
Spin glass universality classes
Two different types of (mean field) spin glasses
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MF-Model for real spin glasses MF-analogon for structural glasses 

p ³ 3 

• Only threshold states are marginal
• States in extensive free energy window
• Separate dynamic (clustering) 
   and thermodynamic (freezing) transitions
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• All minima are marginal 
• & have the same free energy density 



Signatures of two different glass transitions
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Becomes critical, long ranged!
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Becomes critical, long ranged!

Genuine thermodynamic transition! Clear order parameter qEA. 
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Extreme slowing down! 

Probing the finite d version of interstate transitions 
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Signatures of the spin glass transition

AC-susceptibility in Cu-0.9%Mn
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Spin glasses: protocol dependence of susceptibility 𝜒

𝜒 = lim!→#
𝑀
𝐵



Spin glasses: protocol dependence of susceptibility 𝜒
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Figure 4.3: The experimental results for the FC (field cooled) and the ZFC
(zero field cooled) magnetisation (higher and lower curve respectively) vs.
temperature in a spin glass sample (Cu87Mn13.5) for a very small value of
the magnetic field. For a such a low field, non-linear effects can be neglected
and the magnetisation is proportional to the susceptibility.

order parameter

qEA =
1

N

∑

i

⟨si⟩2 (4.4)

It is zero at T > Tc and increases continuously from zero when T decreases
below Tc.

An experimental manifestation of the spin glass transition is found when
measuring the magnetic susceptibility. There are two ways of measuring the
susceptibility:

• Zero-field-cooled susceptibility: Cool the system in zero field below Tc.
Add a small magnetic field B, measure the magnetisation M . For small
enough B, it is a linear function of B and the ratio M/B = χZFC.

• Field-cooled susceptibility: at high temperature, T > Tc, place the
system in a small magnetic field B. Cool the system below Tc, measure
the magnetisation M . For small enough B, it is a linear function of B
and the ratio M/B = χFC .

These two susceptibilities are shown in Fig. 4.3. Their difference at T < Tc

is clear and signals the appearance of ergodicity breaking and irreversible
processes characteristic of the spin glass phase.

Zero field cooled (ZFC)

𝜒 = lim!→#
𝑀
𝐵

ZFC

• B=0 at T > Tc
• Cool to T < Tc
• Apply finite B 

𝑇 ↓
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measuring the magnetic susceptibility. There are two ways of measuring the
susceptibility:

• Zero-field-cooled susceptibility: Cool the system in zero field below Tc.
Add a small magnetic field B, measure the magnetisation M . For small
enough B, it is a linear function of B and the ratio M/B = χZFC.

• Field-cooled susceptibility: at high temperature, T > Tc, place the
system in a small magnetic field B. Cool the system below Tc, measure
the magnetisation M . For small enough B, it is a linear function of B
and the ratio M/B = χFC .

These two susceptibilities are shown in Fig. 4.3. Their difference at T < Tc

is clear and signals the appearance of ergodicity breaking and irreversible
processes characteristic of the spin glass phase.
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It is zero at T > Tc and increases continuously from zero when T decreases
below Tc.

An experimental manifestation of the spin glass transition is found when
measuring the magnetic susceptibility. There are two ways of measuring the
susceptibility:

• Zero-field-cooled susceptibility: Cool the system in zero field below Tc.
Add a small magnetic field B, measure the magnetisation M . For small
enough B, it is a linear function of B and the ratio M/B = χZFC.

• Field-cooled susceptibility: at high temperature, T > Tc, place the
system in a small magnetic field B. Cool the system below Tc, measure
the magnetisation M . For small enough B, it is a linear function of B
and the ratio M/B = χFC .

These two susceptibilities are shown in Fig. 4.3. Their difference at T < Tc

is clear and signals the appearance of ergodicity breaking and irreversible
processes characteristic of the spin glass phase.

Zero field cooled (ZFC)

𝜒 = lim!→#
𝑀
𝐵

Final state’s M depends on protocol! → Out of equilibrium, ergodicity is broken!

Field cooled (FC)

FC

• B=0 at T > Tc
• Apply finite B
• Cool to T < Tc ZFC

• B=0 at T > Tc
• Cool to T < Tc
• Apply finite B 



Spin glasses: protocol dependence of susceptibility 𝜒

4.2. SPIN GLASSES 65

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

20 30 40 50 60 70 80 90
T (K)

M
 [a

.u
]

Figure 4.3: The experimental results for the FC (field cooled) and the ZFC
(zero field cooled) magnetisation (higher and lower curve respectively) vs.
temperature in a spin glass sample (Cu87Mn13.5) for a very small value of
the magnetic field. For a such a low field, non-linear effects can be neglected
and the magnetisation is proportional to the susceptibility.

order parameter

qEA =
1

N

∑

i

⟨si⟩2 (4.4)

It is zero at T > Tc and increases continuously from zero when T decreases
below Tc.

An experimental manifestation of the spin glass transition is found when
measuring the magnetic susceptibility. There are two ways of measuring the
susceptibility:

• Zero-field-cooled susceptibility: Cool the system in zero field below Tc.
Add a small magnetic field B, measure the magnetisation M . For small
enough B, it is a linear function of B and the ratio M/B = χZFC.

• Field-cooled susceptibility: at high temperature, T > Tc, place the
system in a small magnetic field B. Cool the system below Tc, measure
the magnetisation M . For small enough B, it is a linear function of B
and the ratio M/B = χFC .

These two susceptibilities are shown in Fig. 4.3. Their difference at T < Tc

is clear and signals the appearance of ergodicity breaking and irreversible
processes characteristic of the spin glass phase.

Zero field cooled (ZFC)

𝜒 = lim!→#
𝑀
𝐵

Final state’s M depends on protocol! → Out of equilibrium, ergodicity is broken!
Interesting:  System remembers the past! →	 Store information! 

Field cooled (FC)

FC

• B=0 at T > Tc
• Apply finite B
• Cool to T < Tc ZFC

• B=0 at T > Tc
• Cool to T < Tc
• Apply finite B 



Structural Glass transition: Viscosity
Supercooled liquids:  (similar to p-spin models)

Liquids that fail to crystallize, and thus remain amorphous and non-rigid
but get very viscous and slow



Structural Glass transition: Viscosity
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From C. A. Angell, Science, 1995

Empiric definition of Tg :

Supercooled liquids:  (similar to p-spin models)

Liquids that fail to crystallize, and thus remain amorphous and non-rigid
but get very viscous and slow

“Glass transition”: rather a crossover in finite d!

Mean field Td ↔ crossover to activated behavior
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Empiric definition of Tg :

Supercooled liquids:  (similar to p-spin models)

Liquids that fail to crystallize, and thus remain amorphous and non-rigid
but get very viscous and slow

“Glass transition”: rather a crossover in finite d!

Mean field Td ↔ crossover to activated behavior
                TVF ↔ TK ?



Spin glasses: Aging - Dynamics gets slower with ‘age’

Protocol:

• Apply a field B at high T.
• cool to 9K = T < Tc = 10.4K
 at t = 0
• Wait for tw
• Switch off B
• Measure the decay of M 



Spin glasses: Aging - Dynamics gets slower with ‘age’
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Figure 4.4: The aging part of the thermoremanent magnetization Mag(tw +
τ, tw) (normalized by the zero field cooled value Mfc) vs. τ/tw for AgMn2.6

in a log10 scale (data from the group of E. Vincent at CEA-Saclay). The
sample was cooled in a small magnetic field from above the glass transition
Tg = 10.4K to a sub-critical temperature T = 9K. It waited for tw =
300, 1000, 3000, 10000, 30000 sec. under the field that was suddenly switched
off at tw. The decaying magnetization was recorded during all subsequent
times τ + tw. The plot shows a scaling behaviour close to t/tw, meaning
that the characteristic relaxation time scale of a system of age tw is basically
t = tw: this is called aging.

Protocol:

• Apply a field B at high T.
• cool to 9K = T < Tc = 10.4K
 at t = 0
• Wait for tw
• Switch off B
• Measure the decay of 
 magnetization M 
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in a log10 scale (data from the group of E. Vincent at CEA-Saclay). The
sample was cooled in a small magnetic field from above the glass transition
Tg = 10.4K to a sub-critical temperature T = 9K. It waited for tw =
300, 1000, 3000, 10000, 30000 sec. under the field that was suddenly switched
off at tw. The decaying magnetization was recorded during all subsequent
times τ + tw. The plot shows a scaling behaviour close to t/tw, meaning
that the characteristic relaxation time scale of a system of age tw is basically
t = tw: this is called aging.
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Dynamic time scale grows with tw: the older the slower
    → the sample is not at equilibrium!

Protocol:

• Apply a field B at high T.
• cool to 9K = T < Tc = 10.4K
 at t = 0
• Wait for tw
• Switch off B
• Measure the decay of 
 magnetization M 
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Spin glasses: Aging - Dynamics gets slower with ‘age’
Different states
dynamical escape hindered by free energy barriers

In structural glasses: At Td escape time distribution 
becomes heavy-tailed, with diverging expectation  

<latexit sha1_base64="t82yOgLkLqNtnNTZO+5fHj1wQJs="></latexit>

→tesc↑ ↓ →exp(!F/T )↑ ↔ ↗



Spin glasses: Aging - Dynamics gets slower with ‘age’

Waiting time determines the typical time scale of dynamics and response!

Slower and slower 
dynamics as time 
progresses

Different states
dynamical escape hindered by free energy barriers

In structural glasses: At Td escape time distribution 
becomes heavy-tailed, with diverging expectation  

<latexit sha1_base64="t82yOgLkLqNtnNTZO+5fHj1wQJs="></latexit>

→tesc↑ ↓ →exp(!F/T )↑ ↔ ↗



Spin glass universality classes
Two different types of (mean field) spin glasses

How are they reflected in a standard mean field saddle point analysis?

1. Spherical p-spin (details)
2. SK model (sketch)



The spherical p-spin solved with replica 

Aims:

• Compute the number of pure states at given free energy 
density f   - the “complexity” Σ(𝑓) 

• Replica technique to average over disorder

• Replica symmetry breaking and its physics 



Computing the complexity from cloning
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Anticipate:
Many pure states in a  
range of free energy 
densities f
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fth

Anticipate:
Many pure states in a  
range of free energy 
densities f

Strategy: 1. compute Z(m) – 
    2. obtain Σ(f) from Legendre transform of  log(Z(m)):      
 reproduce quantitatively the result of landscape method



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?
<latexit sha1_base64="6qHOs9Ktnu9C0m7PA0CRFe1PUdw="></latexit>

Z(m) = exp(��N�(m)) = ?

Clone forming attraction 
(dropped in the end)



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?
<latexit sha1_base64="6qHOs9Ktnu9C0m7PA0CRFe1PUdw="></latexit>

Z(m) = exp(��N�(m)) = ?

Clone-forming attraction 
(dropped in the end)Disorder average?

The disorder average of a partition function Z is often dominated by rare disorder.

To obtain the information of typical samples : Average the free energy, or log(Z)! 
<latexit sha1_base64="m2clQw6DwjXYpBc8akL6FzM2k/4="></latexit>

log[Z(m)] = →ωN!(m)



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?
<latexit sha1_base64="6qHOs9Ktnu9C0m7PA0CRFe1PUdw="></latexit>

Z(m) = exp(��N�(m)) = ?

Clone-forming attraction 
(dropped in the end)Disorder average?

The disorder average of a partition function Z is often dominated by rare disorder.

To obtain the information of typical samples : Average the free energy, or log(Z)! 
<latexit sha1_base64="m2clQw6DwjXYpBc8akL6FzM2k/4="></latexit>

log[Z(m)] = →ωN!(m)



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?

Clone-forming attraction 
(dropped in the end)Disorder average?

The disorder average of a partition function Z is often dominated by rare disorder.

To obtain the information of typical samples : Average the free energy, or log(Z)! 
<latexit sha1_base64="m2clQw6DwjXYpBc8akL6FzM2k/4="></latexit>

log[Z(m)] = →ωN!(m)
<latexit sha1_base64="1aonfebIBcreNHc9r58xQ54aQc8="></latexit>

log[Z(m)] = lim
n→0

(Z(m))n → 1

n
= lim

n→0

[
ωn(Z(m))n

]In practice
computed as 

Idea:
Averages of 
powers are easier 
to compute!

<latexit sha1_base64="m2clQw6DwjXYpBc8akL6FzM2k/4="></latexit>

log[Z(m)] = →ωN!(m)



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?

Clone forming attraction 
(dropped in the end)Quenched average:

<latexit sha1_base64="m2clQw6DwjXYpBc8akL6FzM2k/4="></latexit>

log[Z(m)] = →ωN!(m)



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?

Clone forming attraction 
(dropped in the end)Quenched average:

Replica trick to express the log-average:

<latexit sha1_base64="m2clQw6DwjXYpBc8akL6FzM2k/4="></latexit>

log[Z(m)] = →ωN!(m)



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?

Clone forming attraction 
(dropped in the end)Quenched average:

Replica trick to express the log-average:

For integer n:
n x m copies!

<latexit sha1_base64="m2clQw6DwjXYpBc8akL6FzM2k/4="></latexit>

log[Z(m)] = →ωN!(m)



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm

Product over all p-tuples 
(clone attraction is now not explicitly written)



Cloned free energy of spherical p-spins with replicas

Gaussian average over 
independent couplings
Get rid of disorder!

<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm



Cloned free energy of spherical p-spins with replicas

Gaussian average over 
independent couplings
Get rid of disorder!

<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm

Now the replica are coupled attractively!

Why: The information of low energy configurations (depending on J’s)
now hides in the attraction of replica among each other: 
A low energy configuration of one copy attracts other replicas to the same configuration.



Cloned free energy of spherical p-spins with replicas

Crossterms with identical 
indices are subleading by 
O(1/N)

<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm



Cloned free energy of spherical p-spins with replicas

Overlap (global similarity) 
between replica a and b :

<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm



Cloned free energy of spherical p-spins with replicas

Hubbard-Stratonovich



Cloned free energy of spherical p-spins with replicas

and



Cloned free energy of spherical p-spins with replicas

and



Jacobian J(Q)

Important: 

Different sites have been decoupled by Hubbard-Stratonovich
 in this effective partition function!
Only single-site interactions between the replica  

<latexit sha1_base64="areUxWD2rOlHPpXg+IvN9BJGkMI="></latexit>

J(Q) =

Z
d�ab
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d� exp
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<latexit sha1_base64="n1aSaT1EJUAYsm25ZVuhlrs7F70=">AAAB/3icdVBdSwJBFJ21L7MvK3rqZUiEHmTZXU3tIZB66dEgTVCT2XHUwZnZZWY2kMWHfkpPQUH02u/oqX/TrBpU1IELh3Pu5d57/JBRpR3nw0otLa+srqXXMxubW9s72d29pgoiiUkDByyQLR8pwqggDU01I61QEsR9Rm788UXi39wRqWggrvUkJF2OhoIOKEbaSL3sQUfRIUc9ehujM7dg23aBi2kvm3Ps02rZO/GgYztOxSuWE+JVSl4RukZJkAML1HvZ904/wBEnQmOGlGq7Tqi7MZKaYkammXwnUiREeIyGpG2oQJyobjy7fwrzRunDQSBNCQ1naubbRIy4UhPum06O9Ej99hLxL68d6UG1G1MRRpoIPF80iBjUAUzCgH0qCdZsYgjCkppjIR4hibA2kWVMCl+vwv9J07Pdsl26KuVq54s80uAQHIFj4IIKqIFLUAcNgEEMHsATeLburUfrxXqdt6asxcw++AHr7RNpupUM</latexit>

�a=1,...,mn
i



Jacobian J(Q)

Saddle point wrt 
<latexit sha1_base64="X82leDVjuzUqYKzA65OlVsdtvfg=">AAAB9nicdVDLSgMxFL1TX3V8VV26CZaCqzJTSm13RTcuK9gHtGPJZNI2NJMZkoxYhv6HK0FB3PovrvwbM20FFT0QOJxzL/fk+DFnSjvOh5VbW9/Y3Mpv2zu7e/sHhcOjjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96WXmd++oVCwSN3oWUy/EY8FGjGBtpNsBN6MBHqYY+XM0LBSdsmNQq6GMuHXHNaTRqFcqDeQuLMcpwgqtYeF9EEQkCanQhGOl+q4Tay/FUjPC6dwuDRJFY0ymeEz7hgocUuWli9hzVDJKgEaRNE9otFDtbxspDpWahSZYKcR6on57mfiX10/0qO6lTMSJpoIsD40SjnSEsg5QwCQlms8MwUQyExaRCZaYaNOUbVr4+ir6n3QqZbdWrl5Xi82LVR95OIFTOAMXzqEJV9CCNhCQ8ABP8GzdW4/Wi/W6HM1Zq51j+AHr7ROvaZKO</latexit>

�ab

<latexit sha1_base64="areUxWD2rOlHPpXg+IvN9BJGkMI="></latexit>
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Z
d�ab

Z
d� exp
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<latexit sha1_base64="EAb0Zi9wFnjnWMd4UjrYtj5YnLc="></latexit>

J(Q) = const ·
Z

d� exp

0

@nmN �
X

ab

Q�1
ab

NX

i=1

�a
i �

b
i

1

A = const · [detQ]N/2

<latexit sha1_base64="mbR50ijJBW/l0PL7Y9Pl/kooXgo=">AAACB3icdVDLSgMxFM3UV62vUZciBEuhCpZMKbVdCEU3LluwD2jrkMmkbWjmQZIRyjArV36KK0FB3PoNrvwb04egogcCh3Pu4eYeJ+RMKoQ+jNTS8srqWno9s7G5tb1j7u61ZBAJQpsk4IHoOFhSznzaVExx2gkFxZ7DadsZX0799i0VkgX+tZqEtO/hoc8GjGClJds8bNgxdpJzmO9xnXKxfXITn1rJ8Uy2zSwqII1yGU6JVUGWJtVqpVisQmtmIZQFC9Rt873nBiTyqK8Ix1J2LRSqfoyFYoTTJJPrRZKGmIzxkHY19bFHZT+e3ZHAnFZcOAiEfr6CMzXzLRFjT8qJ5+hJD6uR/O1Nxb+8bqQGlX7M/DBS1CfzRYOIQxXAaSnQZYISxSeaYCKY/iwkIywwUbq6jG7h61T4P2kVC1a5UGqUsrWLRR9pcACOQB5Y4AzUwBWogyYg4A48gCfwbNwbj8aL8TofTRmLzD74AePtE3l6mGs=</latexit>

Qab = (ω→1
↑ )ab



Cloned free energy of spherical p-spins with replicas

Due to mean field structure:
Final integral over global replica overlaps Qab , with an action ∝ N

            Saddle point over the “order parameter” Qab ! ?



Cloned free energy of spherical p-spins with replicas

Due to mean field structure:
Final integral over global replica overlaps Qab , with an action ∝ N

            Saddle point over the “order parameter” Qab ! ?

But recall:
∝ 𝑛 𝑁



Cloned free energy of spherical p-spins with replicas

Due to mean field structure:
Final integral over global replica overlaps Qab , with an action ∝ N

            Saddle point over the “order parameter” Qab ! ?

But recall:

Saddle point requires the exchange of limits to                                           ! 
<latexit sha1_base64="g96nD18BXIxMNteBeiDQgZg9yxE=">AAACBHicdVBLSwMxGMzWV11fVW96CZaCBynZUmp7K3rxJBXsA7qlZLPZNjSbXZOsUErBkz/Fk6AgXv0Tnvw3ZtsKKjoQmMx8H8mMF3OmNEIfVmZpeWV1Lbtub2xube/kdvdaKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG56nfvqVSsUhc63FMeyEeCBYwgrWR+rkD4eoIohPo3iTYh/AyvbpMBHrcz+VRERlUKjAlThU5htRq1VKpBp2ZhVAeLNDo595dPyJJSIUmHCvVdVCsexMsNSOcTu2CmygaYzLCA9o1VOCQqt5kFmIKC0bxYRBJc4SGM9X+tjHBoVLj0DOTIdZD9dtLxb+8bqKDam/CRJxoKsj8oSDh0ARNG4E+k5RoPjYEE8nMZyEZYomJNr3ZpoWvqPB/0ioVnUqxfFXO188WfWTBITgCx8ABp6AOLkADNAEBd+ABPIFn6956tF6s1/loxlrs7IMfsN4+Ab7iluM=</latexit>

n ! 0, N ! 1

∝ 𝑛 𝑁



Cloned free energy of spherical p-spins with replicas

Due to mean field structure:
Final integral over global replica overlaps Qab , with an action ∝ N

            Saddle point over the “order parameter” Qab ! ?

But recall:

Saddle point requires the exchange of limits to                                           ! 

Press on as a brave physicist and find a saddle point Q*ab for any m, n!  

<latexit sha1_base64="g96nD18BXIxMNteBeiDQgZg9yxE=">AAACBHicdVBLSwMxGMzWV11fVW96CZaCBynZUmp7K3rxJBXsA7qlZLPZNjSbXZOsUErBkz/Fk6AgXv0Tnvw3ZtsKKjoQmMx8H8mMF3OmNEIfVmZpeWV1Lbtub2xube/kdvdaKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG56nfvqVSsUhc63FMeyEeCBYwgrWR+rkD4eoIohPo3iTYh/AyvbpMBHrcz+VRERlUKjAlThU5htRq1VKpBp2ZhVAeLNDo595dPyJJSIUmHCvVdVCsexMsNSOcTu2CmygaYzLCA9o1VOCQqt5kFmIKC0bxYRBJc4SGM9X+tjHBoVLj0DOTIdZD9dtLxb+8bqKDam/CRJxoKsj8oSDh0ARNG4E+k5RoPjYEE8nMZyEZYomJNr3ZpoWvqPB/0ioVnUqxfFXO188WfWTBITgCx8ABp6AOLkADNAEBd+ABPIFn6956tF6s1/loxlrs7IMfsN4+Ab7iluM=</latexit>

n ! 0, N ! 1

∝ 𝑛 𝑁



Cloned free energy of spherical p-spins with replicas

Saddle point equation for Qab is complicated: no general solution 

Recall clone coupling
in blocks (B) of m spins: 



Cloned free energy of spherical p-spins with replicas

Saddle point equation for Qab is complicated: no general solution 

But: Physical guess of a sensible structure (confirmed by exact solution):
• Replicas of the same block are coupled in the same valley → finite overlap

• a and b in different blocks: uncorrelated

“One-step replica symmetry
 breaking structure” :

Recall clone coupling
in blocks (B) of m spins: 

<latexit sha1_base64="Q9murshWRHGd8aE1LS6YO7RmrwA=">AAAB9XicdVDLSgNBEJz1GddX1KOXwRDwFHZDiMlBCHrxmIB5QLKE2UlvMmR2djMzq4Ql3+FJUBCvfown/8bJQ1DRgoaiqpvuLj/mTGnH+bDW1jc2t7YzO/bu3v7BYfbouKWiRFJo0ohHsuMTBZwJaGqmOXRiCST0ObT98fXcb9+BVCwSt3oagxeSoWABo0QbyWv0U9ITMMH+7HLSz+acgmNQLuM5cSuOa0i1WikWq9hdWI6TQyvU+9n33iCiSQhCU06U6rpOrL2USM0oh5md7yUKYkLHZAhdQwUJQXnp4uoZzhtlgINImhIaL1T720RKQqWmoW86Q6JH6rc3F//yuokOKl7KRJxoEHS5KEg41hGeR4AHTALVfGoIoZKZYzEdEUmoNkHZJoWvV/H/pFUsuOVCqVHK1a5WeWTQKTpD58hFF6iGblAdNRFFE/SAntCzdW89Wi/W67J1zVrNnKAfsN4+ASZ4kkY=</latexit>

Qa 6=b = q

<latexit sha1_base64="16UkdjU3dMHQ4+Tx3L2BsBULBl8=">AAAB8HicdVBNS8NAEN3Urxq/qh69LJaCp5KUUtuDUPTisQX7AW0ok+2mXbrZhN2NUEL/hCdBQbz6dzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkloh0Q8kn0fFOVM0I5mmtN+LCmEPqc9f3aT+b17KhWLxJ2ex9QLYSJYwAhoI/XboxRgceWOCkWn7BjUajgjbt1xDWk06pVKA7tLy3GKaI3WqPA+HEckCanQhINSA9eJtZeC1IxwurBLw0TRGMgMJnRgqICQKi9dHrzAJaOMcRBJU0LjpWp/m0ghVGoe+qYzBD1Vv71M/MsbJDqoeykTcaKpIKtFQcKxjnD2PR4zSYnmc0OASGaOxWQKEog2Gdkmha9X8f+kWym7tXK1XS02r9d55NEZOkcXyEWXqIluUQt1EEEcPaAn9GxJ69F6sV5XrTlrPXOKfsB6+wRPMJAT</latexit>

Qaa = 1

<latexit sha1_base64="qNtw2yMa4jLhHaWKlSNBmfZkCD8=">AAAB8HicdVDLSgNBEOyNr7i+oh69DIaApzAbQkwOQtCLxwTMA5IlzE5mkyGzD2ZmhbDkJzwJCuLV3/Hk3zibRFDRgoaiqpvuLi8WXGmMP6zcxubW9k5+197bPzg8KhyfdFWUSMo6NBKR7HtEMcFD1tFcC9aPJSOBJ1jPm91kfu+eScWj8E7PY+YGZBJyn1OijdRvj1LiLa7wqFDEZWxQq6GMOHXsGNJo1CuVBnKWFsZFWKM1KrwPxxFNAhZqKohSAwfH2k2J1JwKtrBLw0SxmNAZmbCBoSEJmHLT5cELVDLKGPmRNBVqtFTtbxMpCZSaB57pDIieqt9eJv7lDRLt192Uh3GiWUhXi/xEIB2h7Hs05pJRLeaGECq5ORbRKZGEapORbVL4ehX9T7qVslMrV9vVYvN6nUcezuAcLsCBS2jCLbSgAxQEPMATPFvSerRerNdVa85az5zCD1hvn08zkBM=</latexit>

Qab = 0

m=3   (clones)

n=2 (blocks of replica clones) → 0 eventually



Cloned free energy of spherical p-spins with replicas

Evaluate with this ansatz  
©

©

©
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Evaluate with this ansatz  
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Cloned free energy of spherical p-spins with replicas

<latexit sha1_base64="nQf/YBthNGxflhrc0HLu9rVpKNE="></latexit>

�(m,T ) = �T@nX(Q⇤)

Extremize over q → q*

Evaluate with this ansatz  
©

©

©

+



Cloned free energy of spherical p-spins with replicas

From                      :

Obtain the spectrum of metastable states by Legendre transform!  
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Confirm the structure of the landscape approach, compute Σ 𝑓  quantitatively! 

~ 0.01
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Same structure of calculation with ν = 𝑛𝑚 → 0 replica.
Only difference: no clone structure suggesting the block ansatz with definite m

Parisi’s equilibrium recipe:  Regard m and q as variational; find stationary point!
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Same structure of calculation with ν = 𝑛𝑚 → 0 replica.
Only difference: no clone structure suggesting the block ansatz with definite m

Parisi’s equilibrium recipe:  Regard m and q as variational; find stationary point!

If  m* < 1  (for T < TK) : Saddle point 
chooses a multi-block structure  
spontaneously !  
Replica symmetry breaking  - ”RSB”
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Same structure of calculation with ν = 𝑛𝑚 → 0 replica.
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Meaning of the spontaneous block structure in equilibrium?

Different replica will lie in the lowest available minima of G({mi})

Two different replica (1,2) may lie in the same minimum (and have overlap Q12 = q)
or in different valleys (overlap Q12 = 0):
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Non-trivial if meq < 1 :  a non-exponential 
number of different minima dominate Gibbs!

RSB reflects different pure states that contribute O(1) to 
the Gibbs ensemble. In high dimensions, RSB happens 

even with no symmetry present (e.g. no Ising symmetry)!



What about the other universality class:
spin glasses? 

How is their different physics reflected in the 
RSB structure of the SK spin glass?

EE

SK p-spin



RSB structure of the SK model 
Technical steps?  (no complexity anticipated: no clones)



RSB structure of the SK model 
Technical steps?

• Write partition function 
• Replicate n times
• Disorder average 
• Hubbard-Stratonovich - decouple different sites by introducing an integral 

over the overlap Q  
• Obtain effective action of N decoupled sites: extensive
• Seek saddle point Q* (close your eyes and take large-N limit before n→0) 
• Make Parisi’s block ansatz for Qab 
• Compute physical quantities and check whether they make sense.



RSB structure of the SK model 
In SK case: 1step ansatz yields a low T entropy that becomes negative!



RSB structure of the SK model 
In SK case: 1step ansatz yields a low T entropy that becomes negative!

How to do better?



RSB structure of the SK model 
In SK case: 1step ansatz yields a low T entropy that becomes negative!

How to do better?

Try blocks in blocks!    ==  “2-step RSB”: 

m1

m2
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1 < m2 < m1 < n

A priori

But as n → 0 
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RSB structure of the SK model 
2step ansatz : low T entropy is less negative, but still negative!

How to do better?

Infinite hierarchy of blocks!    ==  “continuous RSB” !

Parametrized by a limiting function 
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RSB structure of the SK model 
2step ansatz : low T entropy is less negative, but still negative!

How to do better?

Infinite hierarchy of blocks!    ==  “continuous RSB” !

E

Hierarchical substructure: 
clusters of states with overlap q2, 
 clustering into larger clusters of smaller overlap q1, 
  forming global cluster of overlap q0
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RSB structure of the SK model 
2step ansatz : low T entropy is less negative, but still negative!

How to do better?

Infinite hierarchy of blocks!    ==  “continuous RSB” !
• Entropy remains positive! ZFC/FC susceptibility sim. to experiment 4.2. SPIN GLASSES 65
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Figure 4.3: The experimental results for the FC (field cooled) and the ZFC
(zero field cooled) magnetisation (higher and lower curve respectively) vs.
temperature in a spin glass sample (Cu87Mn13.5) for a very small value of
the magnetic field. For a such a low field, non-linear effects can be neglected
and the magnetisation is proportional to the susceptibility.

order parameter

qEA =
1

N

∑

i

⟨si⟩2 (4.4)

It is zero at T > Tc and increases continuously from zero when T decreases
below Tc.

An experimental manifestation of the spin glass transition is found when
measuring the magnetic susceptibility. There are two ways of measuring the
susceptibility:

• Zero-field-cooled susceptibility: Cool the system in zero field below Tc.
Add a small magnetic field B, measure the magnetisation M . For small
enough B, it is a linear function of B and the ratio M/B = χZFC.

• Field-cooled susceptibility: at high temperature, T > Tc, place the
system in a small magnetic field B. Cool the system below Tc, measure
the magnetisation M . For small enough B, it is a linear function of B
and the ratio M/B = χFC .

These two susceptibilities are shown in Fig. 4.3. Their difference at T < Tc

is clear and signals the appearance of ergodicity breaking and irreversible
processes characteristic of the spin glass phase.

Zero field cooled (ZFC)

Field cooled (FC)



RSB structure of the SK model 
2step ansatz : low T entropy is less negative, but still negative!

How to do better?

Infinite hierarchy of blocks!    ==  “continuous RSB” !
• Entropy remains positive! ZFC/FC susceptibility sim. to experiment 

• No finite complexity: always less than exponentially many relevant states!
 
• The action at the saddle point Q* is only a marginal maximum (like for threshold 

states in the p-spin model) 
↔ the physical minima have marginal stability: shallow, with flat directions;           

          the whole glass phase is critical!


