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63 3. Thermal History

Exercise.—Using �e(Tf ) ⇠ H(Tf ), show that the freeze-out temperature satisfies

Xe(Tf )Tf =
⇡
2

2⇣(3)

H0

p
⌦m

⌘�TT
3/2

0
B

1/2

H

. (3.3.126)

Use the Saha equation to show that Tf ⇠ 0.25 eV and hence xf ⇠ 54.

3.3.4 Big Bang Nucleosynthesis

Let us return to T ⇠ 1 MeV. Photons, electron and positrons are in equilibrium. Neutrinos

are about to decouple. Baryons are non-relativistic and therefore much fewer in number than

the relativistic species. Nevertheless, we now want to study what happened to these trace

amounts of baryonic matter. The total number of nucleons stays constant due to baryon number

conservation. This baryon number can be in the form of protons and neutrons or heavier nuclei.

Weak nuclear reactions may convert neutrons and protons into each other and strong nuclear

reactions may build nuclei from them. In this section, I want to show you how the light elements

hydrogen, helium and lithium were synthesised in the Big Bang. I won’t give a complete account

of all of the complicated details of Big Bang Nucleosynthesis (BBN). Instead, the goal of this

section will be more modest: I want to give you a theoretical understanding of a single number:

the ratio of the density of helium to hydrogen,

nHe

nH

⇠ 1

16
. (3.3.127)

Figure 3.9 summarizes the four steps that will lead us from protons and neutrons to helium.

Step 2: 
Neutron DecayStep 1: 

Neutron Freeze-Out

equilibrium

Fr
ac

tio
na

l A
bu

nd
an

ce

Temperature [MeV]

Step 3: 
Helium Fusion

Step 0:
Equilibrium

Figure 3.9: Numerical results for helium production in the early universe.

Big Bang Nucleosynthesis - Helium
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69 3. Thermal History

Increasing g? increases Tf , which increases the n/p ratio at freeze-out and hence increases

the final helium abundance.

• ⌧n: a large neutron lifetime would reduce the amount of neutron decay after freeze-out

and therefore would increase the final helium abundance.

• Q: a larger mass di↵erence between neutrons and protons would decrease the n/p ratio

at freeze-out and therefore would decrease the final helium abundance.

• ⌘b: the amount of helium increases with increasing ⌘b as nucleosythesis starts earlier for

larger baryon density.

• GN : increasing the strength of gravity would increase the freeze-out temperature, Tf /
G

1/6

N
, and hence would increase the final helium abundance.

• GF : increasing the weak force would decrease the freeze-out temperature, Tf / G
�2/3

F
,

and hence would decrease the final helium abundance.

Changing the input, e.g. by new physics beyond the Standard Model (BSM) in the early universe,

would change the predictions of BBN. In this way BBN is a probe of fundamental physics.

Light Element Synthesis⇤

To determine the abundances of other light elements, the coupled Boltzmann equations have to

be solved numerically (see Fig. 3.11 for the result of such a computation). Figure 3.10 shows

that theoretical predictions for the light element abundances as a function of ⌘b (or ⌦b).23 The

fact that we find reasonably good quantitative agreement with observations is one of the great

triumphs of the Big Bang model.

4He
D

n
p

7Li

7Be

3He

3H

M
as

s F
ra

ct
io

n
Time [min]

Figure 3.11: Numerical results for the evolution of light element abundances.

23The shape of the curves in Fig. 3.11 is relatively easy to understood: The abundance of 4He increases with

increasing ⌘b as nucleosythesis starts earlier for larger baryon density. D and 3He are burnt by fusion, thus their

abundances decrease as ⌘b increases. Finally,
7Li is destroyed by protons at low ⌘b with an e�ciency that increases

with ⌘b. On the other hand, its precursor 7Be is produced more e�ciently as ⌘b increases. This explains the

valley in the curve for 7Li.

Big Bang Nucleosynthesis - light elements

He/H ~ 1% precision

D/H ~ 1% precision
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Since the binding energy of helium is larger than that of deuterium, the Boltzmann factor

e
B/T favours helium over deuterium. Indeed, in Fig. 3.9 we see that helium is produced almost

immediately after deuterium. Virtually all remaining neutrons at t ⇠ tnuc then are processed

into 4He. Since two neutrons go into one nucleus of 4He, the final 4He abundance is equal to

half of the neutron abundance at tnuc, i.e. nHe =
1

2
nn(tnuc), or

nHe

nH

=
nHe

np

'
1

2
Xn(tnuc)

1�Xn(tnuc)
⇠ 1

2
Xn(tnuc) ⇠

1

16
, (3.3.156)

as we wished to show. Sometimes, the result is expressed as the mass fraction of helium,

4nHe

nH

⇠ 1

4
. (3.3.157)

This prediction is consistent with the observed helium in the universe (see Fig. 3.10).

W
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D

M
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s F
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io

n

7Li
W
M
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Nu
m
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r r

ela
tiv

e 
to

 H

Figure 3.10: Theoretical predictions (colored bands) and observational constraints (grey bands).

BBN as a Probe of BSM Physics

We have arrived at a number for the final helium mass fraction, but we should remember that

this number depends on several input parameters:

• g?: the number of relativistic degrees of freedom determines the Hubble parameter during

the radiation era, H / g
1/2

? , and hence a↵ects the freeze-out temperature

G
2

FT
5

f
⇠

p
GNg? T

2

f
! Tf / g

1/6

? . (3.3.158)

Big Bang Nucleosynthesis - 

constraints on new physics
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Recombination

60 3. Thermal History

We wish to follow the free electron fraction defined as the ratio

Xe ⌘
ne

nb

, (3.3.105)

where nb is the baryon density. We may write the baryon density as

nb = ⌘b n� = ⌘b ⇥
2⇣(3)

⇡2
T
3
, (3.3.106)

where ⌘b = 5.5⇥10�10(⌦bh
2
/0.020) is the baryon-to-photon ratio. To simplify the discussion, let

us ignore all nuclei other than protons (over 90% (by number) of the nuclei are protons). The

total baryon number density can then be approximated as nb ⇡ np + nH = ne + nH and hence

1�Xe

X2
e

=
nH

n2
e

nb . (3.3.107)

Substituting (3.3.104) and (3.3.106), we arrive at the so-called Saha equation,

✓
1�Xe

X2
e

◆

eq

=
2⇣(3)

⇡2
⌘

✓
2⇡T

me

◆
3/2

e
BH/T

. (3.3.108)

Boltzmann
Saha

recombination

decoupling
CMB

plasma neutral hydrogen

Figure 3.8: Free electron fraction as a function of redshift.

Fig. 3.8 shows the redshift evolution of the free electron fraction as predicted both by the

Saha approximation (3.3.108) and by a more exact numerical treatment (see below). The Saha

approximation correctly identifies the onset of recombination, but it is clearly insu�cient if the

aim is to determine the relic density of electrons after freeze-out.

Hydrogen Recombination

Let us define the recombination temperature Trec as the temperature where21 Xe = 10�1

in (3.3.108), i.e. when 90% of the electrons have combined with protons to form hydrogen.

We find

Trec ⇡ 0.3 eV ' 3600K . (3.3.109)

21There is nothing deep about the choice Xe(Trec) = 10�1. It is as arbitrary as it looks.
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