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On the infrared limit of the
O(3) nonlinear o-model at 0 = 7

2D nonlinear o-models with Hermitian symmetric target admit a f-term, which couples the field
theory to the topological charge of its instanton gas. At the special coupling § = m, by what is
nowadays attributed to a coupling-constant anomaly of Lieb-Schultz-Mattis type, such models have
a degenerate ground state. Yet, the details of their non-trivial infrared limit have remained open in
general. Here we suggest that non-perturbative renormalization group flow into the strong-coupling
regime induces strong fluctuations of the f-parameter, with the consequence that the instanton
density is suppressed, the target-space topology effectively altered, and the target-space metric
driven off reality and into geometrostasis. Assuming this heuristic scenario and combining it with a
Cauchy process of target-space deformation, we present a detailed argument that the O(3) nonlinear
o-model at # = 7, known to be the effective field theory for critical antiferromagnetic quantum spin
chains with large half-integer spin, renormalizes to the conformal field theory of a U(1) boson with
compactification radius » = 1/v/2. A closely related scenario applies to Pruisken’s nonlinear o-model
for the integer quantum Hall transition.
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Motivation: Integer Quantum Hall Transition
Pruiskon odet: £= 22 Tr# Q3.0+ # TrQQQQ N

RG Aeta function uear criticality: > = £ (6,~ 0% )2 + y (6,,-0% ) <0 .
(Pruisken—Khueluitkii) 4 P Vi agxa SN 00,y

Numerical Results 11'0wL :f?iuibt.—/sii‘& Aca@iw{% cwau,u.-.iu& He PK. Comjecture ;

Authers ( %o.ar) Vv Y
Huckestun & Krower (1990) | 2.2% + 0.04 —
Huckestein (1994) — - 0.%8 + 0.04
SQoviu & Olchuki (2009)| 2.59 0005 | —-0.1} £ 0.04

Amade, Madyeher et ol (2011) | 2.62 + 0.0 y=0 (2sg)
OLuse, szhr&& Evers  (2012) | 2.62 £ 0.0 -031< Yy < )

Zhur , W, Dhot , Wanm (2019) | 2.48 £ 0.02 -43
KLiuuper et al. (2019) | 2.3}<v<328 | —14<y, <02
Dressdlaus, Strerski, Gruzberg (2021) | 3.42 — 343 0

why aue He nunerical sesulk 48 discordomt 2
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Outline

It was the best of tunes, (& was the worst of tunes, ...

e O(3) nonlinear sigma model at =1t

Anti-ferromagnetic quantum spin chains, Haldane conjecture
intuition from real-space renormalization (Kadanoff)
Wess-Zumino-Witten scenario, controversy

heuristic scenario for RG flow to U(1) boson model at + = 1/\1

® Pruisken nonlinear sigma model at 6 = :

RG-fixed point with conformal symmetry now "derived"

How does the WZW anomalous term come about?
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Anti-ferromagnetic quantum spin chains

WML L L

Hﬁmu(mg wodsl (+rouclotion —invariout, iaom’:yic) :

H = JZS,;SM (3>0).

Holdaue Cmde.c‘cuw

o |S| € |N+ 1/7. . &o.ao.u.e,t-a:h arou.ud/.\f:ai'e.
(Pmumua with meassless o.xci.{o.ﬁm)

[ Liet — Schutte — Mathia 1961 ; Affteck — Lisk- 1986

o |S| € IN . 8O1:>P!.Cl excitation /.)]oe.d'ruwu
[Hatdawe 1983 ; Afftnck— Kannedyy — Linkr — Tosoki 1987 |

1.D.M. Holdane
Nobel Prize maw 2016
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Hﬂw-i»d-ic motivotion 1'0!' HO.Q.&Q-M’. Ceu&t'.(‘i'ure,:

‘[’0" |S| Qﬂ—"ﬂe/ oue has couwbrolled deriv-otiow o{r
03B) mowliveor &— mcodel as o Lf]to.c;l‘ll\re. -f—fo.QA HA.wta,:
d\9\0(3) _ & M
- P 1r9Q3.0+:0%, ratued
é P buromform tenu

2, = = 1rQ3,003,Q.

-l:o[o

Motrix $ield: @ = U 6'3 u_-1 = EMQG'&} u € u()_)
To.-aul: apoce: W2)/ u() xu@) = S°.

Coulz)ﬂ.ihaa (&imu&iwﬂm):
(5 — |S| (AP’[W Att um)) O = 2m |S| ('ltoPof.ca«ico.Q O-Mﬁ&)
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Some O(3),_. model history

® ’POQ.{]LGJQOU“ & Niﬂémaww (PL-® 1983) woed the Correspoudeu Wit
a %‘3’""‘3‘ > axter {mi-ta a5l im‘cz,a-o.c,{—w& :famm weoded vsithe N {/&o.vors
(N =) to sleow Heat OB3),__ possrsses scale cnd cowfomo.(), th-orauce

® Zouwslodelhikor & Zawolodelibor (NPD® 1992) cowstructed a
:Fovc,l-orize_& S— meottix (%Ow\.g —13>oud:u-) wth \SU.L(Z) X SU,R(Z) A%wmi'r%/
wliich Huay Covjecturally atrbubed to O(3)g__ .

® (luote {A’OIM, Cor&ﬂm—?fud—l,am—\gz&-&r& (Su Prst Pl 2020)
'0(3)g.p ie ekivred fo be o gaplus WZW snodal.”

©® ArXiv:2405.1462F — 0(3)9=n Hreated %‘ fuu.c,’cimol RG a lo Wekerich .
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Fixed point of renormalization-group flow = ?

003) mowlivvar & — neodel

RG :

SW2) Wess—Zuming —Natken
model, Level R=1

d 1 _ D-12
oo (T8i) = = 84
_Ri‘cij - 1—_T {P\qur(P\a-Ptqu. @(Tl)

=0 = R,S 6.

I?

¥ 6£u4f>a.€ ) NPD 1988
"Curiosities at C=1"

W(t) broson (xy—modsl)
rodius +=1/\1
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Real-space renormalization (non-pert.)

Kadawsﬁ hock Apin RG ﬁawfomo.ﬁm:

Sl

LJjA L 8(A—Ji,fa])
Saha 1 o~ Sola] _

[ 2aa {20 T 8(A—diyfor) =Sl

S:GAQ, SilAl

~
~
~
>0
’
L4
4
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WZW scenario (~ Affleck & Haldane, 1987)

— Under euorwolizotion , 'I:L.q,/sioaiu stiffuase |'b decrenses .

— Ou whriua 'c&n,/si-roua-cowrﬂiua regine (|5~1), the COu.Ff.i.,gr"com{'auhu
Lrecoue aA fu.u.c{:imm o{v ou Lmrﬂo.wt :ffio,w. ’\|J :
PU) = P sinap, O() = 24 — sin Lap (< suspusion S*<>S*= SUQ)).

d’x 9% — M| d'x cos®p —003)
s 2= [y o PRy b ¥ 29 o
Heuwriatics. (1) 0(3)e=nuouﬁiua.r o—meodel rewormalizes to o CFT. v

@ 2D C,Ok,forw-ao. Auwatry requires Couservation of Hodge—dual c.urre.u.h:/
Wit=0 = Bpe"pé" = 0.
@ Tn He won— Abelian Ad-l-i.wé) Here exisk but oue aolutionw to e
C¥T re.cimre.m.u{'@: He WZW wodsl (here {or SW2) {—row 0@®)). 2
@ Aw.c)w(c] all SU(Z)R WZ2W wodels ouﬁ’.d the Oue -for level R =1 46 atable
with mlptc,{; to grueric Po.rhuero.{-iOM Pruo.rviud C,riﬁc.o.@i%. V4

Main isume: tHe mass tow for He non—0Ooldstoue f\eﬂd Y reumorualizes frow M*=
VR YO 09/16



Fixed point of renormalization-group flow

03) mowliveor & — weodel

O=m
RGN\

flip the script ... W(1) brosou. (xy—modsel )
rodius #=1/\1

12

SW2) Wess—Zuminsg —itten
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Heuristic scenario for RG flow to U(1),._,/s
o Spin atiffusss P =18I>1 (weok couPch%) renormalizes toward zero (atrong COU.PQ.I:V%).

o O strong coupliug: 0(3)-orbit radivs (hence P, ) fluctuates. y W&d
Then, M 000 i () g Eoiye () suppressed | . i ;s
2

=>c1¢ma o{tauat{-AmeoPO%a& §— S \{P) P}

o Obit—tadius fuctuotiows die out iw He finol (IR)
A'l'oae o{— He RG Fow (/\P 18 waseive ).

1

L 6 3

&&{;omo.hm. 1/g t{j} .
S"\{P, P} Lefor xR dneide E,={Red:3|nz1+nzz+nz3=1} 2 5

Pka.oe,-m.u.i-r—o.ﬂ

d¢* + (db +ib d¢)”

b
Fubvini- Study =

® RO—fixed point: 2, dR Z(R-Cp), V,b=0,b+ibd,¢,
5003

Z(CP)=S&¢ S&b Q_SdzxvpbvﬁbocSaA(b o lmgdf‘x a}#d) ¢-
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Conformal field theory for IQHT (finally "derived")

Stort frl)w. the Pruicken wodel (here wae replicas —for Pdaﬂ“&é ) W2n) /W) x Un)
and—foﬂ.ow He WPrMc {»rom O(3)e=ﬂ-to w1)r=1/ﬁ .

(] \Suﬂgm«:m of &*“’P (at O=m) o,ffa,c,ﬁ\reﬁ_a_ cko.w&u
'Hu.{'aladc —Ap oL 'l:o[aoﬂ,oac& ‘{fom U.(Zn)/ Wn) x n)
o U x R™, n—>o0.

o Caucf/% oQ.o.{For-ma.ﬁm waide the Comf)bax AP oL GL(ZVL)/ GL(n) x GL(n)
ond 4w’e¢8raﬁm over 'HM_%I'M. {iie,td/s (an) {ldd&/s the Lfftc{'iv!. actiou
S= Sdzx Tr (3PM™' 9u M) — l:—nxd‘x Tr (M M) Tr (M7 3 M),

"Gaa&a—weawr"

NEW: 1w order {*or' tHae rsidual cwrvature 0{ UWn), n— 0, to e newtralized,
the offect 0{ toriow due to o WZ2W O.uomo.(’.a i1 meeded .
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Why/how does the WZW term come about?

WHY e Bc"l te uu.ik&.ri’ta o{ He disordered— electron T.,.o.ui'um dﬂua.uios , Oue has o cowserved

Cwrent Bpa'/* =0 |. At JQHT crtical f)c-iu:t) Huis current meuat acquire the

o

additisual ToroPo.r-I:a o{. be.i.u.a_ (ow disorder G.mac&t): E( ° B)UL e/ﬂva'\?) =
Tl f—v.d.d f&u:lr% munat re,Pro&u.u. both. cowseurvatiow oy =—>
0 WEW terw weust appear (in Ha wou— Abelian Actting at hond ).

HOW 2 The mechamivm 4 totaly won — purturbative (wo replica vermsiow, "‘°"’<”J) !

SuPe.r/sFa.c.o. -l:-o.t-ﬂmf GLAM): M = (; ?)(gc 23,,)(8 %)

1
S,M] = L[ di (90 duv r 349 <l S,
o~ +2¢°7H 33 3,y ) 8
NPD® %1 (2019) 458 . . o,
v 4 o @it er o3 0y <~ 3

-1 S d2x (3'“1: _ 113”'(1))(3#1: _ 1',3,,,43) S effu{-iw. frouu. integration

&m over Ooiuasion %’AL&A
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Folklore

® Anderson transitions are described by nonlinear sigma models
(as effective field theories).

® Numerical observation of Weyl symmetry relations is a proof of that.

® Nonlinear sigma models are renormalizable (for all couplings,
in any dimension).

® The upper critical dimension for Anderson transitions is d, = .

® There exists plenty of evidence that conformal invariance is
violated at Anderson transitions.

® There exists little evidence supporting MZ’s proposal for the
conformal field theory of the Integer Quantum Hall Transition.
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Folklore revised

not
Anderson transitions are described by nonlinear sigma models
(as effective field theories).

no
® Numerical observation of Weyl symmetry relations is & proof of that.
NLoM 5 Weyl agm, but Wiyl agm 7 NLoM

® Nonlinear sigma models are renormalizable eral-couphngs;

H-ERY-GIRSASISRT: in oUW ApoLe diwension
ond in weak— coupl’.iu;g Po.,l—hu{ro:l:io-u ﬂzo%

® The upper critical dimension for Anderson transitions is d.. = eo.
We expect o tird. pluase (NEE) to appeor in {#au,;fe diwension

® There exists|plenty of|evidence that conformal invariance is
violated at AndTrson transitions.

® There exists|little|evidence supporting MZ’s proposal for the
conformal field theory of the Integer Quantum Hall Transition.
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Outlook: why should we care?

@ Tlure exish o v—o.rie'l'a o,? (\Qlc.u.l-aﬂ.i%e.o{) AT ti:u.au.{'um ApAn chains with
arowu.&—,afa}w &eﬂwuo.ca (due to au ououaly o{- Lic—Scluudtz— M atha ‘ca]ae,).
‘-Fitf.ol-'l:b-eota 'l'o.t-avl- Apows: CPY, U(m+n) / U(w)x U(n), SO(2n)/ U(n), SP(ln)/u(n)

—> Ta Hair criﬁcoﬁ.it& of {—irsf order or secoud order (i.e. with woealsss Qxci{—od:im)?

¢f. Pruiskew et at., Plye. Rev. B 105, 15111 (2022)

® Awn.ovt.é MAqmm-l-ra Lasces of disordered :Fro.e :{&mm ("Ttu{—o?,i Na.a")
Hore exiat ,f'ive Losses (uam.%: A,C,D, AT, DIL) with tolpofl,oaico.@ phase
trauwsitious in 2D, Tn the weak—dicorder N,g«}m alt of taese WO to Aour
moulivear c—umodel with topological terw (0=1).

—> WMot are te COu{‘omoQ 1{«'0.?.& Heories d.ur'.ri.ﬁ'iua Hewir iuuFro.t-ed bedeovior 2
@ WUhatore the COuALGuentsy (14-om e \mw’coae, poiut o1£ wou— puturbative RG)
—'ror um}nrsoiﬁé ond. /.soo.Q,iwa ot Anderow trowsitious in dinewsisw D >3 2

® (Con nmeasurement — induced Qn'lra.wd.hmm:b ‘ID’/»QAQ. +onsitions D& deserlred
b‘a, nonliveatr & — wnodels ¢
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