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@ TDDFT: Basic theorems
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What is TDDFT?

What is TDDFT?

@ TDDFT is an extension of DFT: it is a DFT with time-dependent
external potential

@ The fundamental degree of freedom is the time-dependent
electronic density p(r, t)

Basic theorems

@ E. Runge and E. K. U. Gross, Phys. Rev. Lett. 52, 997 (1984).

@ R. van Leeuwen, Phys. Rev. Lett. 82, 3863 (1999).

[@ G. Vignale, Phys. Rev. A 77, 062511 (2008).
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DFT

@ There exists a one-to-one correspondence (up to an additive constant)
between the ground-state density p(r) and the static external potential
Vet (I)-

TDDFT

@ For a given initial state ®(f = 0) = o, time-dependent potentials
Vext (1, t) and time-dependent densities p(r, t) are in a one-to-one
correspondence (up to a purely time-dependent function).
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DFT
@ There exists a one-to-one correspondence (up to an additive constant)
between the ground-state density p(r) and the static external potential
Vet (I)-
@ The expectation value of any physical observable of a many-electron
system is a unique functional of the ground-state electron density p(r).

TDDFT

@ For a given initial state ®(f = 0) = o, time-dependent potentials
Vext (1, t) and time-dependent densities p(r, t) are in a one-to-one
correspondence (up to a purely time-dependent function).

@ The expectation value of any physical time-dependent observable is a
unique functional of the electron density p(r, t) and of the initial state
®(t = 0) = o (in our case: always the ground state).
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DFT

@ There exists a one-to-one correspondence (up to an additive constant)
between the ground-state density p(r) and the static external potential
Vet (I)-

@ The expectation value of any physical observable of a many-electron
system is a unique functional of the ground-state electron density p(r).

@ The minimum of the total energy functional gives the ground-state
density p(r).

TDDFT

@ For a given initial state ®(f = 0) = o, time-dependent potentials
Vexi (1, t) and time-dependent densities p(r, t) are in a one-to-one
correspondence (up to a purely time-dependent function).

@ The expectation value of any physical time-dependent observable is a
unique functional of the electron density p(r, t) and of the initial state
®(t = 0) = o (in our case: always the ground state).

@ The stationary point of the action (plus a boundary condition) gives the
density p(r, t).
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Action functional

Quantum mechanics

.
A[‘l’]:/O (W()|ior = HW(t))

JA[V]/oV = 0 with [6W(0)) = |6W(T)) = 0 is equivalent to the
time-dependent Schrédinger equation:

(i0r — H)[w(t)) = 0
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Action functional

Quantum mechanics

n
AlV] = /0 w()lior — Hw (1))

JA[V] /oW = 0 with [6W(0)) = |6W(T)) = 0 is equivalent to the
time-dependent Schrédinger equation:

(i0r — H)[w(t)) = 0

TDDFT
Runge Gross theorem = W (t) = V(1)[p].

| A

;
Alp] :/O (W(D)[pllidr — HW(B)[p])
But 6A[p]/dp = 0 is wrong!
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Action functional

Quantum mechanics

n
AlV] = /0 w()lior — Hw (1))

JA[V] /oW = 0 with [6W(0)) = |6W(T)) = 0 is equivalent to the
time-dependent Schrédinger equation:

(i0r — H)[w(t)) = 0

| A

TDDFT
Runge Gross theorem = W (t) = V(1)[p].

.
Alrl :/O (W()pllior — HW(B)[p])

But 6A[p]/dp = 0 is wrong!

The variation of the density at any time t < T causes a variation of the
wavefunction: we cannot set [§W(T)) = 0. So the correct variational principle
in TDDFT is:

5A[pl/op = I{(W(T)[p]|0W(T)Ip]/dp)

N
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TDDFT summary

Vi(t) #Va(h) +C(8) = mi(t) # na(t)

n(t) n(t)
V1 ,\\
VASIERVAY
n(t) ¥ @~
V2 I |
3 t t
T True system Kohn-Sham system

@ (Runge-Gross) Given an initial state, if two time-dependent external potentials v;
and v, differ more than a time-dependent constant, then the corresponding
time-dependent densities p1 and p, are different
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TDDFT summary

Vi(t) # Va(t) + C(t) = mna(t) # na(t)
n(t) n(t)
V1 /,\\
VASIERVAY
n(t) ¥ @~

\7) i |
3 t t
T True system Kohn-Sham system

@ (Runge-Gross) Given an initial state, if two time-dependent external potentials v;
and v, differ more than a time-dependent constant, then the corresponding
time-dependent densities p; and p, are different

@ (van Leeuwen) If the density p; is produced by a time-dependent external
potential v4 in system 1 (starting from a given initial state), then one can uniquely
construct the potential v» that produces the same density in system 2 (the choice
of initial state in system 2 is also unique) - “v-representability in TDDFT”
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Kohn-Sham equations

DFT
VZ
-5
Vis(r) = Viu(r) + Vext(r) + Vie(r)
N
p(r) = Z lioi(r)I?

Unknown exchange-correlation poten-
tial Vic(r): functional of the density

p(r).

+ Vis(1) ) () = ()

VE2A(r) = ViEG(p(r))

TDDFT

2

[— % + Vis(r, t)] wi(r, t) = i%cpi(l‘, )

VKS(I‘7 t) = VH(r, t)+ Vext(r, t)+ ch(r, t)

N
p(r.t) =3 _ler B

Unknown exchange-correlation time-
dependent potential Vic(r,t): func-
tional of the density at all past times
p(r,t') with ' < t (and of the initial
states).

VRrPAr, 1) = Vio(p(r, 1))
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e Linear response in TDDFT
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Response functions

External perturbation Ve applied on the sample
— Vjot acting on the electronic system

Potentials

0 Vtot = Vext +0 Vind
OVing = Vdp

Dielectric function

_6Ve)(t _ 1 (5p

€= —v
Vot 0 Viot
oV, )

_1 tot 14
€'l =——=14+v—1n
0 Vext 0 Vext
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Response functions

External perturbation Ve applied on the sample
— Vjot acting on the electronic system

Dielectric function

O Vext
€= =1-vP
O Viot
oV,
1 tot
€ = =1+4v
O Vext X
_ op _op
= Voot X7 Ve
x = P+ Pvy
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Spectra

Abs(w) = Ji_rpo Imep(q, w)

Eels(q,w) = —Im {$}

Imeu(q, w)
[Reem(d, w)I? + [Imem(q, w)I?

Eels(q,w) =
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Linear response TDDFT

Linear response TDDFT

Sp(1) = / d2x(1,2)5Via(2) and 5p(1) = / d2x°(1,2)5 Vis(2)
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Linear response TDDFT

Linear response TDDFT
dp(1) = / d2x(1,2)6Vex(2) and dp(1) = / d2x°(1,2)8 Vks(2)

Using:

dVks(1) SVu(1)  6Vie(1)
0 Vext(2) 0 Vext(2) 6 Vext(2)
one obtains the Dyson equation of linear response TDDFT :

=5(1,2) +

X(1»2):XO(1a2)+/d34X0(1a3)[V(3a4)+fxc(3:4)]X(472)

where the exchange-correlation kernel f,. has been defined as:

§Vie(1)
p(2)

fe(1,2) =

OVi(p(r))

facPAGr vt ) = 6(r—r)o(t —t
¢ ( ) =d( )o( ) op(1)
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Linear response TDDFT

Exercise: derivation of TDDFT Dyson equation
sp(1) = / d2x(1,2)6 Vext(2) = / d2x°(1,2)6 Vks(2)

/d2 {, 2)5Vext /d2 A, 2)6VKS

x(1,3) :/d2X 1,2) 5Vext(2) +66‘ZZ((§))+6VXC( )

x(1,3) = x°(1,3) +/d2’<0(1’2)[§\/v(:z((23)) i g\\z(;((i))]

SVu(2) dp(4)  dVie(2) Sp(4)
X(173):X0(173)+/d24xo 1,2)[ 5"24) 5szt(3) + 5p(4) §Vext(3)]

5Vi(2 / d5v(2,5)5p(5)

X(173) = X0(173) + / d24X (172)[‘/(274) + fXC(2a4)]X(47 3)




LR TDDFT
000000800

Linear response TDDFT

x(1,2) :x°(1,2)+/d34x°(173)[V(3,4)+fxc(3,4)lx(4, 2)

v

...many algorithms

@ Dyson equation in transition space (aka “Casida equation”): finite
systems

@ Dyson equation in Fourier space: extended systems

@ Lanczos algorithm - see B. Walker et al., PRL 96 (2006); D.
Rocca et al., J. Chem. Phys. 128 (2008).

@ Sternheimer equation - see X. Andrade et al., J. Chem. Phys.
126 (2007).
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Linear response TDDFT

Dyson equation

x(1,2) :X°(1,2)+/d34X°(1,3)[v(3,4)+fxc(3,4)]x(4, 2)

Kohn-Sham response function

2 () = S - G)W,-*(r)sof'(r)w,'*(r’)w(r’)

w—(gj—¢i)+in

i

(U] €™ Ugye 1 q) (Uokq) €74 i)
W — (Eck+q — Evk) + in

2
X&.6 (0, w) = ) Z(ka — fokiq)

vck

where we use  onk(r) = €™ U (r)

\
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TDDFT flow chart

Ground state calculation : ¢;, ¢; = construction of x°

X6.6/ (A w) = X& 6 (A, w)+ Y x&a (a4 W)V, (@)d6, .6, 6,]X6..6/(a, w)
Gi,Gz

caa(Aw) = da.a + Va(@)xe.e (q,w)

(w) = lim 1
eEmlw) = 1I P E—
" a-0 €alo,G':o(q’ w)

Abs(w) = Im{em(w)} Eels(w) = —Im{ ! }

em(w)
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Q Approximations
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Approximations

Dyson equation

X = X2+ X2V + fio)x

4

Approximations

@ Independent-particle approximation (IPA): v = f,c =0
@ Random-phase approximation (RPA): f, =0
@ TDLDA: f,, = fALDA

\
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Independent particles

Imem(w) = — J'i_TO VG:O(q)ImXOG=O,G’=0(q7w)

. : 1A
(Ui €O | U1 q) (Uckrql €O k)
W — (50k+q - Evk) +in

2
X&6 (0, w) = ) Z(ka — fokiq)

vck
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Independent particles

Imem(w) = — J'i_’PO VG:O(Q)'”“XOG:O,G':O(QM)

Z(f k — fek qu|e_i(q+G)r|Uck+q><Uck+q|ei(q+G,)r/|ka>
Y ¢ +q w — (50k+q - 5vk) + in

XG o (Qw) =
vek

v

Fermi’s golden rule

8r?
Imetn() = fim) S 5 {Ueksal o) F3(w ~ (cakia — 2uc)
vek

unoccupied states

o *— .
—
— occupied states \.\
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Silicon
Optical Absorption
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Approximations

Dyson equation

X = XO + XO(V + fxc)X

can be equivalently be written as:
x = X%+ x°(Vo + V + fie)x

Coulomb interaction

V=W +V

Vo=Vg(q) forG=0

_ . 0 forG=0
a(® =1\ \o(q) forG£0
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The Coulomb term v

The Coulomb term

V=VW+V

long-range vy = difference between Abs and Eels
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Coulomb term vy: Abs vs. Eels

50 T T T T
' I
- +  plasmon exp.
— v, (EELS)
0.9 v,
— 08y,
06 v,
— 04y,

oy

40—

- — 02y,

0.1v,

0.05 v,
— ;=0 (Absorption)
— v, (0t=—0.2)
T 12 14 1 18 2 2 | e absorptionexp.

20—

10 —

F. Sottile, PhD thesis (2003) - Bulk silicon: absorption vs. EELS.
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The Coulomb term v

The Coulomb term

V=V +V

long-range v, = difference between Abs and Eels

what about v ?
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The Coulomb term v

The Coulomb term

V=Vy+V

long-range vy = difference between Abs and Eels

what about v ?

v is responsible for crystal local-field effects
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Coulomb term v: local fields

oy ceeip
: o N\ pa |
q : 'J’ } = = =rpa-nlf
my 7, 3 X
5 <
4 =

energy (eV)

A. G. Marinopoulos et al., PRL 89 (2002) - Graphite EELS
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What are local fields?

Vaxt macroscopic

Vind macroscopic and microscopic

Effective medium theory
Uniform field Eq applied to a dielectric sphere with dielectric constant e in
vacuum. From continuity conditions at the interface:

_ 31

T 4re+2 0

¥ Jackson, Classical electrodynamics, Sec. 4.4.
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What are local fields?

Voxt macroscopic

Vind macroscopic and microscopic

Effective medium theory

Regular lattice of objects dimensionality d of material €1 in vacuum
Maxwell-Garnett formulas

@ dot (O D system)

Imeq (w)
[Ree1 (w) + 2% + [Imeq (w)]?

|m€M( )

@ wire (1D system)

Imel,(w) ocime; (w)
|m€1 (w)
[Ree1 (w) + 117 + [Imeq (w)]?

Ime(w) oc
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What are local fields?

F T T T T ] 12
30F — without LFE {
E ...... &, without LFE § 1 10
NZO-— -——g W?[h LFE —
w r f— SLwnhLFE = 08 8 <<
[ g EMT o ; c
10F . s o.60 £
[ K S 0p s 16 §
[ a 3
L - = l <
0 10 0.4 4
Energy [eV] 0.30 P NN N
0.2 [N 2
F. Bruneval et al., PRL 94 (2005) - P /
. . 0.00 \_~"
Si nanowires 0 0
2 25 3 35 4 45
o (eV)

S. Botti et al., PRB 79 (2009) -
SiGe nanodots



fxe kernel: TDLDA

Up to now £, = 0 (RPA).
What about the kernel f,,?
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kernel: TDLDA

Silicon
EELS

50 « EXP
= RPA
r = = TDLDA
RPA NLF
4.0~

-1

-lme (o)
w
o

20

energy loss, © [eV]
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fxe kernel: TDLDA

T T T
0.02 o
— Exp.
— TDLDA
— RPA
H,—‘().()15 » -
>
L
—_
8 ool i
Z
7]
0.005- Iql=1.325 a.u. |
II[111]
0 1 | ' | L | )

Energy [eV]}

H. Weissker et al, PRL 97 (2006) - Bulk Si - IXS
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fxe kernel: TDLDA

Increasing momentum transfer q [bohr]

120 T T T 100 T T
100 | 1 s} i
80 | 1
60 | |
40 | ]
20k q=0.45 q=0.54 |
0 . . A ;
0 2 20 25 30 s )20 25 30
EleV]
Sodium - IXS

Exp. M. Cazzaniga, et al, PRB 84 (2011);
Theo: M. Panholzer et al, PRL 120 (2018).
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fxe kernel: TDLDA

20 U T T T
\ i
A\ G
I5F \ % ALDA —---
* i 2p2h
10 \\+"“. exp +
=0.54 {
5 F q
20 2‘5 0
0 L —
10 11

Sodium - IXS

Exp. M. Cazzaniga, et al, PRB 84 (2011);
Theo: M. Panholzer et al, PRL 120 (2018).
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fxe kernel: TDLDA

Dipole Strength [1/eV]
=

Dipole Strength [1/eV]
o

6 8 10 12 14 16
Energy [eV]

M. Marques et al., J. Chem. Phys. 115 (2001) - SiH4: Ve vs. fie
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c kernel: TDLDA

60 T T T T

50—

40—

30—

v Im {70}

20—

= lo®' | | L
J 3 4 9. 6
® (eV)

Bulk silicon: absorption
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e kernel: TDLDA

v, Im (g}

©

Solid argon: absorption
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fxe kernel: TDLDA

TDLDA:

@ YES for EELS of solids and absorption of finite systems
@ NO for absorption of solids

What is missing?
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