not so clearly distinguishable (given that the spectral amplitude flattens out).
Not surprisingly, we see that the linear prediction for the peak position at p ⇠ q

1/4 is not
well verified, given that the location indicated in Eq. (3.40) corresponds to the final peak,
measured after the system became non-linear and ceased to source GWs. The mentioned
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Depending on the potential, the resonance parameter may be written as proportional to the
expression provided in Eq. (2.6), with a proportionality factor4 of order ⇠ O(1). However,
this is purely conventional, and what really matters is, of course, the dimensionless ratio
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captured in Eq. (2.6).
In most relevant situations in the early Universe where parametric resonance takes place,

the oscillatory field � is considered to be initially in a homogeneous classical field configuration,
whereas the field � is considered to be a quantum field, initially in vacuum. The scalar field �

can be promoted into a quantum operator by means of the standard quantization procedure
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âk�k(t) + â
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where the creation/annihilation operator satisfy the canonical commutation relations

[âk, â
†
k0 ] = (2⇡)

3
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(3)

(k� k0
), (2.8)

with other commutators vanishing. The (initial) vacuum state is defined as usual, given by
âk|0i = 0. Given our choice of Eqs. (2.7), (2.8), we note that the mode functions �k have
dimensions of (Energy)�1/2. From Eq. (2.5) we obtain the EOM for the latter as
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where we have discarded the term / 1
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d2a
dz2 in the rhs of the equation, as it is negligible

at sub-horizon scales 
2 � 1
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dz )

2
,
1
a
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dz2 . Given the oscillatory nature of ', Eq. (2.9) can

exhibit unstable solutions of the type � ⇠ e
µq()z, with µq() some complex exponent.

For certain values of {q,}, Re[µ] > 0, causing an exponential growth of the given field
mode amplitude. It is precisely this unstable behavior, occurring only within finite-momenta
’resonance bands’ with Re[µ] > 0, that we call parametric resonance. For a thoughtful
description of the phenomena of parametric resonance in the early Universe see [15]. For a
fit-parameter analysis based on numerical simulations of parametric resonance in the early
Universe, see [59].

2.1 Spectrum of gravitational waves

The exponential growth of the �k modes experiencing parametric resonance, generate a sig-
nificant anisotropic stress ⇧ij ⇠ @i�@j�, which in turn creates gravitational waves (GW), as
we will see next. Gravitational waves correspond the transverse and traceless (TT) degrees
of freedom of metric perturbations,
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For example, in the case of a quartic potential V (�) = ��4/4, Eq. (2.6) states that q = g2/�, matching

exactly the resonance parameter definition in the Lamé equation [7]. Therefore, in this case, there is no need

to add any proportionality constant. However, in the case of a quadratic potential V (�) = m2
��

2/2, with

m� some mass scale, one normally defines the resonance parameter as q ⌘ g2�2
i /4m

2
�, introducing the extra

factor 1/4 to match the resonance parameter definition in the Mathieu equation, see [6].
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Figure 9. The top panels show the time-evolution of the GW spectra ⌦GW(, z) for the quadratic
preheating model, for both q = 21000 (top-left) and q = 100000 (top-right). The spectra are depicted
at times z = 0, 5, 10, . . . , and go from red (early-times) to blue (late-times). The bottom panels show
the same quantities, but zoomed to observe the peak better.

GW are also populated. During this displacement, a peak forms at a given scale p > M .
We will refer to the final amplitude of this peak as ⌦

(f)
GW(p). As the position of this peak

cannot be properly observed in the top panels of Fig. 9, we have plotted the same spectra
in the bottom panels, zooming in the last stages of GW production. The position p clearly
indicates the transition from short to large momenta, so that for  > p, the amplitude of
the GW spectra starts decreasing significantly. It constitutes therefore an estimate of the
maximum momenta attained by the GW spectra, due to the population of UV modes outside
the initial radius  . M , when the system becomes non-linear at z & zbr.

In Fig. 10 we show the position p and amplitude ⌦GW(p) of the peak in the GW
spectra, extracted from our lattice simulations for different values of q. We observe that as
we increase q, the position of the peak p in the saturated spectra moves to the UV, while
the amplitude of the peak decreases. We have found the following fits to the peak amplitude
and position,

p ⇡ 48

⇣
q

104

⌘0.67
, ⌦

(f)
GW(p) ⇡ 3.8⇥ 10

�6
⇣

q

104

⌘�0.43
. (3.40)

Let us remark that the fit for q . 25000 should be taken with a ’grain of salt’, as the position
of the peak is not so clearly distinguishable (given that the spectral amplitude flattens out).
Not surprisingly, we see that the linear prediction for the peak position at p ⇠ q

1/4 is not
well verified, given that the location indicated in Eq. (3.40) corresponds to the final peak,
measured after the system became non-linear and ceased to source GWs. The mentioned
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Depending on the potential, the resonance parameter may be written as proportional to the
expression provided in Eq. (2.6), with a proportionality factor4 of order ⇠ O(1). However,
this is purely conventional, and what really matters is, of course, the dimensionless ratio
/ g2�2
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captured in Eq. (2.6).
In most relevant situations in the early Universe where parametric resonance takes place,

the oscillatory field � is considered to be initially in a homogeneous classical field configuration,
whereas the field � is considered to be a quantum field, initially in vacuum. The scalar field �

can be promoted into a quantum operator by means of the standard quantization procedure
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where the creation/annihilation operator satisfy the canonical commutation relations

[âk, â
†
k0 ] = (2⇡)

3
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(3)

(k� k0
), (2.8)

with other commutators vanishing. The (initial) vacuum state is defined as usual, given by
âk|0i = 0. Given our choice of Eqs. (2.7), (2.8), we note that the mode functions �k have
dimensions of (Energy)�1/2. From Eq. (2.5) we obtain the EOM for the latter as
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where we have discarded the term / 1
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d2a
dz2 in the rhs of the equation, as it is negligible

at sub-horizon scales 
2 � 1
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dz )

2
,
1
a
d2a
dz2 . Given the oscillatory nature of ', Eq. (2.9) can

exhibit unstable solutions of the type � ⇠ e
µq()z, with µq() some complex exponent.

For certain values of {q,}, Re[µ] > 0, causing an exponential growth of the given field
mode amplitude. It is precisely this unstable behavior, occurring only within finite-momenta
’resonance bands’ with Re[µ] > 0, that we call parametric resonance. For a thoughtful
description of the phenomena of parametric resonance in the early Universe see [15]. For a
fit-parameter analysis based on numerical simulations of parametric resonance in the early
Universe, see [59].

2.1 Spectrum of gravitational waves

The exponential growth of the �k modes experiencing parametric resonance, generate a sig-
nificant anisotropic stress ⇧ij ⇠ @i�@j�, which in turn creates gravitational waves (GW), as
we will see next. Gravitational waves correspond the transverse and traceless (TT) degrees
of freedom of metric perturbations,
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For example, in the case of a quartic potential V (�) = ��4/4, Eq. (2.6) states that q = g2/�, matching

exactly the resonance parameter definition in the Lamé equation [7]. Therefore, in this case, there is no need

to add any proportionality constant. However, in the case of a quadratic potential V (�) = m2
��

2/2, with

m� some mass scale, one normally defines the resonance parameter as q ⌘ g2�2
i /4m

2
�, introducing the extra

factor 1/4 to match the resonance parameter definition in the Mathieu equation, see [6].
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Figure 9. The top panels show the time-evolution of the GW spectra ⌦GW(, z) for the quadratic
preheating model, for both q = 21000 (top-left) and q = 100000 (top-right). The spectra are depicted
at times z = 0, 5, 10, . . . , and go from red (early-times) to blue (late-times). The bottom panels show
the same quantities, but zoomed to observe the peak better.

GW are also populated. During this displacement, a peak forms at a given scale p > M .
We will refer to the final amplitude of this peak as ⌦

(f)
GW(p). As the position of this peak

cannot be properly observed in the top panels of Fig. 9, we have plotted the same spectra
in the bottom panels, zooming in the last stages of GW production. The position p clearly
indicates the transition from short to large momenta, so that for  > p, the amplitude of
the GW spectra starts decreasing significantly. It constitutes therefore an estimate of the
maximum momenta attained by the GW spectra, due to the population of UV modes outside
the initial radius  . M , when the system becomes non-linear at z & zbr.

In Fig. 10 we show the position p and amplitude ⌦GW(p) of the peak in the GW
spectra, extracted from our lattice simulations for different values of q. We observe that as
we increase q, the position of the peak p in the saturated spectra moves to the UV, while
the amplitude of the peak decreases. We have found the following fits to the peak amplitude
and position,

p ⇡ 48

⇣
q

104

⌘0.67
, ⌦
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⇣
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. (3.40)

Let us remark that the fit for q . 25000 should be taken with a ’grain of salt’, as the position
of the peak is not so clearly distinguishable (given that the spectral amplitude flattens out).
Not surprisingly, we see that the linear prediction for the peak position at p ⇠ q

1/4 is not
well verified, given that the location indicated in Eq. (3.40) corresponds to the final peak,
measured after the system became non-linear and ceased to source GWs. The mentioned
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Peak 
positions
to better
than 1%

Phys.Rev.D 106 (2022) 6, 063522, 2202.05805 _

GW Spectroscopy
Reconstruction (2-peak signal)

@ LISA

https://arxiv.org/abs/2202.05805


Coupling Reconstruction !

Phys.Rev.D 106 (2022) 6, 063522, 2202.05805

Theoretical LISA BBO

_
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@ LISA

https://arxiv.org/abs/2202.05805
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Our example serves as proof of principle !

Multi-peak Stairway 
signatures expected at:
low scale (p)reheating

phase transitions
…..

High-Freq GW

Detection ?

_

GW Spectroscopy

Possible new door to particle physics
interactions with GW backgrounds !
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GW from Gauge Fields at Reheating

… now there
are gauge field(s) !

… so you excite the Higgs, 
you excite Gauge flds !
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What’s going on !?

Cosmic Strings are formed

(Topological Defects         4th Lecture)
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Several Peaks !
(particle physics 
spectroscopy)

fo ⇠ 10
8 � 10

9
Hz⌦(o)

GW ⇠ 10�11 , @

… but at high Frequency !

Very unfortunate… no high frequency detectors !

Large amplitude(s) !

We Should look for this effect at low-freq models !
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* Potential barrier separates 
true and false vacua

Universe expands, temperature decreases: phase transition triggered !

source:        tensor 
anisotropic stress

⇧ij ⇧ij ⇠ �2(⇢+ p) vivj

⇧ij ⇠
(E2 +B2)

3
� EiEj �BiBj

⇧ij ⇠ @i�@j�

GWs from first order phase transitions

{
Technically

"bubble" formation 
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separate treatment
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Caprini et al, 2015/2016 (LISA 1PhT working group)
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Evaluation of the signal

• bubble collisions: analytical and numerical simulations 

• sound waves: numerical simulations of scalar field and fluid

• MDH turbulence: analytical evaluation
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• LISA sensitive to energy scale 10 GeV - 100 TeV !

• LISA can probe the EWPT in BSM models …  
- singlet extensions of MSSM (Huber et al 2015) 
- direct coupling of Higgs to scalars (Kozackuz et al 2013) 
- SM + dimension six operator (Grojean et al 2004)

• … and beyond the EWPT 
- Dark sector: provides DM candidate and confining PT 

(Schwaller 2015) 
- Warped extra dimensions : PT from the dilaton/radion 

stabilisation in RS-like models (Randall and Servant 2015)
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(mHZ)

Models for EWPT and beyond

Cosmology and Particle Physics interplay!  

Connections with baryon asymmetry & dark matter Problem: LHC is 
putting great pressure 
over BSM scenarios

GW —> new probe of BSM physics! 

(complementary to particle colliders)



Can we really detect a 1st-O Ph-T ?

* LISA/ET can, but LHC pressures typical BSM     
extensions to promote EW-PhT into First Order

* Assuming LHC does not rule out models, LISA/ET can 
detect/constrain significant fraction of Param Space

* Predictions depend on many assumptions (particularly 
in sound waves), so is our modelling correct?

* Even if we detect it, then we infer      and     , but what 
BSM model is behind? not univocal !
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Lattice Simulations: Dynamics

• Scalars (nk � 1): ⇤� + V,� = 0, ⇤�a + V,�a = 0

Semi-classical regime ⇡k ⇡ �k + ... (Squeezed States)

• FRW: H2
=

8⇡G
3

⇢, ä
a = � 4⇡G

3
(⇢ + 3p) ,

⇢
⇢ = h⇢� + ⇢� + ...i
p = hp� + p� + ...i

• GW: h00
ij + 2Hh0

ij �r2hij = 16⇡G⇧
TT

ij , ⇧ij = Tij � hTijiFRW

ds2
= a2

(�d⌘2
+ (�ij + hij)dxidxj

), TT :

⇢
hii = 0

hij ,j = 0

TT dof carry energy out of the source!!!

non-linear
out-EqLattice Simulations: Numerics

@µO(x)! (O(x + µ)�O(x� µ))/2aµ

@µ@µO(x)! (O(x + 2µ) + O(x� 2µ)� 2O(x))/4a2
µ
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non-linear
out-Eq

Hybrid Preheating
Results for Hybrid Reheating (Part I)

V (�, �) = �

4 (|�|2 � v2)2 + 1
2 |�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Results for Hybrid Reheating (Part II)

NO Self-Similar Turbulent Evolution

3 stages: Exp. Instabilities ! Bubble Collisions ! Turbulence

1

⇢tot

d log ⇢GW

d log k

Non-linearities Relaxation

d⇢GW

d log k
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ANIMATION 
(by Nico Loayza)

Three-peak signature
(three preheat flds)

V(ϕ) +
1
2

g2
1ϕ2 χ2

1 +
1
2

g2
2ϕ2 χ2

2 +
1
2

g2
3ϕ2 χ2

3
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