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Crystalline Solids Rijmn =R +1L, +mL, +nL.  l,mn€Z
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Idealized Crystal Structure # Crystal lattice

lattice vector 5.0 © 0
lattice vector © 5.0 ©
lattice vector © © 5.0
# Atomic basis

atom 0 0 0 lr
atom 2.5 0 0 /r
atom ® 2.5 0 lr
atom 2.5 2.5 0 lr
atom 1.25 1.25 0 0
atom 3.75 1.25 0 0
atom 1.25 3.75 0 0
atom 3.75 3.75 0 0

Electronic-Structure Theory '

v

Infinite grid of immobile atoms - f
with perfect periodicity! nergy, torces, etc. '
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Crystalline Solids
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Infinite grid of iImmobile atoms
with perfect periodicity!



Crystalline Solids

Idealized Crystal Structure Real Materials
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Infinite grid of iImmobile atoms Everything moves: Perfect
with perfect periodicity! periodicity broken!



Failures of the Static Lattice Model

N. W Ashcroft and N. D. Mermin, “Solid State Physics” (1976).

 |naccuracies in the equilibrium properties at OK:
[attice Constants, Cohesive Energies, Elastic Constants,...

* Failure to describe thermodynamic equilibrium properties:
Specific Heat, Thermal Lattice Expansion, Phase Transformations, ...

* Failure to describe thermodynamic non-equilibrium properties:

+ Charge Transport: Electrical AC/DC Conductivity, Superconductivity,...
+ Heat Transport: Thermal Conductivity, Transmission of Sound,...

+ Coupling of Charge & Heat Transport: Seebeck and Peltier Effect,...

+ Interaction with Radiation: X-Ray, Infrared, Neutron, ...



Thermodynamic Equilibrium In a Nutshell

A classical system with NV atoms, a Volume \V and a Temperature /

IS described by its canonical partition function Z(7,V,N) viz.
its Helmholtz Free Energy F(T,V.N).

F(T,V,N)

—kgIn(Z(T,V,N))

_ exp H({ngv {pz}) {dSXz'}{dSPi}>

N3N

Calculating the energy of all possible configurations {xi}
IS humerically unfeasible even for very small systems.



Molecular Dynamics

Input: Output:
Geometry, Species total energy & forces

t Update geometry l

Iterative Approach: Explore the Dynamics of the Atoms!



MOLECULAR DYNAMICS

Numerical Integration

of the equations of motion
L. Verlet, Phys. Rev. 159,98 (1967).

Initial conditions have to
be specified!

The Verlet Algorithm conserves the number of

darticles N, the volume V, and the energy E.
= Micro-canonical Ensemble




Time and Length Scales

space

m Vibrational Regime

Fast, inexpensive, but
mm — /‘A still sufficiently accurate techniques
are needed!

S0 R

First-principles ab initio MD:
+ accurate interactions

— limited time and length scales
time

nm —

fs pS ns US ms



Take-Home Messages

* Everything moves! Nuclel and atoms are never at rest.
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The Harmonic Approximation

“CPﬁySiCS is that subset cf human exyerience,

which can be reduced to couyﬂeof harmonic oscillators.”

Michael Peskin



Total Energy E

The Harmonic Approximation

The total energy E Is a
Harmonic Potential / 3N-dimensional surface:

2 E:V(RDRZ?'”?RN)

/
/
/
/
/
/
/

Approximate by Taylor
Expansion around the

Atomic Coordinate Rl.

Static Equilibrium

1 0°F
R, AR;AR .
2 £~ OR;0R,; ’

0,9 Ro

AR}) =~ E(1Ro})

Hessian @j;



Total Energy E

The Harmonic Approximation

The total energy E Is a
Harmonic Potential / 3N-dimensional surface:

E:V(RlaRQv'” 7RN>

WARNING:

Harmonic Approximation
Is only valid

for small displacements!

1 0*°E

2 > OR;OR; g,

AR}) =~ E(1Ro})




The Harmonic Force Constants

0°F ~ OF¢

q)OéB __
OR¥OR/, OR/;

Hessian: &5 =

Ro Ro

“How much does Force on atom |
change when moving atom J?”
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The Harmonic Force Constants
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The Harmonic Force Constants

0°F ~ OF¢

q)OéB __
OR¥OR/, OR/;

Hessian: &5 =

Ro Ro

“How much does Force on atom |
change when moving atom J?”

Nota bene: The Hessian Is pair-wise
translationally invariant.

—> One index can be restricted to
the primitive unit cell.



The Harmonic Force Constants
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The Harmonic Force Constants
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The Harmonic Force Constants
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The Harmonic Force Constants

o — PP O°F — oFy

2 W NP \ S TR ReOR r ORI
/Q\Q....‘
.\./.\/. . ./ \. . Rjimn=R;+{L,+mL,+nL, [,m,n € Z
/N \ n
X 0 X 0 X
/\./\. .\ Nota bene:

/

N Q Interactions in crystals decay
Y ) avanvan" ./ rapidly with distance.
/ \./ \. /N PISTY

/\ 7 N N\ N\
.\./. . ./.\ (I)?? — 0 for ‘RJ,lmn — R[‘ — OO
/7 N\ /.\ /

D 00 60 00 ¢

/.\ .\ /. . . . . The interactions in the infinite crystal
NoZ N\ \ . / \ / \ / _

x e e / Ngn n \p can be described by

a finite number of force constants.



The Harmonic Force Constants

Still, computing these harmonic force

constants Is theoretically challenging!




Hellman-Feynman Theorem

Born-Oppenheimer Approximation:
Ground State Electrons determine the Potential Energy

Potential-Energy Surface: U(R) = (Vr(r)|Hgr |[VYRr(r))

Forces
OU(R)

OR,;
— <\IJR(I')| 0 ‘HR |\IJR(I')> — (‘)\I/R r)| Hr VSt

1

T
||

BT )| HR [OVR(r))

Forces are an expectation value of the wave function and
do not depend on changes In the wave function itself.



Higher Order Derivatives

OF; S [essian
IR,
)] gne ¥R () — (P SR 9¥R)/0R,) - (0Fn(r)/0R,

Hessian depends explicitly on the response
of the wave function to a nuclear displacement.
= Adiabatic Electron-Phonon Coupling

2n+1 Theorem:

(2n+1)t derivative of the energy requires

the nth derivative of the wave function / electron density.
X. Gonze and J.-P. Vigneron, Phys. Rev. B 39, 13120 (1989).

OHR

OR,;

VR(r))



Computing Harmonic Force Constants

Finite Differences
(aka Frozen Phonons)

K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982).
K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

OF¢ k7 [Rg tmn. T E]
(I)(Iléflmn — 16 ~ —lim
| a]':{J Imn R <0 ¢
0

Displacement €




Computing Harmonic Force Constants

Finite Differences
(aka Frozen Phonons)

K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982).
K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

B
(I)aﬁ — 8F? ~ — hm FC[X |:RJ,lmn _I_ €i|
I,Jlmn 8R§ o | c50 €
? 0
Advantages:

« works with all electronic-structure methods
- trivially parallel

Disadvantages:

* requires explicit supercells
* numerical noise affects low-symmetry systems



Computing Harmonic Force Constants

Finite Differences
(aka Frozen Phonons)

K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982).
K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

Density-Functional
Perturbation Theory

S. Baroni, P. Giannozzi, and A. Testa, Phys. Rev. Lett. 58, 1861 (1987)
S. Baroni, et al., Rev. Mod. Phys. 73, 515 (2001).

B
5O OF¢ I ¥y {RJ,lmn T 6} 2n+1 Theorem:
I,Jlmn — ~ — m
M OR : ® 1 gtmn = (@] 010,10 HL W) = (U] DD g7 ¥) — (g W] O H | W)
Advantages:

« works with all electronic-structure methods
- trivially parallel

Disadvantages:

* requires explicit supercells
* numerical noise affects low-symmetry systems



Density-Functional Perturbation Theory

S. Baroni, P Giannozzi, and A. Testa, Phys. Rev. Lett. 88, 1861 (1987) &
S. Baroni, et al, Rev. Mod. Phys. 73,515 (2001).

Starting Point: 2 N ~ A A il
Kohn-Sham Equations hKS?’bZ [t T Uext (T) T UH T UXC} wl Gz%
i
~—
> A dh
hks (A) = hg)% | dis AN+ -

First-order expansion
of all relevant quantities (0% ()‘)
with respect to a perturbation A
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Solve: Sternheimer Equation

s (V) v (V) = e:(Mr (A) = (Al — &) i) = = (A — V) 0 + 0(3?)

R.M. Sternheimer, Phys. Rev. 96 931 (1954).



Density-Functional Perturbation Theory

S. Baroni, P Giannozzi, and A. Testa, Phys. Rev. Lett. 88, 1861 (1987) &
S. Baroni, et al, Rev. Mod. Phys. 73,515 (2001).

Solve: Sternheimer Equation

A

s (V) 1 (V) = e:(Vr (A) = (Al — &) i) = = (Al — V) 0 + 0(3?)

R.M. Sternheimer, Phys. Rev. 96 951 (1954).

1
Route A: Density-functional Perturbation Theory ID,L( ) — Z Cilwl
[

1
Route B: Coupled-Perturbed Self-Consistent Field %Df ) = Z Cz‘l%ﬁl




Density-Functional Perturbation Theory

S. Baroni, P Giannozzi, and A. Testa, Phys. Rev. Lett. 88, 1861 (1987) &
S. Baroni, et al, Rev. Mod. Phys. 73,515 (2001).

Solve: Sternheimer Equation

s (V) 1 (V) = e:(Vr (A) = (Al — &) i) = = (Al — V) 0 + 0(3?)

Normalization Conditions:

CHIESES (W] ™)+ (u”] w) =0

Phase Freedom: The phase of the perturbation can be freely chosen.

= Extended Perturbations A(q) can be treated

In the unit cell!



Density Functional Theory:

electronic density

DFT

——— density n(r)
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DF-Perturbation Theory in FHI-aims

H. Shang, C. Carbogno, P. Rinke, and M. Scheffler, Comp. Phys. Comm. 215, 26 (2017).

Finite Systems: Cqo Periodic Systems: Silicon

800 -
finite differences ©
DFPT DFPT m—

finite differences! ©

600 -

_1)

= AN aVaVWa

~
-V -

Intensity

quency (cm
N
)
-

Fre

200

400 600 300 1000 . 1200 1400 1600 WK
Frequency (cm )

Validation:
Comparison DFPT and finite differences for
vibrational properties




electronic density

1*-order overlap

OO

— Density Functional

Perturbation Theory:

DFPT
/ density response dn(r)/dR;

Electron-Phonon
Coupling

/ 1¥-order

density matrix

1%-order total
electrostatic
potential

\ 1¥-order expansion

\ coefficients

[
[
{
(
[
|




electronic density

| *-order overlap

| ¥-order

density matrix

| ¥-order density

|*-order total
electrostatic
potential

1¥-order
Hamiltonian

1¥-order expansion
coefficients

1*-order energy
density matrix

force constants

dynamical matrix

Density Functional Theory:

n(r) DF1

B

Density Functional
7(1) i D
Vesior(T) | DFP] T~ Perturbation Theory:

g density response dn(r)/dR;

Density response is localized

in real space.

D(a) F. Giustino, M. Cohen, and S. Louie,
e U Phys. Rev. B 76 165108 (2007).




Using techniques
developed for describing
delocalized
properties

to describe a
localized response
is not efficient!

density response dn(r)/dR;

F Giustino, M. Cohen, and S. Loule, Phys.
Rev.B 76 165108 (2007/).

Density response is localized

in real space.

F. Giustino, M. Cohen, and S. Louie,
Phys. Rev.B 76 165108 (2007).



Accelerating DFPT

e.g.: F. Giustino, M. Cohen, and S. Louie, Phys. Rev. B 76 165108 (2007).
EPW Software: Ponce, et al., Comp. Phys. Comm. 209, 116 (2016).

Response computed in reciprocal-space
on a finite q=-grid.

Truncated Fourier-Transform to real-space.

Localization enables real-space interpolation
(e.g. Wannier: Vanderbilt, Marzari, Giustino, etc.)

Truncated Fourier-Transform back to reciprocal-space.




Computing Harmonic Force Constants

Finite Differences
(aka Frozen Phonons)

K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982).
K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

Density-Functional
Perturbation Theory

S. Baroni, P. Giannozzi, and A. Testa, Phys. Rev. Lett. 58, 1861 (1987)
S. Baroni, et al., Rev. Mod. Phys. 73, 515 (2001).

8
5O OF¢ I ¥y {RJ,lmn T 6} 2n+1 Theorem:
I,Jlmn — ~ — 1
M OR : ® 1 gtmn = (@] 010,10 HL W) = (U] DD g7 ¥) — (g W] O H | W)
Advantages: f\/

Explicit response from Sternheimer Equation:

(€g — €p) (Yq | Op) = — (<¢q aiLKS| ¢p> - a6195qp)

. A
w e . el l— (b—“ - - R R e — -

« works with all electronic-structure methods
- trivially parallel

Disadvantages:

* requires explicit supercells
* numerical noise affects low-symmetry systems



Computing Harmonic Force Constants

Finite Differences
(aka Frozen Phonons)

K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982).
K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

Density-Functional
Perturbation Theory

S. Baroni, P. Giannozzi, and A. Testa, Phys. Rev. Lett. 58, 1861 (1987)
S. Baroni, et al., Rev. Mod. Phys. 73, 515 (2001).

B
5O OF¢ I ¥y {RJ,lmn T 6} 2n+1 Theorem:
I,Jlmn — ~ — 1
o 8R§,lmn Ro 0 ‘ (I)Lﬂmn — <\Ij| 010 imnH |\Ij> - <\Ij’ OrH |8Jlmn\1}> — <8Jlmn\Ij| OrH |\Ij>

Advantages: Advantages:

» works within primitive unit cells
» full access to the electronic perturbation

« works with all electronic-structure methods
- trivially parallel

Disadvantages: Disadvantages:

* requires exchange-correlation derivatives
» costly in extended, low-symmetry systems

* requires explicit supercells
* numerical noise affects low-symmetry systems



Take-Home Messages

* Everything moves! Nuclel and atoms are never at rest.

* The potential-energy surface on which the nuclei move
can be approximated using a harmonic potential.

This requires calculating 29 order derivatives at equilibrium.
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The Harmonic Equations of Motion

Energy: pharm

1
5 E E (I)Iabc,JlmnARIabcARJlmn
I,J abc,Imn

Forces:

|
|
Ko
D
.
3
3
>
~
=
3
3

1 .

Equation of . J
M(ltion: MiRrape = — Z Drabe, Jimn AR Jimn with  Ljpn =1L, +mL, +nL.

_ . (I) aoc mn .
VMUrexp(iqLape) = — ) I;ﬁﬂ U exp(iqLymn)
J

o (I)Iabc Jlmn :
— , L mn La C U
o 3 o, ptalk be)) U

D 1000, Jimn

I?Iabc

eXp(iqumn) UJ

Jlmn \/MIMJ
Ja) Uy
J

Dynamic Matrix: = D;.s(q) = ) _

S
T
B

]

- ]

<

2

D000, 71mn
vV MM

eXp(Zqumn)




The Harmonic Equations of Motion

Equation of

Motion:
Infinite number of degrees of freedom!

However, we have to

address all gq-points
In the 71st Brillouin zone. N\

U, = —) DU, Finite number of degrees of freedom!
J




The Harmonic Equations of Motion

Complex Amplitudes

3 N, solutions {a)z(q) ﬁ (q)} fully determined

/ by initial conditions!
4 AR jimn(t) = 2n): Z/_exp (iqLimn ) expliws (q)t] - Us 7(q)

Eigenvalue problem:




One Simple Example

4 ~Unit Cell with— .

Periodic Images N, atoms Periodic Images

' ‘ ‘ ‘\/\/\/\/\/\f‘ —/YWWW\ ‘ ‘

| attice vector: L

Real . Reciprocal
Space: Fourier Transform Space:
Hessian @; ;... Dynamical Matrix D;,(q)

with o entries Dy s(q) = Z (I)\I/(}\(;’?\l;m exp(iqLimn) with /,J < Np
It j

Imn



Vibrations in a Crystal 10

K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

Real . Reciprocal
Space: Fourier Transform Space:
Hessian ©; ., Dynamical Matrix D;,(q)
with o entries _ N\ Pro00,imn -
D])J((l) Z \/MIMJ eXp(Z(]len> W|th I,J < Np

Imn

Fourier Transform can be truncated
since ®; , =0 forlarge L.,

Hessian @, ;... Dynamical Matrix D, ,(q)
with finite number — known for the whole

of non-zero entries reciprocal space




Vibrations in a Crystal 101

see, e.d., N. W Ashcroft and N. D. Mermin, “Solid State Physics” (1976).

Dynamical matrix:

D 1000, Jimn .
Drs(@) =) — 7= exp(iqLinn)

Imn

Eisenvalue problem:
D(q) Us(q) = w*(q)U(q)



Vibrations in a Crystal 101

see, e.d., N. W Ashcroft and N. D. Mermin, “Solid State Physics” (1976).

; Dynamical matrix: 5 —1
i D ) — 1000,Jlmn : -
: 1,J(T) l%; ML SR TG )
Eisenvalue problem:
/ D(I') U,(I) = «*(T)U(I)

_

i

) @




Vibrations in a Crystal 101

see, e.d., N. W Ashcroft and N. D. Mermin, “Solid State Physics” (1976).

Dynamical matrix: alternating £ 1

D 1000, Jimn .
DI,J(X) — Z \/M[MJ eXp(Zqumn)

Eisenvalue problem:
D(x) Us(x) = w*(X)U(X)

L X"

e w ’ W ’
IS
IS
IS
k A k S0




Vibrations in a Crystal 101

see, e.d., N. W Ashcroft and N. D. Mermin, “Solid State Physics” (1976).

Dynamical matrix: alternating £ 1

D 1000, Jimn .
DI,J(X) — Z \/M[MJ eXp(Zqumn)

Eisenvalue problem:
D(x) Us(x) = w*(X)U(X)




Vibrations in a Crystal 101

see, e.d., N. W Ashcroft and N. D. Mermin, “Solid State Physics” (1976).
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Vibrations in a Crystal 101

see, e.d., N. W Ashcroft and N. D. Mermin, “Solid State Physics” (1976).
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Vibrations in a Crystal 101

see, e.d., N. W Ashcroft and N. D. Mermin, “Solid State Physics” (1976).

For Np atoms In the unit cell there are: '

3 Acoustic modes:

- Atoms Iin unit cell in-phase
- Acoustic modes vanish at I

- Strong (typically linear) dispersion close to T

(BN, - 3) Optical modes:

q - Atoms in unit cell out-of-phase
- w > 0 at I" (and everywhere else)

- Weak dispersion

><



A Real Example:

Diamond Si

135

— 1x1x1 Cell (2 atoms)

X UK [



A Real Example: Diamond Si

% 1x1x1 Cell (2 atoms)

I — / i 2x2x2 Cell (16 atoms)
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A Real Example: Diamond Si

2x2x2 Cell (16 atoms)
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A Real Example: Diamond Si

= Convergence
> -_\\ /./:7/\\\_ achieved!
I P \ N.B. 1 THz ~ 4 meV
) B | ﬁx\ — 4x4x4 Cell (128 atoms)
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Frequency v (THz)

A Real Example: Diamond Si

Comparison to
experiment

Audrey Valentin et al.,
J. Phys.: Condens. Matter 20 145213 (2008)

L
Wave vector q (2n/a) L



Frequency (THz)

Magnesium OXide e,

Polar Crystals

P. Giannozzi, S. Degironcoli, P. Pavone, and S. Baroni, Phys. Rev. B 43, 7231 (1991).
X. Gonze, and C. Lee, Phys. Rev. B 55, 10355 (1997).
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DFT calculation

0

X

Experiment: M. J. L. Sangster, G. Peckham, and
D. H. Saunderson, J. Phys. C 3, 1026 (1970).

What is wrong here?

Q-\ /\/\/\/\/\fa_\ MM ,Q MWW ,G - /\/\/\/\/\,_Q MWW,

When charged atoms are displaced,
a weak, long-ranged dipole field is induced.

In the short-range (g > 0) this interaction is
clouded by all other forces.

In the long-range (g ~ 0)
this interaction becomes significant.



Frequency (THz) .

Magnesium OXide  semmsemnmm,,,

Polar Crystals

P. Giannozzi, S. Degironcoli, P. Pavone, and S. Baroni, Phys. Rev. B 43, 7231 (1991).
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DFT calculation

X. Gonze, and C. Lee, Phys. Rev. B 55, 10355 (1997).

0
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o
X i

= D;,(q) —» Drs(q)
Experiment: M. J. L. Sangster, G. Peckham, and

D. H. Saunderson, J. Phys. C 3, 1026 (1970).

How to account for it?

Q-\ /\/\/\/\/\,G_\ /\/\/\/\/\,Q MWW ,G MWW

% Calculate Born Effective Charges Zi', i.e., the

derivative of the polarisation.

% Calculate dielectric constant €__, i.e, how the

electric field i1s screened.

% Add the additional, far-field interaction:

1

A |q - Z7]|q - Z7]

/MM, Qo

q-e*-q

VA VAAAY,



Polar Crystals

P. Giannozzi, S. Degironcoli, P. Pavone, and S. Baroni, Phys. Rev. B 43, 7231 (1991).
X. Gonze, and C. Lee, Phys. Rev. B 55, 10355 (1997).

LO-TO splitting

Frequency (T

Experiment: M. J. L. Sangster, G. Peckham, and
D. H. Saunderson, J. Phys. C 3, 1026 (1970).
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VIBRATIONAL BAND STRUCTURE

Silicon, diamond structure




VIBRATIONAL DENSITY OF STATES
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Take-Home Messages

* Everything moves! Nuclel and atoms are never at rest.

* The potential-energy surface on which the nuclel move can be approximated

using a harmonic potential. This requires calculating 2"? order derivatives at
equilibrium.

» With that, we obtain SN, independent and q-dependent harmonic oscillators.
Their equations of motion can be solved exactly and analytically.

IIAIIMIINIG OSCILLATOR

IIAIIMIIHIG IISGIllA'I'IIB EVERYWHERE



What about the actual
thermodynamic motion?




Attention:
Quantum-Nuclear Effects

Classical Limit: Equipartition Theorem

Each mode carries (Es(q,T)) = kT

Quantum-mechanical Solution: Bose-Einstein

Each mode carries
1

(B, 7)) = (@) (mae(es (@), 1) + 5




Attention:

Temperature (K)
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Attention:
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The Harmonic Free Energy

/ Static Equilibrium Energy
E({Ro})

hw
+- /dw g(W)—— === Zero-point vibration

Fha (T)

2

+ /dw g(w) kp Tn (1 el k?T>)
!

Thermally induced vibrations




The Harmonic Free Energy
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AN EXAMPLE: PHASE DIAGRAM OF ZrO;

Monoclinic Tetragonal Cubic

0K 500 K 200 K 1500 K 2000 K 2500 K 3000 K

T < 1200°C

,Monoclinic”

Baddeleyite Structure




AN EXAMPLE: PHASE DIAGRAM OF ZrO;

Monoclinic Tetragonal Cubic

0K 500 K 1000 K 1500 2000 K 2500 K 3000 K

1200°C < T < 2400°C

,, letragonal”

P4,/nmc Structure




AN EXAMPLE: PHASE DIAGRAM OF ZrO;

Monoclinic Tetragonal Cubic

T > 2400°C

0K 9500 K 1000 K 2500 K 3000 K

,Cubic”

Fluorite Structure



AN EXAMPLE: PHASE DIAGRAM OF ZrO;

Monoclinic Tetragonal

0K 500 K 200 K 1500 K 200( j00 K 3000 K




CALCULAITE THE
PHONONS
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THE HARMONIC FREE ENERGY

/ -lectronic Contributions
EDFT

fferent structures

Fhe(T) =
+ /dw (W) —— === Zero-point vibration
+ /dwg kg'l'In (1—6( kaT>>
l
Thermically induced vibrations
Comparison of the free energy for

lows to assess thermodynamic phase transitions.



THE HARMONIC FREE ENERGY

Harmonic free energy difference:

008
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D)
= 0.02
£ 0.00 +
[ monoclinic
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.04 |
| experiment
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Take-Home Messages

* Everything moves! Nuclel and atoms are never at rest.

* The potential-energy surface on which the nuclel move can be approximated
using a harmonic potential. This requires calculating 2n? order derivatives at
equilibrium.

- With that, we obtain 3N, independent and q-dependent harmonic oscillators.
Their equations of motion can be solved exactly and analytically.

» The harmonic approximation can be used to estimate thermodynamics
expectation values.



AN EXAMPLE: PHASE DIAGRAM OF ZrO;

Tetragonal Cubic

0K 500 K 1000 K 500 K 2000 K 3000 K




[HE CUBIC ZrO; STRUCTURE

K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78,4063 (1997).

800 __ |
: cubic
600 = — |
> | X, soft mode
< 4001 | — 1 |
5 c |
= 200 | — |
elongation from equilibrium
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[HE CUBIC STRUCTURE

K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78,4063 (1997).

THE HARMONIC APPROXIMATION

DOES NOT HOLD IN THE CASE
OF SOFT MODES!




CUBIC PHASE STABILITY

experiment
~2600-2700 K

tetragonal

baseline 2200 K
Anharm. T Te
Free Energy
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Anharmonic effects dominantfor T > 1500 K !



Take-Home Messages

* Everything moves! Nuclel and atoms are never at rest.

* The potential-energy surface on which the nuclel move can be approximated
using a harmonic potential. This requires calculating 2n? order derivatives at
equilibrium.

- With that, we obtain 3N, independent and q-dependent harmonic oscillators.
Their equations of motion can be solved exactly and analytically.

» The harmonic approximation can be used to estimate thermodynamic
expectation values.

e Anharmonic effects beyond the harmonic approximation
are often important, too!



Karsten Reuter Matthias Scheffler Carlos G. Levi Chris G. Van de Walle

Fritz Haber Institut of the Max Planck Society, University of California Santa Barbara,
Berlin, Germany USA
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Take-Home Messages

* Everything moves! Nuclel and atoms are never at rest.

* The potential-energy surface on which the nuclel move can be approximated
using a harmonic potential. This requires calculating 2n? order derivatives at
equilibrium.

- With that, we obtain 3N, independent and q-dependent harmonic oscillators.
Their equations of motion can be solved exactly and analytically.

» The harmonic approximation can be used to estimate thermodynamic
expectation values.

e Anharmonic effects beyond the harmonic approximation
are often important, too!



