
HomogeneousUniverse of Thermal History
R-W metric (f) : ds2 = - dt + @(t)d**

Conformal time : dry Edt/a
=> ds2= a(y)(- dry + di
Perfect fluid : I = we w= 0 = matter (dust)

w= As > radiation

w=
-1 ED vacuum energy

Christoffel symbol for flat R-W methc : Kathere

I pu + Gugpu-Gpgp)

=> E: = 0 and Fi = 0 =E

Fij = Jij aa

A

Eig = (d
Ein = O

Recall covariant stress-energy conservation : DnTh =0

TM = graTh = (p+)Ur + 1d



8 = rest-freif i desi
D=

--

pressure
Evaluate v= 0 comparent of TThy = 0 for fat R-W :

=> OuTMo +EETo -ForTc = o

=> -3-T- T = 0

"O "I

#=>It + 3=( + 1) = 0 Continuity Eg.

= Y + 3H(p +1)= 0
-3

=> Matter : Und a
Rad: Prd a

Y

Vacuum : PAC a

We also have Einstein's eq.: Gu = SGFur
Ricci tensor :

Roo = -3 ()
Rij = dij (2

*tia)
Roi = O



=> Ricci scalar : R=R=3()+ (2 + a)di
=> R=G( + (=%

=> Einstein Fersor: 00 component

Goo = Roo - E900 =- +=3
=> Einstein eg .: Goo =86Too

=> 3()2 =8bp
Define the Hubble parameter : Hit

>(t) Friedmann

Equation (1922)
Also have is components of Einstein:

Gij =8 GTij

=> - dij (2ic+ 22) =StTij
=SitgirThj
= Sitting Shg
=Sitt dij

=> + -Y



Now use first Frida eg .: (E)
Second Friede=(0 + 3) Ess Isomating called
Raychandhu: Eg .)

Alt. deriration :

differentiate first Frida Eg , w . r.t . time

and combine o/ continuity eg .

Def : critical density p.= (a)-

# p=Ps - flat wirese (k= 0) , as we will gaely
assume

Then trEf Cusually understood to be defined at z= 0,
today)

( *Mr
,= =M)

Similarly for fr
, A ,

etc.

The first Friedmarm ego can then be written

Hi(a) = HE (fra" + tea + -1 (++ma+ Mv(k)+ - -)
Obs . indicate : In = 0.3 , = 0.7 , fr =6 x10-5

=> Un =Pr at zeg=3400

and

X1 Or at Zin = 0.3



-volutionof Photon Bath

Recall geodesic eg: +A 0

Consider massless particle (photon) in flat , expanding R-W
metric

How does this particle's energy change as
the universe expands ?

pC = (E , i) 4-momentum

Use this to implicitly define parameter 1 :

p=
Eliminate I via noting: E
Evaluate O-cuperant of geodesic eg!

EdE
#t = -Eig p-ps

(Insed #8 = 0 and Fi = 0 =# ::)
Now use Fij = Jijaa

=> EF-discia pips



Massless particle : gupMpV = 0
(ds2 = 0)

=> -Er+Jij at pip = o
=> Phy in above :

dE
+

= 0

=> > InE = -Inc + cat.

=
=>Massless particles lose energy as the
univer expands

Why ? Handwaving : EC1-
+

↳ wavelength
light

Physical wavelength : Ada => wave
B

- "stretched" as
=> EC a the univers

experts
Implication : consider photon
emitted at freguery Ver (E= hr)



= observed at lower M Wobsregung
cosmological
-#hieobs Redshift (e)-

Zer
-Xen--1=- Tem

=> Atzer=b

So if abs =1 (photon observed today)

=
=> Link between redshift of photon
obs· today and scale factor at the

of its emission

Every time we measure
a redshift, we

measure the curvature of spacetime !

Implication for photon bath :
if we have a Planck (blackbody) photon distribution

at some (eay) time at temperture T=T1 , i . e, ,

f(p) =
-1
=e

-I (n= 0 for photons)



↑

then at a later time we will still have a

blackbody distribution , but at T= T1 because
2 a /

the energy of each of the photons decreases by exactly

the same factor : & 2hr3 #
Ifv)=-1

(Note: processes that
*Tz

7
inject energy or z

entropy into the bath can change the shape of the
14

Photon distribution - these are CMB spectral distortions
- see final lective)
=> TC < (A+z)

Here T is the temperature of the photons, conventionally
take to defie the "themal bath" in the universe,

COBE-FIRAS (1990) : Fru (z=0) = 2.726 10. 001 K

= foundational measurement of physical cosmology !

=> tells us Love much cosmic expansion has

occured since recombination
-

=> determines -by directly via po
= oTY

FIRAS data also show that F(v) indeed is perfectly

consistent with a blackbody (most perfect blackbody
known in nature) . Upper limits on spectral distortions,

I



Recombination
-

Tap (z =0)= 2.3 ++5
% of and TarpC(z)

Recall ionization every of hydrogen atom : BE 13. 6 ef

- at high z , kTcmB > Bu !

=> photos in the thema bath were sufficiently
to keep H atoms ionizedevergetic

At tokeITI1eV : plasma consisting of J,e, H nuclei, "He

nuclei (and the decoupled v and dark matter).

Wad a tightly coupled by Compton scattering.
er and H (ie , pt) rightly coupled by Coulomb scattering.
Very little neutral It around - plasmaT 13 .6 eV.

AsT decreased, eventually e + pt-> H + 5 , i.e, -

and pt combine to form neutral H (recombination") .-
= He decreased sharply no larger in there equi

&

=>O decoupled from the bayonic matter (Phondecoupling(
=> mean free path of photons become larger than the horizon1

=> photons "free-stream" : mineze become transparent
=> these photons comprise the cosmic mirovare background today.-

Three-stage process :
4 Recombination (sharp decrease in he
2) Photon-matter decoupling
3) Freeze-out of resident free electron fraction
-
-



()) Recombination : pt+==>H++
En chemical equili :Mr =Mp +Me (recallMy=0)
(at +> el)

We want to describe evolution of number densities of

these species ,

key tool: Boltzman Equation

We want to follow evolution of d .f
. for species :

file, pm) in presence of interactions
:

If = : [Ef3]
/ ↓ ↳ a depend on dof. of allCollision

Lionville operator ·perfor other species;
↳Non-rel . Limit : total the derivative

=
Particle species of mass an subject to fore F :
1=++F
NR

Relativistic generalization: total derivative wrot.

afte parameter along worldline (recall similar derivating

appearing in geodesic eg . ) :

[ = = +GR -

change in dif, due to changes in
mor, as particle transes worldline



NormalizeX via pr= effectively & proper
timel

=>Geodesi eg.: Mp
no external

-> Ea=pren-App (assumear firus)
Compute in FRW metric :

Homogeneity & isotropy => fi,jit)+ f: (E, t) (or filp,+)
Using Exp for FRW , we find

22fiIf =Est-Ipe==
=Epit E

up JE

=E(t))2p
(Dodelson 3 .38)

If we drop assumption of homogeneity,
this becomes -He

Using Ifi =Ei , we can showta

+
(integrated by parts and use ni= Slipfep)
thus, the integrated lover mom .) Boltzman eg. is



= (hia)= is]
Define= Ana)=2Pi

Er no collising Et =0 => Ania") => Nica's
=> Particle number conservation

Collision Operator : consider process 1+2< 3+Y
-

& (n) x Alproduction - anihilation)
4-moments

and =(((/(2πY((4)(p+[ p-p4)(M/ (fofn -Ef)&

P+ 1203 Py- ↓~
amplitude rate of productionCfgfuenergy and Imatrixsimal Man, conservation element) for Rate o anihilatio fefz

momenta process &Lze3+Y [neglecting Bose
recall : one mit of phase Le .s , fren QFT) enhancement und
space has volume= leat Pauli blocking]

= (2nt)3

Why the factor of ? This crises because relativistically

the phase-space integrals should be over 4-nor , subject to the

mass-shell constraint : EE= ph +m2

Sipies(espm)= pe = (
O

(Recall that(k)]=Etil where are roots ofgive
g(xi)=0)

Hour to simplify further? In cosmology we seeely have :
- System not in chemical equil , but still approx. in Kinetic

equil. (i . e ., scattering is rapid enough that the dif of
all species still take on B-E or F-D forms)



Thus , all we need to determine isMH .
Since we

are out of chemical equil/ Mathe #Ms +My · Instead
have to solve diff. eg . for eachMilt). But this
will reduce to a single ODE-much easier than

full Boltrent 19 .
- In all our applications, TKE-M ,

So the d .f. reduces
- (E-r)/T = eM/Te-ElTto M-B for : f(E) = e

Plug in above :
-Ceren)/t(electra)/t-eitm)/π)Esfy-fefz = e

using ExtEz = Est Ey lenergy cons 1)

Let's describeMol using number dusity nilt) :

ni = e
:/Tn!% where nt= equilibrium number

- density

n -Filp/T :=In)=
Plug in to above to obtain :

Fofy-Efz= Entert-
To obtain final simplification of Boltzman eg ., define the

therally averaged cross-section :
~e

Cov=M(pppp)eEE

The integrated Boltzman eg . then becomes :



=(wv]n- / *
=> simple ODE for number density !

Note : when reaction rates are large (EXH) , we expect to
be in chemical equil. E Vida3= Sales Essince nicts in ("nuclearConcretely : LHS of Boltzman equili statistical

is welt since duH, (E-H) equil. "I

and RHS is ~InaCor]En .
So if nOVTEEH then

RHSXLHS , and only way for eg to hold is if the terms in

parentheses on the RHS cancel . )
Now ·poly Sana to e + p

+ H + 2 :
=>

En chemical equili :Mr =Mp +Me (recallMy=0)
(at +> + eV)

Apply Saha eg.: Eep-tupUM %
For non-rel particles, recall n

:
= g:(1

- (c-:)/+
(note here that Tme/mp/mH)

Thus , P
= Lep(Crpte-R)

(note mp=my)

Note that BE Aptre-Mp = binding energy of atomic hydrogen
=13 .6 eV

Recall gp = 2 =ge (spin-#2 fermbrs)
and gp = 4 (e and pt spin anti-aligned : singlet state #A+3

e and pt spin aligned : triplet of states = 4)



No net electic change in minase > he= up

Further simplification : ignore all nuclei other them pt
lover 90% ofMurlei , by number , are protons)

Their applying conservation of bayon number

yields up="ptpNethH :

↑ ↑
pt neutral atomic H

=> p=-B

Def: free electron fractionXenee

where Eng
~19N
Ab

"Saha's Eg."

-

Recombination is "complete" when 90% of a are in neutral It

atoms, i.e,, Xe=0 .1 -
Can solvemumerically to determine T comspending to a given to
Define "recombination time" as that when Xe = 0.5.

=>Nimerica solution of Sala eg. E Trac= 0. 3 el

Recall T(z) = To (f+z) =(2.726() (++z) => Free=1300

Recall A+ zee -
+
=3400=ecombination occurs in

era-matter-dominated



Important : since M= 6x10
to
is extremely small, recombination

does not start until TCBH=13 .6 et. Even when T is

a bit below BH , the Win tail of the photon d. f.
contains sufliently many high-energy photons to keep I
ionized . Same phenomenon as in delay in production of
D (D "botttered) in Big Bang Nucleosynthesis .

Recombination-ra, cort.

(2) Photon -matter decoupling:

O coupled tightly to plasia via Compton scattering ;

e+ j7e+ j
The photon interaction rate for the process is :

Ejlet =Note where o 2x10-MeNic

constant= 1/137COTE Thomson cross-section =Stfree
set

&
Note that 8-nuclei interaction

rate-Hima Hoe , here they are negligible.

Ejane => E drops as he decreases.

rad e decouple when EJH.

Recall that we are now in matter-dominated era,

so H(z)=Hor(Atz) => H(T)= Hover (i)*
-mo



We have :

Ej(T)= nbc Xe(T)= ](3)MrXe(t)+
3

Setting Fi=HYMXe(t)Ty=Horn (12
-> Xe(ti)+12= Hor
-

OFTo3/2

Using Saha eg. to compute Xe(tp) and solving

numerically, we obtal

T = 0 . 27 eV =
300 k

More precise treatment girls To
= 0 . 25 eV = 2970k
-

=> Za = 1090
-

to= 370, 000 years
-

Note that Xe(tree) = 0 .5 -> Xelte) = to-3 even

though Tre F Ty !

(3) Electron freeze-out : Apply integrated

Boltzman eg . do reaction e+ p+= H + 2 :

(
1=e-

=> in= <Nv]- 2=pt
3= H
y=j

(o)
Recall my= my since My

= 0 .

Further simplification : MH) during recombination (can
improve

using Saha

Recall he= up (chose neutrality ; neglect He approx .

here)
for M()



=> fine) =<ov(1-ne)
Calculating Cov) is not simple; reasonable approx. is

LovT= ↓ eV
-

As usual , def, new time variable : x = T
Use usual steps to neite
Recall he = "6Xe and note thatamb const. (during, this

epoch)
Also wie H(T) <T32 (matter-dom :)

=> = (()"- Yet where X=[]-
Putting in numbers, X =3900 · (E)
=> This is a "Riccati equation'

=> Result for electron freeze-out abundance :

~= 0.9x13 (E) () =X

Nunsical result : (next page)



1 T[eV]
↑ / % &

1 &

x]natsolutSaha
-As ega

I 101000

Z



Timeline : Tep- Redshift Time
[M-R Equality] 0.75 ef 3400 60 byp
Recombination 0 .5-0. 15 ef 1300-1090 260-380 hyr
U-Matter Decoupling 0.25 ev 1090 380 byr

last Scattering 0. 25 el 1090 380 byr

Important point : recombination/decoupling are determined

by theLea plasma temperature T at each point in

spacetime . The T at which these processes occur is

set by the physics described above
, which is

miresal . So why do we observe fluctuations
in the LMB temperature across the Sky ?

=> different points reach this T at (slightly) different times
- have different mounts of expansion between us and each

point on last -

~PreciseTreatment : Beyond Equilibrium scatterly surface

The Save eg . assumes thereal equilibris hold

throughout recombination/decoupling , but this is not

actually true . When thee- + ptctH+ internation

rate drops below Hubble , we must use the full
Boltzman eg , to describe the evolution :



In addition , recombination dynamics are subtle : direct
recombination to H ground state (1s) is very
ineficient becauseo is enitted with E213 , 6 el

S

which then ionizes nearby H atom , here no net

recombinatiba:
Process instead proceeds mainly via I chards :
- Recombinati from certium t 25 -> Is

↓

"two-photo decy" 27 emission, this each

& not energetic enough to

- -
ionize nearby atom

- Intinue -> Cp + I
↓

"resonance La g enitted
,
but if it

estape
/

is notabsorbed too quickly by

another H
,
it can redshift out

of Lyd line entirely

=> Overall impact : recombination is delayed relative

to Saha expectation (Even =1270 rather then 1380)
Visibility function :
-

Recall optical depth
to

E(z) = J at ne(t) of
t(t)

= t



Prob , that a photon did not scatter off on e-

between tody and redshift z is

-T(z)
P(z) = e

Proba that photon last scattered in redshift

interval (E, ztdz) is

9 (zldz = P(z) - P(z+dz)
↑ M

"visibility function" 100-

=> g(z)= (e T() 1-j(a)
0.01-

= -( too zor int
&

-> shop peak at 0.004
-

z= 40 80 g(z)
lin conformed time, -
peach isa z = 1090) 1113

foo 100 104
Z

(width Dz=80)

= wa see the intersection of this snapshot in

time with our post light come , thus defining
a ID "surface of last scattering" (nearly
spherical , up to the aisotropies to be discussed

below).


