
HARVARD

Planckian Dynamics

1. SYK as a solvable model of quantum matter without quasiparticles

2. Quantum critical dynamics of the Ising model in 2 spatial dimensions 

3. Strange metal from metallic quantum phase transitions with spatial disorder
 

School on Quantum Dynamics of Matter, Light and Information 
ICTP,  Trieste 

August 18, 19, 2025 
 

Subir Sachdev

<latexit sha1_base64="GKs58WptcaNGJH/aEx/a5acPuCo="></latexit>

ωr → C ⊋
kBT
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A simple model of a metal with quasiparticles

tij are independent random variables with tij = 0 and |tij |2 = t2
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A simple model of a metal with quasiparticles

Feynman graph expansion in tij.., and graph-by-graph average,
yields exact equations in the large N limit:
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G(!) can be determined by solving a quadratic equation.
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A simple model of a metal with quasiparticles
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Single particle energy "↵
level spacing ⇠ 1/N
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Random matrix model
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1. Large-N theory of the SYK model 

2. Finite-N theory of the SYK model

3. Quantum Einstein-Maxwell gravity theory  

      of charged black holes
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Pick a set of random positions

Sachdev, Ye (1993); Kitaev (2015)

The SYK model
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Place electrons randomly on some sites

The SYK model
Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Place electrons randomly on some sites

Sachdev, Ye (1993); Kitaev (2015)
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Entangle electrons pairwise randomly

The SYK model
Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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The SYK model

Entangle electrons pairwise randomly

Sachdev, Ye (1993); Kitaev (2015)
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A. Kitaev, unpublished; S. Sachdev, PRX 5, 041025 (2015)

S. Sachdev and J. Ye, PRL 70, 3339 (1993)

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, J. Flores, J.B. French, P.A. Mello, A. Pandey, and S.S.M. Wong, Rev. Mod. Phys. 53, 385 (1981))

U↵�;�� are independent random variables with U↵�;�� = 0 and |U↵�;��|2 = U2

N ! 1 yields critical strange metal.
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The Sachdev-Ye-Kitaev (SYK) model
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The Sachdev-Ye-Kitaev (SYK) model
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:
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1

i! + µ� ⌃(i!)
, ⌃(⌧) = �U2G2(⌧)G(�⌧)

G(⌧ = 0�) = Q.
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Solution G(ω) → T→1/2F (⊋ω/kBT )

A. Georges and O. Parcollet 
PRB 59, 5341 (1999)



The complex SYK model
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Solution of these equations, and of the free energy, yields universal results for the SYK
model:

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�1/2 () indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a parameter E :

G(⌧) ⇠
⇢

�⌧�1/2 ⌧ > 0
e�2⇡E(�⌧)�1/2 ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and the total charge
0 < Q < 1

e2⇡E =
sin(⇡/4 + ✓)

sin(⇡/4� ✓)

Q =
1

2
� ✓

⇡
� sin(2✓)

4

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)



The complex SYK model
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Solution of these equations, and of the free energy, yields universal results for the SYK
model:

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�1/2 () indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a parameter E :

G(⌧) ⇠
⇢

�⌧�1/2 ⌧ > 0
e�2⇡E(�⌧)�1/2 ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and the total charge
0 < Q < 1

e2⇡E =
sin(⇡/4 + ✓)

sin(⇡/4� ✓)

Q =
1

2
� ✓

⇡
� sin(2✓)
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S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)



The complex SYK model

A. Georges, O. Parcollet,  
and S. Sachdev,   

PRB 63, 134406 (2001)
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Solution of these equations, and of the free energy, yields universal results for the SYK
model:

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�1/2 () indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a parameter E :

G(⌧) ⇠
⇢

�⌧�1/2 ⌧ > 0
e�2⇡E(�⌧)�1/2 ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and the total charge
0 < Q < 1

e2⇡E =
sin(⇡/4 + ✓)

sin(⇡/4� ✓)

Q =
1

2
� ✓

⇡
� sin(2✓)

4

S. Sachdev and J. Ye, 
PRL 70, 3339 (1993)



The complex SYK model

• At T > 0, we obtain a solution with a conformal structure

G(⌧) = �A
e�2⇡ET⌧

p
1 + e�4⇡E

✓
T

sin(⇡T ⌧)

◆1/2

, 0 < ⌧ < 1/T ,

where the ‘particle-hole asymmetry’ is determined by E
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A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015)
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Solution of these equations, and of the free energy, yields universal results for the SYK
model:

• At long times, and at T = 0, G(⌧) ⇠ |⌧ |�1/2 () indication there are no quasiparticles)

• At general charge Q, there is a spectral symmetry determined by a parameter E :

G(⌧) ⇠
⇢

�⌧�1/2 ⌧ > 0
e�2⇡E(�⌧)�1/2 ⌧ < 0

, T = 0

• There is a universal ‘Luttinger relation’ between �1 < E < 1 and the total charge
0 < Q < 1

e2⇡E =
sin(⇡/4 + ✓)

sin(⇡/4� ✓)

Q =
1

2
� ✓

⇡
� 1

4

sin(2✓)

sin(2⇡�)



The complex SYK model

S. Sachdev and J. Ye, PRL 70, 3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015)

E = �0.26
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional
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Feynman graph expansion in U↵�;��, and graph-by-graph average, yields
exact equations in the large N limit:
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Saddle-point equations:
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These results can also be obtained from the saddle-point of a G-⌃-D-⇧
action, obtained using replica methods as for the SYK model.
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Saddle-point equations: ⌃(⌧, r) = g2D(⌧, r)G(⌧, r),

Migdal-Eliashberg ⇧(⌧, r) = �g2G(�⌧,�r)G(⌧, r),

G(i!,k) =
1

i! � "(k) + µ� ⌃(i!,k)
,

D(i⌦,q) =
1

⌦2 + q2 +m2
b �⇧(i⌦,q)

.

Yukawa-SYK model
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These results can also be obtained from the saddle-point of a G-⌃-D-⇧
action, obtained using replica methods as for the SYK model.

Z =

Z
DGD⌃DDD⇧ exp(�NSall)

Sall = � ln det(@⌧ +�µ+ ⌃) +
1

2
ln det(�@2

⌧ + !2
0 �⇧)

+

Z
d⌧

Z
d⌧ 0


�⌃(⌧ 0; ⌧)G(⌧ ; ⌧ 0) +

1

2
⇧(⌧ 0; ⌧)D(⌧ ; ⌧ 0)

+
g2

2
G(⌧ ; ⌧ 0)G(⌧ 0; ⌧)D(⌧ ; ⌧ 0)

�
.

<latexit sha1_base64="wREFvuELzUDPOtP0pA/f5a3U28I="></latexit>

⌃(⌧) = g2D(⌧)G(⌧),

⇧(⌧) = �g2G(�⌧)G(⌧),

G(i!) =
1

i! + µ� ⌃(i!)
,

D(i⌦) =
1

⌦2 + !2
0 �⇧(i⌦)

.



Yukawa-SYK model

I. Esterlis and J. Schmalian,  
PRB 100, 115132 (2019) 

See also Yuxuan Wang,  
PRL 124, 017002 (2020)

<latexit sha1_base64="MP/ETl0MEZknqYdYtKy+tCciA4k="></latexit>

H = �µ
X

i

 †
i i +

X

`

1

2

�
⇡2
` + !2

0�
2
`

�
+

1

N

X

ij`

gij` 
†
i j�`

with gij` independent random numbers with zero mean. The large N equations for the Green’s
functions and self energies of the fermions (G,⌃) and bosons (D,⇧) are

G(i!n) =
1

i!n + µ� ⌃(i!n)
, D(i!n) =

1

!2
n + !2

0 �⇧(i!n)

⌃(⌧) = g2G(⌧)D(⌧) , ⇧(⌧) = �g2G(⌧)G(�⌧)

Make the low frequency ansatz

G(i!) ⇠ �isgn(!)|!|�(1�2�) , D(i!) ⇠ |!|1�4� ,
1

4
< � <

1

2

A consistent solution exists for

4�� 1

2(2�� 1)[sec(2⇡�)� 1]
= 1 , � = 0.42037 . . .
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T/ω0

∼ g2

Free fermions

1

1/10
SC

Quantum critical:
SYK-NFL

Impurity-like NFL
Quantum critical:

∼ g−2

g

FIG. 1. Schematic phase diagram of the SYK model for electron-
boson coupling as function of the dimensionless coupling constant
g = ḡ/ω3/2

0 , where ω0 is the bare phonon frequency. At lowest T the
normal state would be a non-Fermi-liquid state with anomalous ex-
ponents, similar to other SYK models. For g < 1 superconductivity
sets in at Tc/ω0 ∝ g2, comparable to the temperature where quantum-
critical SYK-NFL sets in. Thus, pairing occurs instead of the low-
T quantum critical state. At strong coupling a new intermediate-
temperature regime opens up that is characterized by fully incoherent
fermions. Coherent pairing of such incoherent fermions is still pos-
sible with finite transition temperature Tc → 0.112ω0.

or magnetic fluctuations; see also the summary section of this
paper. In this more general reasoning we see the justifica-
tion of our statements as they pertain to the aforementioned
materials.

II. MODEL

We start from the following Hamiltonian:

H = −
N∑

i=1

∑

σ=±
µc†

iσ ciσ + 1
2

M∑

k=1

(
π2

k + ω2
0φ

2
k

)

+
√

2
N

N∑

i j,σ

M∑

k

gi j,kc†
iσ c jσ φk, (5)

with fermionic operators ciσ and c†
iσ that obey [ciσ , c†

jσ ′ ]+ =
δi jδσσ ′ and [ciσ , c jσ ]+ = 0 with spin σ = ±1. In addition, we
have phonons, i.e., scalar bosonic degrees of freedom φk with
canonical momentum πk , such that [φk,πk′ ]− = iδkk′ . Here,
i, j = 1 . . . N refer to fermionic modes and k = 1 . . . M to the
phonon field. Below we consider the limit N = M → ∞. We
briefly comment on the behavior for arbitrary M/N in Ap-
pendix C. For simplicity, we assume particle-hole symmetry
which yields µ = 0 for the chemical potential. Notice, the
coupling to phonons usually shifts the particle-hole symmetric
point to a nonzero value of µ. This is a consequence of the
Hartree diagram. However, this contribution vanishes in the
N → ∞ limit.

The electron-phonon coupling constants gi j,k are real,
Gaussian-distributed random variables that obey

gi j,k = g ji,k . (6)

The distribution function has zero mean and a second moment
|gi j,k|2 = ḡ2. The unit of ḡ is energy3/2. Thus, even for µ = 0,
the model has two energy scales, the bare phonon frequency
ω0 and ḡ2/3. For convenience we measure all energies and
temperatures in units of ω0 and use the dimensionless cou-
pling constant g2 = ḡ2/ω3

0. Whenever it seems useful, we will
reintroduce ω0 in the final results.

We perform the disorder average using the replica trick
[73]. Since gi j,k only occurs in the random part of the inter-
action we are interested in the following average:

e−Srdm = e−
∑

i jk gi jkOi jk , (7)

where Oi jk =
√

2
N

∑
σa

∫ β

0 dτ c†
iσa(τ )c jσa(τ )φka(τ ). Here, a =

1, . . . , n stands for the replica index and the overbar denotes
disorder averages, while τ stands for the imaginary time in
the Matsubara formalism with β = (kBT )−1 the inverse tem-
perature. The gi j,k are for given k chosen from the Gaussian
orthogonal ensemble (GOE) of random matrices [74]. We
obtain for the disorder average

e−
∑

i jk gi jkOi jk |GOE = eḡ2 ∑
i jk (O†

i jk+Oi jk )2
. (8)

There is an important distinction between the models with
and without time-reversal symmetry for individual disorder
configurations. If we allow for complex coupling constants
with gi j,k = g∗

ji,k , then, for given k, gi j,k would be chosen
from the Gaussian unitary ensemble (GUE). Performing the
disorder average for the case of the unitary ensemble yields

e−
∑

i jk gi jkOi jk |GUE = e2ḡ2 ∑
i jk O†

i jkOi jk . (9)

As can be seen from the distinct behavior of the disorder
averages in Eqs. (9) and (8), the orthogonal ensemble with
time-reversal symmetry contains, in addition to terms like
O†

i jkOi jk , that also occur in the unitary ensemble, the anoma-

lous terms O†
i jkO†

i jk and Oi jkOi jk . The anomalous terms can
be analyzed at large N by introducing anomalous propagators
and self-energies. These terms give rise to superconductivity
(see Appendix A).

The subsequent derivation of the self-consistency equa-
tions of the model in the large-N limit proceeds along the lines
of other SYK models [36,39–43,55,56]. Assuming replica
diagonal solutions, we obtain a coupled set of equations for
the fermionic and bosonic self-energies and Green’s func-
tions. This derivation is summarized in Appendix A. The
most straightforward formulation can be performed using
the Nambu spinors ci = (ci↑, c†

i↓) in the singlet channel.
Then, we obtain the coupled set of equations for the self-
energies:

(̂(τ ) = ḡ2τ3Ĝ(τ )τ3D(τ ), (10)

)(τ ) = −ḡ2tr(τ3Ĝ(τ )τ3Ĝ(τ )), (11)

with D−1(νn) = ν2
n + ω2

0 − )(νn) and the fermionic Dyson
equation in Nambu space Ĝ(εn)−1 = iεnτ0 + µτ3 − (̂(εn),
where τα are the 2 × 2 Pauli matrices in Nambu space.
Here, εn = (2n + 1)πT and νn = 2nπT are fermionic and
bosonic Matsubara frequencies, respectively. These relations
correspond to the Eliashberg equations of electron-phonon
superconductivity, however, with the inclusion of the fully
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1. Large-N theory of the SYK model 

2. Finite-N theory of the SYK model

3. Quantum Einstein-Maxwell gravity theory  
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G-⌃
path

integral

After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as

Z =

Z
Dcia(⌧) exp

"
�
X

ia

Z �

0
d⌧ c†ia

✓
@

@⌧
� µ

◆
cia

� U2

4N3

X

ab

Z �

0
d⌧d⌧ 0

�����
X

i

c†ia(⌧)cib(⌧
0)

�����

4
3

5 .

For simplicity, we neglect the replica indices, and introduce the
identity

1 =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp

"
�N

Z �

0
d⌧1d⌧2⌃(⌧1, ⌧2)

 
G(⌧2, ⌧1)

+
1

N

X

i

ci(⌧2)c
†
i (⌧1)

!#
.

Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
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At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
eG(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
e⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
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path

integral

After introducing replicas a = 1 . . . n, and integrating out the dis-
order, the partition function can be written as
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Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2) exp(�NS)

S = ln det [�(⌧1 � ⌧2)(@⌧1 + µ)� ⌃(⌧1, ⌧2)]

+

Z
d⌧1d⌧2

⇥
⌃(⌧1, ⌧2)G(⌧2, ⌧1) + (U2/2)G2(⌧2, ⌧1)G

2(⌧1, ⌧2)
⇤

At frequencies ⌧ U , the time derivative in the determinant is less
important, and without it the path integral is invariant under the
reparametrization and gauge transformations

⌧ = f(�)

G(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�1/4 g(�1)

g(�2)
G(�1,�2)

⌃(⌧1, ⌧2) = [f 0(�1)f
0(�2)]

�3/4 g(�1)

g(�2)
⌃(�1,�2)

where f(�) and g(�) are arbitrary functions.
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We can map the T = 0
solution to the T > 0
solution by

⌧ =
1

⇡T
tan(⇡T�)

g(�) = e�2⇡ET�
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Reparametrization and phase zero modes
We can write the path integral for the SYK model as

Z =

Z
DG(⌧1, ⌧2)D⌃(⌧1, ⌧2)e

�NS[G,⌃]

for a known action S[G,⌃]. We find the saddle point, Gs, ⌃s, and only focus on the
“Nambu-Goldstone” modes associated with breaking reparameterization and U(1)
gauge symmetries by writing

G(⌧1, ⌧2) = [f 0(⌧1)f
0(⌧2)]

1/4Gs(f(⌧1)� f(⌧2))e
i�(⌧1)�i�(⌧2)

(and similarly for ⌃). Then the path integral is approximated by

Z =

Z
Df(⌧)D�(⌧)e�E0/T+Ns0�NSeff [f,�] ,

where E0 / N is the ground state energy.
Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
K

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧ ✏)2 �

�

4⇡2

Z 1/T

0
d⌧ {tan(⇡T (⌧ + ✏(⌧), ⌧},

where f(⌧) ⌘ ⌧ + ✏(⌧), the couplings K, �, and E can be related to thermodynamic
derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.



A. Kitaev

Let us write the large N saddle point solutions of S as

Gs(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�1/2

⌃s(⌧1 � ⌧2) ⇠ (⌧1 � ⌧2)
�3/2.

The saddle point will be invariant under a reperamateri-
zation f(⌧) when choosing G(⌧1, ⌧2) = Gs(⌧1 � ⌧2) leads
to a transformed eG(�1,�2) = Gs(�1 � �2) (and similarly
for ⌃). It turns out this is true only for the SL(2, R)
transformations under which

f(⌧) =
a⌧ + b

c⌧ + d
, ad� bc = 1.

So the (approximate) reparametrization symmetry is spon-
taneously broken down to SL(2, R) by the saddle point.

Symmetries of the large N saddle point



Symmetries of the large N saddle point

A. Kitaev, 2015

R. Davison, Wenbo Fu, A. Georges, Yingfei Gu, K. Jensen, S. Sachdev,  PRB 95, 155131 (2017)

• The saddle-point

G(⌧1 � ⌧2) = �A
e�2⇡ET (⌧1�⌧2)

p
1 + e�4⇡E

✓
T

sin(⇡T (⌧1 � ⌧2))

◆2�

is invariant only under PSL(2, R) transformations which map
the thermal circle onto itself, and an associated gauge trans-
formation

tan(⇡Tf(⌧))

⇡T
=

a
tan(⇡T ⌧)

⇡T
+ b

c
tan(⇡T ⌧)

⇡T
+ d

, ad� bc = 1,

�i�(⌧) = �i�0 + 2⇡ET (⌧ � f(⌧))
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G-⌃
path

integral

Symmetry arguments, and explicit computations, show that the e↵ective action is

Se↵ [f,�] =
NK

2

Z 1/T

0
d⌧(@⌧�+ i(2⇡ET )@⌧f)2 �

N�

4⇡2

Z 1/T

0
d⌧ {tan(⇡Tf(⌧)), ⌧},

where f(⌧) is a monotonic map from [0, 1/T ] to [0, 1/T ], the couplings K, �, and E
can be related to thermodynamic derivatives and we have used the Schwarzian:

{g, ⌧} ⌘ g000

g0
� 3

2

✓
g00

g0

◆2

.

Specifically, an argument constraining the e↵ective at T = 0 is

Se↵


f(⌧) =

a⌧ + b

c⌧ + d
,�(⌧) = 0

�
= 0,

and this is origin of the Schwarzian.
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• Feynman path integral over f(⌧), the
reparameterization of the time of the
SYK model, and �(⌧) a phase con-
jugate to the total charge Q.
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Low temperature thermodynamics: for kBT ⌧ U

Z = Tr exp
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Many-body density of states

(Numerics: G. Tarnopolsky)
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S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)
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4
= 0.46484769917 . . . .

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)
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Energy level
spacing ⇠ e�Ns0 !

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)
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No exponentially large
degeneracy, but exponentially
small level spacing!
No quasiparticle decomposition:
wavefunctions change chaotically
from one state to the next.

Boltzmann
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D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Beyond Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="vWgqR4x8IbTARO4Q0j5rEJbszHY="></latexit>

D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

Beyond Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="vWgqR4x8IbTARO4Q0j5rEJbszHY="></latexit>

D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

J. S. Cotler et al.,  
JHEP 05 (2017) 118

Beyond Boltzmann



Complex SYK model

<latexit sha1_base64="hnF8BWWJU++PtXLYNmY/RsCB0kA="></latexit>

D(E) =
X

i

�(E � Ei); E0 + Ei ) Many body eigenvalue

Many-body density of states

<latexit sha1_base64="VCVhvgkfJ0V9EihjZeuwQtRq9A0="></latexit>

S(T ! 0) = N(s0 + �T )

D(E) ⇠ eS(E)

= eNs0+
p
2N�E

(Numerics: G. Tarnopolsky)

<latexit sha1_base64="NZXCK7NnpDw2ihzadMTIbsaaJgY="></latexit>

At Q = 1/2

s0 =
Catalan

⇡
+

ln 2

4
= 0.46484769917 . . . .

<latexit sha1_base64="vWgqR4x8IbTARO4Q0j5rEJbszHY="></latexit>

D(E) ⇠

N�1 exp (Ns0) sinh(
p

2N�E)

A. Georges, O. Parcollet, and S. Sachdev, 
PRB 63, 134406 (2001)

J. S. Cotler et al.,  
JHEP 05 (2017) 118

Yingfei Gu, A. Kitaev, S. Sachdev, and  
G. Tarnopolsky, JHEP 02 (2020) 157
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D(E) ⇠ N

Random matrix model
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D(E) ⇠ eS(E)

= e
p
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S(T ! 0) = N�T

Many-body density of states
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For random
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occupation

number



1. Large-N theory of the SYK model 

2. Finite-N theory of the SYK model

3. Quantum Einstein-Maxwell gravity theory  

      of charged black holes

        



Quantum Entanglement across a black hole horizon

Black hole 
horizon

= | ↑↓〉 − | ↓↑〉

Quantum entanglement 
on the surface
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By computations outside
the black hole,

Hawking obtained

S =
Ac3

4G~

where A is area of the

black hole horizon.

All other systems have

entropy proportional to

their volume.
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The Einstein action for gravity in 3+1 dimensions is

IE =

Z
d4x

p
g


� 1

22
R4

�
, Z =

Z
Dg exp(�IE) ,

where 2 = 8⇡GN is the gravitational constant, R4 is the Ricci scalar. The Schwarzschild solution
of the saddle-point equations is

ds2 = V (r)d⌧2 + r2d⌦2
2 +

dr2

V (r)

where d⌦2
2 is the metric of the 2-sphere, and

V (r) = 1� m

r
.

The gravitational mass of the black hole is M = 2GNm. The black hole horizon is at r = r0 where
V (r0) = 0; so

r0 = m
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Distance
outside horizon
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The T > 0 quantum partition function is obtained in a spacetime which is periodic as a function
of ⌧ with period ~/(kBT ). We have to ensure that there is no singularity at the horizon r0 where
V (r0) = 0. Let us change radial co-ordinates to y, where r = r0 + y2. Then for small y

ds2 =
4

V 0(r0)


(V 0(r0))2

4
y2d⌧2 + dy2

�
+ r20d⌦

2
2 =

4

V 0(r0)

⇥
y2d✓2 + dy2

⇤
+ r20d⌦

2
2

The expression in the square brackets is the metric of the flat plane in polar co-ordinates, with
radial co-ordinate y and angular co-ordinate ✓ = V 0(r0)⌧/2. Smoothness requires periodicity in ✓
with period 2⇡, and so

4⇡T = V 0(r0) =
1

m
.
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The free energy �F = IE , where � = 1/T . So the entropy is

S = �@F

@T
=

✓
�

@

@�
� 1

◆
IE

However, the metric is ⌧ -independent, and the only explicit dependence of the action is via IE = �H.

Such an action implies S = 0.

The entire contribution to the entropy comes from the vicinity of the co-ordinate singularity at

r = r0. We evaluate the action is the small region around this point

Igrav = IE + IGH , IGH =

Z

@

d
3
x
p
gb


� 1

2
K3

�
, Z =

Z
Dg exp(�Igrav) ,

where K3 is the extrinsic scalar curvature of the 3-dimensional boundary of spacetime. IGH is the

Gibbons-Hawking boundary term, deduced by the requirement that the Euler-Lagrange equations

of Igrav co-incide with the Einstein equations, with no additional boundary terms. The entire

contribution to the entropy will come from IGH .



where H is the Hamiltonian. Hence, when such a geometry provides the dominant
saddle point, ln Z ≈ I is linear in β, and

S ≈
(

β
∂

∂β
− 1

)

I = 0. (6.7)

That is, there is no classical contribution to the entropy for this solution, as we would
expect.

For solutions with a black hole, on the other hand, such a foliation by surfaces of
constant time will necessarily break down in the interior, where the S1 degenerates.
Thus, the action will not be linear in β. We can split the integration over the spacetime
up in the way shown in figure 12, into an integral over a small disc around the horizon
at r = r+, and the remaining integration. The remaining integration will then be
linear in β, as this region can be foliated with surfaces of constant t.

τ
r = r+

Figure 12: Decomposition of the calculation of the bulk action into a small region
near the horizon and the remainder.

One might think that the integration over the small disc would vanish in the limit
as we take the size of the disc to zero, since this is a smooth region of spacetime.
However, this is not the case: to be able to write the integration over the bulk of the
spacetime in Hamiltonian form, we have to be careful about how we break up the
integration, which means we have to keep a boundary term in the action (see [69, 70]).
The (leading-order) gravitational part of the action for the disc is

Igrav =
1

16πG

∫

M

ddx
√
−gR +

1

8πG

∫

∂M

dd−1y
√
−hK. (6.8)

The first term is the usual Einstein-Hilbert term; the second term is the integral of
the trace of the extrinsic curvature over the boundary, K = hµν∇µnν , where nµ is the
normal to and hµν the induced metric on the boundary. The surface term can also
be rewritten as

∫

∂M

dd−1y
√
−hK = − ∂

∂n

∫

∂M

dd−1y
√
−h. (6.9)

This surface term is necessary to ensure that the variation of the action vanishes
under arbitrary variations of the metric which vanish on ∂M [71].

For a small disc near the horizon, the metric is approximately

ds2 ≈ ρ2κ2dτ 2 + dρ2 + r2
+dΩ, (6.10)

33
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We evaluate IGH by using the identity

Z

@

d3x
p
gb K3 =

@

@n

Z

@

d3x
p
gb

where n is the Gaussian normal co-ordinate of the boundary. Evaluating at y = ✏, we have

Z

@

d3x
p
gb = 2⇡✏A

where A = 4⇡r20 is the area of the horizon. Combining everything, we have the famous result of

Hawking

S =
2⇡A
2

=
A

4GN

.



Quantum Entanglement across a black hole horizon
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Quantum entanglement 
on the surface
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By computations outside
the black hole,

Hawking obtained

S =
Ac3

4G~

where A is area of the

black hole horizon.

All other systems have

entropy proportional to

their volume.



Charged black holes
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We consider a charged black hole in Einstein-Maxwell theory of g and a U(1) gauge flux F = dA

IEM =

Z
d4x

p
g


� 1

22
R4 +

1

4g2
F

F 2

�
, ZQ =

Z
DgDA exp(�IEM � IGH) .

The saddle-point equations now yield a solution as before with

V (r) = 1 +
⇥2

r2
� m

r
; A⌧ = iµ

⇣
1� r0

r

⌘
; ⇥ =

r0p
2gF

µ ; Q =
4⇡µr0
g2
F

; S =
2⇡A
2

where Q is the total charge, the chemical potential is µ, and as before the horizon is where V (r0) = 0,
the temperature T = V 0(r0)/(4⇡), and A = 4⇡r20.

This defines a two parameter family of charged black hole solutions of IEM determined by T and Q.



Charged black holes
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Now we take the limit T ! 0 at fixed Q. Then we find the remarkable feature that the horizon
radius remains finite

Rh ⌘ r0(T ! 0,Q) =
QgF
4⇡

In this limit, entropy becomes

S(T ! 0,Q) =
4⇡R2

h

GN
+ � T , � ⌘ 4⇡2R3

h

GN

For the near-horizon metric, it is useful to introduce the co-ordinate ⇣

r = Rh +
R2

h

⇣

so that the horizon at T = 0 is at ⇣ = 1. Then in the near-horizon regime Rh ⌧ ⇣ < 1 the T = 0
metric is

ds2 = R2
h
d⌧2 + d⇣2

⇣2
+R2

hd⌦
2
2

This spacetime is AdS2 ⇥ S2.



Reissner-Nordstrom black hole of 
Einstein-Maxwell theory

⇣

Horizon
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Dimensional reduction from 3+1 dimensions
to 1+1 dimensions (AdS2) at low energies!
The isometry group of AdS2 is the 0+1 dimensional conformal group SL(2,R).
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A0 = 2GQ2/c4 is the area of the
charged black hole horizon at T = 0.
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Maxwell’s electromagnetism  
and Einstein’s general relativity  

allow black hole solutions with a net charge 

~x ⇣
The quantum versions of 
Maxwell’s and Einstein’s 

equations in this  
two-dimensional spacetime are 
also the equations describing 
electron entanglement in the 

SYK model!
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• For generic charged black holes in 3+1
dimensions, the SYK model yields, in
terms of A0 = 2GQ2/c4 the horizon
area at T = 0:
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There is no degeneracy, but an expo-
nentially small level spacing down to
the ground state.

Quantum simulation of charged black holes 
by the SYK model
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• With su�cient low energy
supersymmetry, string
theory yields:
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and an energy gap � above
the ground state.

String theory of charged black holes
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• ‘Wormhole’ contributions to this quan-
tum simulation have led to an under-
standing of the Page curve of entangle-
ment entropy of evaporating black holes.
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