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Topological Semimetals (TS)

• Gapless topological material 
classification.

o Dirac (DS)

o Weyls (WS)

o Nodal-line (NLS)

o Luttinger semimetal (LS)
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Luttiger Semimetals (LS)

• LS hosts the excitation with effective spin- 3/2 .

• The 𝐻𝑔𝑇𝑒, 𝛼 − 𝑆𝑛 , 𝑃𝑟2𝑟𝐼𝑟2𝑂7 and 𝑌𝑃𝑡𝐵𝑖.

𝐻 𝐤 =
ℏ2

2𝑚
𝛾1 +

5

2
𝛾2 𝐤2 − 2𝛾2 𝐤. 𝐉 2 1

• In the case  𝛾1 < 2 𝛾2
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[2]. Mauri, Achille and Polini, Marco. Dielectric function and plasmons of doped three-dimensional luttinger semimetals. 
Physical Review B, 100(16):165115, 2019 



Luttinger-Kohn 𝒌. 𝒑 model (LK)

Considering the SOC at 𝑘 = 0 every state is twofold degenerate   (𝑋 ↑, 𝑌 ↑, 𝑍 ↑ ) and (𝑋 ↓, 𝑌 ↓ , 𝑍 ↓ ) 
so we have a 6 × 6 Hamiltonian.

ℋ𝑠𝑜 =
ℏ

4𝑚2𝑐2
𝜎 × 𝛻𝑉 ∙ 𝐩 +

ℏ

4𝑚2𝑐2
𝜎 × 𝛻𝑉 ∙ 𝒌 (𝟐)

ℋ𝑠𝑜 =

𝑃 − 𝑄 𝑅 𝑆 0

𝑅∗ 𝑃 − 𝑄 0 𝑆

𝑆∗ 0 𝑃 + 𝑄 −𝑅

0 𝑆∗ −𝑅∗ 𝑃 + 𝑄

⋯ 𝑆𝑂 𝐤. 𝐩 𝐻𝐻, 𝐿𝐻

⋮ ⋱ ⋮

𝐻𝐻, 𝐿𝐻 𝐤. 𝐩 𝑆𝑂 ⋯
−∆ + 𝑃 0

0 −∆ + 𝑃

(𝟑)
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Luttinger Hamiltonian (LH) in Spherical approximation

• General form of  LH:  products of  𝑗𝑥, 𝑗𝑦 and 𝑗𝑥the component of  j=
3

2
produces 16 linearly 

independent matrix. 

𝐻 𝐤 =
ℏ2

2𝑚
(𝛾1 +

5

4
𝛾2)𝐤

2 + 2𝛾2 𝐤. 𝐉 2 + 4 𝛾2 − 𝛾3 ෍

𝑖𝑗

𝑘𝑖𝑘𝑗 𝐽𝑖𝐽𝑗 . (4)

• Spherical approximation : In the case 𝛾2 = 𝛾3.

𝐻 𝐤 =
ℏ2

2𝑚
(𝛾1+

5

4
𝛾2)𝐤

2 + 2𝛾2 𝐤. 𝐉 2 . (5)
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Green’s function and Born approximation

Green function used to solve DE in mathematic. While in QM it is a powerful tool  for 
solving 

𝑖𝜕𝑡 − 𝐻 𝜓 𝒓, 𝑡 = 0 (6)

𝑖𝜕𝑡 − 𝐻 𝐺(𝐫𝑡, 𝐫′𝑡′) = 𝛿(𝐫 − 𝐫′) 𝛿 𝑡 − 𝑡′ (7)

The  answer is

𝜓 𝐫, 𝑡 = ′𝑑𝑟׬ 𝐺(𝐫𝑡, 𝐫′𝑡′) 𝜓 𝐫′, 𝑡′ . (8)
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Luttinger Hamiltonian Green’s function

• Green’s function for a given Hamiltonian:

𝑖𝜕𝑡 − 𝐻 𝐺(𝐫𝑡, 𝐫′𝑡′) = 𝛿(𝐫 − 𝐫′) 𝛿 𝑡 − 𝑡′ 7

So the Furrier transform is: 

𝐺 𝐤,𝜔 = 𝜔 + 𝑖𝜂 − 𝐻 𝐤 −1 8

• Luttinger Hamiltonian Green’s function: 

8

𝐻𝑜 𝑘 =
ℏ2

2𝑚

5

4
𝐤2 − 𝐤. 𝐉 2 − 𝜉𝐹 (9)

=≫ 𝐺𝑜 𝐤,𝜔 =
𝜔+ + 𝜉𝐅 𝛾𝑜 − σ𝑖

5ℎ(𝑘)𝛾𝑖

𝜔+ + 𝜉𝐅
2 − 𝜉𝐤

2 (10)



Self-energy 

Interaction in the system :

𝐺0 𝐤,𝜔 = 𝜔 + 𝑖𝜂 − 𝐻𝑜 𝐤 −1 11

𝐺𝑖𝑛 𝐤,𝜔 = 𝜔 + 𝑖𝜂 − 𝐻𝑜 𝐤 − 𝑽𝒆𝒙
−1 12

𝐺𝑖𝑛 𝐤,𝜔 −1 = 𝐺0 𝐤,𝜔 −1 − Σ 𝑖𝜔 (13)
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Borrn approximation

o First Borrn approximation: this approximation contains the single scattering process:

o Self-consistent approximation: we replace the interaction Green’s function with the 
clean system.

Σ𝑆𝐶𝐵𝐴 𝑖𝜔 =
𝛾𝑖𝑚𝑝

V
෍

𝐤′

𝑢𝐤−𝐤′ 𝐺𝑖𝑛 𝐤,𝜔 𝑢𝐤′−𝐤 (15)

𝐺𝑖𝑛 𝐤,𝜔 −1 = 𝐺0 𝐤,𝜔 −1 − Σ𝑆𝐶𝐵𝐴 𝑖𝜔 (16)

Σ1𝐵𝐴 𝑖𝜔 =
𝛾𝑖𝑚𝑝

V
෍

𝐤′

𝑢𝐤−𝐤′𝐺0 𝐤′, 𝜔 𝑢𝐤′−𝐤 ( 14)
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First Borrn approximation

• Impurity: 

𝑈 = 𝑢0 ෍

𝑖

𝑁𝑖𝑚𝑝

𝛿(𝐫 − 𝑅𝑖) (17)

Σ1𝐵𝐴 𝑖𝜔 =
𝛾𝑖𝑚𝑝

V
σ𝐤′ 𝑢𝐤−𝐤′𝐺0 𝐤′, 𝜔 𝑢𝐤′−𝐤 (18)

Σ1𝐵𝐴 𝑖𝜔 =
𝛾𝑖𝑚𝑝𝑢0

2

2𝜋2
×
1

2
න

0

𝛼

𝑘2𝑑𝑘
1

ℏ𝜔 + 𝑖𝜂 + 𝜉𝐅 − 𝜉𝐤
+

1

ℏ𝜔 + 𝑖𝜂 + 𝜉𝐅 + 𝜉𝐤
(19)

1

𝑥±𝑖𝒚
= P

1

𝑥
∓ 𝑖𝜋𝛿 𝑥 (20)
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o Real part :

𝐑𝐞Σ1𝐵𝐴 ℏ𝜔 =
𝛾𝑖𝑚𝑝𝑢0

2

2𝜋2
×
1

2
න

0

𝛼

𝑘2𝑑𝑘 [
1

ℏ𝜔 + 𝜉𝐅 − 𝜉𝐤
+

1

ℏ𝜔 + 𝜉𝐅 + 𝜉𝐤
]

𝐑𝐞Σ1𝐵𝐴 ℏ𝜔 = −𝑈 ℏ𝜔 + 𝜉𝐅 (21)

o Imaginary part:

𝐈𝐦Σ1𝐵𝐴 ℏ𝜔 = −
𝛾𝑖𝑚𝑝𝑢0

2

4𝜋
න

0

𝛼

𝑘2𝑑𝑘 [𝛿 ℏ𝜔 + 𝜉𝐅 − 𝜉𝐤 + 𝛿 ℏ𝜔 + 𝜉𝐅 + 𝜉𝐤 ]

𝐈𝐦Σ1𝐵𝐴 ℏ𝜔 = −𝑈 ℏ𝜔 + 𝜉𝐅 (22)

Where 𝑈 =
𝛾𝑖𝑚𝑝𝑢0

2

8𝜋
× (

2𝑚

ℏ2
) 3/2



Self-consistent approximation

Σ𝑆𝐶𝐵𝐴 𝑖𝜔 =
𝛾𝑖𝑚𝑝

V
σ𝐤′ 𝑢𝐤−𝐤′𝐺𝑖𝑛 𝐤′, 𝜔 𝑢𝐤′−𝐤

𝐺𝑖𝑛 𝐤,𝜔 −1= 𝐺0 𝐤,𝜔 −1 − 𝚺𝑆𝐶𝐵𝐴 𝑖𝜔

• So we have :

𝚺𝑆𝐶𝐵𝐴 𝑖𝜔 =
𝛾𝑖𝑚𝑝𝑢0

2

2𝜋2
0׬
𝛼
𝑘2𝑑𝑘

ℏ𝜔+𝑖𝜂+𝜉𝐅−𝚺
𝑆𝐶𝐵𝐴 𝑖𝜔

ℏ𝜔+𝑖𝜂+𝜉𝐅−𝚺
𝑆𝐶𝐵𝐴 𝑖𝜔

2
−𝜉𝐤

2
(23)

𝚺𝑆𝐶𝐵𝐴 𝑖𝜔 = −𝑈 𝑖 + 1 ℏ𝜔 + 𝜉𝐅 − 𝚺𝑆𝐶𝐵𝐴 𝑖𝜔 (24)
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After solving this equation we found the real an imaginargy part of  the self-energy in 
the self-consistent approximation.

𝚺𝑆𝐶𝐵𝐴 𝑖𝜔 = −𝑈(𝑖 + 1) ℏ𝜔 + 𝜉𝐅 − 𝚺𝑆𝐶𝐵𝐴 𝑖𝜔

oReal part :

𝐑𝐞𝚺𝑆𝐶𝐵𝐴 𝑖𝜔 = −
𝑈 ℏ𝜔 + 𝜉𝐅 2

𝑈2 + 𝑈4 + 4 ℏ𝜔 + 𝜉𝐅
2

(25)

o Imaginary part:

𝐈𝐦𝚺𝑆𝐶𝐵𝐴 𝑖𝜔 = −

3𝑈4 + 𝑈2 𝑈4 + 4 ℏ𝜔 + 𝜉𝐅
2 + 2𝑈2 2𝑈4 + 2𝑈2 𝑈4 + 4 ℏ𝜔 + 𝜉𝐅

2

2
(26)
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Self-energy Real part in 1BA and SCBA
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Real part of  Self-energy plot as function of  frequency in unit of  Fermi energy.



Self-energy Imaginary part in 1BA and SCBA
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Imaginary part of  Self-energy plot as function of  frequency in unit of  Fermi 

energy.



Spectral function

According to definition:       

𝐴 𝐤,𝜔 = −
1

𝜋
𝐈𝐦𝑇𝑟𝐺(𝐤, 𝜔)

For Free particles the Green’s function is as fallow : 

𝐺𝑅 𝐤,𝜔 =
1

𝜔 + 𝑖𝜂 − 𝜉𝐤
=≫ 𝐴 𝐤, ℏ𝜔 = 𝛿 𝜔 + 𝜉𝐤

𝐺𝑅 𝐤,𝜔 ≈ −𝑖θ 𝑡 𝑒−𝑖𝜉𝐤𝑡𝑒− ൗ𝑡 𝜏

𝐴 𝐤,𝜔 = −
1

𝜋
𝐈𝐦න𝑑𝑡 𝑒𝑖𝜔𝑡𝐺𝑅 𝐤,𝜔 ≈

ൗ1 𝜏

(𝜔 − 𝜉𝐤)
2−( ൗ𝑡 𝜏)

2
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(LS)’s Spectral function in the presence of  Impurity

According to definition the clean system Spectral function is        

𝐴 𝐤,𝜔 = −
1

𝜋
𝐈𝐦𝑇𝑟𝐺(𝐤, 𝜔)

𝐴 𝐤, ℏ𝜔 = 2 𝛿 ℏ𝜔 + 𝜉𝐅 − 𝜉𝐤 + 𝛿 ℏ𝜔 + 𝜉𝐅 + 𝜉𝐤 (27)

In the interaction case(note that here ሖ𝜉𝐤 = 𝜉𝐤 − 𝐑𝐞Σ ℏ𝜔 :

𝐴 𝐤,𝜔 = −
2

𝜋

𝐈𝐦Σ ℏ𝜔

ℏ𝜔+𝜉𝐅− ሖ𝜉𝐤
2
+𝐈𝐦Σ ℏ𝜔 2

+
𝐈𝐦Σ ℏ𝜔

ℏ𝜔+𝜉𝐅+ ሖ𝜉𝐤
2
+𝐈𝐦Σ ℏ𝜔 2

(28)



(LS)’s Spectral function in the presence of  Impurity

Spectral function for a constant wave vector:
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LS’s Spectral function intensity  in the 1BA 
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(LS)’s Spectral function intensity  in the SCBA 
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Density of  States (DOS)

• Definition:

According to definition we can calculate the DOS from the Green’s function for the following 
relation:       

D 𝜉 = −
𝑔𝑠
𝑉
෍

𝑖

𝑛

𝛿 𝜉 + 𝜉𝑖(𝐤)

Using the Green’s function :

D 𝜉 = −
𝑔𝑠
𝜋

1

𝑉
෍

𝐤

𝐈𝐦𝑇𝑟𝐺(𝐤, 𝜔)



LS’s DOS in the presence of  impurity

• So the DOS of  Luttinger Semimetals (LS) in the in absence of  the impurity is:       

D 𝜉 = −
𝑔𝑠

𝑉
σ𝐤𝑨 𝐤,𝜔 = 𝐷𝑜 ℏ𝜔 + 𝜉𝐅

• In the presence of  impurity:

D 𝜉 = −
𝐷𝑜
2

ℏ𝜔 + 𝜉𝐅 − 𝐑𝐞Σ ℏ𝜔 + 𝐈𝐦Σ ℏ𝜔

ℏ𝜔 + 𝜉𝐅 − 𝐑𝐞Σ ℏ𝜔
2
+ 𝐈𝐦Σ ℏ𝜔 2

1
4

Where  𝐷𝑜 =
𝑔𝑠

𝜋2
× (

2𝑚

ℏ2
) 3/2
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LS’s DOS in presence of  Impurity
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Thank you!
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