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Chapter 1

Introduction

These lecture notes concern information-theoretic notions of entropy. They are intended for, and have
been successfully taught to, undergraduate students interested in research careers. Besides basic notions of
analysis related to convergence that are typically taught in the first or second year of undergraduate studies,
no other background is needed to read the notes. The notes might be also of interest to any mathematically
inclined reader who wishes to learn basic facts about notions of entropy in an elementary setting.

As the title indicates, this is the first in a planned series of four lecture notes. The Part II concerns notions of
entropy in study of statistical mechanics, and III/IV are the quantum information theory/quantum statistical
mechanics counterparts of I/II. All four parts target similar audience and are on a similar technical level.
Eventually, Parts I-IV together are intended to be an introductory chapter to a comprehensive volume
dealing with the topic of entropy from a certain point of view on which I will elaborate below.

The research program that leads to these lecture notes concerns the elusive notion of entropy in non-
equilibrium statistical mechanics. It is for this pursuit that the notes are preparing a research-oriented
reader, and it is the pursuit to which the later more advanced topics hope to contribute. Thus, it is important
to emphasize that the choice of topics and their presentation have a specific motivation which may not be
obvious until at least the Part II of the lecture notes is completed. Needless to say, the lecture notes can be
read independently of its motivation, as they provide a concise, elementary, and mathematically rigorous
introduction to the topics they cover.

The theme of this Part I is the Boltzmann—Gibbs—Shannon (BGS) entropy of a finite probability distribu-
tion (p1,---,pn), and its various deformations such as the Rényi entropy, the relative entropy, and the
relative Rényi entropy. The BGS entropy and the relative entropy have intuitive and beautiful axiomatic
characterizations discussed in Section 3.4 and Chapter 5. The Rényi entropies also have axiomatic char-
acterizations, but those are perhaps less natural, and we shall not discuss them in detail. Instead, we shall
motivate the Rényi entropies by the so-called Large Deviation Principle (LDP) in probability theory. The
link between the LDP and notions of entropy runs deep and will play a central role in this lecture notes. For
this reason Cramér’s theorem is proven right away in the introductory Chapter 2 (the more involved proof
of Sanov’s theorem is given in Section 5.4). It is precisely this emphasis on the LDP that makes this lecture
notes somewhat unusual in comparison with other introductory presentations of the information-theoretic
entropy.

The Fisher entropy and a related topic of parameter estimation are also an important part of this lecture
notes. The historical background and most of applications of these topics are in the field of statistics.
There is a hope that they may play an important role in study of entropy in non-equilibrium statistical
mechanics, and that is the reason for including them in the lecture notes. Again, Chapters 6 and 7 can
be read independently of this motivation by anyone interested in an elementary introduction to the Fisher
entropy and parameter estimation.

These notes are work in progress, and additional topics may be added in the future.

The notes benefited from the comments of numerous McGill undergraduate students who attended the sem-
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inars and courses in which I have taught the presented material. I am grateful for their help and for their
enthusiasm which to a large extent motivated my decision to prepare the notes for publication. In particu-
lar, I am grateful to Sherry Chu, Wissam Ghantous, and Jane Panangaden whose McGill’s undergraduate
summer research projects were linked to the topics of the lecture notes and whose research reports helped
me in writing parts of the notes. I am also grateful to Laurent Bruneau, Noé Cuneo, Tomas Langsetmo,
Renaud Raquépas and Armen Shirikyan for comments and suggestions. I wish to thank Jacques Hurtubise
and David Stephens who, as the chairmans of the McGill Department of Mathematics and Statistics, en-
abled me to teach the material of the notes in a course fomat. Finally, I am grateful to Marisa Rossi for her
exceptional hospitality and support during the period when Chapter 7 was written.

This research that has led to this lecture notes was partly funded by NSERC, Agence Nationale de la
Recherche through the grant NONSTOPS (ANR-17-CE40-0006-01, ANR-17-CE40-0006-02, ANR-17-
CE40-0006-03), the CNRS collaboration grant Fluctuation theorems in stochastic systems, and the Initia-
tive d’excellence Paris-Seine.

1.1 Notes and references.

Shannon’s seminal 1948 paper [Sha], reprinted in [ ], remains a must-read for anyone interested in
notions of entropy. Khintchine’s reworking of the mathematical foundations of Shannon’s theory in early
1950’s, summarized in the monograph [Khi], provides a perspective on the early mathematically rigorous
developments of the subject. For further historical perspective we refer the reader to [Ver] and the detailed
list of references provided there. There are many books dealing with entropy and information theory.
The textbook [ ] is an excellent introduction to the subject, [Bill, s ] are recommended to
mathematically more advanced reader. Another instructive reference is [ ], where a substantial part
of the material covered in this lecture notes is left as an exercise for the reader!

Discussions of a link between information and statistical mechanics preceded Shannon’s work. Although
Weaver’s remark' on page 3 of [ ] appears to be historically inaccurate, the discussions of the role
of information in foundations of statistical mechanics goes back at least to the work of L. Szillard [Szi]
in 1929, see also https://plato.stanford.edu/entries/information-entropy/, and
remains to this day a hotly disputed subject; see [ ] for a recent discussion. An early discussion can
be found in [ , ]. The textbook [Mer] gives an additional perspective on this topic.

In contrast to equilibrium statistical mechanics whose mathematically rigorous foundations, based on the
19th century works of Boltzmann and Gibbs, were laid in 1960’s and 70’s, the physical and mathematical
theory of non-equilibrium statistical mechanics remains in its infancy. The introduction of non-equilibrium
steady states and the discovery of the fluctuation relations in context of chaotic dynamical systems in
early 1990’s (see [JPR] for references) revolutionized our understanding of some important corners of the
field, and have generated an enormous amount of theoretical, experimental, and numerical works with
applications extending to chemistry and biology. The research program of Claude-Alain Pillet and myself
mentioned in the introduction is rooted in these developments.” In this program, the search for a notion of
entropy for systems out of equilibrium plays a central role. The planned four parts lecture notes are meant
as an introduction to this search, with this Part I focusing on the information-theoretic notions of entropy.

1" Dr, Shannon’s work roots back, as von Neumann has pointed out, to Boltzmann’s observation, in some of his work on statistical
physics (1894), that entropy is related to "missing information," inasmuch as it is related to the number of alternatives which remain
possible to a physical system after all the macroscopically observable information concerning it has been recorded."

2The references to results of this program are not relevant for this Part T of the lectures and they will be listed in the latter
installements.


https://plato.stanford.edu/entries/information-entropy/

Chapter 2

Elements of probability

2.1 Prologue: integration on finite sets

Let € be a finite set. Generic element of 2 is denoted by w. When needed, we will enumerate elements of
QasQ={wy, - ,wr}, where |Q| = L.

A measure on ) is a map
/,L:Q —>R+ = [0,00[

The pair (€2, 1) is called measurable space. The measure of S C Q is
u(S) =Y nlw).

By definition, 1(0)) = 0.
Let f : @ — C be a function. The integral of f over S C () is defined by
[ ran= Y st
s weSs
Let Q and £ be two finite sets and 7" : {2 — £ a map. Let i be a measure on 2. For ¢ € £ set
pr(Q) =T Q) = > nlw).
w:T (w)=C¢

pr is a measure on £ induced by (p, T'). If f : £ — C, then

L fdur = /S;fonu-

If f: Q — C, we denote by p the measure on the set of values £ = {f(w) |w € Q} induced by (2, f).
fty is called the distribution measure of the function f.

We denote by
QN ={w= (w1, - ,wn) |wr € Q},
MN(W = (wla' o ,WN)) = M(wl) o 'M(WN)v
the N-fold product set and measure of the pair (£2, ).

Let €2, be two finite sets and ;2 a measure on §); x (2. The marginals of ;1 are measures 1/, on €y,
defined by

(w) = Z M(wvw/)a w € (Y,
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pr(w) = Z p(w', w), w € .
w'e

If p4;/, are measures on ) /,.. we denote by j; @ ;- the product measure defined by
fu ® pir(w,w') = pur(w)pr (w).
The support of the measure y is the set
supp 1t = {w| p(w) # 0}
Two measures 1 and o are mutually singular, denoted g1 L o, iff supp g1 N supp o = 0. A measure

11 1s absolutely continuous w.r.t. another measure po, denoted p1; < o, iff suppp1 C supppe, that is, iff
pa(w) =0 = p1(w) = 0. If uy < pe9, the Radon-Nikodym derivative of j1 w.r.t. o is defined by

pr(w)
Ay () = 4 ety 1@ ESUPD I
Haine 0 ifw & supp p1.

Note that

/fAm\uzde:/fd,ul-
Q Q

Two measures p; and po are called equivalent iff supp p1 = supp .

Let 1, p be two measures on 2. Then there exists a unique decomposition (called the Lebesgue decompo-
sition) pt = pu1 + po, where iy < p and po L p. Obviously,

w(w) ifw € suppp 0 if w € supp p
p(w) = . 2(w) = :
0 if w & supp p, p(w)  ifw & supp p.

A measure f is called faithful if p(w) > 0 for all w € Q.

Proposition 2.1 Ler f : Q - Ry, a > 0, and S, = {w| f(w) > a}. Then
1
,LL(Sa) S - fd,LL
aJo

Proof. The statement is obvious is S, = (). If S, is non-empty,

pS) = 3 nw) <= Y flmulw) < - /Q fdu.

wES, wES,

We recall the Minkowski inequality

1/p 1/p 1/p
Pq Pq Pq
</Q|f+g| u> §</Q|f| u> +</Q|g| u> ,

where p > 1, and the Holder inequality

[ son < ( / Ifl”du)l/p ( / |g|Qdu)1/q,

L' = 1. For p = q = 2 the Holder inequality reduces to the Cauchy-Schwarz

where p,q > 1,p~! + ¢~
inequality.

If f:Q —] — 00,00] or [—00,00[, we again set [, fdu = > f(w)p(w) with the convention that
0-(£o0) =0.
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2.2 Probability on finite sets

We start with a change of vocabulary adapted to the probabilistic interpretation of measure theory.

A measure P on a finite set § is called a probability measure if P(Q) = > ., P(w) = 1. The pair
(Q, P) is called probability space. A set S C  is called an event and P(S) is the probability of the event
S. Points w € € are sometimes called elementary events.

A perhaps most basic example of a probabilistic setting is a fair coin experiment, where a coin is tossed NV
times and the outcomes are recorded as Head = 1 and Tail = —1. The set of outcomes is

Q={w= (w1, ,wn)|wr = %1},
and

Plw= (w1, ,wn)) = 2LN

Let S be the event that k Heads and IV — k Tails are observed. The binomial formula gives

P(S) = (JZ)QLN

Sj:{w:(wl,--- ,wn) | Zwkzj}a
k

where —N < j < N. P(S;) =0if N + jis odd. If N + j is even, then
N 1
)= (s2)am

A function X : Q — R is called random variable.

As another example, let

The measure Px induced by (P, X) is called the probability distribution of X . The expectation of X is

E(X)= [ XdP.
Q

The moments of X are
Mk:E(Xk)v k:1727

and the moment generating function is

M(a) = E(e*¥) =) "X P(w),
weN

where o € R. Obviously,
dk
Mk = QM(O[)‘QZO'

The cumulant generating function of X is

C(a) = log E(e*™) = log <Z eO‘X(“’)P(w)> .
weN
The cumulants of X are
dk

Ck:@C(a)‘azo, k:1,2, .

Cl = M1 = E(X) and
Cy = BE(X?) - BE(X)? = BE((X — E(X))?).
C} is called the variance of X and is denoted by Var(X). Note that Var(X) = 0 iff X is constant on

supp P. When we wish to indicate the dependence of the expectation and variance on the underlying
measure P, we shall write Ep(X ), Varp(X), etc.
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Exercise 2.1. The sequences { M}, } and {C}} determine each other, i.e., there are functions F}, and
G, such that
Cy = Fp(My,--+ , Mg), Mk =Gp(Cr,--,Ck).

Describe recursive relations that determine Fj, and G.

In probabilistic setup Proposition 2.1 takes the form
1

P({w € Q| |X(w)| 2 a}) < ~E(IX)), @.1)
and is often called Markov or Chebyshev inequality. We shall often use a shorthand and abbreviate the 1.h.s
in (2.1) as P{| X (w)| > a}, etc.
2.3 Law of large numbers
Let (€, P) be a probability space and X : Q — R a random variable. On the product probability space
(QN, Py) we define

N

SN(WZ (w1, ,wN)) :ZX(wk)-

o—1

We shall refer to the following results as the Law of large numbers (LLN).

Proposition 2.2 For any € > 0,

{5 o)

Remark 2.1 An equivalent formulation of the LLN is that for any € > 0,

Jim Py {"SNT(“’) E(X)‘ < e} =1.

Proof. Denote by F the expectation w.r.t. Py. Define X (w) = X (wy) and note that Ex (X)) = E(X),
En(X2) = BE(X?), En(X,X;) = E(X)? for k # j. Then

PN{‘SN]\(;’U) —E(X)’ Ze} :PN{(SNT(W) —E(X))2 262}

<Ln, <(‘Sf§§”) - E<X>)2>

= B | (X~ BOXA)(X; - B(X)
k.j
= NigVar(X),

and the statement follows. O
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2.4 Cumulant generating function

Let (€2, P) be a probability space and X : 2 — R a random variable. In this section we shall study in
some detail the properties of the cumulant generating function

C(a) = log E(e™X).

To avoid discussion of trivialities, until the end of this chapter we shall assume that X is not constant
on supp P, i.e. that X assumes at least two distinct values on supp P. Obviously, the function C(«) is
infinitely differentiable and

lim C'(a) = max X (w),

a—r 00 w

lim C'(«) = min X (w).

a—r— 00

2.2)

Proposition 2.3 C”(a) > 0 for all .. In particular, the function C'is strictly convex.

Remark 2.2 By strictly convex we mean that C” is strictly increasing, i.e., that the graph of C' does not
have a flat piece.

Proof. Set
e X (w)P(w)
o ="’ 23
Q (LU) Zw eax(w)P(w) ( )
and note that (), is a probability measure on () equivalent to P.
One easily verifies that
C'(e) = Eq.(X),  C"(a) = Varg, (X).
The second identity yields the statement. ([
Proposition 2.4 C' extends to an analytic function in the strip
m 1
I - 2.4
[m af < 2 max,, | X (w)] &9

Proof. Obviously, the function o — E(e®X) is entire analytic. If o = a + ib, then

B(e*¥) =Y "X cos(bX (w)) P(w) +1 Y "X sin(bX (w)) P(w).
weN weN

If [bX (w)| < /2 for all w, then the real part of E(e®™) is strictly positive. It follows that the function
Log E(e®™),

where Log is the principal branch of complex logarithm, is analytic in the strip (2.4) and the statement
follows. O

Remark 2.3 Let Q = {—1,1}, P(~1) = P(1) = 1/2, X(1) = 1, X(~1) = —1. Then
C(a) = logcosha.

Since cosh(wi/2) = 0, we see that Proposition 2.4 is an optimal result.
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2.5 Rate function

We continue with the framework of the previous section. The rate function of the random variable X is
defined by

I(G):sgﬁ(oﬁfcm)), 0 e R.

In the language of convex analysis, I is the Fenchel-Legendre transform of the cumulant generating func-
tion C. Obviously, I(#) > 0 for all 6. Set

m = min X (w), M =max X (w),

and recall the relations (2.2). By the intermediate value theorem, for any 6 in |m, M| there exists unique
a(f) € R such that
0 = C'(af(6)).

The function
a(f) = (C")71(0)

is infinitely differentiable on |m, M|, strictly increasing on |m, M|, a(0) | —oc iff 6 | m, and «(6) 1 00
iff 04 M.

Exercise 2.2. Prove that the function Jm, M[3> 6 — «(0) is real-analytic.
Hint: Apply the analytic implicit function theorem.

Proposition 2.5 (1) For 0 €)m, M|,
1(0) = a(0)0 — C(a(0)).

(2) The function I is infinitely differentiable on |m, M|.
(3) I'(9) = «(8). In particular, I' is strictly increasing on lm, M| and

lim I’ () = —o0, lim I'(0) = oo.
0lm o1 M

@) I"(0) = 1/C"(a(0)).
(5) 1(0) = 0iff 0 = E(X).

Proof. To prove (1), note that for 6 €]m, M| the function

d

a(oﬁ —C(a) =60—-C'(a)

vanishes at «(6), is positive for « < «(f), and is negative for « > «(f). Hence, the function o —
af — C(«) has the global maximum at o« = «(6) and Part (1) follows. Parts (2), (3) and (4) are obvious.
To prove (5), note that if 7(¢) = 0 for some 6 €]m, M|, then, since I is non-negative, we also have
0 = I'(f) = «(f), and the relation § = C’(a(f)) = C’(0) = E(X) follows. On the other hand, if
6 = E(X) = C’(0), then a(f) = 0, and I(§) = —C(0) = 0. O

Exercise 2.3. Prove that the function I is real-analytic in |m, M].

Let
Sm = {w € Q] X(w) = m}, Sy={we|X(w)=M}
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Proposition 2.6 (1) I(6) = oo for 0 & [m, M.
2
I(m) = lim 1(6) = ~log P(Sy),

I(M) = 911&14[(9) = —log P(Sn).

Proof. (1) Suppose that § > M. Then

do
Integrating this inequality over [0, «] we derive
al — C(a) > (0 — M)a,
and so

I1(0) = ilé%(od? —C(a)) = 0.

The case 6 < m is similar.

i(04970(04)) =0-C'(a) >0 — M.

13

(2) We shall prove only the second formula, the proof of the first is similar. Since the function aM — C'(«)

is increasing,
I(M) = lim (aM — C()).

a— 00
Since
C(a) = aM +log P(Sy) + log(1 + A(w)),
where 1
A _ a(X(w)fM)P

wESnm
we derive that I(M) = —log P(Sn).
Since C’(a(f)) = 0, Part (1) of Proposition 2.5 gives that

lim I(0) = lim (aC'(a) — C(a)).

o1TM a—00
Write 1+ Bla)
+ o
! =M -——-==
Cfa) = M5,
where i
B e X (X (W)=M) p(,).
) = 3 X K@ (@)
wESm
The formulas (2.5) and (2.6) yield
B(a) — A(a)

al'(a) — C(a) = aM T+ Ala)

Since A(«) and B(«) converge to 0 as o — 00,

lim I(0) = lim (aC’(a) — C(a)) = —log P(Sn).

01TM a—00

Proposition 2.7

Cla) = ZIEIE (O — I(6)).

—log P(Sn) —log(1 + A(w)).

(2.5)

(2.6)

2.7
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Proof. To avoid confusion, fix &« = ag. Below, a(f) = (C")~1(0) is as in Proposition 2.5.

The supremum in (2.7) is achieved at 0 satisfying
ag = 1'(0o).
Since I’ () = a(6y), we have ag = a(fy), and
I(60) = boax(0o) — C((bh)) = oo — C(a).

Hence

sup (fag — I(0)) = b — I(00) = C(w)-
OER

O
Returning to the example of Remark 2.3, m = —1, M = 1, C'(«) = logcosh «, and C’(«) = tanh .

Hence, for § €] — 1, 1],
1+0

1-6

o(f) = tanh™ () = %log

It follows that

1(6) = 6a(8) — C(a(8)) = %(1 +6)log(1 +6) + %(1 —6)log(1 — 6).

2.6 Cramér’s theorem

This section is devoted to the proof of Cramér’s theorem:

Theorem 2.8 For any interval [a, b],

.1 Sy (w) .
ngnooﬁlogPN{ N € [a, b] 770611[15})]](9).

Remark 2.4 To prove this result without loss of generality we may assume that [a, b] C [m, M].
Remark 2.5 Note that

0 ifE(X) € [a,b]
inf I(0) =< I(a) ifa>E(X)

0€c(a,b) .
I(b) ifb<E(X),
and that ) s
. w
Jim_ - log Py { ) _ M} — log P(Sy) = —I(M),
. 1 SN(w) o o o
]\}EDOONIOgPN{ N =™ =log P(Sy) = —I(m).

We start the proof with

Proposition 2.9 (1) For 0 > E(X),

1
lim sup N log PN

N—o00

(2) For <E(X),

1
lim sup N log Py

N—o0
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Remark 2.6 Note that if ¢ < E(X), then by the LLN

1 S
1 — > —
th log Py { > 9} 0.

Similarly, if 0 > E(X),
. 1 SN(w

J— < = 0.

dim oy | 252 <o) <o

~—

Proof. For o > 0,

Py {Sn(w) > N0} = Py {easwm > eaNG}
<e NEy (eO‘SN(W)

_ efaNHE (eaX)N

— N(C(@)—af)

It follows that

. 1 Sn(w) .
15{[nj;10p N log Py { N 2 9} < éri% (C(a) — ab) (slli;()) (af — C(a))

If 0 > E(X), then af — C(a) < 0 for oo < 0 and

sup (af — C(a)) = sup (b — C()) = 1(0).

a>0 a€eR

This yields Part (1). Part (2) follows by applying Part (1) to the random variable —X. O

Exercise 2.4. Using Proposition 2.9 prove that for any € > 0 there exist 7. > 0 and N, such that for
N > N,

Py {’SNT(“) —E(X)‘ > e} < e 7N,

Proposition 2.10 (1) For 6 > E(X),

o1 Sn(w
lnnmfﬁlogPN{ Nz\(r ) > 9} > —1(0).

N—o0

(2) For 6 <E(X),

Remark 2.7 Note that Part (1) trivially holds if § < E(X). Similarly, Part (2) trivially holds if § > E(X).

Proof. We again need to prove only Part (1) (Part (2) follows by applying Part (1) to the random variable
—X). If & > M, the statement is obvious and so without loss of generality we may assume that 0 €
[E(X), M]. Fix such 6 and choose s and € > O suchthat < s —e < s+ € < M.

Let @, be the probability measure introduced in the proof of Proposition 2.3, and let ), ; be the induced
product probability measure on V. The measures Py and ), n are equivalent, and for w € supp Py

Apy|gu n (W) = e @SN @ HNC(@),
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We now consider the measure Qv for & = a(s). Recall that

C'(a(s)) = s = Eq, ., (X).

Set 5
Tn = {““M# € [s—e,s+6]},

and note that the LLN implies

N Qago)n(Tn) = 1. 2.8)
The estimates

Sy (w
Py { N]\(f ) 2 9} =z PN(TN) = APN|Qa(s),1\ranc(s),N
TN

_ / e~ (ISKENClQ,
Tn

> N(Cla(@)—sals) —dlalQ o\ (Ty)

and (2.8) give

| Sn(w)
1 f —log P, > > - - =—1I(s) — .
gﬁ;Nogw{ v 291 2 Clals)) — sals) —ela(s)] (s) — elals)|

The statement now follows by taking first € | 0 and then s | 6. O

Combining Propositions 2.9 and 2.10 we derive

Corollary 2.11 For6 > E(X),

lim %bgPN {SN(“) > 9} = —1(0).

N —oc0

For § <E(X),

lim %logPN {SN(‘“) < 9} = —1(0).

N —oc0

We are now ready to complete
Proof of Theorem 2.8. If E(X) €]a, b[ the result follows from the LLN. Suppose that M > a > E(X).

Then . ‘SN_(‘*’)gab _p SN(W)>a -p SN_(‘”)>b.
N{N [,]} N{N_} N{N }

It follows from Corollary 2.11 that

lim —log |1 i {SN]&) ~ b} 0 2.9)
im —log [1— =0, .
N—ooco N Px {SN]\(]W) > a}
and so
. 1 SN((U) . 1 SN(w)
= — Bl > - _
leéoNlogPN{ N Slatly = lim Flog Py ( —F— 20 Ha)-

The case m < b < E(X) is similar. O
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Exercise 2.5. Write down the proof of (2.9) and of the case m < b < E(X).

Exercise 2.6. Consider the example introduced in Remark 2.3 and prove Cramér’s theorem in this
special case by using Stirling’s formula and a direct combinatorial argument.
Hint: See Theorem 1.3.1 in [Ell].

2.7 Notes and references

Although it is assumed that the student reader had no previous exposure to probability theory, a reading of
additional material could be helpful at this point. Recommended textbooks are [Chu, , 1.

For additional information and original references regarding Cramer’s theorem we refer the reader to Chap-
ter 2 of [ ]. Reader interested to learn more about theory of large deviations may consult classical refer-
ences [ , , El1], and the lecture notes of S.R.S. Varadhan https://math.nyu.edu/~varadhan/LDP.html.

It is possible to give a combinatorial proof of Theorem 2.8, as indicated in the Exercise 2.6. The advantage
of the argument presented in this chapter is that it naturally extends to a proof of much more general results
(such as the Girtner-Ellis theorem) which will be discussed in the Part IT of the lecture notes.


https://math.nyu.edu/~varadhan/LDP.html

CHAPTER 2. ELEMENTS OF PROBABILITY



Chapter 3

Boltzmann-Gibbs—Shannon entropy

3.1 Preliminaries

Let € be a finite set, |Q2] = L, and let P(£2) be the collection of all probability measures on . P() is
naturally identified with the set

L
7’L={(p1,---,pL)kaZO,Zm:l} 3.1)

k=1

(the identification map is P +— (P(w1),--- P(wr)). We shall often use this identification without further
notice. A convenient metric on P(€2) is the variational distance

dv(P,Q) =) |Pw) — QWw)|. (32)

we

We denote by P¢(2) the set of all faithful probability measures on P(2) (recall that P € P¢(Q) iff
P(w) > 0forall w € Q). P¢(2) coincides with the interior of P(€2) and is identified with

L
Prs = {(plv'" .pr) |pr >0, Zpk = 1}-

k=1

Note that P(£2) and P¢(2) are convex sets.

The probability measure P is called pure if P(w) = 1 for some w € 2. The chaotic probability measure is
Pyp(w)=1/L,we .

We shall often make use of Jensen’s inequality. This inequality states that if f : [a,b] — R is concave, then
forzy € [a,b], k=1,--- ,n,and (p1,--- ,pn) € Py we have

> oiflzn) < f (Zmu) : (3.3)
k=1 k=1

Moreover, if f is strictly concave the inequality is strict unless 1 = - -- = z,,. A similar statement holds
for convex functions.

Exercise 3.1. Prove Jensen’s inequality.

19
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3.2 Definition and basic properties

The entropy function (sometimes called the information function) of P € P(£2) is!
Sp(w) = —clog P(w), 3.4)

where ¢ > 0 is a constant that does not depend on P or €2, and — log 0 = co. The function Sp takes values
in [0, 0o]. The Boltzmann—Gibbs—Shannon entropy (in the sequel we will often call it just entropy) of P is

S(P) = /Qspdp =—c ) P(w)log P(w). (3.5)

weN
The value of the constant c is linked to the choice of units (or equivalently, the base of logarithm). The

natural choice in the information theory is ¢ = 1/log 2 (that is, the logarithm is taken in the base 2). The
value of ¢ plays no role in these lecture notes, and from now on we set ¢ = 1 and call

S(P)=->_ P(w)log P(w)

weN

the Boltzmann—Gibbs—Shannon entropy of P. We note, however, that the constant ¢ will reappear in the
axiomatic characterizations of entropy given in Theorems 3.4 and 3.5.

The basic properties of entropy are:

Proposition 3.1 (1) S(P) > 0and S(P) = 0 iff P is pure.
(2) S(P) <logLand S(P) =1log L iff P = Pep.

(3) The map P(Q2) > P+ S(P) is continuous and concave, that is, if py,’s are as in (3.3) and P, € P(Q2),
then

pls(P1)+~-~+an(Pn) SS(p1P1+"'pnPn), (36)

with equality iff Py = - - - = P,
(4) The concavity inequality (3.6) has the following "almost convexity" counterpart:
Sp1Pr+ -+ pnPn) SpiS(P1) + -+ pS(Pn) + S(p1, -+, pn),
with equality iff supp Py, N supp P; = 0 for k # j.

Proof. Parts (1) and (3) follow from the obvious fact that the function [0, 1] 3 « — —x log « is continuous,
strictly concave, non-negative, and vanishing iff x = 0 or x = 1. Part (2) follows from Jensen’s inequality.

! Regarding the choice of logarithm, in the introduction of [Sha] Shannon comments: "(1) It is practically more useful. Parameters
of engineering importance such as time, bandwidth, number of relays, etc., tend to vary linearly with the logarithm of the number
of possibilities. For example, adding one relay to a group doubles the number of possible states of the relays. It adds 1 to the base
2 logarithm of this number. Doubling the time roughly squares the number of possible messages, or doubles the logarithm, etc. (2)
It is nearer to our intuitive feeling as to the proper measure. This is closely related to (1) since we intuitively measure entities by
linear comparison with common standards. One feels, for example, that two punched cards should have twice the capacity of one for
information storage, and two identical channels twice the capacity of one for transmitting information. (3) It is mathematically more
suitable. Many of the limiting operations are simple in terms of the logarithm but would require clumsy restatement in terms of the
number of possibilities."
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Part (4) follows from the monotonicity of log x:

S(PrPr+- 4 paPa) =Y > —prPi(w)log | D p;Pi(w)
j=1

weN k=1

n

< Z Z —piPr(w) log (pr Py (w))

weN k=1
= Zpk (Z — Py (w) 10ng(w)> - Z <Z Pk(w)> Pk log py
k=1 wEN k=1 \we

The equality holds if for all w and k # j, pxPi(w) > 0 = p;Pj(w) = 0, which is equivalent to
supp P, Nsupp P; = () forall k # j. O
Suppose that 2 = € x €, and let P/, be the marginals of P € P(£2). For a given w € suppP; the

conditional probability measure P;Tz on €, is defined by

W Plw,o
P = T,

Note that

> P(w)Pi=P.

wesupph

Proposition 3.2 (1)
S(P)=S(P)+ > P(w)S(P4).

wey
(2) The entropy is strictly sub-additive:
S(P) < S(F)+ S(P),

with the equality iff P = P, ® P,.

Proof. Part (1) and the identity S(P, ® P.) = S(P,) + S(P,) follow by direct computation. To prove (2),
note that Part (3) of Proposition 3.1 gives

Yo RSP <S| Y Rlw)Ps | =8P,

wesupphl; wesupph;

and so it follows from Part (1) that S(P) < S(F;)+ S(P.) with the equality iff all the probability measures
P4, w € suppP, are equal. Thus, if the equality holds, then for all (w,w’) €  x Q,, P(w,w') =

r|l°

C(w")P;(w). Summing over w’s gives that P = P, @ P,. O

Exercise 3.2. The Hartley entropy of P € P(Q) is defined by

Su(P) = log |{w| P(w) > 0}/,
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1. Prove that the Hartley entropy is also strictly sub-additive: Sg (P) < Sg(F,) + Su(P,), with the
equality iff P = P, ® P,.

2. Show that the map P — Sy (P) is not continuous if L > 2.

3.3 Covering exponents and source coding

To gain further insight into the concept of entropy, assume that P is faithful and consider the product
probability space (Y, Py ). For given € > 0 let

T = {w = (w1, wn) € QY| ’SP(MH'”SP(“N) S(P)’ < e}

N

= {weQN| }@S(}D)‘ <e}

= {w eV ‘ e~ N(EP)+e) Py (w) < e_N(S(P)_E)} .

The LLN gives
lim PN(TN.C) =1.
N —oc0 ’

We also have the following obvious bounds on the cardinality of Ty .:
Py (T, )eN P70 < Ty | < N EEIFe),

It follows that

T S(P) — S(Pu,) + €.

1 Tn
S(P)fS(PCh)—e<hm1nf—log| | <hmsup—1og ap =

o

This estimate implies that if P £ P, then, as N — oo, the measure Py is "concentrated" and "equipar-
tioned" on the set Tl . whose size is "exponentially small" with respect to the size of Q.

We continue with the analysis of the above concepts. Let y €]0, 1] be fixed. The (N, ) covering exponent
is defined by
en(y) = min {|A|| A C QY, Py(4) >~} (3.7)

One can find ¢y (7y) according to the following algorithm:

(a) List the events w = (w1, - -+ ,wy ) in order of decreasing probabilities.

(b) Count the events until the first time the total probability is > ~.

Proposition 3.3 For all v €]0, 1],

1
lim N logen(vy) = S(P).

N —o00

Proof. Fix ¢ > 0 and recall the definition of T .. For N large enough, Py (Tn,) > 7, and so for such
N’s,
N(Y) < |T,| < eNEEPITO,
It follows that 1
lim sup N logen(vy) < S(P).

N —o00
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To prove the lower bound, let Ay ., be a set for which the minimum in (3.7) is achieved. Let ¢ > 0. Note
that

lim inf PN(TN,e n ANﬂ) Z Y- (38)

N—o00

Since for Py (w) < e NP~ for w € Tiy .,

PN(TN,E n AN,'y) = Z PN(w) < eiN(S(P)ie)|TN_’6 n AN7FY|.

(,‘.167—‘]\]76f‘|14]\]7,Y

Hence,
|An | > NEPI=O Py (Ty N An ),

and it follows from (3.8) that
1
oo 1 S e
1}\1[1;151; I logen(y) > S(P) — €
Since € > 0 is arbitrary,
|
liminf = logen(v) 2 S(P),

and the proposition is proven. O

We finish this section with a discussion of Shannon’s source coding theorem. Given a pair of positive
integers N, M, the encoder is a map

Fyn : QN — {0,1}M.

The decoder is a map
Gy :{0,1}M = V.

The error probability of the coding pair (Fn,Gn) is
Py {Gn o Fy(w) # w}.

If this probability is less than some prescribed 1 > € > 0, we shall say that the coding pair is e-good. Note
that to any e-good coding pair one can associate the set

A={w|GyoFy(w)=uw}

which satisfies

Py(A)>1—¢  |A]<2M. (3.9)
On the other hand, if A C Q¥ satisfies (3.9), we can associate to it an e-good pair (F, G ) by setting
Fx to be one-one on A (and arbitrary otherwise), and Gn = Fy Lon Fy (A) (and arbitrary otherwise).

In the source coding we wish to find M that minimizes the compression coefficients M /N subject to an
allowed e-error probability. Clearly, the optimal M is

My = [logy min {|A||A C QY Py(4) > 1—€}],

where [ - | denotes the greatest integer part. Shannon’s source coding theorem now follows from Proposition
3.3: the limiting optimal compression coefficient is
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3.4 Why is the entropy natural?

Set P = UgP(2). In this section we shall consider functions & : P — R that satisfy properties that
correspond intuitively to those of entropy as a measure of randomness of probability measures. The goal
is to show that those intuitive natural demands uniquely specify G up to a choice of units, that is, that for
some ¢ > 0and all P € P, 5(P) = ¢S(P).

We describe first three basic properties that any candidate for G should satisfy. The first is the positivity
and non-triviality requirement: &(P) > 0 and this inequality is strict for at least one P € P. The second
is that if |©21] = |Q2| and 6 : Q1 — Qo is a bijection, then for any P € P(£1), &(P) = G(P 0 6). In
other words, the entropy of P should not depend on the labeling of the elementary events. This second
requirement gives that & is completely specified by its restriction & : Uy >1Pr, — [0, oo[ which satisfies

S&(p1, -+ »pL) = GPr1), > Pr(L)) (3.10)

forany L > 1 and any permutation 7 of {1, --- , L}. In the proof of Theorem 3.5 we shall also assume that
S(p1,-,pL,0) =6(p1,- -+, pr) (3.11)

forall L > 1and (p1,---,pr) € Pr. In the literature, the common sense assumption (3.11) is sometimes

called expansibility.

Throughout this section we shall assume that the above three properties hold. We remark that the assump-
tions of Theorem 3.5 actually imply the positivity and non-triviality requirement.

3.4.1 Split additivity characterization

If 21, Q9 are two disjoint sets, we denote by €2 & {25 their union (the symbol & is used to emphasize the
fact that the sets are disjoint). If ;1 is a measure on €2y and ps is a measure on 2o, then . = p; G po is a
measure on §; @ Qo defined by p(w) = p1(w) ifw € Oy and p(w) = p2(w) if w € Qa. Two measurable
spaces (91, 1), (2, po) are called disjoint if the sets 2, Qs, are disjoint.

The split additivity characterization has its roots in the identity
S(plpl ++pnPn) :pls(Pl) ++an(Pn) +S(p1,--- ,Pn)
which holds if supp P, N suppP; = 0 for k # j.

Theorem 3.4 Let S : P — [0, 00| be a function such that:

(a) & is continuous on Po.

(b) For any finite collection of disjoint probability spaces (25, P;), j =1,--- ,n, and any (p1,--- ,pn) €
P,

& (@p&) = pk&(Pe) + &1, ,pa). (3.12)
k=1 k=1
Then there exists ¢ > 0 such that for all P € P,
S(P) = cS(P). (3.13)

Remark 3.1 If the positivity and non-triviality assumptions are dropped, then the proof gives that (3.13)
holds for some ¢ € R.

Remark 3.2 The split-additivity property (3.12) is sometimes called the chain rule for entropy. It can be
verbalized as follows: if the initial choices (1,- - ,n), realized with probabilities (p1,- - ,pn), are split
into sub-choices described by probability spaces (Q, P;), k = 1,-- - ,n, then the new entropy is the sum
of the initial entropy and the entropies of sub-choices weighted by their probabilities.
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Proof. In what follows, P,, € P,, denotes the chaotic probability measure

and

We split the argument into six steps.
Step 1. 5(1) = 5(0,1) = 0.
Suppose that |2 = 2 and let P = (¢1, g2) € Pa. Writing Q = Q; & Qy where || = |Q2| = 1 and taking

P =(1),P,=(1),p1 = q1. p2 = q2. we get &(q1, q2) = 6(1) + S(q1, ¢2), and so &(1) = 0. Similarly,
the relations

&(0,q1,92) = 16(0,1) + ¢26(1) + &(q1, ¢2),
6(0,q1,q2) =0-6(1) +1-6(q1,92) +&(0,1),

yield that G(0, 1) = ¢ &(0, 1) for all g1, and so &(0,1) = 0.

Step 2. f(nm) = f(n) + f(m).

Take Q = @ -+ - D Qy, with |Qx| = nforall 1 <k < m, and set P, = P, pr = 1/m. Tt then follows
from (3.12) that f(nm) =m - L f(n) + f(m) = f(n) + f(m).

Step 3. lim,,, o (f(n) — f(n — 1)) = 0.

In the proof of this step we shall make use of the following elementary result regarding convergence of the
Cesaro means: if (ay),>1 is a converging sequence of real numbers and lim,,_, o, a,, = a, then

L1
nl;rr;o - Z ar = a.

k=1
As an exercise, prove this result.
Setd, = f(n) — f(n—1),6, =&($,1—1). Since f(1) = &(1) = 0,

f(n)=d,+---+ds.

The relation (3.12) gives

1

fn) = (1= 1) fa =1+ 6

and so
né, = nd, + f(n—1).

It follows that .
Z ko =nf(n) =n(d, + f(n—1)) = n(nd, — (n — 1)d,),
k=2

which yields
n—1
1
dy, =6, — —— kéy.
n(n—1) 1;2

By Step 1, lim,,_, o 6, = 0. Obviously,

n—1 n—1
1 1
0<7§ ko <—E 0
~n(n-1) = k_nk:2 ko
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and we derive

n—1
1
lim ———— kb, = 0.
1) 2

It follow that lim,, . d,, = 0.
Step 4. There is a constant ¢ such that f(n) = clogn for all n.
By Step 2, forany & > 1,

ff) _n

logn*  logn’

Hence, to prove the statement it suffices to show that the limit

g(n) = f(n) — 1(2) logn (3.14)

satisfies

The choice of integer 2 in (3.14) is irrelevant, and the the argument works with 2 replaced by any integer
m > 2.

Obviously, g(nm) = g(n) + g(m) and g(1) = g(2) = 0. Set &, = g(m) —g(m — 1) if nisodd, &, =0
if m is even. By Step 3, lim,;, o0 & = 0. Let n > 1 be given. Write n = 2ny + 71, where r; = 0 or
r1 = 1. Then

g(n) = Cn + 9(277‘1) = Cn + g(nl),
where we used that g(2) = 0. If ny > 1, write again n; = 2n; + ro, where 7o = 0 or 2 = 1, so that
g(n1) = Cuy + g(n2).
This procedure terminates after kg steps, that is, when we reach ny, = 1. Obviously,
ko—1

logn
ko < oo =Y s
0 = 10g2, g(n) kZOCk

where we set ng = n. Let ¢ > 0 and m. be such that for m > m. we have |§,,,| < €/log2. Then

n 1 ko log 2 1
o] ST fl | 4+ 2082 < S el | +e

logn ~— logn logn ~— logn

m<me m<me

It follows that

Since € > 0 is arbitary, the proof is complete.

Step 5. If cis as in Step 4, then
S(q1,92) = ¢S(q1, q2)-

Let Q = Q; @ Q5 with |Ql| =m,

m—-n

p2 = T, we derive

Qo] = m — n. Applying 3.12)to P, = P,,, Py = Pp_p. p1 = 2,

m

m m

) = 2 o)+ P ) (2, ).
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(2 ) s (2,10
m m m m

Since this relation holds for any m < n, the continuity of G and S on P, yields the statement.

Step 4 gives that

Step 6. We now complete the proof by induction on |2]. Suppose that G(P) = ¢S(P) holds for all
P € P(Q2) with |Q2] = n — 1, where cis as in Step 4. Let P = (py,--- , py) be a probability measure on
Q=Q,-1DQ, where |Q,—1| = n—1,|Q] = 1. Without loss of generality we may assume that ¢,, < 1.

Applying (3.12) with
P1< q1 ,”.7%1),
1- qn 1- qn

P> =(1),p1 =1 — gqyn, p2 = ¢, we derive

S(P) =cS(P1) + ¢S(p1,p2) = ¢S(P).

This completes the proof. The non-triviality assumption yields that ¢ > 0. O

3.4.2 Sub-additivity characterization

The sub-additivity of entropy described in Proposition 3.2 is certainly a very intuitive property. If the
entropy quantifies randomness of a probability measure P, or equivalently, the amount of information
gained by an outcome of a probabilistic experiment described by P, than the product of marginals P, ® P,
is certainly more random then P € P(; x ). The Boltzmann—Gibbs—Shannon entropy S and the
Hartley entropy S introduced in Exercise 3.2 are strictly sub-additive, and so is any linear combination

6 =cS+CSH, (3.15)

where ¢ > 0, C' > 0, and at least one of these constants is strictly positive. It is a remarkable fact
that the strict sub-additivity requirement together with the obvious assumption (3.11) selects (3.15) as the
only possible choices for entropy. We also note the strict sub-additivity assumption selects the sign of the
constants in (3.15), and that here we can omit the assumption (a) of Theorem 3.4.

Theorem 3.5 Let S : P — [0, oo be a strictly sub-additive map, namely if Q = Q; x Q,. and P € P(Q),
then
&(P) < &(B) + &(P,)

with equality iff P = P, ® P,.. Then there are constants ¢ > 0,C > 0, c+ C' > 0, such that for all P € P,
S(P)=¢S(P)+ CSu(P). (3.16)
If in addition G is continuous on Ps, then C = 0 and & = ¢S for some ¢ > 0.
Proof. We denote by G,, the restriction of S to P,,. Note that the sub-additivity implies that
Son(pi1, P12, s Pn1, Pn2) < Ga(pr1 + - + Pu1, P12 + - + Pn2) 317
+ &n(p11 + P12, , Pu1 + Pn2)- A7
For z € [0,1] we set T = 1 — z. The function
F(z) = 65(7, x) (3.18)

will play an important role in the proof. It follows from (3.10) that F'(z) = F(Z). By taking P, = P, =
(1,0), we see that

2F(0) = &(P) + &(P,) =6(P ® P,) = &(1,0,0,0) = &(1,0) = F(0),
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and so F'(0) = 0.
We split the proof into eight steps.
Step 1. For all ¢, € [0,1] and (p, p3,- - ,Pn) € Pn—1,n > 3, one has

62(@7 q) - 62(ﬁ6+pF)ﬁq +p7") S Gn(P@p(ZaP& e 7pn) - 6n(p77p747p35 o apn) (3 19)

< &o(pT +pg, pr +rq) — S2(T, 7).
By interchanging ¢ and r, it suffices to prove the first inequality in (3.19). We have
G2(q,q) + &n(pT,pr,ps, -+, pn) = Gon(qpT, qPT, qpr, qPT, qP3, qP3, " * s qPn> 4Pn)
= &a,,(qpT, qpr, qPT, qPT, D3, qP3, 5 qPns GPn)
< Go(qpT + qpT +q(ps + -+ +pu), qpr + qpr + q(ps + -+ + pn))
+ &, (qpT + Gpr, qpT + qpr, qps + qp3, -+, qPn + qPn)
= &2(pq + pr,Pq + pr) + Su(PT, prips, -+, Pn)-

The first equality follows from (3.10) and the first inequality from (3.17). The final equality is elementary
(weused that p+ p3 + -+ -p, = 1).

Step 2. The function F, defined by (3.18), is increasing on [0, 1/2], decreasing on [1/2, 1], and is continu-
ous and concave on ]0, 1[. Morever, for ¢ €]0, 1] the left and right derivatives

Dl = g P EW ) PR =)
exist, are finite, and DY F'(¢) > D™ F(q).
We first establish the monotonicity statement. Note that the inequality of Step 1
G2(q,q) — &2(pq + pT',pq + pr) < &2(PT + pq, pr + 1q) — S2(7. 1) (3.20)
with r = @ gives
262(7,9) < G2((1 = p)(1 = q) +pg, (1 = p)g +p(1 - q))
+ 62((1 = p)g+p(1 —q), (L= p)(1 —q) + pq),

or equivalently, that
F(g) < F((1 = p)g +p(1 —q)). (3.21)

Fix ¢ € [0,1/2] and note that [0, 1] 5 p — (1—p)g+p(1—q) is the parametrization of the interval [¢, 1 —g].
Since F(q) = F(1 — q), we derive that F'(q) < F(z) for € [g,1/2], and that F(z) > F(1 — q) for
x € [1/2,q]. Thus, F is increasing on [0, 1/2] and decreasing on [1/2, 1]. In particular, for all z € [0, 1],

F(1/2) > F(z) > 0, (3.22)

where we used that F'(0) = F'(1) = 0.

We now turn to the continuity and concavity, starting with continuity first. The inequality (3.20) with
p = 1/2 gives that for any ¢, 7 € [0, 1],

1 1 11
@) +5F(r) < F (§q + 57«) : (3.23)

Fix now ¢ €]0, 1], set A,, = 27" and, starting with large enough n so that ¢ = A,, € [0, 1], define
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It follows from (3.23) that the sequence AF(q) is increasing, that the sequence A, (q) is decreasing , and
that At (q) < A, (q) (write down the details!). Hence, the limits

. JF . —
Jim A7(g),  lim A (q)
exists, are finite, and
lim F(qg+ M\,) = F(q). (3.24)
n— oo

The established monotonicity properties of F' yield that the limits limy o F'(¢ + k) and limp4o F'(g + h)
exist. Combining this observation with (3.24), we derive that

lim F(q¢+ h) = F(q),
h—0

and so F is continuous on ]0, 1[. We now prove the concavity. Replacing r with (¢ 4+ )/2 in (3.23), we
get that
AF(¢)+ (1L =MNF(r) < F(Ag+ (1 —XNr) (3.25)

holds for A = 3/4, while replacing ¢ with (g+)/2 shows that (3.25) holds for A = 1/4. Continuing in this
way shows that (3.25) holds for all dyadic fractions A = k/2",1 < k < 2", n = 1,2,---. Since dyadic
fractions are dense in [0, 1], the continuity of F' yields that (3.25) holds for A € [0, 1] and ¢, €]0,1].
Finally, to prove the statement about the derivatives, fix ¢ €]0, 1[ and for & > 0 small enough consider the

functions
At(h) = =%, AT(n)= Fla=h = Flg) }i)h* o)

The concavity of F' gives that the function i — A™(h) is increasing, that h — A~ (h) is increasing, and
that A*(h) < A~ (h). This establishes the last claim of the Step 2 concerning left and right derivatives of
Fon]0,1].

Step 3. There exist functions R, : P, — R, n > 2, such that

_ Flg+h)—-Fl(q)

&, (pq,pq,p3,- -+ ,Pn) = PF(q) + Ru—1(p,p3,- -+ ,Pn) (3.26)

forall ¢ €]0,1[, (p, ps, - ,Pn) € Pn—1andn > 2.
To prove this, note that the Step 1 and the relation F'(z) = F(T) give

F(pq +pq) = F(Pg +pr) _ Sn(07:04,03, - sPn) = Su(PT,P7, D3, s n)

q—r q—r

F(pq +pr) — F(pr +pr)
q—T

(3.27)

<

forO0<r <qg<1land(p,ps, - ,pn) € Pn. Fix (p,p3, - ,pn) € P, and set

L(q) = Gn(pqvp(bp37 e 7pn)

Taking ¢ | r in (3.27) we get
pD™F(r) = D™ L(r),

while taking r 1 ¢ gives
pDF(q) = D" L(q).

Since D* F(q) is finite by Step 2, we derive that the function L(q) — pF(q) is differentiable on ]0, 1] with
vanishing derivative. Hence, for ¢ €]0, 1],

L(q) :pF(q) +Rﬂ—1(p)p3a o 7pn)7

where the constant R,,_; depends on the values (p, ps, - - - , p,) we have fixed in the above argument.



30 CHAPTER 3. BOLTZMANN-GIBBS-SHANNON ENTROPY
Step 4. There exist constants ¢ > 0 and C such that for all ¢ €0, 1],
F(q)=cS(1—q,q)+C. (3.28)

We start the proof by taking (p1, p2,p3) € Ps.¢. Setting

R
p1+p2’

D =p1 + p2, q

we write
S3(p1, p2,p3) = S3(pq, pq, p3).

It then follows from Step 3 that

D1 D2

P P2 ) Ry o). (329
P p1+p2> 2(p1 + P2, p3) )

63(171’172,1?3) = (Pl +p2)(‘52 <

By (3.10) we also have

D1 D3
p1+Dp3s p1+p3

S3(p1,p2,p3) = 63(p1,p3,p2) = (p1 +p3)G2 < > +Ra(p1 +p3,p3).  (3.30)

Setting G(z) = Ra(T, x), © = p3, y = p2, we rewrite (3.29)=(3.30) as

(1—a)F (1 4 ) L G@) = (1—y)F (ﬁ) +G(y), (3.31)

— T

where z,y €]0,1[and z + y < 1. The rest of the proof concerns analysis of the functional equation (3.31).

Since F is continuous on |0, 1[, fixing one variable one easily deduces from (3.31) that G is also continuous
on]0,1[. Let0 < a < b < 1 and fix y €]0,1 — b[. It follows that (verify this!)

x b Y Y
1, —Lely L 1.
elor] o oelu]c o

Integrating (3.31) with respect to x over [a, b] we derive

b
(b— a)G(y) = / G(y)da

:/aba(x)der/ab(l—x)F(lyx) dx—(1—y)/abF(ﬁ) dr  (3.32)

b y/(1-b) b/(1-y)
= / G(z)dz + y2/ s2F(s)ds — (1 — y)Q/ F(t)dt,
a y/(1—a) a/(1—-y)

where we have used the change of variable

Y x
t= .
Y 17y

(3.33)

It follows that G is differentiable on 0, b[. Since 0 < b < 1 is arbitrary, G is differentiable on 0, 1[.

The change of variable (3.33) maps bijectively {(x,y) | z,y > 0} to {(s,%)| s, t €]0, 1[} (verify this!), and
in this new variables the functional equation (3.31) reads

1-—t 1—st t— st s — st
F(t):l_sF(s)+1_s [G<1—st>G<1—st)]' (3.34)
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Fixing s, we see that the differentiablity of G implies the differentiability of F' on ]0,1[. Returning to
(3.32), we get that G is twice differentiable on 0, 1], and then (3.34) gives that F' is also twice differen-
tiable on |0, 1[. Continuing in this way we derive that both F' and G are infinitely differentiable on ]0, 1].
Differentiating (3.31) first with respect to x and then with respect to y gives

Y " Y . x / T
(1—30)2F (1—x)(1_y)2F <1—y>' (3.35)

The substitution (3.33) gives that for s, ¢ €]0, 1],

s(1—=s)F"(s) =t(1 —t)F"(¢).

It follows that for some ¢ € R,
t(1—t)F"(t) = —c

Integration gives
F(t)=c¢S(1—t,t)+ Bt+C.

Since F(t) = F(t), we have B = 0, and since F' is increasing on [0, 1/2], we have ¢ > 0. This completes
the proof of the Step 4. Note that as a by-product of the proof we have derived that for some constant D,

G(z) = F(z)+D, = €]0,1]. (3.36)

To prove (3.36), note that (3.28) gives that F' satisfies the functional equation

1—=z

(1—a)F (L) Y F@)=(1—-y)F (ﬁ) + F(y).
Combining this equation with (3.31) we derive that for z,y > 0,0 < z +y < 1,
G(z) - F(z) = G(y) — F(y).

Hence, G(z) — F(z) = D, for x €]0,1 — y[. If y1 < y2, we must have D,, = D,,, and so D = D,, does
not depend on y, which gives (3.36).

Step 5. For any n > 2 there exists constant C'(n) such that for (p1,- -+ ,pn) € Pu s,

Gn(plv T apn) = CS(pla e 7pn) + C(n); (337)

where ¢ > 0 is the constant from the Step 4.

In the Step 4 we established (3.37) for n = 2 (we set C'(2) = (), and so we assume that n > 3. Set
p =p1 + p2, ¢ = p2/(p1 + p2). It then follows from Steps 3 and 4 that

D1 D2
p1+p2’ P14 D2

Sn(p1,---,pn) = (p1 +p2)G2 ( ) + Rn-1(p1 +p2,p3, -+ . Pn)

(3.38)
D1 D2
p1+p2’ p1+ Do

= (pl +p2)CS< > +Rn—1(p1 +p27p37"' 7pn)a

where ﬁn_l(p,pg, < ypn) = pCa + Rp—1(p,ps,- - ,pn). Note that since R,,_1 is invariant under the
permutations of the variables (ps, - - ,py,) (recall (3.38)), so is R,—1. The invariance of &,, under the
permutation of the variables gives

D1 D3
p1+p3’ p1+Dp3

671(1)1)' o 7pn) = (pl +p3)CS( ) +7€n—1(p1 +p37p27p4' o 7p7l)7

and so

(p1 +P2)05( B i ) — (p1 + p3)cS (L p73)

p1+Dp2’ P14 D2 p1+p3’ p1+D3 (3.39)

= 7€n—l(Pl + p2,ps3, - - 7Pn) - ﬁn—1(p1 + D3, p2,P4- - apn)'
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Until the the end of the proof when we wish to indicate the number of variables in the Boltzmann—Gibbs—
Shannon entropy we will write Sy, (p1, - - - , prn). One easily verifies that

D1 D2
p1+p2’ p1+ D2

Sn(p1,--- ,Pn) = (1 +p2)S2 ( ) + Sn—1(p1 4 D2, 03, Pn)

4! P3
= (pl +p3)52 (pl + s ) 1 +p3) + Sn—l(pl +p37p27p47 T 7pn)a

and so

148 (B B s (S )

p1+p2 P14 D2 p1+p3’ p1+p3 (3.40)
= N—l(pl +p25p3a T 7pn) - Sn—l(pl +p3ap25p4 e apn)
Since in the formulas (3.39) and (3.40) S = S5, we derive that the function
Tnfl(pa q,P4," " 7pn) = Rnfl(pa q,P4," " apn) - CSnfl(pv q;P4," " 7pn)
satisfies
Tp-1(p1 +p2,p3,P4, ;) = Tn1(p1 + P32, P4+ s Pn) (3.41)
for all (p1,---pn) € Pns. Moreover, by construction, T,,—1(p, ¢, pa, - - - ,Pn) is invariant under the per-

mutation of the variables (g, p4, - - ,ppn). Set s = p1 + p2 + ps. Then (3.41) reads as

Trn-1(5 —p3,03,P4,  ,Pn) = Tn_1(5 — P2, P2, P — Py =+, Pn)-

Hence, the map
]05 5[9 p— Tn*l(s —DP,D, P4, 7pn)

is contant. By the permutation invariance, the maps
10,s[>p = Tp1(s = PP3y s Pm—1,D, P15 ")
are also constant. Setting s = p; + p2 + p3 + p4, we deduce that the map
(p3,pa) = Tn-1(s — P3 — P4, P3,Pas "+ Pn)
with domain p3 > 0,p4 > 0, p3 4+ p4 < s, is constant. Continuing inductively, we conclude that the map
(p3s- -+ ,pn) = Tnoa(1 = (p3+ - +Pn)sP3, D1y 5 Pn)
with domain pg > 0, ZZ:3 pr < 11is constant. Hence, the map
Prg > (p1,-- s pn) = Tuo1(p1 +p2, 03, ,Pn)

is constant, and we denote the value it assumes by C'(n). Returning now to (3.38), we conclude the proof
of (3.37):

Sn(p1,-+ s pn) = (p1 + p2)cSs (plilm,plpfm) +Ro-1(p1 + 2,03, Pn)
= (p1 + p2)cSa2 <plpTlpg’ mpTQPQ) + ¢Sn—1(p1 + p2,p3, -+, pn) + C(n) 642
= cSu(p1, -+ ,pn) + C(n).
Step 6. C(n +m) = C(n)C(m) for n,m > 2, and
liminf(C'(n+1) — C(n)) = 0. (3.43)

n—r00
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If P, € P, and P, € P,,, then the identity &,,,,,(P, X P.) = &,(P) + &(P,) and (3.37) give that
C(n 4+ m) = C(n) + C(m). To prove (3.43), suppose that n > 3 and take in (3.19) ¢ = 1/2,r = 0,
p=p3=-+-=p, =1/(n—1). Then, combining (3.19) with Step 5, we derive

r 1 _F _n-2
2 2(n— 1)
1 1 1 1 1 1 1
< —
_Gn(Q(nIYQ(nl)’nl’ 7nl) ('Sn(nl’o’nl7 nl)

S 1 1 1 1 . 1 1 1
= COn ) 3 s — Con— 3 P
20n—1)"2(n—1)" n—1 n—1 "\n=1"n-1" "n-1

+C(n)—C(n—-1)

_ log2
S on—1

+C(n)—C(n—1).

The first inequality in (3.22) gives

log 2

0< 1+C(n)70(n71),

and the statement follows.
Step 7. There is a constant C' > 0 such that for all n > 2, C'(n) = C'logn.

Fix € > 0 and n > 1. Let k € N be such that for all integers p > n*, C(p + 1) — C(p) > —e. It follows
that forp > p* and j € N,

J
Clp+34) = Clp) =Y (Clp+i) = Clp+i—1)) = —je.
i=1
Fix now p > n* and let m € N be such that n™™ < p < n™*1. Obviously, m > k. Write

D= amn™ + apy_1n™

+ -+ aip+ ao,
where ay’s are integers such that 1 < a,, < n and 0 < ag < n for k£ < m. It follows that
C(p) > Clamn™ +---+an) —ne = C(n) + Clam,n™ ' + -+ agn + a1) — ne.
Continuing inductively, we derive that
C(p) > (m—k+1)Cn) + Clamn 4 am1n* 2+ +am_ps1) — (m—k+1e
If M = maxocj<pr+1 |C(j)], then the last inequality gives
Clp)>(m-k+1)Cn)—M—(m—k+1e.
By the choice of m, logp < (m + 1) logn, and so

lim inf Clp) .
p—oo logp ~ logn

Since .
J
lim inf % < lim inf M = %

n—oo logp — j—oo lognd n '

we derive that for all n > 2,
C(n) = Clogn,
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where o
C = liminf ﬁ
p—00 D
It remains to show that C' > 0. Since
F(z) = ¢S2(1 — z,2) + Clog 2,

we have lim, o F'(z) = Clog2, and (3.22) yields that C' > 0.
Step 8. We now conclude the proof. Let P = (p1,- -+ ,pn) € Py. Write

P:(p_h) apjk705"' 50)7

where p; > 0form =1,--- k. Then
GN(P) = Gk(pju"' ’pjk) = Csk(pju"' 7pjk) + Clogk = CS’VI(P) +CSH(P)'

Since G, is strictly sub-additive, we must have c+ C' > 0. The final statement is a consequence of the fact
that Sy is not continuous on P,, forn > 2. ]

3.5 Rényi entropy

Let € be a finite set and P € P(£2). For a €]0, 1] we set

i i " log <Z P(w)”‘) .

weN

Sa(P) =

Sa(P) is called the Rényi entropy of P.

Proposition 3.6 (1) lim41 So(P) = S(P).

(2) limayo Sa(P) = Su(P).

(3) Sa(P) > 0and So(P) = 0 iff P is pure.

4) S (P) < log | with equality iff P = Pep.

(5) The map 10,1[> oo — S (P) is decreasing and is strictly decreasing unless P = Pe,.

(6) The map P(2) > P — S, (P) is continuous and concave.

(7) If P = P, ® P, is a product measure on Q = ) X Q,., then Sy (P) = So(P) + So(Pr).

(8) The map o — S, (P) extends to a real analytic function on R by the formulas S1(P) = S(P) and

So(P) = L log | Y. Pw*|, a#l

l1—«

Exercise 3.3. Prove Proposition 3.6.

Exercise 3.4. Describe properties of S, (P) for a £]0,1].
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Exercise 3.5. LetQ ={—-1,1} x {-1,1},0<p,g< 1,p+qg=1,p +# g, and
Pe(—17—1):pq_|'67 Pe(_lal):p(l_Q)_ea

P(1,-1)=(1-p)g—¢,  P(lL,1)=(1-p)(1—-q)+e

Show that for o # 1 and small non-zero e,
Sa(P.) > Sa(Pey) + Sa(Per).

Hence, Rényi entropy is not sub-additive (compare with Theorem 3.5).

3.6 Why is the Rényi entropy natural?

In introducing S, (P) Rényi was motivated by a concept of generalized means. Let wy, > 0,7, w =1
be weights and G :]0, co[ — ]0, oo[ a continuous strictly increasing function. We shall call such G a mean
function. The G -mean of strictly positive real numbers x1, - - - , Zp, is

Sa(xy,--,an) =G <Z ka(xk)> )
k=1

Set Pr = Up>1Pnt.
One then has:

Theorem 3.7 Let G : Py — [0, oo be a function with the following properties.
(a) If P =P, ® Py, then 5(P) = &(P,) + &(P;).
(b) There exists a mean function G such that for alln > 1 and P = (p1,- -+ ,pn) € Pn.s,
S(p1,-++,pa) = G (Ep(G(Sp)) =G7! (Zpkc(logpw) :
k=1
(c) 6(p,1 —p) > 0asp— 0.
Then there exists o > 0 and a constant ¢ > O such that for all P € F,
S(P) = cSa(P).
Remark 3.3 The assumption (c) excludes the possibility o < 0.

Remark 3.4 If in addition one requires that the map P, s > P — &(P) is concave for all n > 1, then
S(P) = ¢S4 (P) for some « €]0, 1].

Although historically important, we find that Theorem 3.7 (and any other axiomatic characterization of the
Rényi entropy) is less satisfactory then the powerful characterizations of the Boltzmann—Gibbs—Shannon
entropy given in Section 3.4. Taking Boltzmann—Gibbs—Shannon entropy for granted, an alternative un-
derstanding of the Rényi entropy arises through Cramér’s theorem for the entropy function Sp. For the
purpose of this interpretation, without loss of generality we may assume that P € P(€2) is faithful. Set

Sa(P) = log (Z [P(w)]l_o‘> , aeR. (3.44)

weN
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Obviously, for a € R,

Sa(P) = aSi_o(P). (3.45)

The naturalness of the choice (3.44) stems from the fact that the function o > §Q(P) is the cumulant
generating function of Sp(w) = — log P(w) with respect to P,

Sa(P) =logEp(e®57). (3.46)

Passing to the products (2, Py), the LLN gives that for any € > 0,

S S
lim Py {w = (w1, ,wn) € QY| plw) £ Sp(wn) S(P)‘ > e} = 0. (3.47)
N—o00 N
It follows from Cramér’s theorem that the rate function
I(0) = sup(af — 5,(P)), O €ER, (3.48)
a€ER
controls the fluctuations that accompany the limit (3.47):
. 1 N Sp(w1)+"'5p(w1v) .

A}gnooﬁlogPN {w:(wl,--- ,wy) € QY| I € [a, b] :—eér[sz]l(H). (3.49)

We shall adopt a point of view that the relations (3.45), (3.48), and (3.49) constitute the foundational basis
for introduction of the Rényi entropy. In accordance with this interpretation, the traditional definition of
the Rényi entropy is somewhat redundant, and one may as well work with S,,(P) from the beginning and
call it the Rényi entropy of P (or a-entropy of P when there is a danger of confusion).

The basic properties of the map a — §Q(P) follow from (3.46) and results described in Section 2.4. Note
that So(P) = 0 and S1(P) = log |Q?|. The map P¢(Q2) > P — S, (P) is convex for « ¢ [0, 1] and concave
for a €]0, 1.

3.7 Notes and references

The celebrated expression (3.5) for entropy of a probability measure goes back to 1870’s and works of
Boltzmann and Gibbs on the foundations of statistical mechanics. This will be discussed in more detail
in Part II of the lecture notes. Shannon has rediscovered this expression in his work on foundations of
mathematical information theory [Sha]. The results of Section 3.2 and 3.3 go back to this seminal work.
Regarding Exercise 3.2, Hartley entropy was introduced in [Har]. Hartley’s work has partly motivated
Shannon’s [Sha].

Shannon was also first to give an axiomatization of entropy. The axioms in [Sha] are the continuity of
& on P, for all n, the split-additivity (3.12), and the monotonicity &(P, 1) < &(P,), where P} €
Py is the chaotic probability measures. Shannon then proved that the only functions & satisfying these
properties are ¢S, ¢ > 0. Theorem 3.4 is in spirit of Shannon’s axiomatization, with the monotonicity
axiom &(P,41) < &(P,,) dropped and the continuity requirement relaxed; see Chapter 2 in [ ] for
additional information and Theorem 2.2.3 in [Thi] whose proof we roughly followed. We leave it as an
exercise for the reader to simplify the proof of Theorem 3.4 under additional Shannon’s axioms.

Shannon comments in [Sha] on the importance of his axiomatization as

This theorem, and the assumptions required for its proof, are in no way necessary for the
present theory. It is given chiefly to lend a certain plausibility to some of our later definitions.
The real justification of these definitions, however, will reside in their implications.

The others beg to differ on its importance, and axiomatizations of entropies became an independent research
direction, starting with early works of Khintchine [Khi] and Faddeev [ ]. Much of these efforts are
summarized in the monograph [ ], see also [Csi].
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The magnificent Theorem 3.5 is due to Aczél, Forte, and Ng [ ]. T was not able to simplify their
arguments and the proof of Theorem 3.5 follows closely the original paper. The Step 7 is due to [Kat]. The
proof of Theorem 3.5 can be also found in [ ], Section 4.4. An interesting exercise that may elucidate
a line of thought that has led to the proof of Theorem 3.5 is to simplify various steps of the the proof by
making additional regularity assumptions.

Rényi entropy has been introduced in [Rén]. Theorem 3.7 was proven in [Dar]; see Chapter 5 in [ ]
for additional information.
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Chapter 4

Relative entropy

4.1 Definition and basic properties

Let Q be a finite set and P, Q € P(Q2). If P < @, the relative entropy function of the pair (P, @) is defined
for w € suppP’ by

cSpjo(w) = cSq(w) — cSp(w) = clog P(w) — clog Q(w) = clog Ap|g(w),
where ¢ > 0 is a constant that does not depend on 2, P, . The relative entropy of P with respect to () is
P
S(P|Q) = c/ SpigdP=c¢ Y Plw)log Plw) 4.1

suppP wEsuppP Q(W)

If P is not absolutely continuous with respect to @ (i.e., Q(w) = 0 and P(w) > 0 for some w), we set
S(PIQ) = .

The value of the constant ¢ will play no role in the sequel, and we set ¢ = 1. As in the case of entropy, the
constant ¢ will reappear in the axiomatic characterizations of relative entropy (see Theorems 5.1 and 5.2).

Note that
S(P|Pu) = —S(P) + log 9.

Proposition 4.1 S(P|Q) > 0and S(P|Q) =0iff P = Q.

Proof. We need to consider only the case P < (). By Jensen’s inequality,

QW)

> Pelos g <log| Y Q).
weEsupplP wesuppP

and so Q)

w

P(w)l <0
> Pw)log @) =
wesuppP

with equality iff P = Q. (|

The next result refines the previous proposition. Recall that the variational distance dy (P, Q) is defined by
(3.2).

Theorem 4.2 1
S(P|Q) = 5dv(P,Q)*. (4.2)
The equality holds iff P = Q.

39
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Proof. We start with the elementary inequality

x> —1. 4.3)

(I+z)log(l+z)—a >
This inequality obviously holds for z = —1, so we may assume that > —1. Denote the Lh.s by F'(x) and
the r.h.s. by G(x). One verifies that F/(0) = F’(0) = G(0) = G’(0) = 0, and that

1
1+

: G"(x) = (1—1—{)73.

F/I(x) — 3

Obviously, F'(z) > G"(x) for x > —1,x # 0. Integrating this inequality we derive that F'(z) > G'(z)
forx > 0and F'(z) < G'(x) for x €] — 1,0[. Integrating these inequalities we get F'(z) > G(z) and that
equality holds iff z = 0.

We now turn to the proof of the theorem. We need only to consider the case P < (). Set

with the convention that 0/0 = 0. Note that [, XdQ = 0 and that
S(PIQ) = / (X +1)log(X + 1) — X) Q.
Q
The inequality (4.3) implies
4.4

with the equality iff P = . Note that

and that Cauchy-Schwarz inequality gives

X2 - X X2 2_ ,
9 1+§dQ_ (/Q (1+§) dQ) < o 1+§dQ> - (/Q |X|dQ) =d(BQY. ()

Combining (4.4) and (4.5) we derive the statement. [l

Exercise 4.1. Prove that the estimate (4.2) is the best possible in the sense that

S(PlQ) 1

inf ==
PEQ dy(P,Q)? 2

Set
AQ) ={(P.Q)|P.Q e P(Q), P < Q}. (4.6)

One easily verifies that A(£2) is a convex subset of P(2) x P(£2). Obviously,
A) = {(P,Q)[5(P|Q) < oo}

Note also that P(£2) x P¢(£2) is a dense subset of A(2).
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Proposition 4.3 The map

A(2) > (P,Q) — S(P|Q)

is continuous, and the map

P(Q) xP(2) 2 (P,Q)— S(PQ) 4.7

is lower semicontinuous.

Exercise 4.2. Prove the above proposition. Show that if |2| > 1 and @ is a boundary point of P(12),
then there is a sequence P,, — @ such that lim,_, ., S(P,|Q) = oo. Hence, the map (4.7) is not
continuous except in the trivial case |Q| = 1.

Proposition 4.4 The relative entropy is jointly convex: for A €]0, 1[ and Py, P2, Q1,Q2 € P(R),
SAPL + (1 = NP2 AQ1 + (1 = AN)Q2) < AS(P1]Q1) + (1 — N)S(P2]Q2). (4.8)

Moreover, if the rh.s. in (4.8) is finite, the equality holds iff for w € supp @1 N supp Q2 we have
Py (w)/Q1(w) = Pa(w)/Qa(w).

Remark 4.1 In particular, if @)1 L Q5 and the r.h.s. in (4.8) is finite, then P; L P, and the equality holds
in (4.8). On the other hand, if Q1 = Q2 = @ and Q is faithful,

SAPL+ (1 =N R|Q) < AS(P1|Q) + (1 — N)S(P2]Q).
with the equality iff P, = P». An analogous statement holds if P; = P> = P and P is faithful.

Proof. We recall the following basic fact: if g :]0, co[— R is concave, then the function

Gla,y) =29 (2) 4.9)

z
is jointly concave on ]0, co[x]0, oo[. Indeed, for A €]0, 1],

G()\acl + (1 — )\)wg, Ay + (1 — )\)yg)

(4.10)

= (A1 + (1 = Nz2)g ( A1 L (1 =~ Mz %)

)\1‘1 + (1 — )\)1'2 $_1 )\$1 + (1 — )\)$2 i)
> AG(xlayl) =+ (1 - )\)G(‘T27y2)a

and if g is strictly concave, the inequality is strict unless z—i = z—z

We now turn to the proof. Without loss of generality we may assume that P; < ()1 and P, < Q2. One
easily shows that then also AP, 4+ (1 — A) P < A@Q1 + (1 — A)@2. For any w €  we have that

M Py (w) + (1 — )\)Pg(w)

(MPr(w) + (1 = A Po(w)) log MQ1(w) + (1= X)Q2(w)

@.11)

P(w) Py(w)
< AP (w)log o) + (1 = X)P2(w)log @)
To establish this relation, note that if P, (w) = P2(w) = 0, then (4.11) holds with the equality. If P (w) =0
and P>(w) > 0, the inequality (4.11) is strict unless Q1(w) = 0, and similarly in the case P;(w) > 0,
Py(w) =0.If Py(w) > 0and P2(w) > 0, then taking g(¢) = logt in (4.9) and using the joint concavity of
G gives that (4.11) holds and that the inequality is strict unless P; (w)/Q1(w) = P2(w)/Q2(w). Summing
(4.11) over w we derive the statement. The discussion of the cases where the equality holds in (4.8) is
simple and is left to the reader. O

The relative entropy is super-additive in the following sense:
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Proposition 4.5 For any P and QQ = Q; ® Q, in P(; x Q,.),
S(P|Q1) + S(PrQr) < S(P|Q). (4.12)
Moreover; if the rh.s. in (4.12) is finite, the equality holds iff P = P, ® P;.

Proof. We may assume that P < @), in which case one easily verifies that P, < @; and P, < @,.. One
computes

S(P|Q) — S(PQi) — S(Pr|@Qr) = S(P) + S(P) — S(P),
and the result follows from Proposition 3.2. O
In general, for P, Q € P(Q; x §2,.) itis not true that S(P|Q) > S(F|Q1) +S(P|Q,) evenif P = P, ®P,.

Exercise 4.3. Find an example of faithful P = P, ® P.,Q € P(; x Q,) where || = |Q,| = 2
such that

LetQ = (wy,- ,wp), Q= {&1, - , Wy, } be two finite sets. A matrix of real numbers [®(w, ©)] , +)coxa

is called stochastzc 1f <I)(w @) > 0 for all pairs (w, &) and

Z@(wc& =

weh

for all w € . A stochastic matrix induces a map ® : P(€2) — P(Q) b

=) Pw)®(w,d)

weN

We shall refer to @ as the stochastic map induced by the stochastic matrix [®(w,@)]. One can interpret the
elements of € and ) as states of two stochastic systems and P(w) as probability that the state w is realized.
®(w, ) is interpreted as the transition probability, i.e. the probability that in a unit of time the system will
make a transition from the state w to the state w. With this interpretation, the probability that the state w is
realized after the transition has taken place is ®(P)(w).

Note that if [®(w, )] (w.o)eaxn and (@ (@, o)) _. = are stochastic matrices, then their product is also

(0,0)eQxQ
stochastic matrix and that the induced stochastic map is ® o ®. Another elementary property of stochastic
maps is:

Proposition 4.6 dy (®(P), ®(Q)) < dv (P, Q).

Exercise 4.4. Prove Proposition 4.6. When the equality holds?

The following result is deeper.

Proposition 4.7
S(@(P)[®(Q)) < S(P|Q). (4.13)

Remark 4.2 In information theory, the inequality (4.13) is sometimes called the data processing inequal-
ity. We shall refer to it as the stochastic monotonicity. If the relative entropy is interpreted as a measure
of distinguishability of two probability measures, then the inequality asserts that probability measures are
less distinguishable after an application of a stochastic map.
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Proof. We start with the so called log-sum inequality: If a;, b;, j = 1,--- , M, are non-negative numbers,
then
Zk 1 0k
E a;log — % > g a;log =5=—=—, (4.14)
I~ T SN

with the usual convention that 0 log O/z = 0.Ifb; = 0 and a; > 0 for some j, then Lh.s is co and there is
nothing to prove. If a; = 0 for all j again there is nothing to prove. Hence, without loss of generality we
may assume that Z]. a; >0,>b; >0,andb; =0=a; =0. Setp = (p1,-- ,pm), Pk = ak/z aj,
q=(q1, " ,qm), @ = bx/ >_; b;. Then the inequality (4.14) is equivalent to

S(plg) > 0.

This observation and Proposition 4.1 prove (4.14).

We now turn to the proof. Clearly, we need only to consider the case P < Q). Then

o(P)(w)

S(®(P =) ®(P)(&)log 0@

e

B (o) tog e P& D)
=2 2 Pl a)los S s e )

HeEQWER

<3 Y P)be)lop o)

weQwen
= 5(P|Q),

where the third step follows from the log-sum inequality. (| (|

Exercise 4.5. A stochastic matrix [®(w, @)] is called doubly stochastic if

19
P(w,w) = =
> o0) = 12

weN

for all & € €. Prove that S(P) < S(®(P)) forall P € P(Q) iff [(w, w)] is doubly stochastic.
Hint: Use that ®(Py,) = P, iff [®(w,®)] is doubly stochastic.

Exercise 4.6. Suppose that Q = . Let v = min,, .,) ®(w1,ws) and suppose that y > 0.
1. Show that S(®(P)|®(Q)) = S(P|Q) iff P = Q.

2. Show that
dy (2(P),®(Q)) < (1 —7)dv(P,Q).

3. Using Part 2 show that there exists unique probability measure Q such that ®(Q) = Q. Show that
Q is faithful and that for any P € P(9),

dy (2"(P),Q) < (1 —7)"dv(P,Q),

where 2 = & o , etc.
Hint: Follow the proof of the Banach fixed point theorem.
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Exercise 4.7. The stochastic monotonicity yields the following elegant proof of Theorem 4.2.

1.Let P,@ € P(Q) be given, where || > 2. Let T = {w : P(w) > Q(w)} and
p=(p1,p2) = (P(T), P(T)),  q=(q1,¢) = (QT),Q(T")),

be probability measures on ) = {1,2}. Find a stochastic map ® : P(€2) — P(€2) such that ®(P) =
p, ®(Q) = ¢

2. Since S(P|Q) > S(plg) and dy (P, Q) = dy (p, q), observe that to prove Theorem 4.2 it suffices
to show that for all p, g € P(Q),

1
S(pla) > v (p,9)*. (4.15)

3. Show that (4.15) is equivalent to the inequality

x 1—=x
log — 1—2)1
xoger( z)log

> 2(x —y)?, (4.16)
where 0 < y <z < 1. Complete the proof by establishing (4.16).
Hint: Fix > 0 and consider the function

1—=2

F(y):xlogg—i—(l—x)logl —2(z — y)?

on |0, z]. Since F'(x) = 0, it suffices to show that F(y) < 0 for y €]0, z[. Direct computation gives
F'(y) <0« y(1 —y) < 1 and the statement follows.

The log-sum inequality used in the proof Proposition 4.7 leads to the following refinement of Proposition
44.

Proposition 4.8 Let Py,--- , Py, Q1, - ,Qn € P(Q) andp = (p1, -+ ,pn)yq = (@1, ,qn) € Ph.
Then

S(plpl + - +pnPn|Q1Q1 +- ann) < plS(P1|Q1) + e +an(Pn|Qn) + S(p|q) (417)
If the r:h.s. in (4.17) is finite, then the equality holds iff for all j, k such that q; > 0, g, > 0,

pibi(w) _ prPi(w)
7jQi(w)  qQr(w)

holds for all w € supp Qi N supp Q.

Exercise 4.8. Deduce Proposition 4.8 from the log-sum inequality.

4.2 Variational principles

The relative entropy is characterized by the following variational principle.

Proposition 4.9
S(P|Q) = sup < Xdelog/
Q

X:Q—=R suppP

eXdQ> . (4.18)
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If S(P|Q) < oo, then the supremum is achieved, and each maximizer is equal to Sp|q + const on suppP
and is arbitrary otherwise.

Proof. Suppose that Q)(wy) = 0 and P(wg) > 0 for some wy € 2. Set X, (w) = n if w = wy and zero
otherwise. Then

X,dP = nP(wyp), / e*"dQ = Q(suppP).
Q suppP

Hence, if P is not absolutely continuous w.r.t. @ the relation (4.18) holds since both sides are equal to co.

Suppose now that P < @. For given X : (2 — R set

X Q(w)
Zw/ esuppP eX (@) Q (w/)

if w € suppP and zero otherwise. Qx € P () and

Qx(w) =

S(P1@x) = 5(P|Q) - (/ XdP—log/ eXdQ).
Q suppP
Hence,
S(PIQ)> | XdP — 1og/ eXdQ
Q suppP
with equality iff P = Qx. Obviously, P = Qx iff X = Sp|g + const on suppP and is arbitrary

otherwise. O

Exercise 4.9. Show that

X:Q—R

S(P|Q) = sup </QXdP—log/QeXdQ>. (4.19)

When is the supremum achieved? Use (4.19) to prove that the map (P, Q) — S(P|Q) is jointly
convex.

Proposition 4.10 The following dual variational principle holds: for X : Q@ — R and Q € P(Q),

lo /eXd = max ( Xdp - S(P )
& Q “ PeP() \Ja (PIQ)
The maximizer is unique and is given by
X@Q(w)
ZW’EQ eX(w’)Q(w/) '

Px g(w) =

Proof. For any P < Q,
1og/ e*dQ — / XdP + S(P|Q) = S(P|Px,0),
Q )

and the result follows from Proposition 4.1. O

Setting () = FPep in Propositions 4.9 and 4.10, we derive the variational principle for entropy and the
respective dual variational principle.

S(P)= nf <1og <Z eXW)) - /QXdP> .

wes
The infimum is achieved if P is faithful and X = —Sp + const.

Proposition 4.11 (1)
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(2) Forany X : Q2 — R,

1 X)) = XdP P)).
o (32 0) = g, ([ xar )

weN

The maximizer is unique and is given by

4.3 Stein’s Lemma

Let P,Q € P(9) and let Py, Qx be the induced product probability measures on QV. For v €]0, 1] the
Stein exponents are defined by

sn(v) = min {Qn(T) | T C QY, Py(T) >~} (4.20)

The following result is often called Stein’s Lemma.

Theorem 4.12 1
lim —logsn(y) = —S(P|Q).

N —o00

Remark 4.3 If Q = Py, then Stein’s Lemma reduces to Proposition 3.3. In fact, the proofs of the two
results are very similar.

Proof. We deal first with the case S(P|Q) < cc. Set Sp|g(w) = 0 forw ¢ suppP and

N
SN(w = (wl, s ,wN)) = ZSP‘Q(LUJ‘).

For given € > 0 let
SN (w)
N

Ry.= {w caV| > S(P|Q) — e} :

By the LLN,
lim PN(RN,e) = 1,
N—o0

and so for N large enough, Py (Ry,) > 7. We also have

Qn(BN.e) = QN {GSN(w) > eNS(PlQ)_Ne} < N NSPIOR, (e5V).

N
Eqy (e5%) = (/Q APQdQ) =1,

1
limsupﬁlogSN(V) < -S(P|Q) +e.

N —oc0

Since

we derive

Since € > 0 is arbitrary,
1
lim sup N log sy (y) < =S(P|Q).

N —o00

To prove the lower bound, let Uy - be the set for which the minimum in (4.20) is achieved. Let € > 0 be

given and let

Sy (w)
N

Dy, = {w e QV| < S(P|Q) + e} .
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Again, by the LLN,
lim PN(DN7€) = 1,

N—oo
and so for N large enough, Py (Dy ) > . We then have

APN\QNdQN = / esNdQN

Un,vNDn,e

Pn(Un~yNDye) = /

UNn,~NDnN e
< NIPIQHN) \ (Un 5 N D)

< eNS(P‘Q)+N€QN(UN77)-

Since

liminf Py (Un N Dw,e) = 7,

we have

lim inf %SN(’)/) > —S(P|Q) —e.

NS
Since € > 0 is arbitrary,

lim inf %SN('Y) > —S(P|Q).

N—o0

This proves Stein’s Lemma in the case S(P|Q) < oo.

We now deal with the case S(P|Q) = oo. For0 < § < 1set Qs = (1 — 6)Q + 0P. Obviously,
S(P|Qs) < oo. Let sy,5(y) be the Stein exponent of the pair (P, Qs). Then

sna(7) = (1=8)Ysn(v),

and

. 1 a1
—S(P|Qs) = lim 7logsn,s(v) > log(l = 6) + lim inf — log sx (7).

The lower semicontinuity of relative entropy gives lims_,o S(P|Qs) = oo, and so

lim %logsN(’y) =00 =—-5(P|Q).

N—o00

Exercise 4.10. Prove the following variant of Stein’s Lemma. Let

. o1 g cy
s = (gljvf) {1}\1{1;1(1)15 NQN(TN)\ ]\;EHOOPN(TN) = O}a

1
5= inf {1li — il lim Pyx(T5) =0
g= {%njgopNQN( v) | Jim Py(TR) }
where the infimum is taken over all sequences (T )n>1 of sets such that Ty C QN forall N > 1.

Then
s=35=—S5(P|Q).
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4.4 Fluctuation relation

Let €2 be a finite set and P € P;(Q2). Let © : 2 —  be a bijection such that
0% (w) =000(w) =w (4.21)

for all w. We set Pg(w) = P(O(w)). Obviously, Po € P¢(£2). The relative entropy function

P(w)
S =1
satisfies
Spipe (O(W)) = —Sp|ps (W), (4.22)

and so the set of values of Sp|p,is symmetric with respect to the origin. On the other hand,
S(P|Pe) =Ep(S(P|Ps)) = 0

with equality iff P = Pg. Thus, the probability measure P "favours" positive values of Sp|p, . Proposition
4.13 below is a refinement of this observation.

Let () be the probability distribution of the random variable S(P|Pg) w.r.t. P. We recall that () is defined
by
Q(s) = P{w|Sp|p,(w) = s}.

Obviously, Q(s) # 0iff Q(—s) # 0.
The following result is known as the fluctuation relation.

Proposition 4.13 For all s,
Q(=s) = e°Q(s).

Proof. For any a,

Ep (em0571r0) = 37 [Po(w)][P(w)]'

(e
Hence, if S = {s | Q(s) # 0},
D e Qs) =Y e (1TQ(s) = Y eI -s),

sES sES seS
and so
Z e~ *(Q(s) —e°Q(—s)) = 0. (4.23)
seS
Since (4.23) holds for all real a, we must have that Q(s) — e*Q(—s) = 0 for all s € S, and the statement
follows. O

Remark 4.4 The assumption that P is faithful can be omitted if one assumes in addition that © preserves
suppP. If this is the case, one can replace €2 with supp P, and the above proof applies.
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Exercise 4.11. Prove that the fluctuation relation implies (4.22).

Exercise 4.12. This exercise is devoted to a generalization of the fluctuation relation which has also
found fundamental application in physics. Consider a family { Px } x g~ of probability measures on
2 indexed by vectors X = (X1,---,X,,) € R™. Set

Px (w)
Px(0x(w))’

where © x satisfies (4.21). Suppose that & = 0 and consider a decomposition

Ex(w) = log

Ex =Y XiSxk: (4.24)
k=1

where the random variables § x . satisfy

Sxk00x = —Fxk. (4.25)
We denote by Qx the probability distribution of the vector random variable (Fx 1, - ,§x,») With
respect to Px: for s = (s1,- -+ ,8,) € R,

QX(S):PX{WGQ‘FXJ:sl’... 7~7:X,n:5n}.

We also denote S = {s € R" | Qx(s) # 0} and, for Y = (Y3,---,Y,,) € R", set

G(X,Y) =) e ZxYiQx(s).

SES

1. Prove that a decomposition (4.24) satisfying (4.25) always exists and that, except in trivial cases, is
never unique.

2. Prove that Q x (s) # 0 iff Q@ x (—s) # 0.

3. Prove that
GX,)Y)=GX,X-Y).

4. Prove that
Qx(—s) = e~ Zx +XrQx (s).

4.5 Jensen-Shannon entropy and metric

The Jensen-Shannon entropy of two probability measures P, ) € P(£2) is

5u5(PIQ) = S(M(P,Q) - 35(P) — 55(@)

(S(PIM(P,Q)) +5(QIM(P,Q)))

1
2
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where

MpQ =14

The Jensen-Shannon entropy can be viewed as a measure of concavity of the entropy. Obviously, S;s(P|Q) >
0 with equality iff P = Q. In addition:

Proposition 4.14 (1)
Sys(P|Q) < log2,

with equality iff P L Q.

2)
édv(P,Q)Q < S15(P|Q) < dv (P, Q) log v/2.

The first inequality is saturated iff P = @ and the second iff P = Q or P L Q.

Proof. Part (1) follows from

2P(w) 2Q(w)
Ss(PQ) = 2;( ( o) s (5 a))
% g ) log 2
= log 2.
To prove (2), we start with the lower bound:
$s(PIQ) = 5S(PIM(P, Q) + 35(QIM(PIQ)
> %dV(P, M(P,Q)) + 1y (Q. M(P,Q))

- % <Z |P(w) — Q(w)|> = édv(PlQ)Q,

weN
where the inequality follows from Theorem 4.2.
To prove the upper bound, set S = {w | P(w) > Q(w)}, S— = {w]| P(w) < Q(w)}. Then

Sus(PIQ) =3 3 (”“)bg(%) ‘Q(“)bg(%))

S
S %gfp(w) - QE)os (prn )

" gwesww ~ P(w))log (%)
S%WE(P( o) — Q) log2 + L w;ﬁ ) log 2

= dy(P,Q)log V2.
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In the first inequality we have used that for P(w) # 0 and Q(w) # 0,

P) +Q) | 2Q)
2P (w) T Plw)+Qw)’

and the same inequality with P and () interchanged.

The cases where equality holds in Parts (1) and (2) are easily identified from the above argument and we
leave the formal proof as an exercise for the reader. O

dss(P,Q) = /Sss(P,Q).

Theorem 4.15 d ;g is a metric on P(2).

Set

Remark 4.5 If 2| > 2, then Sjg is not a metric on P(2). To see that, pick wi,ws € € and define
P,Q,R € P(Q) by P(w1) =1, Q(w2) = 1, R(w1) = R(wy) = 1. Then

3 4
S7s(P|Q) =log2 > 3 log 3= S7s(P|R) + Sss(R|Q).
Remark 4.6 In the sequel we shall refer to dg s as the Jensen-Shannon metric.

Proof. Note that only the triangle inequality needs to be proved. Set R =]0, col.

2p 2q
L(p,q) =plo (—)+q10 (—)
(p;q) S S

Since the function F'(z) = zlog « is strictly convex, writing

L(p,q) = (p+q) BF (%) * %F (%ﬂ

and applying the Jensen inequality to the expression in the brackets, we derive that L(p,q) > 0 with
equality iff p = ¢. Our goal is to prove that for all p, ¢, € R,

Forp,q € R} let

L(p,q) < VL(p,7) + /L(r,q). (4.26)

This yields the triangle inequality for d ;s as follows. If P,Q, R € P¢(f2), (4.26) and Minkowski’s in-
equality give

=

dss(P.Q) = (Z VI(P), Q(w))2>

weN

< (Z (VI(P@), R@)) + VI(R@), Q(w)))2>

weN

1

§<Z L(P(w),R(w))2> +<Z L(R(w),Q(w)f)

we weN
=dss(P,R) +djs(R, Q).

This yields the triangle inequality on P¢(€2). Since the map (P, Q) — djs(P, Q) is continuous, the triangle
inequality extends to P(Q).
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The proof of (4.26) is an elaborate calculus exercise. The relation is obvious if p = ¢. Since L(p,q) =
L(q, p), it suffices to consider the case p < ¢. We fix such p and ¢ and set

fr) = /Lp,7) + VL(r,q).

£(r) = 1 log ( 2r > N 1 log < 2r > .
2v/L(p,r) p+tr 21/L(r,q) r+q
Define g : Ry \ {1} — R by

Then

g(z) = L(l% ) log (x i 1) ,

() o(®)

We shall need the following basic properties of g, clearly displayed in the above graph:

One easily verifies that

£'r) =

(&) g >00n]0,1[, g < Oon]l,o0].

(b) limgt1 g(x) = 1, limgyq g(x) = —1. This follows from lim,_,1 [g(x)]* = 1, which can be established
by applying I’Hopital’s rule twice.

(© ¢'(z) > 0forx € Ry \ {1}. To prove this one computes

h(x)
(x4 1)L(x,1)3/2’

2z 2 2x 2
h(z) = 2zlog [ ——=— ) + 21og [ —— Dlog [ =1 .
(z) l‘og(Hl)Jr Og(z+1)+(3€+)0g(z+1) og(Hl)

One further computes

2x 2 2x 1 2
W (z) = 1 log [ —— ) +1og [ =2} + 21
() Og<x+1> Og<x+1>+0g<x+1)+xOg(m—i—l)’

1 2z 1 2
R (x) = — 1 - 1 .
(=) x+10g<x+1> x?2(x +1) Og<x+1>

g'(z) =—

where
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Note that 2(1) = h/(1) = h”(1) = 0. The inequality log¢ > (¢ — 1)/t, which holds for all ¢ > 0,

gives
1 z+1 1 z+1 (z —1)2
h'(x) < — 1-— — 1-— =— .
(@) = x+1 ( 2x ) x2(x + 1) ( 2 ) 2x%(x 4+ 1)

Hence h”(z) < 0 for z € R4 \ {1}, and the statement follows.

(d) Note that (a), (b) and (c) give that 0 < g(z) < 1on]0,1[and —1 < g(x) < 0on]1,o0].

If follows from (a) that f'(r) < 0 for r €]0,p[, f'(r) > 0 for r > ¢, and so f(r) is decreasing on |0, p|
and increasing on ]g, co[. Hence, forr < p and r > ¢, f(r) > f(p), which gives (4.26) for those r’s.
To deal with the case p < r < ¢, set m(r) = g(p/r) + g(g/r). It follows from (b) that m'(r) < 0 for
p < r < g, while (b) and (d) give m(p+) = 1+g(q/p) > 0, m(q—) = —1+g(p/q) < 0. Hence f'(r) has
precisely one zero ,, in the interval |p, ¢[. Since f'(p+) > 0, f'(g—) > 0, f(r) is increasing in [p, 7]
and decreasing on [ry,, ¢q]. On the first interval, f(r) > f(p), and on the second interval f(r) > f(q),
which gives that (4.26) also holds for p < r < gq. (I

The graph of r — f(r) is plotted below for p = 7 and ¢ = 2. In this case 7, ~ 0.28.

f(r)
0.6
£(0.279237) ~ 0.495861
0.5 | _
p=1/10 q=i2/3
_= : | Lo
0.28 0.5

4.6 Rényi’s relative entropy

Let € be a finite set and P, ) € P(£2). For a €]0, 1] we set

g <Z P(w)acz(wﬂ-a) .

weN

Sa(P|Q) =

Sa(P|Q) is called Rényi’s relative entropy of P with respect to (). Note that

Sa(P|Pa) = Sa(P) + log |9,

Proposition 4.16 (1) S, (P|Q) > 0.
(2) Sa(PIQ) = 00 iff P L Q and Sa(P|Q) = 0 iff P = Q.

A3)
Sa(P|Q) =

(0%
——S1-a(QIP).
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“
lim S, (PIQ) = S(PIQ).

(5) Suppose that P Y Q. Then the function 10, 1[5 « — S, (P|Q) is strictly increasing
(6) The map (P, Q) — So(P|Q) € [0, 00] is continuous and jointly convex.
(7) Let @ : P(Q) — P(Q) be a stochastic map. Then for all P,Q € P(Q),

Sa(®(P)|2(Q)) < Sa(P[Q).
(8) If S(P|Q) < oo, then o — S, (P|Q) extends to a real-analytic function on R.
Proof. Obviously, S, (P|Q) = oo iff P L Q. In what follows, if P} @, we set

T = supp P Nsupp Q.

An application of Jensen’s inequality gives

> Perew T —om Y (54) 2

2 \aw) om
) Q) "
=) (é@(m ()

Hence, Y ., P(w)*Q(w)' ™ < 1 with the equality iff P = @, and Parts (1), (2) follow.
Part (3) is obvious. To prove (4), note that

lim 3" Pw)"Qw)! = = P(T),

and that P(T) = 1iff P <« Q. Hence, if P is not absolutely continuous with respect to @, then
lima41 So(P|Q) = 0o = S(P|Q). If P < @, an application of L’Hopital rule gives limq41 Sq (P|Q) =
S(P|Q).

To prove (5), set

F(a) = log <Z P(w)acz(wﬂa) ,
weN

and note that R 3 o — F(«) is a real-analytic strictly convex function satisfying F'(0) < 0, F(1) < 0.

We have
dS.(PIQ) _ Fl(a)(a—1) - (F(o) = F(1)) F(1)

da ( —1)2 (a —1)%"

By the mean-value theorem, F(a)) — F(1) = (o — 1)F’(¢,) for some (, €], 1[. Since F’ is strictly
increasing, F'(a) < F'({,) and

dSa (P|Q)

>0
do

for a €]0, 1].

The continuity part of (6) are obvious. The proof of the joint convexity is the same as the proof of Propo-
sition 4.4 (one now takes g(t) = t*) and is left as an exercise for the reader.

‘We now turn to Part (7). First, we have

[B(P)(@)]* [2(Q)@)] ™ > Y P@)* Q&) *®(w,d).
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This inequality is obvious if the r.h.s. is equal to zero. Otherwise, let
R={w|P(w)Q(w)®(w,w) > 0}.

Then

where in the last step we have used the joint concavity of the function (z,y) — x(y/x)* (recall proof of
Proposition 4.4). Hence,

Z [@(P)(@)]" [2(@)(@)]' ™ > Z Y P)* Q) T P(w, @) = Y Pw) Q) ™,
and Part (7) follows.
It remains to prove Part (8). For « € R\ {1} set

Sa(PIQ) = —— log (Z P(w)acxw)l“).

=—
weT
Obviously, « — &, (P|Q) is real-analyticon R \ {1}. Since
lin &4 (PIQ) = lim 64 (PIQ) = S(PIQ),

a — 64(P|Q) extends to a real-analytic function on R with &1(P|Q) = S(P|Q). Finally, Part (8)
follows from the observation that S, (P|Q) = &, (P|Q) for a €]0, 1].

d
Following on the discussion at the end of Section 3.6, we set
So(P|Q) = log (Z P(w)aQ(w)l_a> , aeR.
weT
If P < @Q, then
Sa(P|Q) = log Eqg(e*5712), (4.28)

and so S, (P|Q) is the cumulant generating function for the relative entropy function Sp|¢ defined on the
probability space (T, P). The discussion at the end of 3.6 can be now repeated verbatim (we will return
to this point in Section 5.1). Whenever there is no danger of the confusion, we shall also call §Q(P Q)
Rényi’s relative entropy of the pair (P, Q). Note that

Sa(Pen|P) = Sa(P) — alog Q. (4.29)

Some care is needed in transposing the properties listed in Proposition 4.16 to §a(P|Q). This point is
discussed in the Exercise 4.14.
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Exercise 4.13.
1. Describe the subset of P(€2) x P(2) on which the function (P, Q) — S (P|Q) is strictly convex.
2. Describe the subset of P(€2) x P(€2) on which S, (®(P)|®(Q)) < Sa(P|Q).

3. Redo the Exercise 4.2 in Section 4.1 and reprove Proposition 4.7 following the proofs of Parts (7)
and (8) of Proposition 4.16. Describe the subset of P({2) on which

S(@(P)[®(Q)) < S(P|Q).

Exercise 4.14. Prove the following properties of S, (P|Q).

1.5,(P|Q) = —xiff P L Q.

In the remaining statements we shall suppose that P } Q.

2. The function R 3 a — S4(P|Q) is real-analytic and convex. This function is trivial (i.e., iden-
tically equal to zero) iff P = Q. If P/Q not constant on 7' = suppP N supp(), then the function
a — S, (P|Q) is strictly convex.

3.If @ < P, then

dSu(PIQ),
)| =-s@IP)
If P < @, then R
dS. (P|Q) _
BelPQ)) _ — s(riQ)

4.1f P and @) are mutually absolutely continuous, then §0(P|Q) =5 (PlQ) =0, §Q(P|Q) < 0 for
a € [0,1], and S, (P|Q) > 0 for a ¢ [0, 1]. Moreover,

5.(P|Q) > max{—aS(Q|P), (a — 1)S(P|Q)}.

5. For a €0, 1[ the function (P, Q) — S, (P|Q) is continuous and jointly concave. Moreover, for
any stochastic matrix @,

5.(2(P)|2(Q)) > Sa(P|Q).

Exercise 4.15. Prove that the fluctuation relation of Section 4.4 is equivalent to the following state-
ment: for all o € R, R R
Sa(P|Po) = S1-a(P|Po).

4.7 Hypothesis testing

Let €2 be a finite set and P, () two distinct probability measures on {2. We shall assume that P and () are
faithful.
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Suppose that we know a priori that a probabilistic experiment is with probability p described by P and with
probability 1 —p by Q). By performing an experiment we wish to decide with minimal error probability what
is the correct probability measure. For example, suppose that we are given two coins, one fair (P(Head) =
P(Tail) = 1/2) and one unfair (Q(Head) = s,Q(Tail) = 1 — s,s > 1/2). We pick coin randomly
(hence p = 1/2). The experiment is a coin toss. After tossing a coin we wish to decide with minimal error
probability whether we picked the fair or the unfair coin. The correct choice of obvious: if the outcome is
Head, pick @, if the outcome is Tail, pick P.

The following procedure is known as hypothesis testing. A test T" is a subset of 2. On the basis of the
outcome of the experiment with respect to 7' one chooses between P or (). More precisely, if the outcome
of the experiment is in 7', one chooses ) (Hypothesis I: @ is correct) and if the outcome is not in T, one
chooses P (Hypothesis II: P is correct). P(T') is the conditional error probability of accepting Tif II is true
and Q(T°°) is the conditional error probability of accepting IT if I is true. The average error probability is

and we are interested in minimizing D, (P, Q,T) w.r.t. T. Let

D,(P,Q) = ir%f D,(P,Q,T).
The Bayesian distinguishability problem is to identify tests T" such that D, (P, Q,T) = D, (P, Q). Let

Topt = {w|pP(w) < (1 — p)Q(w)}.

Proposition 4.17 (1) Topt is a minimizer of the function T — D,(P,Q,T). If T is another minimizer,
then T C Topy and pP(w) = (1 — p)Q(w) forw € Tope \ T

@
D,(P.Q) = [ min{1 = p.pApio(e) 4G

(3) Fora €]0,1],
Dp(P,Q) < p*(1 —p)'~ e (PIQ),

4)
PApig

——dQ.
1+ ;;pAP\Q @

Dy(P,Q) = /Q

Remark 4.7 Part (1) of this proposition is called Neyman-Pearson lemma. Part (3) is called Chernoff
bound.

Proof.

Dy(P,QT)=1-p—Y (1-p)Qw) —pPw) >1=p— >  ((1-p)Qw)—pPw)),

weT wETopt

and Part (1) follows. Part (2) is a straightforward computation. Part (3) follows from (2) and the bound
min{z,y} < x*y'~ that holds for x,5 > 0 and o €]0, 1[. Part (4) follows from (2) and the obvious
estimate

. PApig
min{l — p, pA w)t>—mr—
{1—=p,pApg(w)} > T Arg

O

Obviously, the errors are smaller if the hypothesis testing is based on repeated experiments. Let Py and
Qn be the respective product probability measures on Q.
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Theorem 4.18

1
i~ log Dp(Py, Qn) = m[énl]s «(P|Q).

Proof. By Part (2) of the last proposition, for any « €]0, 1],
Dy(Py, Q) < p(1 = p)! ~eSe PNION) = po (1 — p) 1= NS (FIQ),

and so

— <
NlogD (Pn,QN) m[mus «(P|Q).

This yields the upper bound:

. 1 —
lim sup = log Dy(Pn|@QnN) < nin, Sa(P|Q).

To prove the lower bound we shall make use of the lower bound in Cramér’s theorem (Corollary 2.11).

Note first that the function b

T ——
P
1+1_px

is increasing on R .. Let 8 > 0 be given. By Part (4) of the last proposition,

N6

pe
(PNzQN)_ile 5 NGQN{WGQ | Apyjoy (W w) >N
Hence,
o1 o1 N
1}\1{1351; N log D,(Pn|QnN) > 1}\1}21;15 N log Qn {w € Q% | logApy gy (W) > N@} . (4.30)

Let X =log Apjg and Sy (w) = Zévzl X (wg). Note that Sy = log Ap, |, The cummulant generating
function of X w.r.t. Q is

log Eg (X)) = 54 (P|Q).
Since Eq(X) = —S(Q|P) < 0 and 6 > 0, it follows from Corollary 2.11 that

.1
Jim - logQn {we QY| logApy oy (w) = NO} > —I(0) 4.31)
Since N R
dSa B dSa
qoy la=o = ~5(@IP) <0 do ooy = S(PIQ) >0,

the rate function I () is continuous around zero, and it follows from (4.30) and (4.31) that

hmmf—logD (Px|Qn) > —I1(0) = — sup(—5,(P|Q)).

N—o0 a€cR
Since S, (P|Q) < 0 for o € [0,1] and S, (P|Q) > 0 for o ¢ [0, 1],

—sup(—S, (P|Q)) = mm S (P|Q),

a€R aglo,

and the lower bound follows:

hmlnf—logD (Py|Qn) > min S.(P|Q).

N—o00 a€l0,1]
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4.8 Asymmetric hypothesis testing

We continue with the framework and notation of the previous section. The asymmetric hypothesis testing
concerns individual error probabilities Px (T) (type I-error) and Qn (T'5) (type I-error). For v €]0, 1]
the Stein error exponents are defined by

sy () = min {P(TN) ‘ Tn C QY Q(Ty) < 'y} .

Theorem 4.12 gives
) 1
lim N log sy (v) = =S(Q|P).

N —oc0

The Hoeffding error exponents are similar to Stein’s exponents, but with a tighter constraint on the family
(Tn)n>1 of tests which are required to ensure exponential decay of type-II errors with a minimal rate
s > 0. They are defined as

(Tn) N—o0 N—o0

— 1
h(s) = inf {limsup N log Pn(Tw)

1
1imsupN logQn(TF) < s} ,

: N
h(s) = (nf. {l}gggof v o8 P (Tw)

1
lim sup T logQn(Tx) < —s} ,

N—o0

1
h(s) = inf { lim NlogPN(TN)

N—o00

1 )
lim sup N logQn(Tx) < —s} ,

N —o00

where in the last case the infimum is taken over all sequences of tests (T ) y>1 for which the limit

N—o00

1
lim N log Pn(TN)

exists. The analysis of these exponents is centred around the function

)

. sa+8.(Q|P)
= f _—
¥(s) ag[lo,l[ 1 —«

We first describe some basic properties of ).

Proposition 4.19 (1) ¢ is continuous on [0, o0c[, ¥(0) = —=S(Q|P) and ¥(s) = 0 for s > S(P|Q).
(2) v is strictly increasing and strictly concave on [0, S(P|Q)], and real analytic on 10, S(P|Q)|.

3

lim/(s) =00, lim /() = [SUQIP), ]

(4) For 0 € R set

2(0) = suwp (6= 5.(QIP)),  ¢(0) =4(0) ~ 0.
ael0,1]

Then for all s > 0,
U(s) = —p(¢™"(5))- (4.32)

Proof. Throughout the proof we shall often use Part 3 of the Exercise 4.14.
We shall prove Parts (1)-(3) simultaneously. Set
S.(Q|P
F(a) = 225 2a1907) @r)

1 —«
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Then
G(a)

(1—a)*

where G(a)) = s4 54 (Q|P)+(1—a)S’,(Q|P). Futhermore, &/ (o) = (1—a)S”(Q|P) and so G () > 0
for a € [0,1]. Note that G(0) = s — S(P|Q) and G(1) = s. It follows that if s = 0, then G(«) < 0 for
a € [0,1[ and F(«) is decreasing on [0, 1[. Hence,

F'(a) =

o 8.@QIP)
¥(0) = lim —=——= = =S(Q[P).
On the other hand, if 0 < s < S(P|Q), then G(0) < 0, G(1) > 0, and so there exists unique e (s) €]0, 1]
such that
G(ax(s)) =0. (4.33)

In this case,

o 50,(5) +§a*(s)(Q|P)
wis) = 1 — ax(s)

If s > S(P|Q), then G(a) > 0 for a € [0,1], and ¢(s) = F(0) = 0. The analytic implicit function
theorem yields that s — . (s) is analytic on ]0, S(P|Q)], and so ¢ is real-analytic on |0, S(P|Q)[. The
identity

=—s— 8, ,@QIP). (4.34)

0= G(au(s)) = 5+ Sa.(5)(QIP) + (1 — au(s))S, (1) (QIP), (4.35)
which holds for s €]0, S(P|Q)], gives that
al(s) =— ! (4.36)

(1 = au(s))G' (e (s))”
and so o, (s) < 0 for s €]0, S(P|Q)[. One computes

ax(s) — sc (s)
(1—a.(s))?

and so v is strictly increasing on |0, S(P|Q)[ and hence on [0, S(P|Q)]. Since c.(s) is strictly decreasing
on |0, S(P|Q)], the limits

Y(s) = (4.37)

lim oy (s) = x, lim a.(s) =y,
540 () stS(P|Q) (s)=v

exist. Obviously, x,y € [0, 1], 2 > y, and the definition of G and «, give that
S.(QIP) + (1—)S,(QIP) =0,  S(PIQ) +5,(QIP)+ (1—y)S,(QIP) =0.  (4.38)

We proceed to show that x = 1 and y = 0. Suppose that x < 1. The mean value theorem gives that for
some z €z, 1]

~5:(QIP) = 81(Q|P) - S.(QIP) = (1 — 2)8,(Q|P) > (1 - 2)S.(Q|P), (4.39)

where we used that o — S/ (Q|P) is strictly increasing. Obviously, (4.39) contradicts the first equality in
(4.38), and so « = 1. Similarly, if y > 0,

S(PIQ) + 5,(QIP) + (1 - y)S,(QIP) > S(PIQ) + 5,(QIP) + (1 - y)SH(Q|P)

= 5,(Q|P) — ySy(Q|P) >0,

contradicting the second equality in (4.38). Since z = 1 and y = 0, (4.36) and (4.37) yield Part (3).
Finally, to prove that ¢ is strictly concave on [0, S(P|Q)] (in view of real analyticity of ¢ on ]0, S(P|Q)]),
it suffices to show that ¢/’ is not constant on ]0, S(P|Q)[. That follows from Part (3), and the proofs of
Parts (1)-(3) are complete.



4.8. ASYMMETRIC HYPOTHESIS TESTING 61

‘We now turn to Part (4). The following basic properties of the "restricted Legendre transform" ¢ are easily
proven following the arguments in Section 2.5 and we leave the details as an exercise for the reader: ¢
is continuous, non-negative and convex on R, p(f) = 0 for 8 < —S(P|Q), ¢ is real analytic, strictly
increasing and strictly convex on | — S(P|Q), S(Q|P)[, and ¢(0) = 0 for § > S(Q|P). The properties of
 are now deduced form those of ¢ and we mention the following: ¢ is convex, continuous and decreasing,
@(0) = 0 for § < —S(P|Q), and p(0) = 0 for # > S(Q|P). Moreover, the map ¢ :| — o0, S(Q|P)] —
[0, oo is a bijection, and we denote by ¢~ its inverse. For s > S(P|Q), ¢~ !(s) = —s and p(—s) = 0,
and so (4.32) holds for s > S(P|Q). Since $~1(0) = S(Q|P) and p(S(Q|P)) = S(Q|P), (4.32) also
holds for s = 0.

It remains to consider the case s €]0, S(P|Q)[. The map ¢ :] — S(P|Q), S(Q|P)[—]0,S(P|Q)[is a
strictly decreasing bijection. Since

it follows from (4.34) that it suffices to show that

$71(s) = Sl (@QIP),

or equivalently, that

oSl (5 (@QIP) = —s — S, (QIP)). (4.40)

Since on |—S(P|Q), S(Q|P)] the function ¢ coincides with the Legendre transform of S, (P|Q), it follows
from Part (1) of Proposition 2.5 that

2(Sh, ((QIP)) = au(5) Sl (1 (QIP) = S (5 (QIP),
and (4.40) follows from (4.35). [l

Exercise 4.16. Prove the properties of ¢ and ¢ that were stated and used in the proof of Part (4) of
Proposition 4.19.

The next result sheds additional light on the function . For « € [0, 1] we define R,, € P(Q2) by

Q)*Pw)' ™

Ry (w) = Zw’ Q(w/)ap(w/)l—a'

Proposition 4.20 (1) Forall s > 0,
¥(s) = — inf {S(R|P) | R € P(Q2), S(RQ) < s} . (4.41)
(2) Forany s €]0,5(P|Q)[,
S(Ra,(5|Q) = s, S(Ra, ()|P) = —1(s),
where a,(s) is given by (4.33).

Proof. Denote by ¢(s) the r.h.s. in (4.41). Obviously, ¢(0) = —S(Q|P) and ¢(s) = 0 for s > S(P|Q).
So we need to prove that ¢(s) = ¢(s) for s €]0, S(P|Q)][.

Forany R € P(Q) and « € [0, 1],

S(R|R.) = aS(R|Q) + (1 — a)S(R|P) + S4(Q|P).
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If R is such that S(R|Q) < sand « € [0, 1], then

S(R|Ra) _ as+5.(QIP)

S(R|P).

11—« 11—«
Since S(R|R,) > 0,
f as + Sa(Q|P)
ael0,1] 1-—

This gives that ¢(s) < t(s). If Part (2) holds, then also ¢(s) > 1(s) for all s €]0, S(P|Q)[, and we have
the equality ¢ = 1. To prove Part (2), a simple computation gives

S(RalQ) = —(1 = )SL(QIP) = Sa(QIP),  S(RalQ) = S(Ra|P) + S,(QIP).
After setting o = () in these equalities, Part (2) follows from (4.35) and (4.34). [l

+S(R|P)>0

The main result of this section is

Theorem 4.21 Forall s > 0, _
h(s) = h(s) = h(s) = ¥(s). (4.42)

Proof. Note that the functions £, h, h are non-negative and increasing on ]0, co[ and that
h(s) < h(s) < h(s) (4.43)
forall s > 0.
We shall prove that for all s €]0, S(P|Q)],
h(s) < ¥(s), h(s) > Y(s). (4.44)

In view of (4.43), that proves (4.42) for s € ]0, S(P|Q)[. Assuming that (4.44) holds, the relations h(s) <
h(S(P|Q)) < 0for s €]0,S(P|Q)[ and

lim A(s)= lim s)=0
stS(P|Q) (s) STS(P\Q)w()

give that h(S(P|Q)) = 0. Since h is increasing, h(s) = 0 for s > S(P|Q) and so h(s) = 1(s) for
s > S(P|Q). In the same way one shows that h(s) = h(s) = ¢(s) for s > S(P|Q).

We now prove the first inequality in (4.44). Recall that the map ¢ : | — S(P|Q), S(Q|P)[—]0, S(P|Q)[is
a bijection. Fix s €]0, S(P|Q)[and let § €] — S(P|Q), S(Q|P[ be such that ¢(6) = s. Let

Tn(9) = {w e OV |Qn(w) > eV Py(w)}. (4.45)
Then

Py(Tn(0)) =Py qw = (w1, ,wn) € QY | = ZSQ\P w;)

Since the cumulant generating function for Sg|p with respect to P is S (Q|P), and the rate function I for
Sq|p with respect to P coincides with ¢ on |S(P|Q), S(Q|P)], it follows from Part (1) of Corollary 2.11
that

Jm log Py (Tn(0)) = —¢(0). (4.46)
Similarly,
QN(TN(0)) =Qn qw = (w1, ,w eQN|—ZSQ‘p (wj) <0

Jj=1
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The cumulant generating function for Sg| p with respect to @ is §a+ 1(Q|P), and the rate function for Sg| p
with respect to @ on ]S(P|Q), S(Q|P)[is . Part (2) of Corollary 2.11 yields

Jim 1o Qu([T (0)]) = ~(6). (4.47)

The relations (4.46) and (4.47) yield that h(p(6)) < —@(—0). Since $(0) = s, the first inequality (4.44)
follows from Part (4) of Proposition 4.19.

We now turn to the second inequality in (4.44). For 0 €] — S(P|Q), S(Q|P)[and T C Q¥ we set
Dn(Tn,0) = Qn([Tn]) + eV Py (Ty).
Arguing in the same way as in the proof of Parts (1)-(3) of Proposition 4.17, one shows that for any Ty,
Dn(Tn,0) > Dn(Tn(6),0).
The relations (4.46) and (4.47) yield

lim - log Dy (Tiv(6),6)) = —5(6).

N—o0

Fix now s €]0,S(P|Q)[ and let €] — S(P|Q), S(Q|P)[ be such that $(#) = s. Let (Ty)n>1 be a
sequence of tests such that

1
lim sup N logQn(Tx) < —s.

N —oc0

Then, for any 0’ satisfying 6 < ¢’ < S(Q|P) we have

—~p(0') = Jim_~Tog (Qu([Tx (0)]%) + & Pu (T (#))

N —oc0

1 ,
< liminf — log (QN(T;’V) +ef NPN(TN))

N —oc0

(4.48)
1 1
< . . - c / . . -
< max (1}\%51; N logQn(Tx), 0 + 1}\1{21;15 N log PN(TN)>

5 oo 1
< max (cp(@), 0 + 1}\1{11_}1;15 N log PN(TN)> :
Since ¢ is strictly decreasing on | — S(P|Q), S(Q|P)[ we have that —p(0") > —p(6), and (4.48) gives
| 5
lim inf < log Py (Tiv) > =6" = ¢(6") = —¢(¢").
Taking 6’ | 6, we derive

lim inf % log Py (Tn) > —(0) = —p(p71(s)) = 9(s),

N—o00

and so h(s) > ¥ (s). O
Remark 4.8 Theorem 4.21 and its proof give the following. For any sequence of tests (T ) y>1 such that

1
limsup — log QN (TS) < —s (4.49)
N — 00 N
one has i
lim inf N log Pn (Tn) > ().

On the other hand, if s €]0, S(P|Q)], $(0) = s, and T (0) is defined by (4.45), then

1 1

lim sup N log QN ([Tn(0)]¢) = —s and lim N log Pn (TN (6)) = 9(s).

N—oo N—oo
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Exercise 4.17. Set

_ 1
h(0) = inf < limsup — log Py (T
( ) (TN){ N—>oopN s N( N>

1
lim sup N logQn(Tx) < 0} )

N—o0

. |
h(0) = inf {1}\1}11}1{2} N log Pn(Tw)

(Tn)

1 ,
limsup — log QN (Tx) < O} ,
N—o0 N

. 1
h(0) = (ITn]f) { i <7 log Py (T)

1
lim sup = logQn(TF) < O} ,

N —oc0

where in the last case the infimum is taken over all sequences of tests (7 ) xy>1 for which the limit
li ! log Pn(Tw)
—lo
Ngrclm N BENN

exists. Prove that _
h(0) = h(0) = h(0) = =S(Q|P).

Compare with Exercise 4.10.

4.9 Notes and references

The relative entropy S(P|P.y,) already appeared in Shannon’s work [Sha]. The definition (4.1) is com-
monly attributed to Kullback and Leibler [ ], and the relative entropy is sometimes called the Kullback-
Leibler divergence. From a historical perspective, it is interesting to note that the symmetrized relative
entropy S(P|Q) + S(Q|P) was introduced by Jeffreys in [Jeff] (see Equation (1)) in 1946.

The basic properties of the relative entropy described in Section 4.1 are so well-known that it is difficult
to trace the original sources. The statement of Proposition 4.1 is sometimes called Gibbs’s inequality and
sometimes Shannon’s inequality. For the references regarding Theorem 4.2 and Exercise 4.7 see Exercise
17 in Chapter 3 of [ ] (note the typo regarding the value of the constant c).

The variational principles discussed in Section 4.2 are of fundamental importance in statistical mechanics
and we postpone their discussion to Part IT of the lecture notes.

The attribution of Theorem 4.12 to statistician Charles Stein appears to be historically inaccurate; for a
hilarious account of the events that has led to this see the footnote on the page 85 of [ ]. Theorem
4.12 was proven by Hermann Chernoff in [Che]. To avoid further confusion, we have used the usual
terminology. To the best of my knowledge, the Large Deviations arguments behind the proof of Stein’s
Lemma, which were implicit in the original work [Che], were brought to the surface for the first time in
[ s ], allowing for a substantial generalization of the original results.! Our proof follows [ ].

The Fluctuation Relation described in Section 4.4 is behind the spectacular developments in non-equilibrium
statistical mechanics mentioned in the Introduction. We will return to this topic in Part II of the lecture
notes.

The choice of the name for Jensen-Shannon entropy (or diveregence) and metric is unclear; see [Lin]. To
the best of my knowledge, Theorem 4.15 was first proven in [ , ]. Our proof follows closely
[ ]. For additional information see [ ].

The definition of the Rényi relative entropy is usually attributed to [Rén], although the "un-normalized”
S« (P|Q) already appeared in the work of Chernoff [Che] in 1952.

The hypothesis testing is an essential procedure in statistics. Its relevance to modern developments in

!By this I mean that essentially the same argument yields the proof of Stein’s Lemma in a very general probabilistic setting.



4.9. NOTES AND REFERENCES 65

non-equilibrium statistical mechanics will be discussed in Part II of the lecture notes. Theorem 4.18 is
due to Chernoff [Che]. As in the case of Stein’s Lemma, the LDP based proof allows to considerably
generalize the original result. The Hoeffding error exponents were first introduced and studied in [Hoe]
and the previous remarks regarding the proof applies to them as well. For additional information about
hypothesis testing see [ ].
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Chapter 5

Why is the relative entropy natural?

5.1 Introduction

This chapter is a continuation of Section 3.4 and concerns naturalness of the relative entropy.

1. Operational interpretation. Following on Shannon’s quote in Section 3.7, Stein’s Lemma gives an
operational interpretation of the relative entropy S(P|Q). Chernoff and Hoeffding error exponents, Theo-
rems 4.18 and 4.21, give an operational interpretation of Rényi’s relative entropy S, «(P|Q) and, via formula
(4.29), of Rényi’s entropy :S'\a (P) as well. Note that this operational interpretation of Rényi’s entropies is
rooted in the LDP’s for respective entropy functions which are behind the proofs of Theorems 4.18 and
4.21.

2. Axiomatic characterizations. Recall that A(2) = {(P, Q) € P(?) | P < Q}. Set A = Uq A(2). The
axiomatic characterizations of relative entropy concern choice of a function & : A — R that should qualify
as a measure of entropic distinguishability of a pair (P, Q) € A. The goal is to show that intuitive natural
demands uniquely specify & up to a choice of units, namely that for some ¢ > 0 and all (P, Q) € A,

(P, Q) = cS(P|Q).

We list basic properties that any candidate & for relative entropy should satisfy. The obvious ones are
S(P,P) =0, S(P,Q) >0, 3 (P, Q) such that §(P, Q) > 0. (5.1

Another obvious requirement is that if |2;| = |Q2| and 6 : Q; — Qs is a bijection, then for any (P, Q) €
Ay
S(P,Q) = 8(P06,Q00).

In other words. the distinguishability of a pair (P, @) should not depend on the labeling of the elementary
events. This requirement gives that & is completely specified by its restriction & : Urp>1.A;, — [0, 00],
where

A ={((p1,---pr),(q1,--- ,q1)) € PL X Pr|qx =0 = pi = 0},
and that this restriction satisfies

&((p1,---5pL), (a1, 5q1)) = S((Pr(1)s > Pr(L))s (@r(1)s " Cm(L))) (5.2)

for any L > 1 and any permutation 7 of {1,---,L}. In the proofs of Theorems 5.1 and 5.2 we shall
assume that (5.1) and (5.2) are satisfied.

Split additivity characterization. This axiomatic characterization is the relative entropy analog of Theorem
3.4, and has its roots in the identity (recall Proposition 4.8)

Sp1Pr+ -+ paPol@iQu+ -+ ¢aQn)

=p1S(P1Q1) + -+ pnS(Pn|@n) +S((pr, -+ 5 pn)l (g1, )

67
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which holds if (suppP; U suppQ;) N (supp Py U suppQy) = 0 for all j # k.
Theorem 5.1 Let & : A — [0, 00 be a function such that:

(a) & is continuous on As.

(b) For any finite collection of disjoint sets Qj, 7 = 1,---,n, any (P;,Q;) € A(Q;), and any p =
(pla' o 7pn)7q = (Q17" : 7Qn) S Pny

& <€Bkak, EquQk> => 8P, Qi) + S(plg). (5.3)
k=1 k=1

k=1
Then there exists ¢ > 0 such that for all (P, Q) € A,

&(P,Q) = cS(P|Q). (5.4)

Remark 5.1 If the positivity and non-triviality assumptions are dropped, then the proof gives that (5.4)
holds for some ¢ € R.

Exercise 5.1. Following on Remark 3.2, can you verbalize the split-additivity property (5.3)?

We shall prove Theorem 5.1 in Section 5.2. The vanishing assumption &(P, P) = 0 for all P plays a very
important role in the argument. Note that

S(P,Q) =~ Pw)logQ(w)

satisfies (a) and (b) of Theorem 5.1 and assumptions (5.1) apart from &(P, P) = 0.

Stochastic monotonicity + super additivity characterization. This characterization is related to Theorem
3.5, although its proof is both conceptually different and technically simpler. The characterization asserts
that two intuitive requirements, the stochastic monotonicity (Proposition 4.7) and super-additivity (Propo-
sition 4.12) uniquely specify relative entropy.

Theorem 5.2 Let & : A — [0, 00 be a function such that:
(a) & is continuous on Ay, forall L > 1.
(b) Forany P,Q € A(Q) and any stochastic map ® : P(Q) — P(Q) (note that ((P), ®(Q)) € A(Q)),

6(2(P), 2(Q) < 6(P,Q). (5.5

(¢) Forany Pand Q = Q; ® Q, in A(Q x Q.),
S(P, Qi) +6(F, Q) < 6(P,Q), (5.6)
with the equality iff P = P, ® P,.
Then there exists ¢ > 0 such that for all (P, Q) € A,

S(P,Q) = cS(P|Q). (5.7
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We shall prove Theorem 5.2 in Section 5.3. Note that neither assumptions (a) A (b) nor (a) A (c) are
sufficient to deduce (5.7): (a) and (b) hold for the Rényi relative entropy (P, Q) — S, (P, Q) if « €]0,1]
((c) fails here), while (a) and (c) hold for the entropy (P, Q) — S(P) ((b) fails here, recall Exercise 4.5).

4. Sanov’s theorem. This result is a deep refinement of Cramer’s theorem and the basic indicator of the
central role the relative entropy plays in the theory of Large Deviations. We continue with our framework:
2 is a finite set and P a given probability measure on 2. We shall assume that P is faithful.

To avoid confusion, we shall occasionally denote the generic element of €2 with a letter a (and list the
elements of 2 as Q = {a1, - ,ar}). Forw €  we denote by &, € P(2) the pure probability measure
concentrated at w: d,,(a) = 1 if @ = w and zero otherwise. For w = (w1, -+ ,wn) we set

1 N
S = NZ%-
k=1

Obviously, d,, € P(2) and

5.(a) the number of times a appears in the sequence w = (w1, ,WN)
w(a) = .
N

Sanov’s theorem concerns the statistics of the map QV > w + 6, € P(Q) w.r.t. the product probability
measure Py . The starting point is the corresponding law of large numbers.

Proposition 5.3 For any € > 0,

Jim Py {we QN |dy (., P) > €} =0.

Sanov’s theorem concerns fluctuations in the above LLN, or more precisely, for a given I' C P(Q), it

estimates the probabilities
Py {weQV |5, €T}

in the limit of large V.

Theorem 5.4 For any closed setT' C P(f2),

1
limsupﬁlogPN {w c Ol [0 € I‘} < _cigner(Q|P)’
€

N —o00

and for any open set ' C P(Q),

o1 N :
— >
1}\Ifnmf N log Py {w e QN |6, €T} > C121éer(Q|P).

We shall prove Proposition 5.3 and Theorem 5.4 in Section 5.4 where the reader can also find additional
information about Sanov’s theorem.

5.2 Proof of Theorem 5.1

The function
F(t) = 6((1,0),(t,1 —1)), t €]0,1],

will play an important role in the proof. Obviously, F is continuous on ]0, 1] and F'(1) = 0.

We split the proof into five steps.
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Step 1. Let (P,Q) € A(Q2), where Q = {w1,--- ,wy}, and suppose that P(w;) = 0 for j > k. Set
Ql = {wl, . ,wk}, 1(&)]) ( ) and

Q(w))
Qwi) + -+ Qwr)

It is obvious that (P, Q1) € A(f1). We then have

S(P,Q)=F(q1+ - +qu)+6(P1,Q1). (5.8)

Q1(wj) =

Note that if & = n, then (5.8) follows from F(1) = 1. Otherwise, write = Q; @ Qg, with Qy =
{Wk+1, "+ ,wn}. Take any Py € P(£y), write

(P,Q)=(1-Pia0-PtQ1 & (1 —1)Q2),

where t = g1 + - - + qi, Q2 is arbitrary if t = 1, and Q2(w;) = Q(w;)/(1 —t) if t < 1, and observe that
the statement follows from (5.5).

Step 2. F(ts) = F(t) + F(s) forall s,¢ €0, 1].
Consider 6((1,0,0), (¢ts,t(1 — s),1 —t)). Applying Step 1 with k = 1 we get
S((1,0,0), (ts, t(1 —s),1 —t)) = F(ts) + 6((1), (1)) = F(ts).
Applying Step 1 with k = 2 gives
&((1,0,0), (ts,t(1 — s),1 —t)) = F(t) + 6((1,0), (s, 1 — s)) = F(t) + F(s),
and the statement follows.

Step 3. For some ¢ € R, F(t) = —clogt forall ¢t €]0, 1].

Set H(s) = F(e™®). Then H is continuous on [0, oo[ and satisfies H(s; + s2) = H(s1) + H(s2). Itis
now a standard exercise to show that H(s) = c¢s where ¢ = H(1). Setting t = e~* gives F'(t) = —clogt.

This is the only point where the regularity assumption (a) has been used (implying the continuity of F'),
and so obviously (a) can be relaxed.! Note that (5.1) implies ¢ > 0.

Step 4. We now prove that for any n > 2 and any pair (p, ¢) € A, of faithful probability measures,

&(p, q) = cS(plg), (5.9)

where c is the constant from Step 3.

Letp = (p1, - ,pn)sq¢=(q1, ", qn), and choose t €]0, 1] such that ¢, — tpy, > 0 for all k. Set

K =6((p1, - ,pn,0,-+,0),(tp1, -+ s thps @1 — 1, 5 G — tPn))-
It follows from Steps 1 and 3 that
K =F(t)+ 6&(p,p) = —clogt. (5.10)
On the other hand, (5.2) and (5.3) yield

((p17 PR 7pn70)a(tplaql 7tp15'" 7tpn7Qn 7tpn))

tp1 tp1 tpn tpn
S (p1(1;0)7;pn(1;0))7 (ql (_71__))57qn (_51__))
q1 q1 dn dn

=i F(2) + s

Ut suffices that F' is Borel measurable.
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and it follows from Step 3 that
K = —clogt —cS(plg) + &(p, q). (5.11)

Comparing (5.10) and (5.11) we derive (5.9).

Step 5. We now show that (5.9) also holds for non-faithful p’s and complete the proof of Theorem 5.1.
By (5.2) we may assume that p; > 0 for j < k and p; = O for j > k, where k < n. Then, setting
s =q1 + - qx, Steps 1 and 3 yield

S(p,q) = —clogs +6&((p1,- - ,pr): (@1/s, -+ ,qk/9)),

and it follows from Step 4 that

&(p,q) = —clogs+cS((p1, -, pi)l(@1/s,- - ;qr/5)).

On the other hand, a direct computation gives

S(plg) = —logs+ S((p1,--- ,pe)l(q/s, -+, qk/s)),

and so &(p, q) = cS(plqg).

The non-triviality assumption that & is not vanishing on A gives that ¢ > 0.

5.3 Proof of Theorem 5.2

We shall need the following preliminary result which is of independent interest and which we will prove
at the end of this section. Recall that if P is a probability measure on €2, then Py = P ® --- ® P is the
product probability measure on QY = Q x --- x Q.

~

Proposition 5.5 Suppose that (P,Q) € A(Q) and (P,Q) € A(Q) are such that S(P|Q) > S(P|Q).
Then there exists a sequence of stochastic maps (P )n>1, Py : P(QV) — PO such that B (Q ) =
Qn forall N > 1 and
lim dV((I)N(PN)yﬁN) =0.
N — 00

‘We now turn to the proof of Theorem 5.2. Recall our standing assumptions (5.1). Let (P(O), Q(O)) € Abe
such that (P, Q) > 0, and let ¢ > 0 be such that

G(P(O),Q(O)) - Cg(p(0)|Q(0))_
Let (P, Q) € A, P # @, be given and let L, M, L', M’ be positive integers such that

r L
= 100 = @10©
ZS(POIQW) < S(PIQ) < T-S(POIQ®). (5.12)

We work first with the r.h.s. of this inequality which can be rewritten as

S(Pu|Qur) < S(PV1QW).

It follows from Proposition 5.5 that there exists a sequence of stochastic maps (® n ) y>1 such that @ y ( (LO])V) =
QMN and

lim dy (®y(P"”), Pyn) = 0. (5.13)
N —o00
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We now turn to &(P, () and note that

M&(P,Q) =6(Pu,Qum) = %G(PMN;QMN)

= [6(Pa, @un) — S(@x(P), Quin)] + 1 S(@x (PLY), 23 (QR))
(5.14)
! 1
= N [G(PMNaQMN) - 6((I)N(P£O))7QMN)i| + NG(PS;\)“ (Loz)v)
= % [G(PMNaQMN) - 6(<I>N(P£O)),QMN)} +Le(P©, Q).

Write Qun = Qum ® -+ - ® Q) and denote by Ry, n the marginal of @N(Péo)) with the respect to the
k-th component of this decomposition. Assumption (c) gives

N
% S(Pun,QuN) — 6(¢N(P£O))aQNIN)} < %]; [S6(Pr, Qum) — S(Rin,Qum)]- (5.15)

One easily shows that (5.13) implies that for any &,

lim dv(Rk,N,P]\/j) =0. (5]6)
N—oo
It then follows from (5.15) that
. 1
hmsup— [G(PA[N,QA[N) - 6((I)N(P£O))7QMN) S 0. (5]7)
N —o00 N
Returning to (5.14), (5.17) yields
L sp0 o0y _ L OO
8(P,Q) < 1:6(P", Q) = ZcS(PV[QW). (5.18)

Since the only constraint regarding the choice of L and M is that (5.12) holds, we derive from (5.18) that
&(P.Q) < eS(P|Q).
Starting with the Lh.s. of the inequality (5.12) and repeating the above argument one derives that (P, Q) >

¢S(P|Q). Hence, 5(P, Q) = c¢S(P|Q) for all (P,Q) € A with P # (. Since this relation holds trivially
for P = @, the proof is complete. O

Exercise 5.2. Prove that (5.13) implies (5.16).

Proof of Proposition 5.5. The statement is trivial if P = @, so we assume that P # @Q (hence S(P|Q) >
0). Let ¢, ¢ be such that
S(P|IQ) <t <t<S(PQ).

It follows from Stein’s Lemma that one can find a sequence of sets (T )n>1, In C 2, such that
lim Py(Ty) =1,  Qn(Tn) < Cre™™,
N—00
for some constant C; > 0. Let Uy : P(£2) — P({0, 1}) be a stochastic map induced by the matrix

\IIN(wa 0) = XTn (w)v \IIN(wv 1) = XTK, (w)a
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where x 7, and X1y, are the characteristic functions of 7'x and its complement T'5;. It follows that

VN (Pn) = (pn,DPN); V(Qn) = (v, Tn);

where
pv =Pn(In),  av=Q(IN).
Obviouslypy =1 —pn. Gy =1 —gn.
It follows again from Stein’s Lemma that one can find a sequence of sets (fN) N>1s T C Q. such that

lim Py(Tw) =1,  Qn(TS) > Coe N1,

N—o00
for some constant C > 0. We now construct a stochastic map ¥ : P({0,1}) — P(€) as follows. Let
do = (1,0), 6; = (0,1). We set first
Py (w)

Dn(do)(w) = —2L  ifwe T,
N( 0)( ) ZWIGTN PN(W/) N

W (00)(w) = 0 otherwise, and observe that

dy (T x(50), Py) < Py(T§) + ot IN),

Hence,
lim dv(\I/N(50) PN) =0.

N —o00

Let

~

Dy (w) = Qn(w) — an®n(d0)(w).
IwafN,thenobViouslyDN() QN( )>0 andlfweTN,

Dy(w) > C’;EN — cre N,

Since 0 < ¢ < t, there is Ny such that for N > Ny and all w € (AZ Dy (w) > 0. From now on we assume

that N > N, set )
N(d) = ﬁ_(QN —gn®n(d0)),

N
and define Uy : P({0,1}) — P(Q) by

Un(p,q) = p¥(So) + q¥(5y).

The map ] ~ is obviously stochastic and

~ ~

Un(gn,Qy) = QN

Moreover,

~ ~

dv (U n (pn, D)y Pn) < dv (U n (i, D)s U (80)) + dv (¥ n (d0), Pr)

<2(1 - py) +dv (T (do), Py),

and so

~

lim dy (¥ n(pn, ), Pn) = 0.
N—oo

For N < Ny we take for ® y an arbitrary stochastic map satisfying ® n (Qn) = @ n and for N > Ny we
set Oy = Uy o Up. Then Py (Qn) = Qn forall N > 1 and

lim dV((I)N(PN) PN) = 0,

N—o0

proving the proposition. (|
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Exercise 5.3. Write down the stochastic matrix that induces ¥ .

5.4 Sanov’s theorem

We start with
Proof of Proposition 5.3. Recall that L = |Q2|. We have

Y ohey O ()
dy(8s,P) =Y SELEE — Pla)
ac
and N
SN by, (a) €
{we @V |dv (0., P) > e} C LEJQ{weQN\ ST~ Pa)| 2 4 0
Hence,

>

o

P { N N 22[215%(@)7
v {w e QN |dy(0,,P) > e} <> PyJwe V| S P(a)
ac)

} . (5.19)

For given a € €, consider a random variable X : © — R defined by X(w) = d,(a). Obviously,
E(X) = P(a) and the LLN yields that
€
> —5=0.
> 51

The proposition follows by combining this observation with inequality (5.19). (I

N—o00

N
Sy,
lim Py {we v | |Mp(a)

We now turn to the proof of Sanov’s theorem. Recall the assumption that P is faithful. We start with the
upper bound.

Proposition 5.6 Suppose thatT' C P(Q) is a closed set. Then

1
limsupﬁlogPN {we Vs, €T} < —CiganS(Q|P)-
€

N —o00

Remark 5.2 Recall that the map P(Q2) > Q — S(Q|P) € [0, 00| is continuous (P is faithful). Since T is
compact, there exists @, € P(€2) such that

inf S(Q|P) = S(Qm|P).
Af S(QIP) = 5(Qm|P)
Proof. Let € > 0 be given. Let Q € I'. By Exercise 4.9,

S(Q|P) = X%lgR (/Q XdQ—log/QeXdP) .

Hence, we can find X such that
S(QIP) —e< / XdQ — 1og/ e~ dP.
Q Q

Let
U(Q) = {Q’EP(Q)\ ’/QXdQ/QXdQ’

<c}.
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Since the map P(Q) > Q" — [, XdQ' is continuous, U.(Q) is an open subset of P(£2). We now estimate

PN{5 GU( )} PN{

crf e [

Py {; X (wp) > N/QXdQ — Ne}

— Py {eEkNZIX(wk) > N o XdQ—Ne}

XdQ — Xd5
Q

<)

< =N Jo XdQ+Nep (o XN

— o N Jo XdQ+Nlog [, e¥dP+Ne

< e~ NS(QIP)+2Ne

Since I' is compact, we can find 1, - - - , Qs € I such that

rc JUd@).

j=1
Then
M
Py {5w S F} < ZPN {500 € UC(QJ)}
j=1
M
< o2Ne Z e~ NS(Q;1P)
=1
S eQNeMe—NiangF S(Q|P) .
Hence

hmsup—logPN {we@V |5, eT} < — mf S(Q|P) + 2e.

N—oo
Since € > 0 is arbitrary, the statement follows.

‘We now turn to the lower bound.

Proposition 5.7 For any open setT' C P(Q),
oo N .
i >
1}g11anlogPN {we s, eT} é%er(Q|P)

Proof. Let Q € T be faithful. Recall that Sg|p = log Ag|p and

S .. 1S
/SP|Qd5w _ Sqplwn) + N+ Qp(@n)

Lete > 0 and

RN,e: {60.) GF‘ ’/ SQ|pd5wS(Q|P)’ <6},
Q
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Then

Py {é. €T} = Py(Ry.e) =/ Apyiond@N :/ AgnipydQN
RN,e RN,e

:/ e~ Ziti Salr@r)qQ
Ry,c

> efNS(Q\P)fNeQN(RN&).

Note that for € small enough (I" is open!)

Solp(wi) + -+ Soiplw
Ry, 2 {we O |dv(Q,6.) <€} n {w e V| ‘ qr(w1) = ary) S(Q|P)‘ < e} .
By the LLN,
hm QN(RN,e) = 1
N — 00
Hence, for any faithful Q € T,
Jim inf - log Py {w e QY |6, €T} > —S(Q|P) (5.20)
N—oco N N @ - ’ '
Since T is open and the map P(Q2) > Q — S(Q|P) is continuous,
inf S(Q|P) = inf S(Q|P). 5.21
oerth ) (Q[P) Jnf, (Q[P) (5.21)
The relations (5.20) and (5.21) imply
| N .
_ >
lim inf - log Py {we s, eT} > C12%fFS(Q|P).
O

Exercise 5.4. Prove the identity (5.21).

AsetT' € P(Q) is called Sanov-nice if

QgilnftFS(QlP) = QIEHCEFS(QIP),

where int/cl stand for the interior/closure. If I' is Sanov-nice, then

.1 N -
lim NlogPN {we¥ |5, eT} = —éIéfFS(QUD)-

N —oc0

Exercise 5.5.
1. Prove that any open set I' C P(€2) is Sanov-nice.

2. Suppose that ' C P(£2) is convex and has non-empty interior. Prove that T" is Sanov-nice.

We now show that Sanov’s theorem implies Cramér’s theorem. The argument we shall use is an example
of the powerful contraction principle in theory of Large Deviations.
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Suppose that in addition to €2 and P we are given a random variable X : 2 — R. C and [ denote the
cumulant generating function and the rate function of X. Note that
SN(w) X(W1)+"'+X(WN)

N N Q

Hence, for any S C R,

SN—MES & 5, eTg,

where

FS:{QEP(Q)\/QXdQeS}.

Exercise 5.6. Prove that
intI's = [ints, cll's =Tgs.

Sanov’s theorem and the last exercise yield

Proposition 5.8 Forany S C R,

. | N Sn(w)
_ < il “N\H)
El{—‘li{ms S(Q|P) 1}\1fnmf N log Py {w e Q| €S

1
glimsupﬁlogPN {we oV ’ SNTM € S} < — inf S(Q|P),

N—oco Qelas
To relate this result to Cramér’s theorem we need:

Proposition 5.9 Forany S C R,

inf 1(0) = inf S(QIP). (5.22)

Proof. Let Q € P(Q). An application of Jensen’s inequality gives that for all & € R,

C(a) = log <Z e”‘X(“’)P(w)>

weN

sl | 3 e Do

wEsuppQ Q(w)
(w)
> 3 Qo e T,
wEsupp@ Q(w)
Hence,
Cla) > a / XdQ — S(Q|P). (5.23)
Q

If Q is such that 6y = fQ Xd@ € S, then (5.23) gives

S(QIP) > sup (aly — C(a) = T(60) > int 1(6),
a€eR €
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and so
'llf (Q P > .]lf I 9 . 24
Qlers S( | ) - ées ( ) (524

One the other hand, if § €]m, M|, where m = min,cq X (w) and M = max,ecq X (w), and a = «(0)
is such that C'(«(0)) = 6, then, with Q,, defined by (2.3) (recall also the proof of Cramer’s theorem),
0 = [, XdQq, and S(Qa|P) = abf — C(a) = I(0). Hence, if S C]m, M|, then for any 6, € S,
infgerg S(Q|P) < (), and so

Jnf S(QIP) < inf 1(0). (5.25)

It follows from (5.24) and (5.25) that (5.22) holds for S C Jm, M[. One checks directly that

Im)= b S@IP), TGN = it S@IP) (5.26)

If S N [m, M] = (), then both sides in (5.22) are oo (by definition, inf ) = co). Hence,

inf 1(0) = f 1(0) = inf S(Q|P) = inf S(Q|P
pes ©) GES%TI%m,]\/I] ©) Qerl;;[m,m (@IP) Qers (@1P),
and the statement follows. (]

Exercise 5.7. Prove the identities (5.26).

Propositions 5.8 and 5.9 yield the following generalization of Cramér’s theorem:
Theorem 5.10 Forany S C R,

. A 1 N Sy (w)
_ < - ZINAT
eeuilnf;SI(G) %nmf log Py {w Y ’ es

. 1 N SN (w) .
< — = — c < — .
h]IVn sup 10g PN {w Q | S Glelgs 1(9)

A set S is called Cramer-nice if
inf I(0) = inf I(0).
oL 10) = inf 1)

Obviously, if S is Cramer-nice, then

. 1 N SN(W) o .
ngnooﬁlogPN{weQ | =y~ €S =—nt100).

Exercise 5.8.
1. Is it true that any open/closed interval is Cramér-nice?
2. Prove that any open set S C]m, M| is Cramér-nice.

3. Describe all open sets that are Cramér-nice.
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5.5 Notes and references

Theorem 5.1 goes back to the work of Hobson [ ]in 1969. Following in Shannon’s step, Hobson has
proved Theorem 5.1 under the additional assumptions that & is continuous on Ay, for all L > 1, and that

the function
1 1 1 1
(n;no)’_)6((_;"';_;07"';0)7(_;"';_));
n n no no

defined for n < nyg, is an increasing function of ny and a decreasing function of n. Our proof of Theorem
5.1 follows closely [Lci] where the reader can find additional information about the history of this result.

The formulation and the proof of Theorem 5.2 are based on the recent works [ s ].

For additional information about axiomatizations of relative entropy we refer the reader to Section 7.2 in
[ I

Regarding Sanov’s theorem, for the original references and additional information we refer the reader to
[ , ]. In these monographs one can also find a purely combinatorial proof of Sanov’s theorem
and we urge the reader to study this alternative proof. As in the case of Cramér’s theorem, the proof
presented here has the advantage that it extends to a much more general setting that will be discussed in
the Part II of the lecture notes.
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Chapter 6

Fisher entropy

6.1 Definition and basic properties

Let € be a finite set and [a, b] a bounded closed interval in R. To avoid trivialities, we shall always assume
that | = L > 1. Let { Py }gc[a,p) Po € P:(£2), be a family of faithful probability measures on €2 indexed
by points 6 € [a,b]. We shall assume that the functions [a,b] > 6 — Py(w) are C? (twice continuously
differentiable) for all w € €. The expectation and variance with respect to Py are denoted by Eg and Vary.
The entropy function is denoted by Sy = — log Py. The derivatives w.r.t. 6 are denoted as f(6) = dp f(6),
£(0) = 93 £(0), etc. Note that

X Py .. Py PGQ )
Sp = —— Sp=——=—+ =5 E¢(Sg) = 0.
0 7y 0 B PZ 0(Sh)
The Fisher entropy of P is defined by
: Py(w)]?
Z(0) = Ey([S6]?) = [7
(6) = Eo([9)*) = D Po@)

weN

Obviously,
1(9) = Varg(Sg) = Eg(S@)

Example 6.1 Let X : 2 — R be a random variable and
e@X(w)
Polw) = =~y

Then
Z(0) = Varg(X).
The Fisher entropy arises by considering local relative entropy distortion of Fy. Fix 6 € I and set
L(e) = S(Py+c|Po),  R(e) = S(Po|Potc)-

The functions € — L(e) and € — R(¢) are well-defined in a neighbourhood of 6 (relative to the interval
[a, b]). An elementary computation yields:

Proposition 6.1

lim iL(e) = lim %R(e) = %I(@).

e—0 € e—0 €

81
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In terms of the Jensen-Shannon entropy and metric we have

Proposition 6.2
61 0 €2 JS\L0+e, L0 1 ;
lim 1 d3s(Poye, Pp) = 1 Z(9)
1 € .
e—0 |6| IS0 o 2

Exercise 6.1. Prove Propositions 6.1 and 6.2.

Since the relative entropy is stochastically monotone, Proposition 6.1 implies that the Fisher entropy is also
stochastically monotone. More precisely, let [®(w,@)],, +)caxq be a stochastic matrix and @ : P(Q2) —

P(2) the induced stochastic map. Set
Py = ®(Fy),

and note that Py is faithful. Let Z(6) be the Fisher entropy of Py. Then
_ I PO |
Z(0) = lim = S (Poel Fo) < lim —.5(Fo-e| o) = Z(0)-

The inequality Z(#) < Z(6) can be directly proven as follows. Since the function z — 22 is convex, the
Jensen inequality yields

RS o BwY
<; (I)(w,w)Pe(w)> = <Z @(w,w)Pe(W)PZEw§>

I
™
Py
5[3
elE
=
N———
™
&
&
&
I
&
N———

Hence,

6.2 Entropic geometry

We continue with the framework of the previous section. In this section we again identify P¢(Q2) with

PL,f = {(ph 7pL) € RL |pk > O)Zpk = 1} .

k

We view Py ¢ as a surface in RY and write p = (p1,- -, pr). The family {P}gc(q 4 is viewed as a map
(we will also call it a path)
[a,b] > 0 pg = (po1,--- ,por) € PL
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where pgr, = Py(wy,). For the purpose of this section it suffices to assume that all such path are C L (that
is, continuously differentiable). The tangent vector py = (pg1,--- ,Por) satisfies », pgr = 0 and hence

belongs to the hyperplane
k

The tangent space of the surface P, ¢ is T, = Pr ¢ X Tr.

A Riemannian structure (abbreviated RS) on Py, ¢ is a family g, = {gr (-, -) } pep,, Of real inner products
on Tz, such that for all {,n € T, the map

Pr3p = grp(Cn) (6.1)
is continuous. The geometric notions (angles, length of curves, curvature...) on Py, are defined with

respect to the RS (to define some of them one needs additional regularity of the maps (6.1)). For example,
the energy of the path 6 — py is

b
(oo = [ 91000 50)0
and its length is

b
z@m:/ 020 (P, po)db.

Jensen’s inequality for integrals (which is proven by applying Jensen’s inequality to Riemann sums) gives
that

L([pe]) = (b — a)E([pe))]"/? . (6.2)

The Fisher Riemannian structure (abbreviated FRS) is defined by
F 1

gp (Cﬂ?) = E _ank-
% Pk

In this case,
(o) (Do, P0) = Z(0),
where Z(0) is the Fisher entropy of Py. Hence.

b b
6@D:/I@M, amna/vﬂww

We have the following general bounds:

Proposition 6.3

b 1 b
[ 2000 > avam? [ VIO dv (o) (©3)

where dy is the variational distance defined by (3.2).

Remark 6.1 The first inequality in (6.3) yields the "symetrized" version of Theorem 4.2. Let p,q € Pr ¢
and consider the path pg = 0p + (1 — 0)q, 6 € [0, 1]. Then

1
| 2600 = Stsla) + S(alp)
0

and the first inequality in (6.3) gives

S(plg) + S(qlp) > dv (p,q)*.
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Proof. To prove the first inequality, note that Jensen’s inequality gives

ii XL: [pek] Pok > (Z Ipek|>2 (6.4)

:1 O k=1 k=1
Hence,
b L b 2
> > - :
/a 9)d0 / (Z |p9k|> a0 > 1 (; a |pek|de> ,

where the second inequality follows from Jensen’s integral inequality. The last inequality and
b b
/ Dok |dO > / Pordo

Note that the first inequality in (6.3) and (6.2) imply the second. Alternatively, the second inequality
follows immediately from (6.4) and (6.5). O

The geometry induced by the FRS can be easily understood in terms of the surface

GL:{SZ(SM"',SL)ERL|sk>O,Zsi:1},
k

= |Pok — Pak| (6.5)

yield the statement.

The respective tangent space is &7, x RZ~! which we equip with the Euclidian RS
DEDRES
k

Note that e,(¢,n) does not depend on s € &y, and we will drop the subscript s. Let now 6 — py =
(po,,- - ,per) be apath connecting p = (p1,--- ,pr) and ¢ = (q1,--- ,qr) in Pr, ¢. Then,

0+ So = (\/p917"' a\/p@L)

is a path in &, connecting s = (\/p1,---,/pr) and v = (\/q1, -+ ,\/qr). The map [pg] — [s¢]
is a bijective correspondences between all C!-paths in Py, ¢ connecting p and ¢ and all C''-paths in &,
connecting s and u. Since

. 1 . 1
e(89,%0) = ZQ&@)(pe,pe) = 1Z(0),
the geometry on Py, ¢ induced by the FRS is identified with the Euclidian geometry of G, via the map
[pe] — [sa].

Exercise 6.2. The geodesic distance between p, ¢ € Pr, ¢ w.r.t. the FRS is defined by

lnf/ 9) (Do, po)db, (6.6)

where inf is taken over all C'-paths [a, b] > 0 — py € Py ¢ such that p, = p and p, = q. Prove that

L
~v(p, q) = arccos (Z /Drqk >

Show that the r.h.s. in (6.6) has a unique minimizer and identify this minimizer.

The obvious hint for a solution of this exercise is to use the correspondence between the Euclidian geometry
of the sphere and the FRS geometry of Py, ;. We leave it to the interested reader familiar with basic notions
of differential geometry to explore this connection further. For example, can you compute the sectional
curvature of Pr, ¢ w.r.t. the FRS?
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6.3 Chentsov’s theorem

Let (g1)r>2 bea sequence of RS, where g7, is aRS on Pr, ¢. The sequence (gr,) 1, >2 is called stochastically
monotone if for any L, L > 2 and any stochastic map ® : P — Pz S

gf_@(p) ((I)(g)a @(C)) < gL,p(Cv g)

forall p € Pr, ¢ and ¢ € Tr,. Here we used that, in the obvious way, ¢ defines a linear map & : RL — RE
which maps 7T, to 75.

Proposition 6.4 The sequence (g¥)1>1 of the FRS is stochastically monotone.

~

Proof. The argument is a repetition of the direct proof of the inequality Z(6) < Z(6) given in Section 6.1.
The details are as follows.

Let [(I)(i’j)]1<z<L 1<j<T, beastochastic matrix defining ® : P ¢ — Py i e, foranyv = (v1,-+- ,vr) €
RL, ®(v) € R is given by

For p € Py, and ¢ € Tr the convexity gives

) () <o) (o)

- (Z @(i,ﬁi—f) @)

1 . ’
- @), (Z ‘I’(””Q)

2
<SS = 3D = o, (60

Hence,

The main result of this section is:

Theorem 6.5 Suppose that a sequence (gr,)1>2 is stochastically monotone. Then there exists a constant
¢ > 0 such that g1, = cg¥ forall L > 2.

Proof. We start the proof by extending each gy, , to a bilinear map G, , on R x RZ as follows. Set
vy, = (1,-+-,1) € RL and note that any v € R” can be uniquely written as v = avy, + ¢, where a € R
and € Tr. If v =avy + (and w = a’vy, + {, we set

Grp(v,w) =grp(¢, ).

The map G'r, , is obviously bilinear, symmetric (G, ,(v, w) = G, p(w, v)), and non-negative (Gr, »(v, v) >
0). In particular, the polarization identity holds:

1
Grp(v,w) = 1 (Grpv+w,v+w)—Grplv—w,v—w)). (6.7)
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Note however that Gz, , is not an inner product since GL_’p(I/L, vy) =0.

In what follows pr, ¢, denotes the chaotic probability distribution in Py, i.e., pr.cn = (1/L,---,1/L). A
basic observation is that if the stochastic map ® : Pr ¢ — sz ¢ 18 stochastically invertible (that is, there
exists a stochastic map W : Pfyf — Pt such that ® o ¥(p) = pforall p € Prs) and ®(pr.cn) = PLch
then for all v, w € RY,

GZ,V

L,ch

(©(v), ®(w)) = GLpp o (v, 0). (6.8)

To prove this, note that since ® preserves the chaotic probability distribution, we have that ®(v;) =
LL_lyi. Then, writing v = avy, + ¢, we have

GL,PL,ch ('Ua 'U) =9Lpr,cn (Ca C) > 9t ((I)(C)’ (I)(g))

PL ch

X (aLE_lzxz +®(C),aLl " vy + @(g))
i (6.9)
| (a®(ve) + (), a®(vr) + ©(C))

If W : P; — Pr ¢ is the stochastic inverse of @, then \Il(pi ch) = pr.ch and so by repeating the above
argument we get

£y (B(0),8(0) > GLpy o (W(@(0)), W(B()) = Gy, (0,0). (6.10)

The inequalities (6.9) and (6.10) yield (6.8) in the case v = w. The polarization identity (6.7) then yields
the statement for all vectors v and w.

We proceed to identify G'7 e and g7 e The identity (6.8) will play a central role in this part of the
sPL ch sPL ch

argument. Let ey i, k = 1,---, L, be the standard basis of R%. Let 7 be a permutation of {1,---, L}.
Thenforall1 < j,k < L,

Gpra (€L erk) = Gpp o (€L,x(j) €L,m(k))- (6.11)
To establish (6.11), we use (6.8) with @ : Pr, ¢ — Py, ¢ defined by
(I)((pla o pL)) = (pﬂ‘(l)7 T apw(L))‘
Note that ® is stochastically invertible with the inverse

\Il((plv o pL)) - (pﬂ'*l(l)v e apﬂ'*l(L))v

and that ®(pr,.ch) = pr.ch. An immediate consequence of the (6.11) is that for all &, j,

Gpren(€Lgrer.j) = Gpp o (€L .k €Lk), (6.12)
and that for all pairs (j, k), (j/, k') with j # j' and k # K/,
Gpran(erg,enk) = Gpp a(€Ly,enw). (6.13)
We introduce the constants
cL = Gppalergeny),  bo=Gp, (€L err),

where j # k. By (6.12) and (6.13), these constants do not depend on the choice of j, k. We now show that
there exist constants ¢, b € R such that forall L > 2, ¢;, = ¢L + b and by = b. To prove this, let L, L' > 2
and consider the stochastic map ® : Pr, s — Prr/ ¢ defined by

p1 4! pbL pL
(I)((plv"'vpL)):(E?"'vfa"'va"'vf)a
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where each term py /L’ is repeated L’ times. This map is stochastically invertible with the inverse

L’ L
1 1 L L 1 L
k=1 k=1

Since ®(pr,ch) = PLL’,ch» (6.8) holds. Combining (6.8) with the definition by, we derive that
by, =br = by

Set b = br. Then, for L, L’ > 2, (6.8) and the definition of ¢y, give

1 'L -1) 1 'L -1)
cL = ey + WbLL' = et T@e
and so )
Cr, — b= ?(CLL’ — b)
Hence,
1 1 1
Z(CL —b) = E(CLL’ —b) E(CL’ =),
and we conclude that
c, =cL+b
for some ¢ € R. It follows that for v, w € RE,
L L L
G ) = LY g+ (z ) (z wk) |
k=1 k=1 k=1
and that for {,n € T,
L
oo (Cm) = LD G (6.14)

k=1

The last relation implies in particular that ¢ > 0. Note that (6.14) can be written as gr , ,, = cgﬂpch,
proving the statement of the theorem for the special values p = pr, ch.

The rest of the argument is based on the relation (6.14). By essentially repeating the proof of the identity
(6.8) one easily shows that if ® : Pr s — P;  is stochastically invertible, then for all p € Pr ¢ and
¢n €T 7

9r.0(p) (2(0), (1)) = grp(C,n)- (6.15)

Letnowp = (py,- - ,Dy,) € Pr.t be such that all 5,’s are rational numbers. We can write

_ 4 lr
p= Pf"a? .

where all ¢;;’s are integers > 1 and Zk b, =L"Let®: ‘Pr.s — Pr ¢ be a stochastic map defined by

b1 b1 pPL pPL
(I)((pla apL)): (27.”727”.,5,”. 55)7

where each term py, /¢y, is repeated ¢; times. The map  is stochastically invertible and its inverse is

01 lr
4 4 4
B, pD, e g, i) <Zp;;1,... 7Zp,gL>> .
k=1 k=1
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Note that ®(p) = pr’ cn, and so

L L,
9.5(Cm) = 917y 0 (2(0), ®(0)) =Y ECWC = cg7 5(C,m).- (6.16)
k=1

Since the set of all p’s in P, s whose all components are rational is dense in Py, ¢ and since the map
p — grp(¢, 1) is continuous, it follows from (6.16) that for all L > 2 and all p € P ¢,

_ F
gL7P - CgL,p'

This completes the proof of Chentsov’s theorem. O

6.4 Notes and references

The Fisher entropy (also often called Fisher information) was introduced by Fisher in [ ] and plays
a fundamental role in statistics (this is the topic of the next chapter). Although Fisher’s work precedes
Shannon’s by twenty three years, it apparently played no role in the genesis of the information theory.
The first mentioning of the Fisher entropy in context of information theory goes back to [ ] where
Proposition 6.1 was stated.

The geometric interpretation of the Fisher entropy is basically built in its definition. We shall return to this
point in the Part II of the lecture notes where the reader can find references to the vast literature on this
topic.

Chentsov’s theorem goes back to [Cen]. Our proof is based on the elegant arguments of Campbel [ 1.



Chapter 7

Parameter estimation

7.1 Introduction

Let A be aset and { Py }oc 4 a family of probability measures on a finite set {2. We shall refer to the elements
of A as parameters. Suppose that a probabilistic experiment is described by one unknown member of this
family. By performing a trial we wish to choose the unknown parameter 6 such that Py is the most likely
description of the experiment. To predict 6 one choses a function 6 : Q — A which, in the present context,
is called an estimator. If the outcome of a trial is w € (2, then the value § = é(w) is the prediction of
the unknown parameter and the probability. Obviously, a reasonable estimator should satisfy a reasonable
requirements, and we will return to this point shortly.

The hypothesis testing, described in Section 4.7, is the simplest non-trivial example of the above setting
with A = {0,1}, Py = P and P; = @ (we also assume that the priors are p = ¢ = 1/2.) The estimators
are identified with characteristic functions § = xr, T C §2. With an obvious change of vocabulary, the
mathematical theory described in Section 4.7 can be viewed as a theory of parameter estimation in the case
where A has two elements.

Here we shall assume that A is a bounded closed interval [a, b] and we shall explore the conceptual and
mathematical aspects the continuous set of parameters brings to the problem of estimation. The Fisher
entropy will play an important role in this development. We continue with the notation and assumptions
introduced in the beginning of Section 6.1, and start with some preliminaries.

A loss functionisamap L : R x [a,b] — R4 such that L(x,6) > 0 and L(x,0) = 0iff = 6. To a given
loss function and the estimator 6, one associates the risk function by

R(0.0) = Bo(L(0,0) = 3 L(0(w), 0) Po(w).

weN

Once a choice of the loss function is made, the goal is to find an estimator that will minimize the risk
function subject to appropriate consistency requirements.

We shall work only with the quadratic loss function L(z, ) = (x — 0)2. In this case, the risk function is

Eo((6 — 0)%) = Vary(0).

7.2 Basic facts

The following general estimate is known as the Cramér-Rao bound.

&9
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Proposition 7.1 For any estimator 6 and all 6 € [a, b],

[E(0)]? A2
76) < Eo((0 —0)7).

Proof.
Bo(0) = 3 6w)Po(w) = 3 (6(w) — 6) Py(w).

weN we

Writing Py(w) = Py(w)+/Pa(w)/+/Py(w) and applying the Cauchy-Schwartz inequality one gets

1/2 . 5\ 1/2
|Eg(6)] < (Z(é(w)e)QP(,(w)> <Z [1]3;)9((0;))] )

weN

O

As in the case of hypothesis testing, multiple trials improve the errors in the parameter estimation. Passing
to the product space Q% and the product probability measure Py, and denoting by Eyx the expectation
w.r.t. Pyy, the Cramér-Rao bound takes the following form.

Proposition 7.2 For any estimator Oy : QN — [a,b] and all 0 € [a, b,

%% < Egn((On — 0)?).
Proof.
. A~ N ~
Egn(On) = > > (On(w) = 0)Py(wr) -+ Pylws) -+ Po(ww)

w=(w1, " ,wn)EQN k=1

;p

= > (Z pe(Wk)> (On (w) — 0)Pon (w).

(e anyeon iy o)

Applying the Cauchy-Schwarz inequality

1/2 1/2
fgdPeNs( / f2dP9N) ( / dePGN)
QN QN QN

with
X Pylwn) N — Bt —
f(w)—gpe(wk), g(w) = On(w) — 0,
one gets

1/2

o (0 ) - . [Fo(wn )
|Eon (0)] < ( > (On(w) - 9)2P9N(w)> > > %PGN(W)

weQN
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We now describe the consistency requirement. In a nutshell, the consistency states that if the experiment is
described by Py, then the estimator should statistically return the value 6. An ideal consistency would be
Ey N(9 ~N) = @ forall § € [a,b]. However, it is clear that in our setting such estimator cannot exists. Indeed,
using that 0 takes values in [a, b], the relations Eq,n (fx) = a and Eyn (6x) = b give that Oy (w) = a and
On(w) = bforall w € Q. Requiring Egn (6x) = 6 only for 6 €]a, b does not help, and the remaining
possibility is to formulate the consistency in an asymptotic setting.

Definition 7.3 A sequence of estimators Oy : QN — [a,b], N =1,2,---, is called consistent if

lim EQN(éN) = 9

N —oc0

Sorall 6 € [a,b], and uniformly consistent if
lim sup Eon(]0—6]) =

N—00gcq,b]

Finally, we introduce the notion of efficiency.

Definition 7.4 Let 0y : QY — [a,b], N = 1,2,--- be a sequence of estimators. A continuous function
€ :]a, b= Ry is called the efficiency of (On)n>1 if

lim NEgy ((é - 9)2) = £(0) (7.1)

N —o0

forall 6 €]a, b|. The sequence (Ox)n>1 is called uniformly efficient if in addition for any [a’,b'] C]a, b],

limsup sup
N—oo 60€[a’,b']

NEgy (é - 9)2) - 5(9)‘ = 0. (1.2)

To remain on a technically elementary level, we will work only with uniformly efficient estimators. The
reason for staying away from the boundary points a and b in the definition of efficiency is somewhat subtle
and we will elucidate it in Remark 7.2.

Proposition 7.5 Let (é N )N>1 be a uniformly efficient consistent sequence of estimators. Then its efficiency
& satisfies

E(0) > m

forall 0 €]a,b].
Proof. Fix 01,02 €]a,b[, 61 < 2. The consistency gives
6, — 0, = lim [EQQN(éN) . EGIN(éN)} . (1.3)
N—oo

The Cramér-Rao bound yields the estimate

62 . A 02 . A
Foun(On) = Eoun(On) = | o (On)a0 < /0 | Eon ()]0
' ' (7.4)
02 . 1/2
< / INTO) oy ((0x —0))] " a0.

01
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Finally, the uniform efficiency gives
62 . 1/2 02 . 1/2
lim [NI(@)E(,N ((oN - 9)2))} a9 = / lim [NI(@)EGN ((eN - 9)2))} a9

N —o0 0, 0, N —o0

, (7.5)
= / VI(9)E(0)do.
01

Combining (7.3), (7.4), and (7.5), we derive that

02
0o — 01 < [ VI(O)EO)0
01

forall a < 60y < 5 < b. Hence, /Z(0)E(H) > 1 forall € |a, b], and the statement follows. O

In Section 7.4 we shall construct a uniformly consistent and uniformly efficient sequence of estimators
whose efficiency is equal to 1/Z() for all § €]a,b[. This sequence of estimators saturates the bound of
Proposition 7.5 and in that sense is the best possible one. In Remark 7.2 we shall also exhibit a concrete
example of such estimator sequence for which the limit (7.1) also exists for # = a and satisfies £(a) <
1/Z(a). This shows that Proposition 7.5 is an optimal result.

7.3 Two remarks

The first remark is that the existence of a consistent estimator sequence obviously implies that

01 # 02 = Py, # Pp,. (7.6)
In Section 7.4 we shall assume that (7.6) holds and refer to it as the identifiability property of our starting
family of probability measures { Py }g¢a,b)-

The second remark concerns the LLN adapted to the parameter setting, which will play a central role in the
proofs of the next section. This variant of the LLN is of independent interest, and for this reason we state
it and prove it separately.

Proposition 7.6 Let Xy : Q@ — R, 6 € [a,b], be random variables such that the map [a,b] 3 6 — Xp(w)
is continuous for all w € ). Set

Son(w = (w1, ,wn)) =Y Xo(ws).

1=

Then for any € > 0,

SQ/N(W)

— Eo(Xo
N~ Eo(X)

lim sup Piy{we QY] sup
N—=00gelq,b] 0’ €la,b]

> e} =0. (7.7)

Moreover, (7.7) can be refined as follows. For any € > 0O there are constants C. > 0 and . > 0 such that
forall N > 1,

Sng(w)

— Fo( Xy
N 0 (Xor)

sup PoyyJw € QN| sup
9elab] 0’ €la,b]

> e} < Ce N, (7.8)

Remark 7.1 The point of this result is uniformity in 6 and 6’. Note that

26}0

. SGIN(CLJ)
N |ooNWw) )
lim Pyyn {wEQ | ’ Ey(Xo)
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is the statement of the LLN, while

Pyn {w eV | ‘M — Ep(Xe/)| > 6} < Ceei'y‘N,

(
N
with C, and 7. depending on 6, &', is the statement of the strong LLN formulated in Exercise 2.4.

Proof. By uniform continuity, there exists 6 > 0 such that for all u,v € [a, b] satisfying |u — v| < ¢ one
has

sup B (Xu) — Ew(X,)] << and  sup [X,(w) — Xo(w)] < <.
w€[ab] 4 wef 4
Leta =0, < 0; <--- <80, =bbe such that 0 — ), < . Then, forall § € [a, ],

" SG’N(W) €

>e€p C {WEQN|‘I€7E9(X9;) Z—}
beu L 2
(7.9)

€
> -
> 51

50’%(“]) . EO(XG’)

we V| sup
07€[a,b]

It follows that (recall the proof of the LLN, Proposition 2.2)

- Soyn (W)
Z€}§ E Pyn {WGQN| ‘7’“]\[ 7E9(X9;€)
k=1

SG/N
— Ey( Xy
N 9(Xor)

Pyn<we QN| sup
0’€la,b]

I
|
Ii 3
&
z
T~
L
z
|
&
X

(7.10)

Setting
C = max max Fy (|X9/ — E@(X91)|2) ,
1<k<n 0,0’ €[a,b]

we derive that

SG%M — Ep(Xg)| >

sup Pynydw € QY| sup
0€(a,b] 0’€la,b]

and (7.7) follows.
The proof of (7.8) also starts with (7.9) and follows the argument of Proposition 2.9 (recall the Exercise

2.4). The details are as follows. Let a > 0. Then for any 6 and k&,

So v (W) € €
Pyn {w S QN | kT _EQ(XQ;C) > 5} = Pyn {w S QN |89;N(w) > N§ +NE9(X9;€)}

= PN {w e QN | o) > eO‘NC/QeaNEe(X%)}

< e_aN€/2e_aNE9(X9;c)E9N (eaS%N)

—aNe/2 —aNEs(Xe ) NC (a
<e /e k'e o ( ),

(7.11)

where <
¥ (a) = log Ey (ea 92) .
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We write
O (a) — aFy(Xg,) = /0 [(c{gm)’ (u) — Eg(Xg, )] du,

and estimate

1C§¥ () — aBe(Xgy)| < a sup
u€|0,x

(Cg’”)/ (u) — Eo(Xay)| .

/
Since (Cék)) (0) = Eg(Xp; ), the uniform continuity gives

!/

lim sup sup (Cék)) (u) — Ep(Xp;)| = 0.

a—=0 0€(a,b] ue(0,q]
It follows that there exists o > 0 such that forall k = 1,--- ,n,

€
sup ’Cék)(aj) —alEg(Xey)| < T
0€a,b]
and (7.11) gives that for all &,
Sy N (w
sup Pynw e QF | M — Ep(Xg,) > ¢ < e~ Ne/4
N k 2
0€(a,b]
Going back to first inequality in (7.10), we conclude that
N SG’N(W) 7a+N5/4
sup Poywe QY| sup | ———= —Ep(Xo) | > €p < ne . (7.12)
9€a,b] 0’€la,b] N

By repeating the above argument (or by simply applying the final estimate (7.12) to the random variables
—Xy), one derives

S@/N(w)

sup Pyn {w € QN| inf ( — Eg(ng)) < —e} < e Ne/4 (7.13)
9€[a,b] 6'€la,b] N

for a suitable o > 0. Finally, since

we V| sup M*E&(X@/) >ep Clwe QY| sup <ME9(X9/)) >e€
orefab) | N 0’¢la,b] N
USwe QY| inf M —Ep(Xor) ) < —¢€
6’ €[a,b] N - ’
(7.8) follows from (7.12) and (7.13). ([l

Exercise 7.1. Prove the relation (7.9).

7.4 The maximum likelihood estimator

For each N and w = (w1, -+ ,wy) € O, consider the function
[a,b] 30— Pyn(wi, - ,wy) €]0, 1]. (7.14)

By continuity, this function achieves its global maximum on the interval [a, b]. We denote by 67y (w)
a point where this maximum is achieved (in the case where there are several such points, we select one
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arbitrarily but always choosing O L.~ (w) €la, b] whenever such possibility exists). This defines a random
variable )
9]\/IL,N : QN — [a, b]

that is callefi the maximum likelihood estimator (abbreviated MLE) of order N. We shall also refer to the
sequence (0prr, N)N>1 as the MLE.

Note that maximizing (7.14) is equivalent to minimizing the entropy function

N

[a,b] 0 — Son(w) = Z —log Py(wy).
k=1

Much of our analysis of the MLE will make use of this elementary observation and will be centred around
the entropy function Sy . We set

S(0,6') = Eo(Ser) = — Y Py(w)log P (w).

wEQ
Obviously, S(6,0) = S(Fy) and
S(0,0") — S(0,0) = S(Ps|Pa). (7.15)
The last relation and the identifiability (7.6), which we assume throughout, give that
S(6,60") > S(6,0) for 0+£0. (7.16)
Applying Proposition 7.6 to Xg = — log Py, we derive

Proposition 7.7 For any € > 0,

SGIN(CU)

_ /
T 5(0,0))

lim sup Piy{we QY] sup
N—=00gecla,b] 0’ €la,b]

26}0.

> e} < C.e VN,

Moreover, for any € > 0 there is Cc > 0 and e > 0 such that for all N > 1,

SQ/N(W)

_ /
N S(6,0')

sup Ppy{we QY| sup
0€la,b) 0’€la,b]

The first result of this section is:
Theorem 7.8 For any € > 0,

lim sup Pyn {w € Qv | |9AIWL7N(CU) — 9| > 6} =0.
N—=00 gela,b]

Moreover, for any € > 0 there exists C. > 0 and . > 0 such that for all N > 1,

sup Pyn {w c QN | |9AIWL7N(&J) — 9| > 6} < Ceef'V‘N.
0€(a,b]

Proof. Let
I. = {(u,v) € [a,b] X [a,b] | |u—v| > €}.

It follows from (7.16) and continuity that

d= sup [S(u,v)—S(u,u)]>0. (7.17)

(u,v)€el.
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Fix 0 € [a,b] and set I.(0) = {¢' € [a,b]||0 — 0| > €}. Let

A={we V| sup M—S(G,H')<é ,
0'€1.(0) 2
B=RweQV| sup S"L(‘”)ﬁs(e,e’)<é .
0" €la,b]\I.(0) N 2
Forw € Aand ¢’ € I.(0),
Sorv (w) ) 8
it < _ =, ]
N <S0.0)+5<50.0) -3 (7.18)
On the other hand, forw € B and 8 € [a, )] \ I.(9),
Sorn (w) N0 )
— -5 2 - 1
N > 5(6,0") 5 > 5(0,0) 5 (7.19)
Since O/, v (w) minimizes the map [a, b] 3 6" — Sp/ v (w),
weANB =  |furn(w) -0 <e

It follows that

S’N(w) /
‘)T—S(e,e)

{w eV | |9AML7N(w) -0 > e} CA°UB =< we QN| sup
0’ €la,b]

6}
>_a
-2

- 5(6,0")

and so

sup Pyn {w eV | |éML7N(w) —0] > e} < sup Pyyqwe QN| sup M
9€a,b] 9€a,b] orclap] | N

Since § depends only on the choice of e (recall (7.17)), the last inequality and Proposition 7.7 yield the
statement. (I

Theorem 7.8 gives that the MLE is consistent in a very strong sense, and in particular that is uniformly
consistent.

Corollary 7.9

lim sup EeN(léML,N —0])=0.
N—o0 6€(a,b]

Proof. Let ¢ > 0. Then

Eon(10ann —0)) = /N 0rn.n — 0ldPyn
Q

— / 0rrz.n — 0]dPon + / Orrn n — 0]dPsn
|

Ovmr,N—0|<e |0, N—0]>€

<e+ (b— a)PgN {w S oV | |é]uL7N(w) — 9| > 6} .
Hence,

sup Eon (s, v —0]) < e+ (b—a) sup Poy {w e QY| lfnrn(w) = 6] > e},
0€la,b] 0€la,b)

and the result follows from Proposition 7.8. O
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We note that so far all results of this section hold under the sole assumptions that the maps [a,b] > 6 —
Py(w) are continuous for all w € 2 and that the identifiability condition (7.6) is satisfied.

We now turn to study of the efficiency of the MLN and prove the second main result of this section. We
strengthen our standing assumptions and assume that the maps [a, b] > 6 — Py(w) are C? for all w € .

Theorem 7.10 Suppose that [a’,b'] Cla, b[. Then

- 1
lim sup NE@N HIV[L,N*92 —‘0
N—00 gela’ b/] ( B Z(0)

Proof. Recall that

N
[a,0] 50— Syn(w = (w1, ,wn)) == »_ log Py(wr)
k=1

achieves its minimum at éML ~(w) and that Orr L.N(w) €la,b] unless a strict minimum is achieved at
either a or b. Let

By(a) = {w €OV [0y n(w) = a} . By(b) = {w € OV [y n(w) = b} :
and

= mi inf S(Py|P,), inf S(Ps|P)).
¢ =min (661[2%;’] (Ps| )061[2/,17’] (Ps| b))

Since the maps 6 — S(Py|P,), 0 — S(Py|F,) are continuous, the identifiability (7.6) yields that ¢ > 0.
Then, for 6 € [a/, V'],

N
Pyn(Bn(a)) < Pon {w e QN % Zlog I}ZGE:B < 0}
k=1 @

N
1 Py(w
< Pyn {w S N | N E log P,iwz% — S(P9|Pa) < §} ,
k=1

and similarly,

Py(wr)
Pb (wk)

N
PQN(BN(b))SPQN {wEQN|%Zlog —S(P9|Pb)§—C}.
k=1

Proposition 7.7 now yields that for some constants K¢ > 0 and k¢ > 0,

sup PQN(BN(G,) @] BN(b)) < ngikCN
o€a’,b’]

forall N > 1. A simple but important observation is that if w ¢ By (a) U By (b), then 07, v (w) €la, b]
and so

SéML,N(w)N(w) =0. (7.20)

The Taylor expansion gives that for any w € QV and € [a, b] there is 6’ (w) between 07, x (w) and 6
such that

. . ~ . 1 -
S@ML,N(w)N(w) — SQN(W) = (QML,N(W) — 9) |:SGN + 5(9ML,N(W) — 9)S9’(w)N:| . (7.21)

Write
o ((SéML,N(w)N(w) - SeN(w))2> = Ly (0) + Eon ([SOND ,
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where )
Ln(0) = Egn <[SéML7N(w)N} ) +2Bon (S, o Son ) - (7.22)

It follows from (7.20) that in (7.22) Fyn reduces to integration over By (a) U By (b), and we arrive at the
estimate

sup |Ln(0)] < KN? sup Pyn(Bn(a)UBy(b)) < KN?Kce ke (7.23)
6€la’,b'] o€la’,b’]

for some uniform constant X > 0, where by uniform we mean that K does not depend on V. It is easy to

see that one can take )
P,
K=3 sup b(w)
vefabjwen \ Po(w)

In Exercise 7.2 the reader is asked to estimate other uniforms constant that will appear in the proof.

Squaring both sides in (7.21), taking the expectation, and dividing both sides with N2, we derive the
identity

S 1 .
% + oy Ovry = 0)Sen| | (724)

1 1 . 2 A
FLN(G)ﬁLmEGN <|:S0N:| ) = Eon | Onrr N — 0)?

An easy computation gives

N2
Regarding the right hand side in (7.24), we write it as

L Box ([SBN}Q) _ %z(e).

.. 2
N S
Eon | (Orrr v — 0)? [%] + Rn(0),
where the remainder R (6) can be estimated as

|Rn(0)] < C1Egn (|é]ML,N — 9|3) (7.25)

for some uniform constant Cy > 0.

With these simplifications, an algebraic manipulation of the identity (7.24) gives

NEoy ((éML,N - 9)2) - ﬁ — _pyo)- X I}Eg)(f) %LIJ(V 9(;'2), (7.26)
where )
Dn(8) = NEon | (bair — 0)? lSGTN 1(19)2 1. (7.27)
Writing
Son ’ 1 1 Son Son
lT 02 ' T0p¢ <T ”(9>> (T I<9>>

and using that Z(#) is continuous and strictly positive on [a, b], we derive the estimate

) (7.28)

|Dn(0)| < CoNEgy <(éML —0)? SHTN — 7(0)

for some uniform constant Cy > 0.
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Fix € > 0, and choose C. > 0 and 7. > 0 such that

sup Pyn {w eV | |9AML7N(w) -0 > e} < Cee N, (7.29)
0€(a,b]

sup Poy 3w € QY| Son —Z(0)| > ep < Ce™ N, (7.30)
0€(a,b] N

Here, (7.29) follows from Theorem 7.8, while (7.30) follows from Proposition 7.7 applied to Xy =
— & Nog Py (recall that Eg(X4) = Z(0)).
Let 0 = inf,c[q,5) Z(u). Then, forall 6 € [a, ],

N[Rn(0)] _ C1N

. |éML,N —0>dPan

wp <@ s
GiN 5 CiN A
= (;2 R |9N1L7N—9|3dP9N+(;—2 ) Orizn — OPdPsy
|0, N—0]<e Grrn. v —0]>e
c A Ci(b—a)®N
< 65—21NE9N ((GML,N - 9)2) i 1(572)066_7”.
(1.31)

Similarly, splitting the integral (that is, Egr) on the r.h.s. of (7.28) into the sum of integrals over the sets

Sow
~ 1

700

N < €,

2 €,

we derive that for all 8 € [a, b],
|Dx(6)] < €CaNEqn ((Barzn = 0)2) + CaCsNCee ™™, (7.32)

where C's > 0 is a uniform constant. Returning to (7.26) and taking € = ¢( such that

Cy

1 1
605—2 < = 6002 < -,

4’ 4
the estimates (7.23), (7.31), and (7.32) give that for all § € [a’, V'],

A 2 2K
NEyn ((9ML,N - 9)2) < —— +Cl Ne "ol ¢ ?ng’kdv,

Z(0)
where Céo > 0 is a uniform constant (that of course depends on €g). It follows that
C'=sup sup NEyn ((éML,N - 9)2) < 00. (7.33)
N>16€[a’,b/]

Returning to (7.31), (7.32), we then have that for any € > 0,
N|RnN(0)] o Ci(b—a)®N

sup ——— < e—=C"+ Cee™ TN (7.34)
GG[G/,b/] 1(9)2 62 62
sup |Dn(0)] < eCoC’ + CoC3NCe.e™ TN, (7.35)
oca’,b]

Finally, returning once again to (7.26), we derive that for any € > 0,

A 1 NI|Rn(6)] |Ln(0)]
NE (6 —02) - — | < Dy (6 — e
oN (( mL.N —0) ) I(@)‘ < eesig;?bl]l ~(0)| + Oes[lal’l,)b’] 7(0)° +6€S[3{>b,] NZ(6)?

sup
0c(a’,b’]

<eC" 4+ C'Ne 7N ¢ KKce_kCN,
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where C”" > 0 is a uniform constant and C?’ > 0 depends only on e. Hence,

limsup sup
N—oo 6€[a’,b']

A 1
NE (9, 792)f—<c”.
on | (Onmrr,N ) 70| = €
Since € > 0 is arbitrary, the result follows. O

Exercise 7.2. Write an explicit estimate for all uniform constants that have appeared in the above
proof.

Remark 7.2 The proof of Theorem 7.10 hints at the special role the boundary points a and b of the chosen
parameter interval may play in study of the efficiency. The MLE is selected with respect to the [a, b
and éML’N(w) may take value a or b without the derivative SéML,N(w)N(w) vanishing. That forces the
estimation of the probability of the set By (a) U By (b) and the argument requires that  stays away from
the boundary points. If the parameter interval is replaced by a circle, there would be no boundary points
and the above proof then gives that the uniform efficiency of the MLE holds with respect to the entire
parameter set. One may wonder whether a different type of argument may yield the same result in the case

of [a, b]. The following example shows that this is not the case.

Let Q = {0,1} and let Pp(0) = 1 — 0, Py(1) = 0, where 6 €10, 1[. One computes Z(6) = (0 — 6%)~L. If
[a,b] C]0,1[is selected as the estimation interval, the MLE 0y, n takes the following form:

s i e e CLL
Ourv(wr, - wy)=a if W <a,
un(own, - wn)=b  if  LTUTON

N

We shall indicate the dependence of 0, L,N on [a, b] by 955121 - 1t follows from Theorem 7.10 that

A[l ] 1 2 1 -1 1
lim NE;,— AR —— =7 = —_—
Nl_mo (0=1/2)N ((QM N 2) ) [ (2)} 4

On the other hand, a moment’s reflection shows that

1 11,2 1 2 5l3.5] 1 ’
§E(9:1/2)N <<9ﬁL3,N - 5) ) = Eo=1/2)n ((91&31\7 B 5) ) ’

lim NE S
Nooo (6=1/2)N ML,N ~ 5 -3

Thus, in this case even the bound of Proposition 7.5 fails at the boundary point 1/2 at which the MLE
becomes "superefficient". In general, such artificial boundary effects are difficult to quantify and we feel
it is best that they are excluded from the theory. These observations hopefully elucidate our definition of
efficiency which excludes the boundary points of the interval of parameters.

and so

7.5 Notes and references

For additional information and references about parameter estimation the reader may consult [ , ].
For additional information about the Cramér-Rao bound and its history we refer the reader to the respective
Wikipedia and Scholarpedia articles.
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The modern theory of the MLE started with the seminal work of Fisher [ ]; for the fascinating history of
the subject see [Sti]. Our analysis of the MLE follows the standard route, but I have followed no particular
reference. In particular, I am not aware whether Theorem 7.10 as formulated have appeared previously in

the literature.
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