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1 Prologue

Throughout this section .4 denotes a finite set. In information theory, the elements of A are signals from
an underlying information source. In statistical mechanics, A is the set of configurations of the physical
system under consideration. To uniformise the terminology, we will refer to A as the alphabet of the
system. The set of probability measures on A is denoted by P(A). In information theory the source
statistics is described by elements of P(.A). In statistical mechanics the Gibbs ensemble statistics of the
system is described by elements of P(.A).

P € P(A) is called faithful if P(a) > 0 for all a € .A. The chaotic (or uniform) probability measure on
Ais Py (a) = 1/| A, where |.A] is the number of elements of A.

Throughout the notes we adopt the convention 0log 0 = 0, and 0" = 1

1.1 Boltzmann’s entropy

Write | A| = L and enumerate the elements of A as A = {ay,--- ,ar}. The elements of A correspond
to physical configurations of a "gas molecule". An example is A = {0,1} (see (b) below), where 0
corresponds to the configuration where the "gas molecule” is absent, and 1 corresponds to the configu-
ration where the "gas molecule" is present. The elements of A" correspond to physical configurations

of a "gas of N molecules". Each "microstate” w = (wy, -+ ,wy) € A" is identified with the word
w = wi - --wy of length NV with letters w; from alphabet A. Let k,,,--- , k,, be non-negative integers
such that k,, + -+ ko, = N. Then
N!
e (1.D
is the number of words in A% in which the letter a ;j appears kg times. We write k; for kg, .
Suppose that for 1 < j < L natural numbers k; = k;(IV) are chosen so that for some p; > 0
ki (V)
lim L — =p,. 1.2
Ngnoo N P (1.2)
Obviously, Z]Lﬂ pj =1L
Proposition 1.1
L
i 1
Jim < log, Ty (k1 (N), . ki (N)) = — Z;pj loge pj.
=



Proof. The Stirling’s approximation

v27rn”+%e_" <nl < en"'%e_". (1.3)
gives that
N 1. k(N
o e T

Since SF j=1pj = 1, it follows that

.1 .1 NN
am oy loge T (ki (N), - ke (N)) = lim 7 loge T (NYRI V) g (N eV

assuming that the limit on the right-hand side exists. Since

NN 1 Nki(N)
~ loge k1(IN) kL(N) Z ~ log. k; (V)
N5 h (V)R g (N (N) ™ e N5 (N
L _
_ Z k;(N) log [kJ(N)] '
‘ N ¢ N ’
7j=1
(1.2) gives
NV L
leéoNloge ey (N)Er (V) e ()L (V) — _pr loge P

and the result follows. O

For P € P(A) we set

=Y _ P(a)log, P(a)

acA
and call Sp(P) the Boltzmann entropy of P.

We now go a bit further following the same line of thought. Let P € P(.A) be faithful. Denote by k;(w)
the number of times the letter a; appears in w = wy - - - wy. For small € > 0 set

k'
TN(e):{wEAN]P(aj) j](\;u)SP(aj)—l—eforlgng}.
Then
Proposition 1.2
1
lelﬁ)lhfvnjfop log, [T (€)| = liw L inf 7 log, Tn(€)| = SB(P), (1.4)

where | Ty (€)| denotes the number of the elements of the set T (€).



Proof. Let k1(N),--- , kr(IN) be non-negative integers such that

ki (N) + -+ kp(N) = N (1.5)
and k()
N SN = Pley)

Then, for any € > 0 we have that for N large enough,

TN ()| = T (k1 (N), -+ kL(N)).

This gives
1
hﬁll}\r{nmf loge |Tn(e)| > ]\}gnoo N log, Tn(k1(N),--- ,kL(N)) = Sg(P).
We now turn to the upper bound. A sequence (k1(NV),---,kr(IN)) of non-negative integers satisfying
(1.5) is called (IV, €)-admissible if for 1 < j < L,
k;(N
P(aj) —e < jZ(\f ) < P(a;) +e.

Denote by A(N,¢)) the set of all N-admissible sequences. Obviously, |A(N,€)| < N%. The proof of
Proposition 1.1 gives that

lim sup — sup log, Tn (ki (N), -+ . ki (N))
N—oo (k‘l(N),---,kL(N))GA(N,E)
1 (1.6)
< Le+ Z ) +€)log, ———
acA P( )
We have
T (e)| = > Tn(ki(N), -+ kL(N))

(kl (N)7 kL (N))EA(N,E)

< N* sup Tn(k1(N), -+ kL(N)).
(kl (N)7 7kL (N))GA(N’E)
This inequality and (1.2) give that

1
lim lim su log, |T'x(€)| < Sp(P).
iy i sup - log, [T(©)] < Si(P)

a

Exercise 1. Write detailed proof of (1.6).

The conclusion of Proposition 1.2 can be reformulated as follows. The variational metric dy,, on P(A)
is given by

var P Q Z ’P |

acA
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To a microstate w = w1 - - - wy We associate the empirical probability measure P,, € P(A) by

kj(w)
-

Po(a;) =

Then (1.4) is equivalent to

1
lim li —1 N doar (P, P) <
i timup - loge | € 4™ | (P P2) < €}

TN | N —
= lgglwgfﬁloge {w e A |dvar (P, P,,) < €}| = Sp(P).

Exercise 2. Prove that (1.4) < (1.8).

The above discussion leads to the following points that will be all discussed latter in the notes.

(@) Sp(Pen) = log, |A|. Forany P € P(A),
Sp(P) < Sp(Pen)

with equality iff P = P,. This result follows from the concavity of the logarithm and the
Jensen inequality.

(b) Let A = {0, 1} and suppose that 0 corresponds to the configuration where the "gas
molecule" is absent, and 1 corresponds to the configuration where the "gas molecule" is
present. Let 0 < p < 1. Then k1 (w) corresponds to the number of "gas molecules" present
in the "microstate” w = wy - - - wy. It follows from Proposition 1.6 that

1
i sup 5 log. {“’ e lp-es i <py E}
1 k
= ol 5 log {w e AVp—e< M) P+e} (1.9)

= —plog.p — (1 — p)log.(1 —p).

The number p is the "macrostate” of our "ideal gas" associated to its density per unit volume.
The Boltzmann entropy of the "macrostate” p is given by (1.9),

Sp(p) == —ploge p — (1 — p)log,(1 — p).

Obviously, Sg(p) = Sp(P) where P is the probability measure on A = {0, 1} given by
P0)=1—p, P(1) = p.

1.7)

(1.8)



(¢) Returning to the general finite A, let H : A — R be a function.! The value H(a;) = e,
is interpreted as the energy of the configuration a;. The energy of microstate w = wy - - - W
is

HN<(,U) = H(wl) + -+ H((,UN).

Note that
L
Hy(w) = Z ejk;(w)
j=1
Set
€ = miney, € = maxe;
J J

Obviously, Hy(w)/N € [e,€]. We will prove latter in the notes that Proposition 1.2 gives
that for any e € [e, €],

1
lim lim sup N log,

0 Nooo N

{weAN]e—eg An(w) Se—i—e}‘
(1.10)

TR |
:hmhmlnfﬁloge

el0 N—oo N

{weAN|e—e<HN(w) <e—|—e}

The number e is interpreted as the "macrostate” of our "ideal gas" associated to its "energy"
per unit volume, and

‘{wEAN\e—eghr]}[VMSe—I—e}

is the number of "microstates” of the /N-molecules ideal gas within e-tolerance correspond-
ing to e. The common value of the limits (1.10) is denoted by Sp(e) and is called the
Boltzmann entropy of the the macrostate e. Set

Pre = {PeP(A)y / HdP:e} (1.11)
A
One further shows that
Sp(e) = sup Sp(P), (1.12)
PEPH@

and that there exists unique . € Py . such that
Sp(e) = S(F.). (1.13)

To elaborate further connection with physics, we now describe F..

In the boundary cases e = € and e = e, the identification of P, follows from the fact that

Sp(e) = —log. | Ael|.  Sple) = —log, | A,

'To avoid trivialities we will assume that H is not a constant function.



where

Ae={a|H(@) =2}, A ={a|H(a)=¢}.
It follows that

Fla) = {1/!Ae| ifa € As P(a) = {1/\,46 ifac A,

, .
0 otherwise 0 otherwise

We now turn to the case e = (e, ).

For 3 € (—o0, 00) set

—BH(a)
e o (S
P,B (a) = 72176_6[_[(1))

We will refer to PﬁG as the Gibbs canonical ensemble at the inverse temperature 3 and to

S -

acA

as the pressure. The identification of [ as the inverse temperature of our ideal gas will
follow from the discussion below. Denote for a moment (F)g = [ A FdPﬁG . The function

B+ (— (H)g is obviously real analytic and >

4

ds
It follows that the function 5 +— (H) g is strictly decreasing, and we denote by e — (3(e) its
inverse. Obviously, 3(e) € (—oo, 00) is uniquely specified by

(H)s = —((H — (H)5)*)5 < 0.

_ G
e—/AHdPﬁ(e), (1.14)

and the map e — [3(e) is real-analytic and strictly decreasing. The Gibbs variational princi-
ple, see Theorem 2.1 (6) and the discussion after this theorem, gives that

P. = Pg,.
Note that limeyz P = P, lim g P, = P The relation
Sp(e) = S(Ps(e)) (1.15)
gives that for e € (e, e),
Sp(e) = ef(e) + P(B(e)),

dSs(e) (1.16)
P O

?Recall our standing assumption that H is not a constant function.



This leads to the identification of 8 with the inverse temperature. (1.16) are the fundamental
thermodynamical relation between energy, entropy, temperature, and pressure.

The second relation in (1.16) gives that the function e — Sp(e) is strictly concave. Note
that

Bleg) =0 = GOZ%ZH(G)

acA

and that the function e — Spg(e) is strictly increasing on (e, ep] and strictly decreasing on
[e0, €). The second law of thermodynamics postulates that entropy increases with energy
and hence selects the energy interval (e, ep] and positive values of 3 as physically relevant.

1.2 Shannon’s entropy

Suppose that P € P(.A) is faithful. The entropy function of P is the map Sp : A — R defined by

Sp(a) = —log, P(a).

Obviously,

/spdp > Sp(a)P(a) = Sp(P).

acA
We denote by Py = P x --- x P the product probability measure on A" . For a given ¢ > 0 let

Tn(e) = {w =wy - wy € AV ‘SP w1) ]'V”SP(WN) — SB(P)‘ < e}

- {w e AV '—k’ge gN(”) - SB(P)| < e}

- {w € AV | NSa(PI+e) < py(w) < e—N<sB<P)fe>} ,
The Law of Large Numbers (LLN) gives
A}i_r}noo Pn(Tn(€)) = 1.
We also have the following obvious bounds on the cardinality of Ty (€):
Py (T (€)eNEBP)=) < Ty ()] < N EBP)F0) (1.17)

Since | AN| = |A|N = eNloge S5(Fen) (1.18) can be written as

P(T (€)™ (55(P)=55(Pa)=0) |‘Tﬁf;)| < N(S5(P)-Sn(Pa)+e) (1.18)

which in particular gives

T T
T < tmsup 108 TN < 5P — 55(Pa) 4.

Sp(P) — Sp( Ch)—e<hmmf—log AN N AN S
—00

oo



It follows that if P # P, then, as N — oo, the measure Py is "concentrated" and "equipartioned" on
the set Ty (€) whose size is "exponentially small" with respect to the size of A",

Let v €]0, 1] be fixed. The (NN, ~y) covering exponent is defined by
en(v) =min {|A||A C AV, Py(A) > v} . (1.19)

One can find ¢y (7y) according to the following algorithm:

(a) List the words w = w; - - - wy in order of decreasing probabilities.

(b) Count the listed words until the first time the total probability is > .

Proposition 1.3 For all v €]0, 1],

lim - log, ex (7) = S(P).

N—o0

Proof. Fix ¢ > 0 and recall the definition of T (¢). For N large enough, Py (Tn(€¢)) > =, and so for
such N’s,

en(7) < [Ty (e)| < eNSB(P)+e),
It follows that 1

limsup - log e (7) < Sp(P).

N—oo

To prove the lower bound, let Ay ., be a set for which the minimum in (1.19) is achieved. Let € > 0.
Note that

l}vnlinf PN(TN(E) N AN,'y) > 7. (1.20)
—00
Since Py (w) < e NB(P)=) for oy € Ty (e),

Py(Tn(e)NAny) = > Py(w) <e NPTy (e)n Ay, .

w€eTN (f)mAN,'y

Hence,
|An | > VBP9 Py(Tiy (e) N A ),

and it follows from (1.20) that
liminf — log, cx (7) > Sp(P)
it 7 oBeen(y) > S5(P) —e.

Since € > 0 is arbitrary,

1
hminfﬁloge CN(V) > SB(P)7

N—oo

and the proposition is proven. O



We now turn to the result known as the Shannon’s source coding theorem. Given a pair of positive
integers IV, M, the encoder is a map

Fy: AV = {0, 1}M,

The decoder is a map
Gy : {0,1}M — AV,

The error probability of the coding pair (Fy, Gy) is

PN{GNOFN(Q)) #w}

If this probability is less than some prescribed 1 > ¢ > 0, we shall say that the coding pair is e-good.
Note that to any e-good coding pair one can associate the set

A:{w|GNoFN(w):w}

which satisfies
Py(A)>1—¢, |A| < 2M. (1.21)

On the other hand, if A C A" satisfies (1.21), we can associate to it an e-good pair (Fl, G ) by setting
Fy to be one-one on A (and arbitrary otherwise), and Gy = Fy Lon Fyn(A) (and arbitrary otherwise).

In the source coding we wish to find M that minimizes the compression coefficients M /N subject to an
allowed e-error probability. Clearly, the optimal M is

My = [logymin {|A]| A ¢ AN, Py(A) > 1 —¢€}].

Shannon’s source coding theorem now follows from Proposition 1.3: the limiting optimal compression
coefficient is

My 1
lim —— E P(a)l
N N 10g2 vy Jlog, P(a)
The Shannon entropy of P € P(.A) is defined by
Ssn (P E P(a)log, P(a).

acA
1.3 Notes
2 Entropies on finite sets

2.1 Notation

We continue with finite alphabet A. We equip P(.A) with variational metric dy,,. The support of P €
P(A) is the set suppP = {a : P(a) > 0}. P is called pure if for some suppP = {a} for some
a, that is, if P(a) = 1 for some a. P is absolutely continuous with respect to (), denoted P < @, if
suppP C supp@, or equivalently, if Q(a) = 0 = P(a) = 0.

10



If A= A; x A and P € P(A; x Ag), the marginals of P are

Pi(a)= Y P(a,b), Py(b)= > P(ab).

be Ao acA;

Obviously, P, € P(A1), P> € P(As).

Continuing with the product case A; x Ay, a |A;| x |As| matrix [M (a, b)]q4, peA, With non-negative
entries is called stochastic if for all @ € Aj;,

> M(a,b) = 1.

beAg

A stochastic matrix induces a map® M : P(A;) — P(Asz) by

(MP)(b) = > P(a)M(a,b).

acA;

In the sequel log denotes the logarithm function with an unspecified but fixed base b > 1. In information
theory the common choice is b = 2. In statistical mechanics one takes b = e.

P,, denotes the set of all probability vectors (py, - -, p,).*

2.2 Entropies

The Boltzmann-Gibbs-Shannon (BGS) entropy of P € P(A) is

ZP )log P(a

acA

In what follows we will often simply refer to S(P) as the entropy of P.

The cross entropy of a pair (P, Q) € P(A) x P(A) is

Seross(P|Q) = =Y P(a)log Q(a

acA

The cross entropy is finite if P < (@), otherwise it takes value co.

The relative entropy of a pair (P, Q) is
S(P|Q) = ScrOSS(P|Q) - S(P)
= ZP (log P(a) — log Q(a)).

acA

3Called a stochastic transformation.
o >0, pr = 1.

11



The a-Renyi entropy of P, o € R, is

Sa(P)=log | > P(a)®

a€suppP

The a-relative Renyi entropy, o € R, of a pair (P, Q) with suppP = supp( is

Sa(PIQ)=log | > P(a)*Q(a)™®

a€suppP

The above definitions of Renyi’s entropies are somewhat uncommon due to missing normalizations and
the fact that they are defined for all & € R. We will comment in more details on those points latter in the
notes.

The basic relations between the entropies are

d
@SCM(P)‘QZI = _S(P)7
Sa(PIQ) = S1-a(@IP),
S SuPIQ), = ~S@IP), < Su(PIQ),_, = S(PIQ),

S(P|Pch) = log ’A‘ - S(P)a Sa(P|Pch) = Sa(P) - (1 - a) 10g|-’4|'

Obviously, So(P) = log |suppP|, S1(P) = 0, and Sp(P|Q) = S1(P|Q) = 0. So(P) is sometimes
called the Hartley entropy and is denoted by Sy (P).

2.3 Proprerties of BGS entropy

Theorem 2.1 (1) S(P) > 0and S(P) = 0 iff P is pure.

(2) S(P) <log|A| and S(P) =log|A| iff P = Pep.

(3) The map P(Q) > P — S(P) is continuous and strictly concave.

(4) The entropy map is "almost convex" in the following sense: For any probability vector (p1,- - , pp)
with p; > 0,

with equality iff supp P, N supp P; = 0 for k # j.

12



(5) The entropy is strictly subadditive: if P € P(A; x Asg), then
S(P) < S(P) + S(Py)

with equality iff P = Py x Px.

(6)
— X(a) | _
S(P) = zljtlf " <log ( g e ) /AXdP) .

acA
The infimum is achieved if P is faithful and X (a) = —log P(a) + const.

(7) Forany X : A — R,

] X)) = /XdP P)).
o (55) - g (s

acA
The maximizer is unique and is given by
eX(a)

Play= D bed eX ()

2.1)

Parts (6) and (7) are known as the Gibbs variational principle. Going back to (1.11)-(1.12), Part (3) gives
that there exists unique P, € Py  such that

sSup SB (Pe)'
PEPy e

That P, = PﬁG(e) and another uniqueness argument follow from the Gibbs variational principle (7): for
any P e ’PH7€,

Su(P) = Sp(P) — B(e) /A HAP + f(e)e < max (SP<P> -8 [

HAP | + B(e)e
QEP(A) A ) ple)

= P(B(e)) + B(e)e = Sp(PF,)

. . . _ G
with equality iff P = Pﬁ(e).

It is a fundamental fact that either "almost convexity" or strict subadditivity uniquely characterize Boltzmann-
Gibbs-Shannon entropy up to a choice of the base of logarithm. We proceed to describe this aspect of
entropy.

Set P = U4P(A) and consider functions & : P — R that satisfy properties that correspond intuitively
to those of entropy as a measure of randomness of probability measures. We wish to show that those
intuitive natural demands uniquely specify & up to a choice of units (base of logarithm) and that and that
for some choice of this base and for all P € P, §(P) = S(P).

We describe first three basic properties that any candidate for & should satisty. The first is the positivity
and non-triviality requirement: &(P) > 0 and this inequality is strict for at least one P € P. The second

13



is that if | A;]| = |A2| and 6 : A; — Aj is a bijection, then for any P € P(A;), §(P) = S(P o). In
other words, the entropy of P should not depend on the labeling of the letters.

In the rest of this section we assume that the above three properties hold.

If Ay, As are two disjoint sets, we denote by A1 @ Ao their union (the symbol @ is used to emphasize
the fact that the sets are disjoint). If p; : A; = R, j = 1,2, then pp := 11 @ p2 : A1 & A1 — Riis
defined by p(a) = pq(a) if a € Ay and p(b) = pa(b) if b € As.

The axiomatic characterization of entropy based on Theorem 2.1 (4) is:

Theorem 2.2 Let G : P — [0, 00| be a function such that:

(a) & is continuous on Ps.

(b) For any finite collection of disjoint sets A;, j = 1,--- ,n,
n n
& (@pk&) = " pk&(Pe) + G (p1, - ). 22)
k=1 k=1

where P; € Aj and (p1,- -+ ,pn) € Ph.

Then for some base of the logarithm and all P € P,
S(P) = S(P). (2.3)

Remark 2.1 If the positivity is dropped, then the proof gives for some base of the logarithm either
S(P) = S(P) forall P, or 5(P) = —S(P) for all P.

Remark 2.2 The property (2.2) is sometimes called the chain rule for entropy. It can be verbalized
as follows: if the initial choices (1,--- ,n), realized with probabilities (p1,- - - , pn), are split into sub-
choices described by probability spaces (A, Py), k = 1,--- ,n, then the new entropy is the sum of the
initial entropy and the entropies of sub-choices weighted by their probabilities.

The axiomatic characterization of the entropy based on strict subadditivity is:

Theorem 2.3 Let & : P — R be a strictly sub-additive map, namely if A = A1 X Ay and P €
’P(.Al X ./42), then

with equality iff P = Py ® Ps. Then for some base of the logarithm and all P € P,
S(P)=S5(P) (2.4)
Remark 2.3 The strict subadditivity assumption ensures that S is positive and non-trivial.

14



2.4 Properties of relative entropy

Theorem 2.4 (1) S(P|Q) > 0 with equality iff P = Q.
(2) .
S(P‘Q) Z idvar(Pv Q)2
with the equality iff P = Q.

(3) The map
(P,Q) — S(P|Q)
is lower-semicontinuous. This restriction of this map to the convex set {(P, Q)| P < Q} is contin-
uous.

(4) The relative entropy is jointly convex: for X €]0,1[ and Py, P>, Q1,Q2 € P(A),
SAPL+ (1 = AN P2AQ1 + (1 = AN)Q2) < AS(P1[Q1) + (1 — A)S(P|Q2). (2.5)

(5) Part (4) has the following generalization. Let Py, - -+ , Py, Q1,- -+ ,Qn € P(Q) andp = (p1,--+ ,pn),q =
(q1, - yqn) € Pp. Then

SE1P+ -+ pabal Q1 + -+ ¢nQn) < p1S(P1[Q1) + -+ + pnS(Pa|@n) + S(plg). (2.6)
If the r.h.s. in (2.6) is finite, then the equality holds iff for all j, k such that q; > 0, q > 0,

piPi(w) _ puPr(w)
7jQ;(w)  @Qr(w)

holds for all w € supp Q) N supp Q;.

(6) Relative entropy is stochastically monotone, that is, for any stochastic transformation M : P(A;) —
P(A2),
S(M(P)|M(Q) < S(P|Q).

(7
S(P|Q) = sup ( / XdP —log / eXdQ>. (2.7)
X:A—-R A suppP

If S(P|Q) < oo, then the supremum is achieved, and each maximizer is equal to log %(aa) + const
for a € suppP and is arbitrary otherwise

8) For X : A— Rand Q € P(A),

X — _
log/Ae dQ—Pre%l(};) </AXdP S(P\Q)).

The maximizer is unique and is given by

_ 9Q(a)
- Dheae¥ Q)

15
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The Gibbs variational principle part of Theorem 2.1 follows from (7) and (8) by setting Q = Pg,. Itis
important to note that Theorem 2.1 (7) follows from the most basic property of relative entropy stated in
(1) above. Indeed, denoting by P,,.« the probability measure (2.1), we have

S(P|Pyax) = —S(P) —/ XdP + log (Z eX<“>> >0,
A a

with equality iff P = Ppax.

We now turn to the Boltzmann-Sanov Large Deviation Principle that generalizes and sheds light on the
results of Section 1.1. Recall the definition (1.7) of empirical probability measures. We fix faithful
P € P(A). By the LLN, for any € > 0,

lim Py {w € A" |dyar (P, P) > €} = 0. (2.8)
N—o0
The Boltzmann-Sanov theorem is a deep refinement of the limit (2.8).

Theorem 2.5 Forany ' C P(Q2),

1
— inf P)liminf — log P Nip,eT
ot p) S(QIP) lininf log Py {w € AT| R, €T}

1
limsupﬁlogPN {w e AV |P, € F} < —Qéng)S(Q’P)a

N—oo (

where int /cl stands for the interior/closure.

Remark 2.4 If T is an open subset of P(A) or a convex subset with non-empty interior, then

inf S(Q|P)= inf S(Q|P).
L (Q[P) ol (QIP)
In this case 1
. L N _
]\}l_l)r(l)o I log Py {w e AV | P, €T} C121%f1‘ﬂ5’(Q|P)

Remark 2.5 Taking P = Py, and T' = {Q : dyar(Pen, Q) < €}, Theorem 2.5 reduces to Proposition
1.4. Moreover, by the previous remark, lim sup and lim inf in Proposition 1.4 can be replaced with lim.

Boltzmann-Sanov theorem has many important consequences, one of which is Cramer’s theorem® We
proceed to describe Cramer’s theorem and contraction principle that allows to deduce it from the Boltzmann-
Sanov theorem.

Let X : A — R® and let m = min, X(a), M = max, X(s). We assume m < M. The cumulant
generating function of X is

Cla) = log/Aeo‘XdP7 aeR.

30Of course, Cramer’s theorem can be also proven by independent means.
%To avoid trivialities we assume that X is not a constant function to avoid trivialities.
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The so called rate function of the random variable X is the Legendre transform of C,
1(0) = sup(af — C(a)).
The function [ is real-analytic on (m, M)
I(m) = log|{a: X(a) =m}|,  I(M)=log|{a: X(a) = M}],

and I(0) = oo for 6 ¢ [m, M]. The function I is strictly convex on [m, M| and I(6) = 0 iff § =
[ XdP.

Forw = wy ---wy € AN we set

N
Sn(w)=> X(wp).

k=1
Note that s
Nw) _ / XdP,.
N A
For any S C R,
Sy (w)
S P,eTlg,
N € =4 clg
where
FS:{QGP(A)\/XdQeS}.
A
One has

int(Cs) = Cineesy,  cl(T's) = Taysy-

‘We now have:

Theorem 2.6 Let S C R,

(D
) o1 N Sn(w)
_ < — TANAVE
QGIFI?HE(S) S(Q|P) < I%Ilﬁ};lof N log Py {w e AY| N € S
. 1 Sy (w) } .
<limsup —log Pydw e AN |22 e S < — inf  S(Q|P).
<timsup log Py {w e 4| P e s < e sQip)
)
inf I(0) = inf P
Inf 1(0) ngFSS(QI )
3)

. .. 1 N SN(W)
— < — 7
oe}rrlltES) 1(0) l}\r[n inf I log Py {w cA ‘ es

. 1 Sn(w) .
<1 —log P N2 < — inf I(6).
<timowp ploc Py {u e 4| 20 e 5} < - int, 10
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Remark 2.6 Part (1) follows from the Boltzmann-Sanov theorem. Part (2) is the contraction principle.
Part (3) follows from (1) A\ (2).

We will not discuss in these lecture notes the axiomatizations of relative entropy; see [ , Chapter
5].

2.5 Back to Boltzmann entropy

Going back to the discussion of Boltzmann’s entropy in Section 1.1 (¢) and taking P = P, one derives
from Part (3) that (1.10) holds with

Sp(e) = log, |A| — I(e).

Part (2) with S = {e} gives (1.12).

2.6 Back to covering exponents
2.7 Prefix-free coding

To set the stage, we denote by {0,1}* the set of all finite length words from the alphabet {0,1}. If
w=wy - wy, and u = uj - - - Uy, are two words in {0, 1}*. their concatenation is the word

WU = W1+ Wyl -+ Uy

The length of a word is defined in the obvious sense, if w = wj - - - wy,, then (w) = n. Let F' be a finite
set. Latter in this section we will take ' = A", but at the moment it is natural to keep F' general. A
(binary) code on F'is a map

C:F—{0,1}".

C(a) € {0,1}* is call the codeword of a € F and the image set C(F) is called the codebook. If
P € P(F) is the source statistics, the expected length of the code C wrt P is
(C)p = 3 UC(@)Pla).
acF

Given P and reasonable regularity assumption on C, the goal is to minimize the expected code length
(C) p. To each code C' we associate the Kraft-MacMillan pressure

Py = log <Z 2—5(0(@)) )

ack
and the Kraft-McMillan probability distribution
9—(C(a)
Yacr 20C@)
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We will be only interested in the codes that are one-one; such codes are called faithful. In fact we
will consider stringer requirement then faithfulness, namely we will focus on a special class of faithful
codes that are called prefix-free codes.We shall see latter that regarding relevant asymptotic properties of
codes, there is no difference between faithful and prefix-free codes. However, in finite setting prefix-free
codes have some special properties that simplify their analysis. They are also of considerable practical
importance and we will comment further on this point in Section 2.14.

Awordu € {0,1}*is aprefix of aword w € {0, 1}* if w = uv for some w € {0,1}*. Aset W € {0,1}*
is called prefix-free if no element of W is a prefix of some other element of W. From perspective of
coding, the fundamental property of prefix-free sets is:

Proposition 2.7 Let W = {wy,--- ,wy,} be a prefix-free subset of {0,1}*. Then
n
> o) <1, (2.9)
j=1

We will refer to (2.9) as the Kraft-McMillan inequality.

Proof. The result can be proven in a several different ways, each proof shedding a different light on the
inequality (2.9). We present one proof, two others are outlined in exercises.

Let Wi be set of concatenations w;, - - - wj, of the N words chosen from the set W. The prefix-free
assumption gives that

Wy, - wiN — wjl . ij = wik = wjk for all k. (210)
It follows that
. N
Z 9—L(w;) _ Z 9—t(u)
7j=1 ueWn

Now, if [ ;nax = max; [}, and, for 1 < m < Nipax,

a(m) = [{u € Wy [ £(u) = m},

we have
Nlmaz
Z et = Z a(m)2™"™.
ueWn m=1

Obviously, a(m) < 2™ and so ZUEWN e W) < Nl ax. This gives that forall N > 1,
n
> 27 ) < (Nlay) VY, (2.11)
7j=1

The Kraft-McMillan inequality follows by taking N — oo in the inequality (2.11). O

Proposition (2.7) has a converse.
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Proposition 2.8 If1 <) <--- <, is a sequence of integers satisfying

n
o<,
j=1

then there exists a prefix-free set W = {w1, - -+ ,wy} in {0, 1}* such that {(w;) = 1;.

Proof. Again, one can argue in a several different ways. A perhaps shortest proof goes as follows. We
start with w, which is the the word of [ zeros,

~——
length 11

After that, take for w; the first /; digits of Z{C;ll 2~ written in the binary form.” A moment’s thought
leads to the conclusion that the set {wy, - - ,w,, } is prefix-free.O

A faithful code C is called prefix-free if its codebook C'(F') is a prefix free subset of {0, 1}*. Proposi-
tion 2.7 and 2.8 then yield the following. First, the Kraft-McMillan pressure of C satisfies Pxy < 0.
Seecond, to each faithful P € P(F') we can associate a prefix-free code in the following way. Set

I(a) = —[log, P(a)].

Y 27 <N Pla) =1,

acl a€l

Then [(a) > 1 and

and so that there exists prefix-free code C' such that

(C(a)) = —[logz P(a))].

A code with these properties is not unique and any such code is called a Shannon’s code for P. Note that
for any Shannon code C,
(C)p < Ssn(P) +1.

A basic result of the prefix-free coding is:
Theorem 2.9 Let P € P(F).
(1) The expected length of any prefix-free code C' : F — {0, 1}* satisfies
(C)p = Ssu(P).
(2) There exists a prefix-free code C' : F +— {0, 1}* such that
(CYp < Sgn(P) + 2.

If P is faithful, 2 in the above inequality can be replaced with 1.

"For example, % + é = 101000~ - -.
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Proof. (1) Let C': F' +— {0, 1}* be a prefix-free code. Let Pka, € P(F') defined by
9—4(C(a))

PKraft(a) = m

Taking logarithm in the base 2,

S(P|Pxratt) = Z L{C — San(P) — log, (Z 2€(C(a))> >0,

acF aceF
which gives

> el ) > Sen(P) + log, (22 (@) ) > Ssn(P),

a€eF acF
where we have used the Kraft inequality.

(2) If P is faithful, one can take for C' any Shannon code for P. If P is not faithful, for a € suppP set
C(a) = —[P(a)]

and extend C to F° by setting it to be any prefix-free free code on F' \ suppP. The code C may not be
prefix-free or faithful. Let now C' : F' — {0, 1}* be defined by

C(a) = Og(a) %fa € suppP
C(a) ifa & suppP.

Then C is a prefix-free code and
(C)p= Y (~[logy P(a)] +1)P(a) < Ssu(P) +2.
g

To re-iterate, the proof of Theorem 2.9 stems from the identity
(CYp — Ssn(P) = S(P|Pxm) — Pr- (2.12)

The inequality (C')p — Ssh(P) > 0 then follows from the sign of the relative entropy and the Kraft-
McMillan inequality. The identity (2.12) gives much more and indicates the mechanism that leads to
saturation of the Shannon bound (C)p > Sg;, (P) in the asymptotic setting, to which we turn now,

For each N > 11let Cy : AN — {0,1}* be a prefix-free code. Its Kraft-McMillan pressure and
probability distribution are

P kv = logy Z 2~ )
we AN

9—(C(w)
S en 2 ONE))

Py xm(w) =
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The equality (2.12) turns to

(Cn)py — NSsn(P) = S(Py|Pn kM) — Py xu. (2.13)

This gives the asymptotic result

... 1
lmloréfﬁ<CN>PN > Ssn(P)

and that )
lim — = Squ(P 2.14
i N<CN>PN Ssn(P) (2.14)
iff ) .
i —S(Pn| P, = i —P = 0. 2.1
NgnOONS( N|Pv kM) =0 and am Py ku 0 (2.15)

A code sequence (C'y) n>1 is called Shannon-optimal if (2.14) holds. An example is a Shannon sequence
where each C)y is a Shannon code. The relations (2.14) give characterization of Shannon-optimality to
which we will return latter in the notes.

2.8 Lempel-Ziv parsing/coding and entropy

A parsingof w =w; - -wn € AN is an ordered set of words

{wl(w)v T 7wk(w)}

such that
w=wi(w) - w(w). (2.16)

We denote by F(w) the number of parsing words. If w;(w) # wj(w) for i # j, we say that (2.16) is
parsing into distinct words (abbreviated PDW). When the meaning is clear within the context, we write
w; for wj(w).

Proposition 2.10 There exists a sequence (enx)n>1 in (0,1) with limy_, ey = 0, such that for any
N>1,we AN, and any PDW of w,

1 N
< — 1 .
Fl&) < 1o oy 108 1A

There are several different version of Lempel-Ziv (LZ) parsing. We will deal only with the perhaps
best known one in which the next word is the shortest new word. More precisely, for w = w; -+ - wp,
wy = wi, and if wy, - -+ wy are chosen, w1 is the shortest word such that w1 is different from the
previous words and

wy -« WEpWk+1

is either prefix of w or is equal to w. If such wy1 does not exist, then the last word of the parsing is u
such that
W =wi - WLU.
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Note that in the second case u = wj; for some j < k. We also remark if j is such that £(w;) > 1, then
w; = w;a for some j < i and a € A. Finally, if the ending word v is non-empty, then ¢(u) < v/2n. To
see that, let j be such that u = w;.

Exercise 1. Prove that /(w;) < 2N for all j.
Hint. Obviously, ¢(w;) < j. If £(w;) = j, then ¢(w;) = i for i < j, and the statement follows from
l(wy) + -+ L(w;) < N.

The Lempel-Ziv code sequence (Cy)n>1 is based on the Lempel-Ziv parsing. First choose one-one
functions
F:{1,--- ,N} = {0,1}le2NT G A {0,1}los2 AT,

Let

be the LZ-parsing of w € AY. Then

where w;,w € {0,1}* are defined as follows:
(D Ifl(w;) =1, w; = 0G(wy).

(2) If £(w;) > 1 and i is the smallest integer such that w; = w;a for some a € A, then
w; = 1F(1)0G(a).
(3) w is empty word if u is empty word. Otherwise, if ¢ is the smallest integer such that ©v = wj,
u=1F(7).
Exercise 2. Verify that the code C}y is prefix-free. Show that
(Cnw)) < (F(w)+1)logy N + K1 F(w) + Ko,
where K, K are constants that depend only on |.A].

Theorem 2.11 Let P € P(A).

(1)
lim %}'(w) logy F(w)d Py (w) = Ssu(P).

N—oo AN

(2) .
lim ~(C)py = Ssu(P).

N—oo

The stunning aspect of this result is that the Lempel-Ziv code sequence is universal in a sense that that it
is Shannon-optimal for any P. A far reaching generalization will be presented later in the notes.

Proof. Since the code sequence (Cy)
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2.9 Merhav-Ziv parsing and relative entropy
2.10 Properties of Renyi entropy
2.11 Renyi entropy and prefix-free coding

GIn[ ] Campbell introduced a family of exponential cost functions

1
‘Cl(ja)(c) = o log, (Z 2(%(0(1)))#(6)) , a > 0.

b

The function o — [,,(f‘)

same length. Moreover,

is increasing and is strictly increasing unless all the code words C'(b) have the

lim £{)(C) = £,,(C), lim £{(C) = max ¢(C (b)).

al0 a—00
Concavity of the logarithm gives L;(f“) (C) > aL,(C). Campbell proves

Proposition 2.12 For o > 0,

(@) a+1
L£;7(C) = o Sa%l (1) (2.17)
Proof. Set 2, = [u(b)]"/%, yp = [u(b)]~ /22~ HCW®) p = ot @ = —o. By the Kraft inequality and

the reverse Holder inequality®

a+1

—1/a =
1> 22 £(C(b) Zajbyb > (Z 2a€ C(b) ) ( a+1> ,

1/a
(Z 2ae<c<b>>> > (
b

Taking log, of both sides yields the statement. O

and so

The inequality (2.17) yields the Shannon bound (??) since

£,(C) =lim ~£@(C) > 1im L5, (u) = 5(u).

ald o ald  « a+1

8This inequality states the following. Let 1, ,xn, Y1, - - , Yyn be strictly positive real numbers. Let p, g be real numbers
such that p~! + ¢! = 1 and suppose that p < 1. Then
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Regarding the saturation of (2.17), set

1
Iy = {QH log, “(bHSaL(“)W

Since

)

ZQ_Zb < Qﬁlogz H(b)*sﬁ(ﬂ) -1
b

there exist a prefix-free code C' such that £(C(b)) = Ip. For this code we have
Z 200(C) 1y (b) < 2 Z 2#1 loga p(b)+aS_1_ (1)
b b

_ gagle S )

which gives

a+1
S_1(p)-

« a+1

L) <1+

In the limit « | O this inequality reduces to (??).

For later purposes we introduce a family of functionals

Qﬂ(a) _ 10g2 (Z ZaE(C(b))M(b)> , a € R,

b

(2.18)

(2.19)

(2.20)

where, unlike in the Campbell cost function Cl(f") (C), our emphasis will be on the o dependence. The

function o — @, («) is real-analytic, increasing and convex.” Obviously, Q,(0) = 0 and

lim Qul@) = max ¢(C (b)), lim Qul@) = mbinﬁ(C(b)).

a—00 (X b a——00

Proposition 2.13 (1) Fora < —1,

Qula) > (a+ 1)5% (1) — alogy (Z 9—L(C(b))

b

2) For -1 < a <0,
Qu(a) < (a+1)S 1 (u).

(3) Fora > 0,

°This function is strictly convex unless all the code words have the same length.
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Proof. Part (3) follows from Proposition 2.12, and the same proof yields Part (2). To prove Part (1), let
Zp, Yb, D G, be as in the proof of Proposition 2.12. The Holder inequality

n n 1/p 1/q
S o < (zx@:) (zyz)
b b b

gives that
a+1

Z 9—UCW) < (Z[“(b)wl) o (Z eae(C(b))u(b)> e )
b

Rearranging, we get

a+1

1 -1 :
(Z eaZ(C(b))M(b)> < <Z 2—6(C(b))> <Z[#(b)]ai1>
b b

b

Taking log, gives

a+1

Qula) > (a+1)S 1 (p) — alogy (Z e—Z(C(b))) ’
b
and Part (1) follows. O

Turning to the optimality of Proposition 2.13, (2.18) is defined for o # —1 and the inequality (2.19)
remains valid. Let C' is a prefix-free code satisfying ¢(C(b)) = l,. The inequality (2.20) gives that for
a >0,

Qula) <a+(a+1)S 1 (u).

a+1
The computation that gives (2.20) also yields that o < 0, o # —1,
Qu(a) > o+ (a + 1)SL(M).

a+1

The last bound (compare with Part (1) of Proposition 2.13) is not effective in the regime o < —1. For
a < —1 we estimate

I

Z 204(CO) y(p) < 22%“10& ulyres 1 ) _ (et 1 (1)
b b

which leads to
Qula) < (a+1)S 1 (u).

a+1
The above discussion singles out the function

Fla) = (a+1)5_1_(p),

a+1

defined for o # —1. If p is the uniform measure, (b)) = 1/|B| for all b € B, and F(a) = alog, |B|.
Since
lim F(a) = maxlog, p(b), lim F(a) = minlogy pu(b),
al—1 b at—1 b
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F' is discontinuous at —1 unless y is the uniform measure. F' is an increasing function, concave on
(—o0,—1) and convex on (—1,00). Moreover, if x4 is not the uniform measure, F' is strictly concave on
(—00, —1) and is strictly convex on (—1, 00). To see this, one computes

1 1 2
yo 1 p(b)a+t ) ( p(b) et )
Flla) = ————— | S 2 )= (Y )
(a+1)°In2 bezszbeguw)w 8 ggzbeguw)w 8

and observes that by Jensen’s inequality for f(z) = 22,

1 - 2
3 M[Inu(b)]z - <Z Laﬂl In M(b)> >0,

beB 2 pep H(D) o+t beB D_pes M) T

with equality iff y is the uniform measure.

2.12 Properties of relative Renyi entropy
2.13 First rumination

2.14 Notes

3 One-sided shift
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