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Synchrotrons notably emit x-rays, very important because of what 
their wavelengths andphoton energies can investigate

core electrons

valence electrons

chemical 

bond lengths

éx-rays are the best probes of chemical 
bonds, foundation of most of science and 
technology: we need excellent x-ray sources!



LåL /g

ñLaboratoryò 
frame, R L

Two reference frames:
ñElectronò 
frame R e, 
speed = v

R eR L

éand three effects:

(1) Lorentz contraction : measured by a 
motionless observer, the intrinsic length L of an 
object moving at speed v decreases to  åL /g

(3) Time dilation : an interval Dte in 
R e becomes DtL =gDte in R L

(2) Doppler effect : a wavelength le emitted in R e by a 
moving source shrinks to åle /(2g) when measured in R L 
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How can we get excellent x-ray sources? 
Using six tools from relativity

NOTE: 
g= mLc

2/(mec
2) 

= energy/rest energy

ñgamma 
factorò

R L

R L



éwhere radiation is emitted by electrons that circulate in 
an accelerator (a ñstorage ringò) at almost the speed light

Our discovery of how relativity produces x-
rays starts at a leading synchrotron facility: 

Elettrain Trieste, Italy



éindeed, oscillating electrons are accelerated electric 

charges, thus they do emit electromagnetic waves

Why not? Because the electronic devices 

inducing the oscillations cannot reach the required high frequencies (say, 1018 hertz)    

however, antennas are good 

for producing long-wavelength radio waves,

but not short-wavelength x-rays!

éand the electron mass is  

small: this enhances the 

acceleration and the emission

To get x-rays, we use another strategy, combining oscillating 

electrons with two relativistic effects that shorten the wavelengths!

Before seeing how, A REASONABLE QUESTION: why do we use big, 
costly accelerators instead of getting x-rays, as radio waves, from 
electrons oscillating in an antenna? 

waves



(2) ñprojects aheadò the sound 
causing angular collimation

Albert 
Einstein

Wooooooof !Wiiiiiiiiiiiiif !

v

Stationary train: low-frequency whistle

Moving train 

v å c

Consider now an electron that
emits radiation of wavelength 
le because of its transverse 
oscillationséthen add a relativistic 
longitudinal speed v å c : the Doppler effect gives again short wavelengths 
and collimation éand we shall see that relativity boosts the emission and
further shortens the wavelength with a  second effect, length contraction

Yes indeed folks: my relativity can shorten 
wavelengths and produce x-ǊŀȅǎΧ ǎƻƳŜǿƘŀǘΣ ōǳǘ 

not entirely, like train sound
the source (train) 
motion: (1) shifts 

the detected 
sound to high 

frequencies 
(short wavelengths), and

ñDoppler 
effectò:



Then add an ñundulatorò: 
a periodic series of 
magnets, period L

éwhose 
wavelength is 
related to the 
period L, but 

is not equal to L

LΧƎǊŜŀǘΗ But how can 
we get that complex electron 

motion?

relativistic electron, 
vå c

A good 
solution: for the 
longitudinal relativistic 
motion, we can use a storage
ring, with a system (not shown) of magnets and electric devices that 
forces electrons to circulate in vacuum at almost the speed of light

the undulator causes transverse 
oscillations that enable the 
electron to emit radiation



-vå -c

åL/g

éso, the electron 

ñseesò the 

undulator period 

Lshrunk to åL /g

this equals the emitted 
wavelength as ñseenò by 
the electron, le = L /g

Why not? To understand, you must 
think like an electron! 
From its own point of view, the 

electron ñseesò the undulator 

arriving with velocity -vå -c

-vå -c

L

éand in relativity a moving object is subject to 
the famous ñLorentz contraction ò: as we 
have seen, its length appears shortened by åg



Second: Doppler shift

å(L /g)/(2g)

Why not? We already know the answer: the electron motion also 
causes the Doppler shift, further reducing the wavelength by å2g

So, short wavelengths are produced 
by two combined relativistic effects:

ébut le is not the wavelength seen in the laboratory!

high energy Ÿ 
large 2g2Ÿ short l

NOTE: in relativity, 
g= energy/(moc

2):

L

L /g
First effect: 
Lorentz contraction

Example: 
L = 1 cm, 
g= 5000

lå 2x 10-10 m 
x-rays!!!  

lå L /(2g2)



ñBrightnessò = constantF

Area, A

A source is ñgoodò if it has high bri ghtness:
large flux , small area , small divergence

a flashlight is 
ñgoodò if its flux is 

large but also because 
its emission is spati all y

concentrated

AW

To quantify this notion, 
consider the source parameters:

First, what isŀ άƎƻƻŘ ǎƻǳǊŎŜέΚ

éand define the

Flux, F
Angular 
divergence 
(solid angle W )

OK, relativity gives x-ǊŀȅǎΧ ōǳǘ ŀǊŜ ǿŜ ǊŜŀŎƘƛƴƎ ƻǳǊ ǊŜŀƭ ƎƻŀƭΣ 
not generic x-ray sources but very goodones?



3. Electrons in a storage ring under vacuum can handle more emitted 

power than those in a solid, since the solid can be damaged

4. The electrons travel in the ring in bunches 

(we shall see why), along slightly different 

paths; the source size is the transverse 

cross section of the bunch, determined by all the 

paths and kept small by very effective controls

Do synchrotron sources reach high brightness? 

1. We shall see that relativity sharply reduces the angular divergence

2. And that relativity also boosts the emitted power

How? Thanks to four factors:

YES INDEED: over one million billion times more than 
conventional x-ray sources! 



Relativity at work: extreme angular collimation

ébut in R L it shrinks to a 
small forward cone, as 
the sound of a moving 
train but much narrower

v å c

q

Very small angular 

spread å1/g: milliradians!!! 

wave velocity in R e: magnitude c, 

zero longitudinal component

so, from R e to R L the 
velocity vector rotates

v
Relativity requires the 
magnitude c to be invariant

éin the electron frameR e , 

the angular range of the 

emission is broad, like radio 
waves from an antenna

R e

R L

Why? Take the extreme case 

of an x-ray wave emitted in 

a transverse direction in R e

In R L , the electron motion with relativistic 

speed vñprojects aheadò the emission: 

the forward wave velocity is åv and, 

since q is small:

qå sinq=    c 2 -v 2 /c =   1-v 2/c 2

qå 1/g

c



If v = zero, ae = aL, the transverse acceleration 
in R L ïand the power is proportional to aL

2

Relativity at work again: huge emitted power
ñLarmor lawò: the emitted power is proportional to 
ae

2, the square of the transverse acceleration in R e

éthe power is proportional to ae
2 = (g2aL)

2, 
thus to g4 = (energy)4/(moc

2)4

ae

emission

v

The emission increases as 
the 4th power of the electron 

energy, to very high levels

éand decreases as 1/mo
4: electrons 

emit a lot, protons much less

but, if vÍzero: going from R e to R L the time is multiplied by g

while the transverse coordinate is invariant; the acceleration

= coordinate/time2 is divided by g2: aL = ae/g
2, and ae = g2aL

oscillating 
electron



Bandwidth: going through the N undulator periods, the electron emits a 
wave with N wavelengths, of length NlL. 

Let us find more about relativistic electrons in an undulator: they 
behave as very collimated flashlights, causing their emitted wavelength 
spectrum

time

narrow band

[TOP VIEW]

Fourier 
theorem

long 
signal 
pulse

weak magnetic field Ÿ 
small transverse undulations

wavelength (l) 
or frequency (n )

(small) 
detector

detector
continuously 
illuminated

Dl or Dn

L

N periods

Pulse duration: DtL= NlL/c. Fourier: 
DnL= 1/DtL= c /(NlL). lL= c /nL so DlL/lL= IDnL/nLI = [c /(NlL)]/(c /lL) = 1/N



Other wonderful properties of undulators:

A stronger magnetic field B increases the transverse electron oscillations and their 

transverse speed, proportional to B

what happens if we increase the 

magnetic field strength B by 

changing the magnet gaps?
the wavelength changes: why?

This changes the g-factor in the Doppler shift, modifying lL from L /(2g2) to  

lL = [L /(2g2)](1+ constant x B 2)

The magnetic (Lorentz) force of the undulator B-field on the electrons does not do 

work and cannot change the kinetic energy, so the longitudinal speed v decreases

We can tune the wavelength !

(1) They can emit different wavelengths; (2) their angular spread is very small; 

(3) they have very high brightness -- all such properties that can be explained with 

simple approaches, for example:



What are these sources?

Around the storage ring of a synchrotron facility, there are other x-ray 
sources besides undulators: wigglers

and bendingmagnets

undulator

beamline

experimental 
chamber

bending 
magnet

wiggler

bending 
magnet

wiggler



Fourier 
theorem

A wiggler, as an undulator, is a periodic magnet array -- but its 
magnetic field is stronger and causes larger transverse 
oscillationsof the electrons:

broad band 

Multiple pulses Ÿ stronger emission

time

[TOP VIEW]

series of 
short pulses

frequency (n ) or 
wavelength (l)

(small) 
detector



The third type of synchrotron sources: bending
magnets, the dipoles that force the electrons to 

circulate in the storage ring

short
signal pulse

broadband

time frequency (n ) or
wavelength (l)

[TOP VIEW]

log-log plot

This explains the famous synchrotron radiation spectrum 
of bending magnets: the log-log plot of a peak!

(small) 
detector

Fourier 
theorem



Note -- bending magnets emit very short x-ray 
wavelengths: why? 

And in the laboratory frame R L the wavelengths are 

Doppler-shifted by a factor å2g, so they are related to 

å(D/g)/(2g) = D/(2g2)

ébecause of the same effects present for undulators 

(and wigglers): Lorentz contraction and Doppler shift

éwhich in the electron frame 
R e is Lorentz-contracted to åD /gD /gD

-vå -c

Intuitively, the emitted wavelengths 

are related to the longitudinal size D of 

the magnet

The 2g2 factor again! 



at every turn, 
each electron bunch 

sends a short (nanoseconds 
to picoseconds) pulse of 

radiation in each
beamline

The time structure of synchrotron radiation

source

detector

The cause: electrons travel around the ring in bunches -- why?

time

radiofrequency  
(RF) cavity

To keep the electrons in the ring, the energy 
they lose by emitting synchrotron 
radiation must be restored by the 
periodic force of an ñRF cavityò: 
but this only works for bunched
electrons passing through the 
cavity in synchrony with the force 



élikewise, on-axis waves from bending magnets 
are linearly polarized in the horizontal plane

[FRONT VIEW][SIDE VIEW]

and special (elliptical) wigglers/undulators can produce 

intense elliptically polarized radiation

Consider an electron traveling through an undulator or a wiggler:

Another key synchrotron property: polarization

The waves emitted along the 
undulator axis correspond to electric field perturbations in the 

horizontal plane: they are linearly polarized
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X-rays

atom or
molecule

scattered 
photons, 
fluorescence

small-angle scattering

fluorescence spectroscopy

photoelectrons, 
Auger electrons

photoelectron and 
Auger spectroscopy

absorption spectroscopy, EXAFS
transmitted 
photons

molecular
fragments

fragmentation spectroscopy

scattered photons X-ray scattering

Auger electrons

Auger 
spectroscopy

transmitted 
photons

imaging, absorption 
spectroscopy, EXAFS

fluorescence spectroscopyfluorescence

diffracted photons crystallography

atoms,
molecules

desorption spectroscopy

Using synchrotron radiation: different interactions of x-rays with matter 
lead to many different experimental techniques

solid
X-rays

photoelectrons

photoemission 
spectroscopy

Synchrotrons are NOT
narrowly specialized tools, 

but versatile facilities serving 
in parallel many different 

applications and many users



élet us focus now on the 
interactions between x -rays 

and solids that are most 
important for 

synchrotron applications

scattered photons X-ray scattering

transmitted 
photons

imaging, absorption 
spectroscopy, EXAFS

fluorescence spectroscopyfluorescence

diffracted photons crystallography

solid
X-rays

photoelectrons

photoemission 
spectroscopy



In everyday life, we occasionally see wave-like 
effects like oil-film interferenceé but they are rare

First, the interactions used for imaging, the first 
application of x-rays, and still the most common

Why? Because to see them the radiation source 
must have ñcoherenceò

X-rays from synchrotron sources have high coherence, 
which is now exploited for a revolutionary new radiology!

= ñwhat allows radiation to 
produce visible wave-like  effects like interference and diffractionò

Originally, x-ray imaging was based on absorption. But 
synchrotron sources have a property that now leads to     

novel and very powerful imaging 
techniques: let us discover it!



radiation from
source with 

no coherence

Take a 
double-slit 
screen and a 
fluorescent 
screen

Each point of 
a source with 
finite size x
produces a 
different 
pattern, blurring the 
fringes: if they are still seen, 
there is ñspatialò (ñlateralò) coherence

extended 
source

x l

Spatial coherence:

More realistic sources reveal TWO

kinds of coherence: ñtimeò and ñspatialò

point 
source

Dl

Time 
coherence:

if the source emits a wavelength band Dl, each 
lgives a fringe pattern; the superposition blurs 
the fringes: they may not be visible; if they are, 
there is time (ñlongitudinalò) coherence

no diffractiondiffraction!

coherent 
laser radiation

point 
source

fluorescent 
screen

another example: 
screen with 
pinhole

l
diffraction 
pattern

a point source emitting only one 
wavelengthlalways produces a 
visible pinhole diffraction pattern: 
it has full coherence

A simple description of coherence:



éwhose 
superposition blurs the fringes

Multiple wavelengths: 
longitudinal (time) coherence

different 

wavelengths 

produce different 

patternsé

d

Spacing of adjacent fringes (from elementary optics): 

xå (H/d)l;

iflis replaced by a band Dl, xis ñblurredò to: 
Dxå (H/d)Dl
Condition to see the pattern: 

Dx < x Ÿ Dl/l< 1 (time coherence) H

when is the fringe pattern still visible? 

defining the ñcoherence 
lengthò as Lc = l2/Dl, 

time coherence 
requires Lc > l



Another way to look at this condition: the radiation contributing to diffraction is that 

reaching the pinhole, emitted in the solid angle åd2/D 2a                                    Ò (lD/x)2/D 2  = l2/x2 ïwhich 

corresponds to a fraction of the total emission 

å(l2/x2)/W= l2 /(x2W)

when is a pattern still visible?

Spatial 
coherence: 

x

D

d

Fringes can be seen ifMÒ x : 

xH/DÒ (H/d)lŸ  dÒ lD/x

H

Each point of an extended source

produces a diffraction pattern

solid 
angle W

Maximum distance between centers of patterns 

given by different source points Må xH/D

Fringe spacing xå (H/d)l

condition for spatial coherence

Ÿ blurring

This is the ñcoherent power factorò: 
it is large if there is spatial coherence



thus, the historical efforts to enhance the brightness by decreasing 

xand W also boosted the spatial coherence

Also note: the brightness is proportional to 1/(x2W)

Synchrotron x-ray coherence is 
very beneficial for imaging: 

it notably produce phase-

contrast radiographs, with sharp 
features and very small details

body of an ant 

cancer 

microvasculature

radiograph of a single 

neuron: world record 

of spatial resolution

Are synchrotron sources spatially coherent? 
YES! Their small size xand small angular spread W give a large coherent 

power factor l2/ (x2W) 

Note, however: l2 in this factor makes spatial coherence very difficult to 

obtain for the short lôs of x-rays: synchrotron sources are required

éand l2 is also present in the (time) coherence length causing a similar problem!



Phase-contrast imaging: the mechanism is complex, but we can grasp 
key features with a simple analogy: 
άǎŜŜƛƴƎέ ŀ Ǝƭŀǎǎ ƻŦ ǿƛƴŜ

likewise, phase contrast (refraction/scattering of 

x-rays) can cause sharp, highly visible edges in 

synchrotron radiographs

éhowever, to create such edges x-rays must 

have a well-defined direction: this is guaranteed 

by the spatial coherence of synchrotron 

radiation, which implies angular collimation

we see the wine because it absorbs and/or scatters 

certain wavelengths and looks colored

but we also see the edges of the (transparent) glass because 

they deviate the light by refraction/scattering



A simple model of x-ray imaging by phase contrast
[G. Margaritondoand G. Tromba, J. Appl. Phys. 85, 3406 (1999); Y. Hwu et al., 

J. Appl. Phys. 86, 4613 (1999)] 

detected 
intensity

predicted image:
dark-bright 

fringes

Note: high lateral coherence is required for phase contrast, 

but high longitudinal (time) coherence is not needed

a real 
radiograph 

detector

object with a 

slanted edge 

between regions 

with different 

refractive index

refraction

x-rays



An example of what can be done with phase contrast imaging: 
explaining the miracle of fireflies

ébeing able to detect even the smallest 

vessels, we could elucidate the incredibly 

effective light emission mechanism

Synchrotron microtomography 

of a firefly ñlanternò
[Y. L. Tsai, Y. Hwu et al, Phys. Rev. 

Letters 113, 258103 (2014)] 



Microscopy with 
coherent x-rays: 
exploring the brain, 
neuron by neuron

Goal: mapping a human brain

SYnchrotrons for Neuroscience ïan Asia-Pacific Strategic 

Enterprise (SARI/SSRF-China, PAL-Korea, AS-Taiwan, RIKEN/Spring8-Japan, 

NUS/SSLS-Singapore, ANSTO-Australia, SLRI-Thailand, SESAME-Jordan)


