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Transport properties of a strange metal:

1. Resistivity p(T) =po+ AT + ... asT — 0
and p(T) < h/e? (in d = 2).
Metals with p(T') > h/e* are bad metals.

2. Optical conductivity

K 1 D hw
. ~ | -
1 - m;;krans (w) | Ttrans (w) kB T

(10V,
Terans (W) m B. Michon......A. Georges, arXiv:2205.04030

o(lw) =

Electronic properties of a marginal Fermi liquid:

1. Photoemission: nearly marginal Fermi liquid electron spectral density:

how

. 1 hw
ImY(w) ~ |w|**®s; (kBT) with a =~ 1/2 ; @) ~ |w|Ps (kBT>

T.]. Reber....D. Dessau, Nature Communications 10,5737 (2019)

2. Speciﬁc heat ~ Tln(l/T) as 1 — 0. S.A. Hartnoll and A.P. MacKenzie, RMP (2022)
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Fermi surface coupled to a critical boson
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Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal
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Quantum criticality of Ising-nematic ordering in a metal
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Fermi surface

. 5(k)> Pk

—J ()T (r)ih(r)i(r)



Fermi surface + critical boson

a critical boson @
e.g. Ising-nematic order
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Fermi surface + critical boson
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Fermi surface + critical boson

a critical boson @
e.g. Ising-nematic order

o(r)]* + g T (r)y(r) o(r)

Large NN limit of:

0 Yl (s (r) oy (r)

with a, B,y =1...N
and g,3~ random in flavor space,

as 1n Yukawa-S YK models
of termions and bosons




Fermi surface coupled to a critical boson

“Yukawa” coupling: g/dQTdT O (r, ), 7)o (1, T)

(2
Boson self energy Il(q, 1)) ~ — 92u (Landau damping) Q

q s .

1
Boson Green’s function D(q, () =
(2,5 7> +72/q
Fermion self energy Z(]A{‘,, iw) ~ —isgn(w)|wl|?/? PR
1 ) |
Fermion Green’s function G(k,iw) = - — ’
W — 8(,{7) o Z(kv ZCU) P.A. Lee (1989)

Yields a state without quasiparticle excitations, but the theory is not systematic at large IV

Sung-Sik Lee (2009)



Fermi surface + critical boson

These results can also be obtained from the saddle-point and response functions
of a G-X-D-1I action. Such an action can formally be obtained in a Yukawa-SY K-
like large-/N limit of a theory with couplings which are random in an additional
(fictitious) flavor space.

— / DG DX DD DIl exp(—N San)

1
Sal = —Indet(0r + (k) — p+ ) A 21ndet(—03+q2—|—m§—ﬂ)

i 1
/d7d2 /dT d=r' | =27, v';7,0)G(r,r; 7, 1) - 2H(7",I";7‘, r)D(r,r;7, 1)

| 2 G(r,v; 7, " \G(7',v';7,0v)D(r,r; 7', 1" | .




Fermi surface + critical boson

These results can also be obtained from the saddle-point and response functions
of a G-X-D-1I action. Such an action can formally be obtained in a Yukawa-SY K-
like large-/N limit of a theory with couplings which are random in an additional

(fictitious) flavor space.

Z = /DGDZDDDHexp(—NSaH)

Saddle-point equations: M(1,r) = ¢°D(71,r)G(T,1),
Migdal-Eliashberg [1(r,r) = —¢°G(—7, —r)G(T,1),
1
Giw, k) =
(i, k) iw—e(k)+p—X(iw, k)’
1
D(i€, q)




Fermi surface + critical boson
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e.g. Ising-nematic order

o(r)]* + g T (r)y(r) o(r)

st e (0

Solution of Migdal-Eliashberg equations for electron (G)
and boson (D) Green’s functions at small w: P.A. Lee (1989)
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Fermi surface + critical boson

Ly =y (;T I €(k)) U

L

Transport—a perfect metal!
Conservation of momentum and
fermion-boson drag imply:

Relo(w)| = Dé(w) + ...

a critical boson @
e.g. Ising-nematic order

o(r)]* + g T (r)y(r) o(r)

S. A. Hartnoll, P. K. Kovtun, M. Muller, and S.S. PRB 76, 144502 (2007)

D. L. Maslov, V. I. Yudson, and A. V. Chubukov PRL 106, 106403 (20

S. A. Hartnoll, R. Mahajan, M. Punk, and S.S. PRB 89, 155130 (20]

1)
4)

A. Eberlein, I. Mandal, and S.S. PRB 94, 045133 (20

10)



Fermi surface + critical boson

Ly =y (867 l €(k)> Ui

a critical boson ¢
e.g. Ising-nematic order

o(r)]* + g T (r)y(r) o(r)

Optical conductivity—Diagrams

O @ O D ED

Re [o(w)] = C |w|~2/3

Yong Baek Kim, A. Furusaki, Xi1ao-Gang Wen,
and P. A. Lee, PRB 50, 17917 (1994).



Fermi surface + critical boson

o=l ( 0 I 5(k)> D a critical boson ¢

e.g. Ising-nematic order

ky
@ N B + g0 ()6 (r) o(r)

Kx

Optical conductivity—Diagrams

R ARG RC RGN

Re [O’ (w )] p— C |w | o 2/ 3 Yong Baek Kim, A. Furusaki, Xi1ao-Gang Wen,
and P. A. Lee, PRB 50, 17917 (1994).

: ' O
C=0 ow)~1/(w)+w +...
Haoyu Guo, Aavishkar Patel, Ilya Esterlis, S.S. PRB 106, 115151 (2022)
Z.. Darius Shi, D.V. Else, H. Goldman and T. Senthil, SciPost Phys. 14, 113 (2023)




Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport




Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NO strange metal transport




Fermi surface + critical boson with potential disorder

Lo = ,‘; ( 0 | 5(k)) m a critical boson ¢

e.g. Ising-nematic order

o(r)]* + g (r)y(r) ¢(r)
+o(r)! (r)e(r)

Spatially random potential v(r) with v(r) = 0, v(r)v(r") = v*6(r — ')



Fermi surface + critical boson with potential disorder

All results are obtained from the large N saddle-point and response functions of
this G->3-D-II theory:

— / DG DX DD DIl exp(—N San)

1
San = —Indet(0, +e(k) — u+ X) A 21ndet(—6’$+q2+mg—ﬂ)

i 1
/d7d2 /dT d=r' | =37, v 7, 0)G (T, r; 7, 1)) A 2H(T’,I";T, r)D(r,r;7,r')

1)2

G (7, ;7 G(', s, e)D(7,r; 7', 1) - ; G(r,v; 7, )G(7',vr';7,r)0(r — 1)

2




Fermi surface + critical boson with potential disorder

All results are obtained from the large N saddle-point and response functions of
this G->3-D-II theory:

Z = /DGDZDDDHGXP(—NSau)

Saddle-point equations

M(7,r) = ¢°D(1,v)G(1,v) + v°G(1,1)6 (1),
[I(r,r) = —¢°G(—7, —1)G(T, 1),

1
) —
Gliw, k) iw—e(k) + p— 2(iw, k)’
D(if2, q) = :

0?2 + g+ m; — 113, q)



Fermi surface + critical boson with potential disorder

Lo = ,‘; ( 0 | 5(@) m a critical boson ¢

e.g. Ising-nematic order

- P (r)(r) ¢(r)

J
+o(r)y’ (r)y(r)
g° 1
B If . 11 ~ () D(q,18)) =
oson self energy UQ‘ ’ (q,282) Z 0]
g° 1
Fermion self energy: X(iw) ~ —iv®sgn(w) — i wln(1/|wl); ~ €]
U Tin(é‘)

Marginal Fermi liquid self energy and T In(1/7") specific heat



Fermi surface + critical boson with potential disorder

P .

A . a critical boson ¢

( I g(k)> Vi e.g. Ising-nematic order
2

(7))

W(T)w(r) aﬁ(r)

J
Conductivity: o(w) ~ ] ; ~
10 Ttrans
Ttrans

MFL self-energy cancels in transport.




Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NO strange metal transport




Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:

Interaction disorder g’

A marginal Fermi liquid AND strange metal transport



Fermi surface + critical boson with potential disorder

a critical boson @
e.g. Ising-nematic order

- YT (r)y(r) o(r)
+o(r)y! (r)i(r)




Spatially random interactions!

OD23K

Puddle formation, persistent gaps, and ol o |
non-mean-field breakdown of 43[—‘_’_,_\_0:3;‘-
superconductivity in overdoped 20}

(Pb,B1)25r,Cu046+3

Willem O. Tromp, Tjerk Benschop, Jian-Feng Ge,
Irene Battisti, Koen M. Bastiaans, Damianos Chatzopoulos,
Amber Vervloet, Steef Smit, Erik van Heumen,

Mark S. Golden, Yinkai Huang, Takeshi Kondo, Y1 Yin,
Jennifer E. Hoffman, Miguel Antonio Sulangi, Jan Zaanen,

Milan P. Allan

Our scanning tunneling spectroscopy measurements in the
overdoped regime of the (Pb,B1),Sr,CuQOg.s high-
temperature superconductor show the emergence of
puddled superconductivity, featuring nanoscale
superconducting i1slands 1n a metallic matrix

arXiv:2205.09740



Fermi surface + critical boson with potential and interaction disorder

_ 0 a critical boson ¢
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2d-YSYK model: Fermi surface + critical boson with interaction disorder

Lo = ,‘; ( 0 | 5(k)> m a critical boson ¢

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)i(r)

¢* “mass” disorder J'(r) is strongly relevant;
rescale ¢ to move disorder to the Yukawa coupling;

Spatially random Yukawa coupling ¢’(r) with ¢/(7) =0, ¢’(7)g¢'(7") = ¢"*6(r — ')

Spatially random potential v(r) with v(r) = 0, v(r)v(r’) = v*6(r — r’)



2d-YSYK model: Fermi surface + critical boson with interaction disorder

All results are obtained from the large N saddle-point and response functions of
this G-X-D-II theory:

— / DG DX DD DIl exp(—N San)

1
S.i1 = — Indet (9 —I—é‘ ) [L—I—Z) | 21ndet(—8§+q2+mg—ﬂ)

/2

92 G(r,v; 7,0 YG(7',v';7,v)D(7,r; 7', v)o(r — 1) | .

i 1
/d7d2 /dT dr' | =37, v; 1, v)G(T,r; 7', 1) (7", ;7 0)D(r,r; 7', 1)

2

112

G(r,r; 7,0 )G(7',v';7,0)D(7,r; 7", 1) > G(r,r; 7,0 )G(7',r';7,r)0(r — ')




2d-YSYK model: Fermi surface + critical boson with interaction disorder

All results are obtained from the large N saddle-point and response functions of
this G-X-D-II theory:

o /DGDZDDDHexp(—NSaM)

Saddle-point equations

S (1,1) = ¢>D(1,v)G(T, 1) + v2G(1,1)8%(r) + ¢ *G(7,1)D(7,1)5%(r),
[I(7,r) = —QZG(—T, —1)G(7,1) — g'QG(—T, r)G(T, r)52(r),

1
) —
Gliw, k) iw—e(k) + p— X(iw, k)’
1
D(if2,q) =

0?2+ g%+ m; — 113, q)



2d-YSYK model: Fermi surface + critical boson with interaction disorder

— "; ( 0 | 5(@) m a critical boson ¢

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)y(r)

J?)OSOH Green’s function: D(q,iQ) ~ 1/(¢* + v|Q])

Fermion selt energy:
2

(i) ~ —iv?sga(e) =i (5 + 67wt/ — =~ (G +07) o

Marginal Fermi liquid self energy and 7T In(1/7") specific heat



2d-YSYK model: Fermi surface + critical boson with interaction disorder

Ly = }; ( 0 | 5(k)> Vi a, C].fitical bossm 0

e.g. Ising-nematic order

P(r)]* + g+ g'(r)] YT (r)v(r) ¢(r)
+o(r)y! (r)i(r)

& J
SXE,

Conductivity: (a) (b) (c) (d) (e)
0Y,g 0%,9 OV,gq
2 72

all ladders and bubbles.....




2d-YSYK model: Fermi surface + critical boson with interaction disorder

1
Conductivity: o(w) ~ -
( ) 1 - mtrans (UJ)
TW
Ttrans (w) m
1 2 /2 M ans (W) 29/2
" . rairs ~ 1 A
Ttrans (w) v J ‘w| | T 7 n( /w)

Electron Green’s function: G(w) ~ 1 1

W (k) + i ( : ) sen(w)

Te  Tin(W)

1 2 1 92, 2 , m*(w) 2 QQI 2
— U : Cd) ~ (U2 | 9/ ) ‘w| 9 ~ 5 g/ IH(A/CU)

Te Tin ( U

Residual resistivity is determined by v?; Linear-in-T resistivity determined by ¢’*;
Transport insensitive to g; Marginal Fermi liquid self energy and 7' In(1/7") specific heat.



Fermi surface coupled to a critical boson:

No spatial disorder
A non-Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:
Potential disorder v
A marginal Fermi liquid but NO strange metal transport

Fermi surface coupled to a critical boson:

Interaction disorder g’

A marginal Fermi liquid AND strange metal transport



Transport properties of a strange metal:

1. Resistivity p(T) =po+ AT + ... asT — 0
and p(T) < h/e? (in d = 2).
Metals with p(T') > h/e* are bad metals.

2. Optical conductivity

K 1 D hw
. ~ | -
1 - m;;krans (w) | Ttrans (w) kB T

(10V,
Terans (W) m B. Michon......A. Georges, arXiv:2205.04030

o(lw) =

Electronic properties of a marginal Fermi liquid:

1. Photoemission: nearly marginal Fermi liquid electron spectral density:

how

. 1 hw
ImY(w) ~ |w|**®s; (kBT) with a =~ 1/2 ; @) ~ |w|Ps (kBT>

T.]. Reber....D. Dessau, Nature Communications 10,5737 (2019)

2. Speciﬁc heat ~ Tln(l/T) as 1 — 0. S.A. Hartnoll and A.P. MacKenzie, RMP (2022)



|. Ising-nematic ordering in a disordered metal
2. FL*-FL quantum-criticality in the cuprates

3. Theory of the “foot™:
quantum Griffiths SDWV phase



Temperature (K)

250

200

—
o)
o

guic
-
-

AF Insulator

0.1

+ Strange
\\\ Metal

0.2
Hole doping, p

Ordinary
Metal

0.3

11.6802 A

3.8872 A




Quantum phase transitions in two-dimensional metals

Type |: Fermi surface deformation

\ v 4
I \\\ Quantum /// Ising field ¢
‘. critical ,’ +
ufanu ,' ky Fermi surface
/ k. Wlth A
,' boson-fermion
I' Yukawa coupling
I
I _



Quantum phase transitions in two-dimensional metals

Type ll: Fermi surface reconstruction

\ v 4
T \\\ Quantum ,// AFM field ¢,
‘. critical ,’ +
ccfanu ,' ky Fermi surface
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,' boson-fermion
I' Yukawa coupling
I
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Quantum phase transitions in two-dimensional metals

Type lll: Fermi surface jump with no order parameter

1

—
N
N
Nel? \

—_—

o

\

No broken

sym metry

B

/

, Lo
v Quantum - Spqumd
‘. critical |’ Higgs field ¢
\ (6 ) / ky
\ fan / +
h y k«  Fermi surface
\ ’ with a
FL* \\ ,I FL boson-fermion
“ ” Yukawa coupling
\1 —
“ (®) = 0
Sc S

Applies to hole-doped cuprates



! 4
\\ /
\ /
Strange / :
X Metagl ’ Strange metal is
’ .
£l * 9 / Large disordered FL*-FL
\ ,/ Fermi quantum criticality
S surface
‘ | Eissentially the same
d-wave critical theory as for
Magnetic : . .
wantum  SUperconductor [sing-nematic ordering.
Thermally * criticality L
fluctuating \ -~

SDW L g Spin gap

P

Spin density wave (SDW)

S.Sachdev, Where is the quantum critical point in the cuprate
superconductors?, Physica Status Solidi B 247,537 (2010).



Strange metal and superconductor in the g=0
two-dimensional Yukawa-Sachdev-Ye-Kitaev model

Chenyuan Li, Aavishkar A. Patel, Haoyu Guo, Davide Valentinis, Jorg Schmalian, S.S., llya Esterlis, PRL 133, 186502 (2024)
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Reconciling scaling of the optical conductivity of cuprate superconductors

with Planckian resistivity and specific heat

B. Michon, C. Berthod, C. W. Rischau, A. Ataei, L. Chen, S. Komiya, S. Ono, L. Taillefer, D. van der Marel, A. Georges
Nature Communications 14, Article number: 3033 (2023)
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2d-YSYK theory

Chenyuan Li,Aavishkar A. Patel, Haoyu
Guo, Davide Valentinis, Jorg Schmalian, S.S.,

llya Esterlis, PRL 133, 186502 (2024)



|. Ising-nematic ordering in a disordered metal

2. FL*-FL quantum-criticality in the cuprates

3. Theory of the “foot™:
quantum Griffiths SDWV phase



Anomalous Criticality in the
Electrical Resistivity of La,_,Sr,Cu0,

1 1 : 2 - 1 1 3 . 3 ¢ ¢ ®
R. A. Cooper,” Y. Wang,™ B. Vignolle, O. ]. Lipscombe,” S. M. Hayden," Y. Tanabe,” T. Adachi, n
Y. Koike,®> M. Nohara,** H. Takagi,* Cyril Proust,” N. E. Hussey't eS 1 S 1 s/ 1 S/ p Y,
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Anomalous Criticality in the
Electrical Resistivity of La,_,Sr,Cu0,

R. A. Cooper,* Y. Wang,* B. Vignolle,? 0. ]. Lipscombe,* S. M. Hayden,* Y. Tanabe,? T. Adachi,?
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Bosonic eigenmodes in random mass Hertz theory

Integrate out the fermions (assuming fermionic eigenmodes remain extended), and considering
the Landau-damped Hertz theory for the boson alone, in the presence of a random mass.

' | 1 ~ T
/ Z Jzy¢za¢ja T Z _323 ¢?a | 4?;4 (¢?a)2_ | 2/7 L L \wn\|¢ja(wn)|2
Wn ]

(i7)

where a = 1... M is a flavor index for an order parameter with O(M) symmetry.

Strong disorder RG identical to that for the RTFIM (D.S. Fisher)

oy Ji2day
+ W S9 HRTFIM — Z JZJZ Z ZSJ
- 52953 (17 )
— ) J
B Jo3

J. A. Hoyos, Chetan Kotabage, Thomas Vojta
Phys. Rev. Lett. 99, 230601 (2007)
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Effects of Dissipation on a Quantum Critical Point with Disorder

José A. Hoyos, Chetan Kotabage, and Thomas Vojta

Department of Physics, University of Missouri-Rolla, Rolla, Missouri 65409, USA
(Received 19 May 2007; published 4 December 2007)

We study the effects of dissipation on a disordered quantum phase transition with O(N) order-parameter
symmetry by applying a strong-disorder renormalization group to the Landau-Ginzburg-Wilson field
theory of the problem. We find that Ohmic dissipation results 1n a nonperturbative infinite-randomness
critical point

e Each rare region is described by a one-dimensional classical O(M ) model
with a long-range 1/7% interaction.

e For M > 2, the classical model has an exponentially long correlation time
at weak coupling (low ‘temperature’) - Kosterlitz, 1976.

e This is similar to the classical Ising chain with short-range interactions.



Bosonic eigenmodes in random mass Hertz theory

Integrate out the fermions (assuming fermionic eigenmodes remain extended), and considering
the Landau-damped Hertz theory for the boson alone, in the presence of a random mass.

- 1 s; -
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T N\ N\
S¢d 25 LL (7|Q| + Q2/02) |¢ja(iQ)|2 7
Qg

where a = 1... M is a flavor index for an order parameter with O(M ) symmetry. Analyze in a
self-consistent quadratic theory, treating disorder numerically exactly

- T gv _ i Similar analysis in d = 1 works very well A

3 L dr | = (¢ - ¢ ' )2 4 S j ¢2 A. Del Maestro, B. Rosenow, M. Miiller and S. Sachdev,

» — 9 E : ta ja E : 9 Tia : Phys. Rev. Lett. 101, 035701 (2008). )
(27) j

T | u R U waiwa'
08; = S+ 085 Vi Z <gb?a>§¢+3¢d = 5+ 0s; + UT%J L ToTgn QQ/CJQ .

a

where e, and 1, are eigenvalues and eigenfunctions of the ¢ quadratic form in §¢, labeled by
the index v = 1...L* for a L x L sample. Aavishkar A. Patel, Peter Lunts, S.S., PNAS 121,e2402052121 (2024)



Bosonic eigenmodes in random mass Hertz theory
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Bosonic eigenmodes in random mass Hertz theory
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Bosonic eigenmodes in random mass Hertz theory

¢ eigenmodes localization length £,

Extended bosons:
Can be analyzed by SYK
methods, and leads to
the strange metal ‘fan’

Peter Lunts, S.S.,

Aavishkar A. Patel, ( a)

PNAS 121,
2402052121 (2024)
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Bosonic eigenmodes in random mass Hertz theory
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Bosonic eigenmodes in random mass Hertz theory

¢ eigenmodes localization length £,
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Bosonic eigenmodes in random mass Hertz theory

0 eigcenmodes localization length £,

Physics of RTFIM, with logarithmically

slow growth of localization length with
decreasing energy:

leads to the strange metal foot’

Aavishkar A. Patel,
Peter Lunts, S.S.,
PNAS 121,
e2402052121 (2024)




Critical spin fluctuations across the superconducting dome in Laz-xSrxCuQg,
J. Radaelli,A.A. Patel, O.J. Lipscombe, Mengze Zhu, J.R. Stewart, S. S. and S.M. Hayden,
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Bosonic eigenmodes in QMC of SDWV bosons and electrons
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