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First Steps
(1) Shut down the Docker (Type exit until the Terminal closes)!

(2) Open a new Terminal and edit /home/triqs/.bashrc – Uncomment the last

two lines so that they read (just remove # in the beginning):

export PYTHONPATH=/home/triqs/FHI_local/FHI_vibes_build/:$PYTHONPATH  
export PATH=/home/triqs/FHI_local/FHI_vibes_build/bin:$PATH

(3) Restart the docker by typing asesma_qe and execute vibes

(4) Check that you get no error, but something like:

› vibes 
Usage: vibes [OPTIONS] COMMAND [ARGS]... 
  vibes: lattice dynamics with python 
…
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The total energy E is a 


3N-dimensional surface:

Approximate by Taylor 
Expansion around the 

Static Equilibrium



E = V (R1,R2, · · · ,RN )

Approximate by Taylor 
Expansion around the 
Static Equilibrium Ri0Atomic Coordinate Ri

To
ta

l E
ne

rg
y 
E

Ri
0

E ({R0 + ∆R}) ≈ E ({R0}) +
�

i

∂E

∂Ri

����
R0

∆Ri +
1
2

�

i,j

∂2E

∂Ri∂Rj

����
R0

∆Ri∆Rj

Atomic Coordinate Ri

To
ta

l E
ne

rg
y 
E

Harmonic Potential

Ri
0

WARNING: 
Harmonic Approximation


 is only valid 

for small displacements!

The Harmonic Approximation
The total energy E is a 


3N-dimensional surface:



The Harmonic Force Constants
Hessian:

“How much does Force on atom I 
change when moving atom J?”
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The Harmonic Force Constants
Hessian:

“How much does Force on atom I 
change when moving atom J?”

Nota bene: The Hessian is pair-wise 
translationally invariant.
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`
Hessian:

“How much does Force on atom I 
change when moving atom J?”

Nota bene: The Hessian is pair-wise 
translationally invariant.

The Harmonic Force Constants

 One index can be restricted to 

the primitive unit cell.

⟹

<latexit sha1_base64="DZlybSEG5vpIMBRlM7jvTatjHng="></latexit>

�↵�
IJ =

@2E

@R↵
I @R

�
J

�����
R0

= � @F↵
I

@R�
J

�����
R0



`
Hessian:

“How much does Force on atom I 
change when moving atom J?”

The Harmonic Force Constants

Different periodic images of atom J 
results in different force constants.
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Hessian:

“How much does Force on atom I 
change when moving atom J?”

The Harmonic Force Constants

 The second index runs over the 
whole, infinite crystal.

⟹

Different periodic images of atom J 
results in different force constants.
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Hessian:

“How much does Force on atom I 
change when moving atom J?”

The Harmonic Force Constants
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RJ,lmn = RJ + lLx +mLy + nLz l,m, n 2 Z
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 The second index runs over the 
whole, infinite crystal.

⟹

Different periodic images of atom J 
results in different force constants.
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T̀he Harmonic Force Constants
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RJ,lmn = RJ + lLx +mLy + nLz l,m, n 2 Z

Nota bene:  
Interactions in crystals decay


rapidly with distance.
<latexit sha1_base64="JdNQAITf7R/VmqnrkVCOqqZzOrI="></latexit>

�↵�
IJ ! 0 for |RJ,lmn �RI | ! 1

The interactions in the infinite crystal 
can be described by 


a finite number of force constants.
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T̀he Harmonic Force Constants
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The interactions in the infinite crystal 
can be described by 


a finite number of force constants.

Still, computing these harmonic force 
constants is theoretically challenging!
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Hellman-Feynman Theorem
Born-Oppenheimer Approximation:  

Ground State Electrons determine the Potential Energy

U(R) = h R(r)|HR | R(r)i

Forces

Forces are an expectation value of the wave function and 

do not depend on changes in the wave function itself.

Potential-Energy Surface:
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Higher Order Derivatives

Hessian depends explicitly on the response  
of the wave function to a nuclear displacement.


⇒ Adiabatic Electron-Phonon Coupling

Hessian

2n+1 Theorem: 
(2n+1)th derivative of the energy requires 


the nth derivative of the wave function / electron density.
X. Gonze and J.-P. Vigneron, Phys. Rev. B 39, 13120 (1989). 
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Computing Harmonic Force Constants
Finite Differences


(aka Frozen Phonons) 
K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982). 

K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

Displacement ϵ

Force FI
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Computing Harmonic Force Constants
Finite Differences


(aka Frozen Phonons) 
K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982). 

K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

Disadvantages:

Advantages:

• works with all electronic-structure methods

• trivially parallel

• requires explicit supercells

• numerical noise affects low-symmetry systems
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Computing Harmonic Force Constants
Finite Differences


(aka Frozen Phonons) 
K. Kunc, and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982). 

K. Parlinski, Z. Q. Li, and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997).

Disadvantages:

Advantages:

• works with all electronic-structure methods

• trivially parallel

Density-Functional 

Perturbation Theory 

S. Baroni, P. Giannozzi, and A. Testa, Phys. Rev. Lett. 58, 1861 (1987)  
S. Baroni, et al., Rev. Mod. Phys. 73, 515 (2001).
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To our knowledge, however, no real-space DFPT formalism
that directly exploits the spatial localization of the perturba-
tions under periodic boundary conditions has been reported in
literature, yet. This is particularly surprising, since real-space
formalisms have attracted considerable interest for standard
ground-state DFT calculations [46–52] in the last decades due
to their favorable scaling with respect to the number of atoms
and their potential for massively parallel implementations. For-
mally, one would expect a real-space DFPT formalism to ex-
hibit similar beneficial features and thus to facilitate calcula-
tions of larger systems within less computational expense on
modern multi-core architectures.

Inspired by the work of Giustino et al. [45], we here de-
rive, implement, and validate a real-space formalism for DFPT
that utilizes the exact same localized, atom-centered basis set as
the underlying ground-state DFT calculations. This allows us
to avoid the numerically precarious and potentially error-prone
Wannier interpolation, since all parts of the calculations consis-
tently rely on the same basis set of localized atomic orbitals, the
inherent locality of which is exploited to describe the spatially
localized perturbations. However, this reformulation of DFPT
also gives rise to many non-trivial terms that are discussed in
this paper. For instance, the fact that we utilize atom-centered
orbitals requires to account for various Pulay-type terms [53].
Furthermore, the treatment of spatially localized perturbations
that are not translationally invariant with respect to the lattice
vectors requires specific adaptions of the algorithms used in
ground-state DFT to compute electrostatic interactions, elec-
tronic densities, etc. Please note that the proposed approach
facilitates the treatment of isolated molecules and periodic sys-
tems on the same footing. Accordingly, we demonstrate the
validity and reliability of our approach by using the proposed
real-space DFPT formalism to compute the harmonic vibrations
in molecules and phonons in solids, i.e., the response to a per-
turbation induced by a nuclear displacement.

The remainder of the paper is organized as follows. In Sec. 2
we succinctly summarize the fundamental theoretical frame-
work used in DFT, in DFPT, and in the treatment of harmonic
force constants. Starting from the established real-space for-
malism for ground-state DFT calculations, we derive the funda-
mental relations required to perform DFPT and lattice dynamics
calculations in section 3. The practical and computational im-
plications of these equations are then discussed in Sec. 4 using
our own implementation in the all-electron, full-potential, nu-
merical atomic orbitals based code FHI-aims [48, 54, 55] as an
example. In Section 5 we validate our method and implemen-
tation for both molecules and extended systems by comparing
vibrational and phonon frequencies computed with DFPT to the
ones computed via finite di↵erences. Furthermore, we inves-
tigate the computational e�ciency and convergence behavior
with respect to the numerical parameters of the implementa-
tion (basis set, system sizes, integration grids, etc.). Eventually,
Sec. 6 summarizes the main ideas and findings of this work and
highlights possible future research directions, for which the de-
veloped formalism seems particularly promising.

Figure 1: Periodic Electronic density n(r) and spatially localized response of
the electron density dn(R)/dRI to a perturbation viz. displacement of atom �RI
shown exemplarily for an infinite line of H2 molecules.

2. Fundamental Theoretical Framework

2.1. Density-functional theory
In DFT, the total energy is uniquely determined by the elec-

tron density n(r)

EKS = Ts[n] + Eext[n] + EH[n] + Exc[n] + Eion�ion , (1)

in which Ts is the kinetic energy of non-interacting electrons,
Eext the electron-nuclear, EH the Hartree, Exc the exchange-
correlation, and Eion�ion the ion-ion repulsion energy. All en-
ergies are functionals of the electron density. Here we avoid
an explicitly spin-polarized notation, a formal generalization to
collinear (scalar) spin-DFT is straightforward.

The ground state electron density n0(r) (and the associated
ground state total energy) is obtained by variationally minimiz-
ing Eq. (1)

�

�n

"
EKS � µ

 Z
n(r) dr � Ne

!#
= 0 , (2)

whereby the chemical potential µ = �EKS /�n ensures that the
number of electrons Ne is conserved. This yields the Kohn-
Sham single particle equations

ĥKS i =
⇥
t̂s + v̂ext(r) + v̂H + v̂xc

⇤
 i = ✏i i (3)

for the Kohn-Sham Hamiltonian ĥKS . In Eq. 3 t̂s is the the
kinetic operator, v̂ext the (external) electron-nuclear potential,
v̂H the Hartree potential, and v̂xc the exchange-correlation po-
tential. Solving Eq. (3) yields the Kohn-Sham single particle
states  i and their eigenenergies ✏i. The single particle states
determine the electron density via

n(r) =
X

i

fi| i(r)|2|, (4)

in which fi denotes the occupation number of eigenstate  i.
To solve Eq. (3) in numerical implementations, the Kohn-

Sham states are expanded in a finite basis set �µ(r)

 i(r) =
X

µ

Cµi �µ(r) (5)

using the expansion coe�cients Cµi. In this expansion, Eq. (3)
becomes a generalized algebraic eigenvalue problem

X

⌫

Hµ⌫C⌫i = ✏i

X

⌫

S µ⌫C⌫i . (6)

2

2n+1 Theorem:

• requires explicit supercells

• numerical noise affects low-symmetry systems
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Disadvantages:

Advantages:

• works within primitive unit cells

• full access to the electronic perturbation

• requires exchange-correlation derivatives

• costly in extended, low-symmetry systems
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The Harmonic Equations of Motion
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ÜI = �
X

J

DI,J(q) UJ

) DI,J(q) =
X

lmn

�I000,Jlmnp
MIMJ

exp(iqLlmn)

<latexit sha1_base64="pRbPLLxk6fLKann4KIOxKufF/WQ="></latexit>

Eharm =
1

2

X

I,J

X

abc,lmn

�Iabc,Jlmn�RIabc�RJlmn

FIabc = �
X

Jlmn

�Iabc,Jlmn�RJlmn

MIR̈Iabc = �
X

Jlmn

�Iabc,Jlmn�RJlmn

p
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ÜI = �
X

J

DI,J(q) �UJ

) DI,J(q) =
X

lmn

�I000,Jlmnp
MIMJ

exp(iqLlmn)Dynamic Matrix:



<latexit sha1_base64="BxwPk5htS01fqYOlTfI9rU6npRI="></latexit>

Eharm =
1

2

X

I,J

X

abc,lmn

�Iabc,Jlmn�RIabc�RJlmn

FIabc = �
X

Jlmn

�Iabc,Jlmn�RJlmn

MIR̈Iabc = �
X

Jlmn

�Iabc,Jlmn�RJlmn

p
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Equation of 
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Infinite number of degrees of freedom!

Finite number of degrees of freedom!

However, we have to  
address all q-points  
in the 1st Brillouin zone.
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ÜI = �
X

Jlmn

�I000,Jlmnp
MIMJ

exp(iqLlmn) �UJ
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ÜI = �
X

J

DI,J(q) �UJ

) DI,J(q) =
X

lmn

�I000,Jlmnp
MIMJ

exp(iqLlmn)

Eigenvalue problem:
<latexit sha1_base64="TGZAj+6kCJ+LvdcRsmCJHp0/6Do="></latexit>
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For Np atoms in the unit cell there are:

3 Acoustic modes:
- Atoms in unit cell in-phase 
- Acoustic modes vanish at 𝚪

- Strong (typically linear) dispersion close to  𝚪

(3Np - 3) Optical modes:
- Atoms in unit cell out-of-phase

- ω > 0 at 𝚪 (and everywhere else)

- Weak dispersion
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Go to: ! Hands-on-advanced —> ! Day 4 —> ! Advanced_Phonons
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Exercise 1 & 2
Instructions can be found at:  
https://github.com/asesma-org/ASESMA2025/ 

Go to: ! Hands-on-advanced —> ! Day 4 —> ! Advanced_Phonons

As usual, tutorial files can be found in /home/lab4b/Desktop/ASESMA2025

Go to: ! Hands-on-advanced —> ! Day 4 —> ! Advanced_Phonons

EXERCISE 1: Relaxation & FHI-aims settings

EXERCISE 2: Phonons with FHI-vibes and phonopy
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Convergence  
achieved!

N.B. 1 THz  4 meV∞



A Real Example: Diamond Si  

Audrey Valentin et al., 

J. Phys.: Condens. Matter 20 145213 (2008)

Comparison to  
experiment
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Experiment: M. J. L. Sangster, G. Peckham, and 
D. H. Saunderson, J. Phys. C 3, 1026 (1970). 

DFT calculation

Magnesium Oxide

Experiment

P. Giannozzi, S. Degironcoli, P. Pavone, and S. Baroni, Phys. Rev. B 43, 7231 (1991).

X. Gonze, and C. Lee, Phys. Rev. B 55, 10355 (1997).

Polar Crystals

What is wrong here?

+ +

When charged atoms are displaced, 

a weak, long-ranged dipole field is induced.

In the short-range ( ) this interaction is 
clouded by all other forces.

q ⇒ 0

In the long-range ( )  
this interaction becomes significant.

q ∞ 0

- - -
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D. H. Saunderson, J. Phys. C 3, 1026 (1970). 

DFT calculation

Magnesium Oxide

Experiment

P. Giannozzi, S. Degironcoli, P. Pavone, and S. Baroni, Phys. Rev. B 43, 7231 (1991).

X. Gonze, and C. Lee, Phys. Rev. B 55, 10355 (1997).

Polar Crystals

How to account for it?

+ +- - -
★Calculate Born Effective Charges Zi*, i.e., the 

derivative of the polarisation.
★Calculate dielectric constant , i.e, how the 

electric field is screened.
ε⇓

★Add the additional, far-field interaction:
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Polar Crystals

- -
LO-TO splitting

With correction
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ÜI = �
X

J

DI,J(q) UJ

) DI,J(q) =
X

lmn

�I000,Jlmnp
MIMJ

exp(iqLlmn)

The Harmonic Equations of Motion

<latexit sha1_base64="fvNpRLf07h+6LbuIS7j51Xu/wdU="></latexit>

UJ = exp[i!(q)t] · ŨJ(q)
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When the harmonic approximation is valid, 
you can immediately sample all 

thermodynamics expectation values 
analytically.



THE HARMONIC APPROXIMATION
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WARNING: 
Harmonic Approximation is only 

valid for small

displacements from R0!

At elevated temperatures the harmonic 
approximation becomes increasingly 

inaccurate – and often terribly misleading!

ANHARMONICITY
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⇒ Can we quantify anharmonicity  
in materials space?



Anharmonicity Quantification
How do Eharm and  Eanha= EDFT compare in different materials?

E

Requilibrium

1) Run ab initio MD simulations to obtain 
anharmonic trajectories RIDFT(t). 

2) Store the potential energies EDFT(t) 
observed along RIDFT(t). 

3) Evaluate which potential energies Eharm(t) the 
harmonic approximation would predict along  
RIDFT(t). 

4) The difference Eharm(t) - EDFT(t) quantifies the 
strength of anharmonic effects.

F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).
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1) Run ab initio MD simulations to obtain 
anharmonic trajectories RIDFT(t). 

2) Store the potential energies EDFT(t) 
observed along RIDFT(t). 

3) Evaluate which potential energies Eharm(t) the 
harmonic approximation would predict along  
RIDFT(t). 

4) The difference Eharm(t) - EDFT(t) quantifies the 
strength of anharmonic effects.

F. Knoop, T. A. R. Purcell, M. Scheffler, and C. Carbogno, Phys. Rev. Mater. 4, 083809 (2020).

In practice,  
it is beneficial to work with  

harmonic FIharm(t) and  
anharmonic forces FIDFT(t),

since this allows for  
an atom-specific resolution  

of anharmonic effects.
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Anharmonicity  
Metric σA


How much do anharmonic effects contribute to the forces on average?
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Anharmonicity 

At 300K, many materials 
indeed behave almost 
perfectly harmonically.  

But even at 300K, there are systems that exhibit  
a strongly anharmonic dynamics.  

200+ Material Test Set:
• 97 Rock salt
• 67 Zincblende
• 45 Wurtzite
• 10 Perovskites
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At 700K, 
only 

<35% of
the materials

are  
almost  

perfectly  
harmonic. 

200+ Material Test Set:
• 97 Rock salt
• 67 Zincblende
• 45 Wurtzite
• 10 Perovskites



At 700K, 
already 

>40% of
the materials

exhibit  
strong

anharmonic
effects.
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At all  
temperatures,

complex
materials

exhibit 
stronger

anharmonic
effects.
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200+ Material Test Set:
• 97 Rock salt
• 67 Zincblende
• 45 Wurtzite
• 10 Perovskites
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Exercise 3: Estimate Anharmonicity

E

Requilibrium

Harmonic Approximation 1) Approximately sample the real dynamics 
using the harmonic approximation.

2) Store the potential energies EDFT(t) 
observed along RIDFT(t). 

3) Evaluate which potential energies Eharm(t) the 
harmonic approximation would predict along  
RIDFT(t). 

4) The difference Eharm(t) - EDFT(t) quantifies the 
strength of anharmonic effects.
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What is the Effect of Anharmonicity?
https://ollehellman.github.io/page/workflows/minimal_example_1.html

Harmonic fcc Al at 0K Anharmonic fcc Al at 800K 
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What is the Effect of Anharmonicity?
https://ollehellman.github.io/page/workflows/minimal_example_1.html

Harmonic fcc Al at 0K Anharmonic fcc Al at 800K 

 Anharmonicity can alter the phonon frequencies!Φ



What is the Effect of Anharmonicity?
https://ollehellman.github.io/page/workflows/minimal_example_1.html

Harmonic fcc Al at 0K Anharmonic fcc Al at 800K 

 Anharmonicity can alter the phonon frequencies!Φ
 Anharmonicity introduces finite line-widths!Φ
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THIS MECHANISM IS CALLED 

ELECTRON-PHONON 
COUPLING



Exercise 4: What about Electrons?

1) Approximately sample the real dynamics 
using the harmonic approximation.

2) Store the potential energies Eharm(t) 
observed along RIharm(t). 

3) Compute the potential energies EDFT(t) and  
band gaps for these samples.

4) Calculate the average band gap! 
Evaluate which potential en

E

Requilibrium



gap of Ge (see [41] and references therein). They amount to
(at Tx6 K): isotope shift Z0.36 meV/amu, renormaliza-
tionZK53 meV. The Pässler fit to uind(T) yieldsK52 meV
for the renormalization [40], also in good agreement with
the value obtained from the isotope effect. For the direct gap
of germanium u0, a value of 0.49 meV/amu is reported in
[41]. The corresponding gap renormalization (obtained by
using the MK1/2 law) is K71 meV, whereas a value of K
60 meV is obtained by ‘eyeballing’ the linear asymptote of
u0(T) in Fig. 6.44 of [14]. An average renormalization value
of K62 meV has been calculated by LCAO techniques in
[17]. This gap exhibits a spin-orbit splitting D0 and the
corresponding isotope effect has been measured for both
components, E0 and E0CD0 [41]. Surprisingly, the effect on
the E0CD0 gap of germanium has been found to be 30%
larger than that on E0, a fact which cannot be explained on
the basis of our present understanding of the spin-orbit
interaction. Actually, the authors of [34] have recently
found [43] that the spin-orbit split component of the uind of
Si shows the same isotope effects as the main component, a
fact which suggests that the isotope effect measurements of
E0CD0 presented in [41] should be repeated.

5. Diamond

5.1. Dependence of the edge luminescence frequency on
temperature and isotopic mass

The luminescence at the indirect exciton of diamond

(which is silicon-like) is shown in Fig. 6 [46]. The curve

through the experimental points corresponds to a single
Einstein oscillator. The fitted frequency, 1080 cmK1Z
1580 K, is close to the Debye temperature (w1900 K).
This figure shows again the fact mentioned in connection

with Fig. 5: in order to obtain the asymptotic behavior of a
gap for T/N we must either have data for TOTD (not the

case in Fig. 6) or fit the available data to a reliable algebraic

expression, as has been done for Fig. 6. The thick straight
line depicts the corresponding asymptote which enables us

to estimate a gap renormalization of 370 meV, much larger
than the corresponding values for Ge and Si ðx70 meVÞ. In
order to corroborate this a priori unexpected result, data on
the corresponding isotope shift come in handy. There are

two stable carbon isotopes, 12C and 13C. In [47] we find a
derivative of the gap with respect to M equal to 14G
0.8 meV/amu which, using the MK1/2 rule, leads to the

renormalization K2!14!13ZK364 meV, in excellent
agreement with the value estimated above. A recent

semiempirical LCAO calculation results in a renormaliza-
tion of 600 meV [48], even larger than the experimental

values. The value of the exciton energy shown in Fig. 6,
5.79 eV, can be compared with ab initio calculations of the

Fig. 5. Temperature dependence of the indirect gap of silicon. The
points are experimental [36], the solid curve represents a single

Einstein oscillator fit to the experimental points. The dashed line

represents the asymptotic behavior at high temperature: its intercept

with the vertical axis allows us to estimate the bare gap and thus the
zero-point renormalization due to electron–phonon interaction.

Fig. 6. Energy of the indirect exciton of diamond versus

temperature. The points are experimental. The solid curve

represents an Einstein oscillator fit whereas the dashed line
represents the asymptotic behavior at high temperature as extracted

from the Einstein oscillator fit. The intercept of the dashed line with

the vertical axis determines the unrenormalized (bare) gap. See text.

M. Cardona / Solid State Communications 133 (2005) 3–18 9

BAND GAP RENORMALIZATION

M. Cardona,  
Solid State Comm. 133, 3 (2005).

Electronic band gaps often 
exhibit a distinct  

temperature dependence

Linear extrapolation yields the 
bare gap at 0K, i.e., the gap for 
immobile nuclei (classical limit)

Linear Extrapolation

Actual band gap at 0K differs 
from the bare gap: 

⇒ Band gap renormalization 

due to 0K phonon motion



Classical Limit:  Equipartition Theorem

hEs(q, T )i = kBT
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Quantum-mechanical Solution: Bose-Einstein
Each mode carries
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Attention:  
Quantum-Nuclear Effects

Carbogno et al. Nuclear Dynamics in Solid Materials

0 200 400 600 800 1000
Temperature (K)

0

0.02

0.04

0.06

0.08

0.1

En
er

gy
 <

E s(q
)>

  (
eV

)

Classic
al fo

r all �

� �100cm-1

� �500cm-1

� �1,000cm-1

E
n
er

gy
hE

s
(q

)i
T

(e
V

)
<latexit sha1_base64="ooYWeRJFil9xsG5PAQZC+wT78Os="></latexit><latexit sha1_base64="ooYWeRJFil9xsG5PAQZC+wT78Os="></latexit><latexit sha1_base64="ooYWeRJFil9xsG5PAQZC+wT78Os="></latexit><latexit sha1_base64="ooYWeRJFil9xsG5PAQZC+wT78Os="></latexit>

� �1,500cm-1

Figure 3. Total Energy hEs(q)i carried per mode with frequency !s(q) in thermodynamic average both
in the classical (dashed line) and quantum-mechanical case (solid lines). In the later case, hEs(q)i includes
zero-point energy effects and sensitively depends upon the actual frequency !s(q).

They separate the respective quantum-mechanical many-body Hamiltonian122
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into a sum over independent, quantum-mechanical harmonic Hamiltonians Hha
s (q). Since phonons are123

boson, the wavefunction solving the Schrödinger equation for the full Hamiltonian Hha ha = Eha ha
124

is thus the product state  ha = ⇧s,q ha
s (q) of the solution of the indipendent, trivial one-dimensional125

Schrödinger equations Hha
s (q) ha

s (q) = Eha
s (q) ha

s (q). The respective total energy is thus givem by a126

sum over modes, where the ns(q) are the occupation numbers.127

2.1.1 Thermodynamic Considerations128

CC Total energy, independt of q, define dos and F129

Here, ⌦BZ =
R

BZ dq is the volume of the Brillouin zone. The mode- and reciprocal-space-vector specific130

amplitudes As(q) are determined by the initial conditions. Using Eq. (??) and (??), it is easy to show that131

each mode (s,q) contributes132

Es(q) =
A2
s(q)!

2
s(q)

2
(13)

to the total energy. CC Later: In total, the total energy per unit cell is E =
P

s
1

⌦BZ

R

BZ
dqEs(q). The133

equipartition theorem allows us evaluate the thermodynamic equilibrium value h·iT of the individual134

amplitudes hAs(q)iT =
p
2kBT/!s(q) at finite temperatures T . CC Needed? In this context, it is135

useful to introduce the “classical” occupation numbers nCL
s (q) = A2

s(q)!s(q)/2 = kBT/!s(q) for a later136

comparison to the quantum-mechanical problem.137
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+Fha(0K) 
Add vibrational 

free energy for each  
individual value of a0

Repeat for 
each temperature

0K <  T1 <  T2 

+Fha(T1) 

+Fha(T2) 
a0(T)

Birch-Murnaghan fits for each individual temperature allow to 
determine temperature dependence of lattice constant a0(T). 

Exercise 5: Quasi-Harmonic Approach



LATTICE EXPANSION
S. Biernacki and M. Scheffler, Phys. Rev. Lett. 63, 290 (1989).
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Frequencies lowered 

at larger volumes!
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Harmonic Model does not depend on volume:

=> Anharmonic Effect! 
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