
Quantum effects in glasses 

• Phase diagram: two universality classes

• MBL in glasses ?

• On adiabatic quantum computing 

• Short time dynamics:  spectral function of mean field models

• Rotor model, Ising glass and Heisenberg glass

• Long range glasses in optical cavities - localization vs glassiness



Quantum tunneling in p-spin models

Adding a transverse field 𝛤 

Phase diagram?
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Confirmed (see below):
• Rotor model
• SK model  

Quantum glass phase in spin glass models (p=2)

Expect: continuous transition for p = 2
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Localization or quantum tunneling in p-spin models

Many-body localization in states?

Within a state: 
No reason for non-ergodic 
dynamics among the 
configurations forming a state 
(dimension is high, connectivity is 
large, etc)
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Baldwin et al. ‘17 

Td

T*

Localization or quantum tunneling in p-spin models

Many-body localization between states?
Tunneling between two stable minima of 
energy E

Note: this transition constitutes an energy-dependent mobility edge. 
Most likely this only exists in mean field models without spatial structure! 
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Quantum or thermal annealing?

Finding the ground state of a classical 3d spin glass is 
an NP-complete problem!

If you can solve it in polynomial time, you can solve all 
other NP-hard problems in polynomial time.

Can we use physical annealing/relaxation to find the 
ground state?  

Annealing - A smart problem-solving idea ?



If spin glasses are NP-complete:
Use classical «analogue computer» to solve complex problems:

1. Translate your complex problem into a spin glass
and build the glass with all its couplings
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3. Read out the ground state!
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If spin glasses are NP-complete:
Use classical «analogue computer» to solve complex problems:

1. Translate your complex problem into a spin glass
and build the glass with all its couplings

2. Cool the spin system down to low T   
(«thermal annealing»)

3. Read out the ground state!

Why is this idea flawed?

The glass gets trapped in local minima, separated by extensive 
barriers from the ground state → exponential relaxation times

Annealing - A smart problem-solving idea ?



A yet smarter problem-solving idea ?
If spin glasses are NP complete:

Use a quantum analogue computer to solve complex problems:

1. Translate your problem into a spin glass

2. Turn on strong quantum fluctuations (transverse field hx for 
Ising spins) and cool to low T: 

Start in simple paramagnetic ground state
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A yet smarter problem-solving idea ?
If spin glasses are NP complete:

Use a quantum analogue computer to solve complex problems:

1. Translate your problem into a spin glass

2. Turn on strong quantum fluctuations (transverse field hx for
Ising spins) and cool to low T: 

Start in simple paramagnetic ground state

3. Adiabatically reduce the transverse field

4. Invoke adiabatic theorem: A system stays in the ground state
if one changes parameters adiabatically

→ An elegant way to find the ground state !?

<latexit sha1_base64="mXi6pWW17i8lH23f8dD1NyTIco0="></latexit>

H =
X

ij

s
z
i Jijs

z
j � hx

X

i

s
x
i

<latexit sha1_base64="+IlDSRIennhFgYi3KDdQw1ZhRAQ=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe2u6MZlBfvAdiiZNG1DM5khuSOW0r9wJSiIW//GlX9jpq2gogcCh3PuJfecIJbCACEfTmZtfWNzK7vt7uzu7R/kDo9aJko0400WyUh3Amq4FIo3QYDknVhzGgaSt4PJZeq377g2IlI3MI25H9KREkPBKFjpdty/xz2IMMH9XJ4UiUWlglPiVYlnSa1WLZVq2FtYhOTRCo1+7r03iFgScgVMUmO6HonBn1ENgkk+dwu9xPCYsgkd8a6liobc+LPFyXNcsMoADyNtnwK8UN1vGzMaGjMNAzsZUhib314q/uV1ExhW/ZlQcQJcseVHw0RiGzLNjwdCcwZyagllWthjMRtTTRnYllzbwldU/D9plYpepVi+LufrF6s+sugEnaIz5KFzVEdXqIGaiCGFHtATenbAeXRenNflaMZZ7RyjH3DePgHwcZBd</latexit>

hx ! 0

«Adiabatic algorithm»
Kadowaki and 

Nishimori, 1998 

How good 
is this 
idea?



A yet smarter problem-solving idea ?
If spin glasses are NP complete:

Use a quantum analogue computer to solve complex problems:

1. Translate your problem into a spin glass

2. Turn on strong quantum fluctuations (transverse field hx for
Ising spins) and cool to low T: 

Start in simple paramagnetic ground state

3. Adiabatically reduce the transverse field

4. Invoke adiabatic theorem: A system stays in the ground state
if one changes parameters adiabatically

Problem: As bottoms of low states cross the gap becomes 
exponentially small (nearly no level repulsion)!
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A yet smarter problem-solving idea ?
Conclusion

In the glass phase : High barriers between minima.

Thermal activation and quantum tunneling are both exponentially slow.
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• Landscape approach: Self-consistent dynamical mean field equations for
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Short time quantum dynamics

Approaches: 

• Landscape approach: Self-consistent dynamical mean field equations for

 
      (very complex and hard to solve) 

• Path integral over imaginary time for 

     Replica approach + disorder average, saddle point method 
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e.g. A. Bray, M. Moore ’80’s
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Saddle point properties  in quantum glasses 
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Dynamics in quantum glasses 
• Short time quantum dynamics: encoded in 

[see later: 

Analytic continuation to real time yields dynamic susceptibility and the spectral 
function  =  information on collective excitations  ]



Dynamics in quantum glasses 
• Short time quantum dynamics: encoded in 

• Edwards-Anderson parameter
 signals glassy ordering
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Dynamics in quantum glasses 
• Short time quantum dynamics: encoded in 

• Edwards-Anderson parameter
 signals glassy ordering

• Physical consistency requires that the intrastate correlations (qEA) are the same as 
long-time correlations (in the same state)
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 signals glassy ordering

• Physical consistency requires that the intrastate correlations (qEA) are the same as 
long-time correlations (in the same state)

• Quantum fluctuations reduce the value of qEA and eventually melt the glass (at Γ() 
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Dynamics in quantum glasses 
• Short time quantum dynamics: encoded in 

• Edwards-Anderson parameter
 signals glassy ordering

• Physical consistency requires that the intrastate correlations (qEA) are the same as 
long-time correlations (in the same state)

• Quantum fluctuations reduce the value of qEA and eventually melt the glass (at Γ() 

• Long time dynamics (slow floating over the landscape; aging) occurs well after 
quantum coherence is lost → identical to classical dynamics

• Replica symmetry breaking structure – Qab and P(q) and landscape – : mostly 
insensitive to quantum fluctuations (they just reduce the amplitude of possible q’s). 
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The simplest quantum ‘spin’ glass:
Mean field rotor model

Rigid rods, described by M-component unit vectors 

Gaussian all-to-all couplings

Factors of M and 
N chosen such 
that H ~ O(MN)

Ye, Sachdev, Read ‘93
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The simplest quantum ‘spin’ glass:
Mean field rotor model

Rigid rods, described by M-component unit vectors 

Generators of rotations in
g: generates quantum fluctuations   
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Gaussian all-to-all couplings

Factors of M and 
N chosen such 
that H ~ O(MN)

Ye, Sachdev, Read ‘93

<latexit sha1_base64="PY3m8O/pbX73PvKEQEHVaEzdzD0=">AAAB/nicdZDLSsNAFIYn9VbjLV52bgZLwVVJSqktuCi6cSNUsBdoQplMJ+3QySTOTIRaCj6KK0FB3PoernwbJ2kFFT0w8PH/53DO/H7MqFS2/WHklpZXVtfy6+bG5tb2jrW715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOPz5P/c4tEZJG/FpNYuKFaMhpQDFSWupbB47LyA10w+TU5UnGl2bfKtglW1e1ClNwarajoV6vlct16GSWbRfAopp9690dRDgJCVeYISl7jh0rb4qEopiRmVl0E0lihMdoSHoaOQqJ9KbZ+TNY1MoABpHQjyuYqea3iSkKpZyEvu4MkRrJ314q/uX1EhXUvCnlcaIIx/NFQcKgimCaBRxQQbBiEw0IC6qPhXiEBMJKJ5am8PVV+D+0yyWnWqpcVQqNs0UeeXAIjsAxcMAJaIAL0AQtgMEdeABP4Nm4Nx6NF+N13pozFjP74EcZb5+m9pSh</latexit>

1 → µ < ω → M

<latexit sha1_base64="tvNXZbPVW0fCGrrKDFx7HZ1AcAY=">AAACCnicdVDLSgMxFM3UVx1fVZdugqXgQkqmlNouhKIblxXsAzrDkEnTNjaTGZKMUIZuXfkprgQFcesfuPJvTF+gogcunJxzL7n3BDFnSiP0aWVWVtfWN7Kb9tb2zu5ebv+gpaJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gdDn123dUKhaJGz2OqRfigWB9RrA2kp+DXXeINRR+ytwwmZwuX7euSCbeOYJ+Lo+KyKBSgVPiVJFjSK1WLZVq0JlZCOXBAg0/9+H2IpKEVGjCsVJdB8XaS7HUjHA6sQtuomiMyQgPaNdQgUOqvHR2ygQWjNKD/UiaEhrOVPvbRIpDpcZhYDpDrIfqtzcV//K6ie5XvZSJONFUkPlH/YRDHcFpLrDHJCWajw3BRDKzLCRDLDHRJj3bpLA8Ff5PWqWiUymWr8v5+sUijyw4AsfgBDjgDNTBFWiAJiDgHjyCZ/BiPVhP1qv1Nm/NWIuZQ/AD1vsXd+KaGQ==</latexit>

[n̂iµ, n̂jω ] = 0
©

Commuting components - unlike quantum spins



Path integral representation in Matsubara time.
Replicate n times, disorder average. 
Take a saddle point, assuming O(M) invariance of saddle-point

<latexit sha1_base64="fyC1VEDoRrZ3xbspYsZQVjjQtvY="></latexit>

1

N

∑

i

→n̂a
iω(ω)n̂

b
iε(ω

→)↑ = Qab
ωε(ω, ω

→)

=
εωε
M

Qab(ω ↓ ω →)

Self-consistent single-site problem



Saddle point (self-consistency) condition

<latexit sha1_base64="fyC1VEDoRrZ3xbspYsZQVjjQtvY="></latexit>

1

N

∑

i

→n̂a
iω(ω)n̂

b
iε(ω

→)↑ = Qab
ωε(ω, ω

→)

=
εωε
M

Qab(ω ↓ ω →)

Self-consistent single-site problem
Path integral representation in Matsubara time.
Replicate n times, disorder average. 
Take a saddle point, assuming O(M) invariance of saddle-point



Saddle point (self-consistency) condition

<latexit sha1_base64="/Zh+ZWvI6dTYDa3unYZw9pORpUg=">AAAB8HicdVBNS8NAEN3Urxq/qh69LJaCp5KUUtuDUPTiRahgP6ANZbPdtEs3m7A7EULpn/AkKIhX/44n/42btoKKPhh4vDfDzDw/FlyD43xYubX1jc2t/La9s7u3f1A4POroKFGUtWkkItXziWaCS9YGDoL1YsVI6AvW9adXmd+9Z0rzSN5BGjMvJGPJA04JGKl3czHgMoB0WCg6ZcegVsMZceuOa0ijUa9UGthdWI5TRCu0hoX3wSiiScgkUEG07rtODN6MKOBUsLldGiSaxYROyZj1DZUkZNqbLQ6e45JRRjiIlCkJeKHa3yZmJNQ6DX3TGRKY6N9eJv7l9RMI6t6MyzgBJulyUZAIDBHOvscjrhgFkRpCqOLmWEwnRBEKJiPbpPD1Kv6fdCplt1au3laLzctVHnl0gk7RGXLROWqia9RCbUSRQA/oCT1bynq0XqzXZWvOWs0cox+w3j4BoxWQSw==</latexit>

M = → - limit: Impose constraint by Lagrange parameter )
*+

𝜆 to obtain a Gaussian action 
for     ,  evaluate the saddle point. In Matsubara-Fourier space: 

<latexit sha1_base64="fyC1VEDoRrZ3xbspYsZQVjjQtvY="></latexit>

1

N

∑

i

→n̂a
iω(ω)n̂

b
iε(ω

→)↑ = Qab
ωε(ω, ω

→)

=
εωε
M

Qab(ω ↓ ω →)

<latexit sha1_base64="UEN+cefQsS8Q9PVRJjz9EGFY/oE=">AAAB8XicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe2u6MZlBfuQdiyZNNOGJpkhyQhl6Fe4EhTErZ/jyr8x01ZQ0QMXDufcy733BDFn2iD04eTW1jc2t/Lb7s7u3v5B4fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcz87j1VmkXyxsxi6gs8lixkBBsr3Q4m2EAJ7/CwUERlZFGrwYx4deRZ0mjUK5UG9BYWQkWwQmtYeB+MIpIIKg3hWOu+h2Ljp1gZRjidu6VBommMyRSPad9SiQXVfrq4eA5LVhnBMFK2pIEL1f02kWKh9UwEtlNgM9G/vUz8y+snJqz7KZNxYqgky0VhwqGJYPY+HDFFieEzSzBRzB4LyQQrTIwNybUpfL0K/yedStmrlavX1WLzYpVHHpyAU3AGPHAOmuAKtEAbECDAA3gCz452Hp0X53XZmnNWM8fgB5y3T7v9kEs=</latexit>

n̂a

Self-consistent single-site problem
Path integral representation in Matsubara time.
Replicate n times, disorder average. 
Take a saddle point, assuming O(M) invariance of saddle-point



Saddle point (self-consistency) condition

<latexit sha1_base64="/Zh+ZWvI6dTYDa3unYZw9pORpUg=">AAAB8HicdVBNS8NAEN3Urxq/qh69LJaCp5KUUtuDUPTiRahgP6ANZbPdtEs3m7A7EULpn/AkKIhX/44n/42btoKKPhh4vDfDzDw/FlyD43xYubX1jc2t/La9s7u3f1A4POroKFGUtWkkItXziWaCS9YGDoL1YsVI6AvW9adXmd+9Z0rzSN5BGjMvJGPJA04JGKl3czHgMoB0WCg6ZcegVsMZceuOa0ijUa9UGthdWI5TRCu0hoX3wSiiScgkUEG07rtODN6MKOBUsLldGiSaxYROyZj1DZUkZNqbLQ6e45JRRjiIlCkJeKHa3yZmJNQ6DX3TGRKY6N9eJv7l9RMI6t6MyzgBJulyUZAIDBHOvscjrhgFkRpCqOLmWEwnRBEKJiPbpPD1Kv6fdCplt1au3laLzctVHnl0gk7RGXLROWqia9RCbUSRQA/oCT1bynq0XqzXZWvOWs0cox+w3j4BoxWQSw==</latexit>

M = →

<latexit sha1_base64="fyC1VEDoRrZ3xbspYsZQVjjQtvY="></latexit>

1

N

∑

i

→n̂a
iω(ω)n̂

b
iε(ω

→)↑ = Qab
ωε(ω, ω

→)

=
εωε
M

Qab(ω ↓ ω →)

RHS: Inverse of the replica 
(n x n) matrix!

<latexit sha1_base64="UEN+cefQsS8Q9PVRJjz9EGFY/oE=">AAAB8XicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe2u6MZlBfuQdiyZNNOGJpkhyQhl6Fe4EhTErZ/jyr8x01ZQ0QMXDufcy733BDFn2iD04eTW1jc2t/Lb7s7u3v5B4fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcz87j1VmkXyxsxi6gs8lixkBBsr3Q4m2EAJ7/CwUERlZFGrwYx4deRZ0mjUK5UG9BYWQkWwQmtYeB+MIpIIKg3hWOu+h2Ljp1gZRjidu6VBommMyRSPad9SiQXVfrq4eA5LVhnBMFK2pIEL1f02kWKh9UwEtlNgM9G/vUz8y+snJqz7KZNxYqgky0VhwqGJYPY+HDFFieEzSzBRzB4LyQQrTIwNybUpfL0K/yedStmrlavX1WLzYpVHHpyAU3AGPHAOmuAKtEAbECDAA3gCz452Hp0X53XZmnNWM8fgB5y3T7v9kEs=</latexit>

n̂a

Self-consistent single-site problem

- limit: Impose constraint by Lagrange parameter )
*+

𝜆 to obtain a Gaussian action 
for     ,  evaluate the saddle point. In Matsubara-Fourier space: 

Path integral representation in Matsubara time.
Replicate n times, disorder average. 
Take a saddle point, assuming O(M) invariance of saddle-point



Paramagnetic phase
Paramagnetic phase: 𝑄,-. = 0
Solve quadratic equation for 𝑄,, 𝑖𝜔 : 

<latexit sha1_base64="L6vMTMRTkim/ShEVvJETfj5zEsc="></latexit>

Qaa(ω = iωn) =
ω2
n + ε→

√
(ω2

n + ε)2 → (2gJ)2

2gJ2



Paramagnetic phase: 𝑄,-. = 0
Solve quadratic equation for 𝑄,, 𝑖𝜔 : 

Analytically continue to real frequencies to obtain

<latexit sha1_base64="L6vMTMRTkim/ShEVvJETfj5zEsc="></latexit>

Qaa(ω = iωn) =
ω2
n + ε→

√
(ω2

n + ε)2 → (2gJ)2

2gJ2

<latexit sha1_base64="BVKpN6/f3NIznL6Jry5zqW5r05Y=">AAAB/nicdZDLSsNAFIYn9VbjLV52bgZLwVVNSqntrujGZQV7gSaEyXTSDp1MwsxEqKHgo7gSFMSt7+HKt3HSVlDRAwMf/38Oc84fJIxKZdsfRmFldW19o7hpbm3v7O5Z+wddGacCkw6OWSz6AZKEUU46iipG+okgKAoY6QWTy9zv3RIhacxv1DQhXoRGnIYUI6Ul3zpy44iMkM9dFcMFn1HfKtkVW1e9DnNwGrajodlsVKtN6Mwt2y6BZbV9690dxjiNCFeYISkHjp0oL0NCUczIzCy7qSQJwhM0IgONHEVEetl8/Rksa2UIw1joxxWcq+a3iQxFUk6jQHdGSI3lby8X//IGqQobXkZ5kirC8eKjMGVQn5pnAYdUEKzYVAPCguplIR4jgbDSiZk6ha9T4f/QrVaceqV2XSu1LpZ5FMExOAGnwAHnoAWuQBt0AAZ34AE8gWfj3ng0XozXRWvBWM4cgh9lvH0C68OVcg==</latexit>

ωn → ω/i
<latexit sha1_base64="etmiu+LJOb1mFCB+hGZ/NxTNFOE=">AAACDnicdVDLSgNBEJz1GeNr1aOXwRiIl7AbQkwOQtCLxwTMA5IYeieTZMjs7DIzK4QlP+DJT/EkKIhX7578GycPIYoWNBRV3XR3eSFnSjvOp7Wyura+sZnYSm7v7O7t2weHdRVEktAaCXggmx4oypmgNc00p81QUvA9Thve6GrqN+6oVCwQN3oc0o4PA8H6jIA2Utc+rd7GAJMMawc+HUBXnOEL3CZDtqx07ZSTdQwKBTwlbtFxDSmVirlcCbszy3FSaIFK1/5o9wIS+VRowkGpluuEuhOD1IxwOkmm25GiIZARDGjLUAE+VZ149s4Ep43Sw/1AmhIaz9Tk0kQMvlJj3zOdPuih+u1Nxb+8VqT7xU7MRBhpKsh8UT/iWAd4mg3uMUmJ5mNDgEhmjsVkCBKINgkmTQrfr+L/ST2XdQvZfDWfKl8u8kigY3SCMshF56iMrlEF1RBB9+gRPaMX68F6sl6tt3nrirWYOUI/YL1/AT9hmvI=</latexit>

Qaa(iωn) = ε(iωn)
<latexit sha1_base64="twBCoDg0pZtfFwG4qau5QsAqG8o=">AAAB9XicdVDLSgMxFM3UVx1fVZdugqVQNyVTSm13RTcuK9gHdIaSSTNtaCYzJhmlDP0OV4KCuPVjXPk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzc2vrG5lZ+297Z3ds/KBwedVWUSEI7JOKR7PtYUc4E7WimOe3HkuLQ57TnTy8zv3dHpWKRuNGzmHohHgsWMIK1kTyXTFjZjUI6xmdwWCiiCjKo12FGnAZyDGk2G9VqEzoLC6EiWKE9LLy7o4gkIRWacKzUwEGx9lIsNSOczu2SmygaYzLFYzowVOCQKi9dXD2HJaOMYBBJU0LDhWp/m0hxqNQs9E1niPVE/fYy8S9vkOig4aVMxImmgiwXBQmHOoJZBHDEJCWazwzBRDJzLCQTLDHRJijbpPD1KvyfdKsVp16pXdeKrYtVHnlwAk5BGTjgHLTAFWiDDiDgFjyAJ/Bs3VuP1ov1umzNWauZY/AD1tsndsWR0w==</latexit>

ω(ε)
<latexit sha1_base64="7on9l56GuKohSZANiKdeSss3ldM="></latexit>

ω(ε) =
1

N

N∑

i=1

M∑

ω=1

∫ →

0
dtωωω

ii (t)

=
1

N

N∑

i=1

M∑

ω=1

∫ →

0
dt→↑i[n̂ω

i (t), n̂
ω
i (0)]↓ei(ε+iϑ)t

Paramagnetic phase



Paramagnetic phase: 𝑄,-. = 0

<latexit sha1_base64="k/OgHEuFfFBhq1BC6T1App6xmuo="></latexit>

Im[ω(ε)] → ω→→(ε) =
ϑ

N

∑

i

∑

m

|↑ϖm|n̂ω
i |ϖ0↓|2 [ϱ(ε ↔ Em + E0)↔ ϱ(ε + Em ↔ E0)] = ϑς(ε),

Solve quadratic equation for 𝑄,, 𝑖𝜔 : 

Analytically continue to real frequencies to obtain

<latexit sha1_base64="L6vMTMRTkim/ShEVvJETfj5zEsc="></latexit>

Qaa(ω = iωn) =
ω2
n + ε→

√
(ω2

n + ε)2 → (2gJ)2

2gJ2

<latexit sha1_base64="BVKpN6/f3NIznL6Jry5zqW5r05Y=">AAAB/nicdZDLSsNAFIYn9VbjLV52bgZLwVVNSqntrujGZQV7gSaEyXTSDp1MwsxEqKHgo7gSFMSt7+HKt3HSVlDRAwMf/38Oc84fJIxKZdsfRmFldW19o7hpbm3v7O5Z+wddGacCkw6OWSz6AZKEUU46iipG+okgKAoY6QWTy9zv3RIhacxv1DQhXoRGnIYUI6Ul3zpy44iMkM9dFcMFn1HfKtkVW1e9DnNwGrajodlsVKtN6Mwt2y6BZbV9690dxjiNCFeYISkHjp0oL0NCUczIzCy7qSQJwhM0IgONHEVEetl8/Rksa2UIw1joxxWcq+a3iQxFUk6jQHdGSI3lby8X//IGqQobXkZ5kirC8eKjMGVQn5pnAYdUEKzYVAPCguplIR4jgbDSiZk6ha9T4f/QrVaceqV2XSu1LpZ5FMExOAGnwAHnoAWuQBt0AAZ34AE8gWfj3ng0XozXRWvBWM4cgh9lvH0C68OVcg==</latexit>

ωn → ω/i
<latexit sha1_base64="etmiu+LJOb1mFCB+hGZ/NxTNFOE=">AAACDnicdVDLSgNBEJz1GeNr1aOXwRiIl7AbQkwOQtCLxwTMA5IYeieTZMjs7DIzK4QlP+DJT/EkKIhX7578GycPIYoWNBRV3XR3eSFnSjvOp7Wyura+sZnYSm7v7O7t2weHdRVEktAaCXggmx4oypmgNc00p81QUvA9Thve6GrqN+6oVCwQN3oc0o4PA8H6jIA2Utc+rd7GAJMMawc+HUBXnOEL3CZDtqx07ZSTdQwKBTwlbtFxDSmVirlcCbszy3FSaIFK1/5o9wIS+VRowkGpluuEuhOD1IxwOkmm25GiIZARDGjLUAE+VZ149s4Ep43Sw/1AmhIaz9Tk0kQMvlJj3zOdPuih+u1Nxb+8VqT7xU7MRBhpKsh8UT/iWAd4mg3uMUmJ5mNDgEhmjsVkCBKINgkmTQrfr+L/ST2XdQvZfDWfKl8u8kigY3SCMshF56iMrlEF1RBB9+gRPaMX68F6sl6tt3nrirWYOUI/YL1/AT9hmvI=</latexit>

Qaa(iωn) = ε(iωn)
<latexit sha1_base64="twBCoDg0pZtfFwG4qau5QsAqG8o=">AAAB9XicdVDLSgMxFM3UVx1fVZdugqVQNyVTSm13RTcuK9gHdIaSSTNtaCYzJhmlDP0OV4KCuPVjXPk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzc2vrG5lZ+297Z3ds/KBwedVWUSEI7JOKR7PtYUc4E7WimOe3HkuLQ57TnTy8zv3dHpWKRuNGzmHohHgsWMIK1kTyXTFjZjUI6xmdwWCiiCjKo12FGnAZyDGk2G9VqEzoLC6EiWKE9LLy7o4gkIRWacKzUwEGx9lIsNSOczu2SmygaYzLFYzowVOCQKi9dXD2HJaOMYBBJU0LDhWp/m0hxqNQs9E1niPVE/fYy8S9vkOig4aVMxImmgiwXBQmHOoJZBHDEJCWazwzBRDJzLCQTLDHRJijbpPD1KvyfdKsVp16pXdeKrYtVHnlwAk5BGTjgHLTAFWiDDiDgFjyAJ/Bs3VuP1ov1umzNWauZY/AD1tsndsWR0w==</latexit>

ω(ε)

Insert a sum over eigenstates        . Take imaginary part and obtain the spectral function (here at T = 0) 

<latexit sha1_base64="7on9l56GuKohSZANiKdeSss3ldM="></latexit>

ω(ε) =
1

N

N∑

i=1

M∑

ω=1

∫ →

0
dtωωω

ii (t)

=
1

N

N∑

i=1

M∑

ω=1

∫ →

0
dt→↑i[n̂ω

i (t), n̂
ω
i (0)]↓ei(ε+iϑ)t

<latexit sha1_base64="PeRrYmkvIfmnExVn3Qu4XtiiEtc=">AAAB7nicdVDLSgMxFM3UVx1fVZdugqXgqmSK1HZXdOOygn1AO5RMmraxSSYkGaEM/QdXgoK49X9c+Tdm2goqeuDC4Zx7ufeeSHFmLEIfXm5tfWNzK7/t7+zu7R8UDo/aJk40oS0S81h3I2woZ5K2LLOcdpWmWEScdqLpVeZ37qk2LJa3dqZoKPBYshEj2Dqp3VeGDcSgUERl5FCtwowENRQ4Uq/XKpU6DBYWQkWwQnNQeO8PY5IIKi3h2JhegJQNU6wtI5zO/VI/MVRhMsVj2nNUYkFNmC7OncOSU4ZwFGtX0sKF6n+bSLEwZiYi1ymwnZjfXib+5fUSO6qFKZMqsVSS5aJRwqGNYfY7HDJNieUzRzDRzB0LyQRrTKxLyHcpfL0K/yftSjmols9vzouNy1UeeXACTsEZCMAFaIBr0AQtQMAdeABP4NlT3qP34r0uW3PeauYY/ID39glorY+b</latexit>

ωm

Paramagnetic phase



Paramagnetic phase: 𝑄,-. = 0

<latexit sha1_base64="k/OgHEuFfFBhq1BC6T1App6xmuo="></latexit>

Im[ω(ε)] → ω→→(ε) =
ϑ

N

∑

i

∑

m

|↑ϖm|n̂ω
i |ϖ0↓|2 [ϱ(ε ↔ Em + E0)↔ ϱ(ε + Em ↔ E0)] = ϑς(ε),

Solve quadratic equation for 𝑄,, 𝑖𝜔 : 

Analytically continue to real frequencies to obtain

<latexit sha1_base64="L6vMTMRTkim/ShEVvJETfj5zEsc="></latexit>

Qaa(ω = iωn) =
ω2
n + ε→

√
(ω2

n + ε)2 → (2gJ)2

2gJ2

<latexit sha1_base64="BVKpN6/f3NIznL6Jry5zqW5r05Y=">AAAB/nicdZDLSsNAFIYn9VbjLV52bgZLwVVNSqntrujGZQV7gSaEyXTSDp1MwsxEqKHgo7gSFMSt7+HKt3HSVlDRAwMf/38Oc84fJIxKZdsfRmFldW19o7hpbm3v7O5Z+wddGacCkw6OWSz6AZKEUU46iipG+okgKAoY6QWTy9zv3RIhacxv1DQhXoRGnIYUI6Ul3zpy44iMkM9dFcMFn1HfKtkVW1e9DnNwGrajodlsVKtN6Mwt2y6BZbV9690dxjiNCFeYISkHjp0oL0NCUczIzCy7qSQJwhM0IgONHEVEetl8/Rksa2UIw1joxxWcq+a3iQxFUk6jQHdGSI3lby8X//IGqQobXkZ5kirC8eKjMGVQn5pnAYdUEKzYVAPCguplIR4jgbDSiZk6ha9T4f/QrVaceqV2XSu1LpZ5FMExOAGnwAHnoAWuQBt0AAZ34AE8gWfj3ng0XozXRWvBWM4cgh9lvH0C68OVcg==</latexit>

ωn → ω/i
<latexit sha1_base64="etmiu+LJOb1mFCB+hGZ/NxTNFOE=">AAACDnicdVDLSgNBEJz1GeNr1aOXwRiIl7AbQkwOQtCLxwTMA5IYeieTZMjs7DIzK4QlP+DJT/EkKIhX7578GycPIYoWNBRV3XR3eSFnSjvOp7Wyura+sZnYSm7v7O7t2weHdRVEktAaCXggmx4oypmgNc00p81QUvA9Thve6GrqN+6oVCwQN3oc0o4PA8H6jIA2Utc+rd7GAJMMawc+HUBXnOEL3CZDtqx07ZSTdQwKBTwlbtFxDSmVirlcCbszy3FSaIFK1/5o9wIS+VRowkGpluuEuhOD1IxwOkmm25GiIZARDGjLUAE+VZ149s4Ep43Sw/1AmhIaz9Tk0kQMvlJj3zOdPuih+u1Nxb+8VqT7xU7MRBhpKsh8UT/iWAd4mg3uMUmJ5mNDgEhmjsVkCBKINgkmTQrfr+L/ST2XdQvZfDWfKl8u8kigY3SCMshF56iMrlEF1RBB9+gRPaMX68F6sl6tt3nrirWYOUI/YL1/AT9hmvI=</latexit>

Qaa(iωn) = ε(iωn)
<latexit sha1_base64="twBCoDg0pZtfFwG4qau5QsAqG8o=">AAAB9XicdVDLSgMxFM3UVx1fVZdugqVQNyVTSm13RTcuK9gHdIaSSTNtaCYzJhmlDP0OV4KCuPVjXPk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzc2vrG5lZ+297Z3ds/KBwedVWUSEI7JOKR7PtYUc4E7WimOe3HkuLQ57TnTy8zv3dHpWKRuNGzmHohHgsWMIK1kTyXTFjZjUI6xmdwWCiiCjKo12FGnAZyDGk2G9VqEzoLC6EiWKE9LLy7o4gkIRWacKzUwEGx9lIsNSOczu2SmygaYzLFYzowVOCQKi9dXD2HJaOMYBBJU0LDhWp/m0hxqNQs9E1niPVE/fYy8S9vkOig4aVMxImmgiwXBQmHOoJZBHDEJCWazwzBRDJzLCQTLDHRJijbpPD1KvyfdKsVp16pXdeKrYtVHnlwAk5BGTjgHLTAFWiDDiDgFjyAJ/Bs3VuP1ov1umzNWauZY/AD1tsndsWR0w==</latexit>

ω(ε)

Information about strength and energy of excitations created by acting with      !

<latexit sha1_base64="7on9l56GuKohSZANiKdeSss3ldM="></latexit>

ω(ε) =
1

N

N∑

i=1

M∑

ω=1

∫ →

0
dtωωω

ii (t)

=
1

N

N∑

i=1

M∑

ω=1

∫ →

0
dt→↑i[n̂ω

i (t), n̂
ω
i (0)]↓ei(ε+iϑ)t

<latexit sha1_base64="PeRrYmkvIfmnExVn3Qu4XtiiEtc=">AAAB7nicdVDLSgMxFM3UVx1fVZdugqXgqmSK1HZXdOOygn1AO5RMmraxSSYkGaEM/QdXgoK49X9c+Tdm2goqeuDC4Zx7ufeeSHFmLEIfXm5tfWNzK7/t7+zu7R8UDo/aJk40oS0S81h3I2woZ5K2LLOcdpWmWEScdqLpVeZ37qk2LJa3dqZoKPBYshEj2Dqp3VeGDcSgUERl5FCtwowENRQ4Uq/XKpU6DBYWQkWwQnNQeO8PY5IIKi3h2JhegJQNU6wtI5zO/VI/MVRhMsVj2nNUYkFNmC7OncOSU4ZwFGtX0sKF6n+bSLEwZiYi1ymwnZjfXib+5fUSO6qFKZMqsVSS5aJRwqGNYfY7HDJNieUzRzDRzB0LyQRrTKxLyHcpfL0K/yftSjmols9vzouNy1UeeXACTsEZCMAFaIBr0AQtQMAdeABP4NlT3qP34r0uW3PeauYY/ID39glorY+b</latexit>

ωm

Paramagnetic phase

Insert a sum over eigenstates        . Take imaginary part and obtain the spectral function (here at T = 0) 



Paramagnetic phase: 𝑄,-. = 0
Solve quadratic equation for 𝑄,, 𝑖𝜔 : 

Analytically continue to real frequencies to obtain

<latexit sha1_base64="L6vMTMRTkim/ShEVvJETfj5zEsc="></latexit>

Qaa(ω = iωn) =
ω2
n + ε→

√
(ω2

n + ε)2 → (2gJ)2

2gJ2

<latexit sha1_base64="BVKpN6/f3NIznL6Jry5zqW5r05Y=">AAAB/nicdZDLSsNAFIYn9VbjLV52bgZLwVVNSqntrujGZQV7gSaEyXTSDp1MwsxEqKHgo7gSFMSt7+HKt3HSVlDRAwMf/38Oc84fJIxKZdsfRmFldW19o7hpbm3v7O5Z+wddGacCkw6OWSz6AZKEUU46iipG+okgKAoY6QWTy9zv3RIhacxv1DQhXoRGnIYUI6Ul3zpy44iMkM9dFcMFn1HfKtkVW1e9DnNwGrajodlsVKtN6Mwt2y6BZbV9690dxjiNCFeYISkHjp0oL0NCUczIzCy7qSQJwhM0IgONHEVEetl8/Rksa2UIw1joxxWcq+a3iQxFUk6jQHdGSI3lby8X//IGqQobXkZ5kirC8eKjMGVQn5pnAYdUEKzYVAPCguplIR4jgbDSiZk6ha9T4f/QrVaceqV2XSu1LpZ5FMExOAGnwAHnoAWuQBt0AAZ34AE8gWfj3ng0XozXRWvBWM4cgh9lvH0C68OVcg==</latexit>

ωn → ω/i
<latexit sha1_base64="etmiu+LJOb1mFCB+hGZ/NxTNFOE=">AAACDnicdVDLSgNBEJz1GeNr1aOXwRiIl7AbQkwOQtCLxwTMA5IYeieTZMjs7DIzK4QlP+DJT/EkKIhX7578GycPIYoWNBRV3XR3eSFnSjvOp7Wyura+sZnYSm7v7O7t2weHdRVEktAaCXggmx4oypmgNc00p81QUvA9Thve6GrqN+6oVCwQN3oc0o4PA8H6jIA2Utc+rd7GAJMMawc+HUBXnOEL3CZDtqx07ZSTdQwKBTwlbtFxDSmVirlcCbszy3FSaIFK1/5o9wIS+VRowkGpluuEuhOD1IxwOkmm25GiIZARDGjLUAE+VZ149s4Ep43Sw/1AmhIaz9Tk0kQMvlJj3zOdPuih+u1Nxb+8VqT7xU7MRBhpKsh8UT/iWAd4mg3uMUmJ5mNDgEhmjsVkCBKINgkmTQrfr+L/ST2XdQvZfDWfKl8u8kigY3SCMshF56iMrlEF1RBB9+gRPaMX68F6sl6tt3nrirWYOUI/YL1/AT9hmvI=</latexit>

Qaa(iωn) = ε(iωn)
<latexit sha1_base64="twBCoDg0pZtfFwG4qau5QsAqG8o=">AAAB9XicdVDLSgMxFM3UVx1fVZdugqVQNyVTSm13RTcuK9gHdIaSSTNtaCYzJhmlDP0OV4KCuPVjXPk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzc2vrG5lZ+297Z3ds/KBwedVWUSEI7JOKR7PtYUc4E7WimOe3HkuLQ57TnTy8zv3dHpWKRuNGzmHohHgsWMIK1kTyXTFjZjUI6xmdwWCiiCjKo12FGnAZyDGk2G9VqEzoLC6EiWKE9LLy7o4gkIRWacKzUwEGx9lIsNSOczu2SmygaYzLFYzowVOCQKi9dXD2HJaOMYBBJU0LDhWp/m0hxqNQs9E1niPVE/fYy8S9vkOig4aVMxImmgiwXBQmHOoJZBHDEJCWazwzBRDJzLCQTLDHRJijbpPD1KvyfdKsVp16pXdeKrYtVHnlwAk5BGTjgHLTAFWiDDiDgFjyAJ/Bs3VuP1ov1umzNWauZY/AD1tsndsWR0w==</latexit>

ω(ε)

Paramagnetic phase



elsewhere

Paramagnetic phase: 𝑄,-. = 0
Solve quadratic equation for 𝑄,, 𝑖𝜔 : 

Analytically continue to real frequencies to obtain

<latexit sha1_base64="L6vMTMRTkim/ShEVvJETfj5zEsc="></latexit>

Qaa(ω = iωn) =
ω2
n + ε→

√
(ω2

n + ε)2 → (2gJ)2

2gJ2

<latexit sha1_base64="BVKpN6/f3NIznL6Jry5zqW5r05Y=">AAAB/nicdZDLSsNAFIYn9VbjLV52bgZLwVVNSqntrujGZQV7gSaEyXTSDp1MwsxEqKHgo7gSFMSt7+HKt3HSVlDRAwMf/38Oc84fJIxKZdsfRmFldW19o7hpbm3v7O5Z+wddGacCkw6OWSz6AZKEUU46iipG+okgKAoY6QWTy9zv3RIhacxv1DQhXoRGnIYUI6Ul3zpy44iMkM9dFcMFn1HfKtkVW1e9DnNwGrajodlsVKtN6Mwt2y6BZbV9690dxjiNCFeYISkHjp0oL0NCUczIzCy7qSQJwhM0IgONHEVEetl8/Rksa2UIw1joxxWcq+a3iQxFUk6jQHdGSI3lby8X//IGqQobXkZ5kirC8eKjMGVQn5pnAYdUEKzYVAPCguplIR4jgbDSiZk6ha9T4f/QrVaceqV2XSu1LpZ5FMExOAGnwAHnoAWuQBt0AAZ34AE8gWfj3ng0XozXRWvBWM4cgh9lvH0C68OVcg==</latexit>

ωn → ω/i
<latexit sha1_base64="etmiu+LJOb1mFCB+hGZ/NxTNFOE=">AAACDnicdVDLSgNBEJz1GeNr1aOXwRiIl7AbQkwOQtCLxwTMA5IYeieTZMjs7DIzK4QlP+DJT/EkKIhX7578GycPIYoWNBRV3XR3eSFnSjvOp7Wyura+sZnYSm7v7O7t2weHdRVEktAaCXggmx4oypmgNc00p81QUvA9Thve6GrqN+6oVCwQN3oc0o4PA8H6jIA2Utc+rd7GAJMMawc+HUBXnOEL3CZDtqx07ZSTdQwKBTwlbtFxDSmVirlcCbszy3FSaIFK1/5o9wIS+VRowkGpluuEuhOD1IxwOkmm25GiIZARDGjLUAE+VZ149s4Ep43Sw/1AmhIaz9Tk0kQMvlJj3zOdPuih+u1Nxb+8VqT7xU7MRBhpKsh8UT/iWAd4mg3uMUmJ5mNDgEhmjsVkCBKINgkmTQrfr+L/ST2XdQvZfDWfKl8u8kigY3SCMshF56iMrlEF1RBB9+gRPaMX68F6sl6tt3nrirWYOUI/YL1/AT9hmvI=</latexit>

Qaa(iωn) = ε(iωn)
<latexit sha1_base64="twBCoDg0pZtfFwG4qau5QsAqG8o=">AAAB9XicdVDLSgMxFM3UVx1fVZdugqVQNyVTSm13RTcuK9gHdIaSSTNtaCYzJhmlDP0OV4KCuPVjXPk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzc2vrG5lZ+297Z3ds/KBwedVWUSEI7JOKR7PtYUc4E7WimOe3HkuLQ57TnTy8zv3dHpWKRuNGzmHohHgsWMIK1kTyXTFjZjUI6xmdwWCiiCjKo12FGnAZyDGk2G9VqEzoLC6EiWKE9LLy7o4gkIRWacKzUwEGx9lIsNSOczu2SmygaYzLFYzowVOCQKi9dXD2HJaOMYBBJU0LDhWp/m0hxqNQs9E1niPVE/fYy8S9vkOig4aVMxImmgiwXBQmHOoJZBHDEJCWazwzBRDJzLCQTLDHRJijbpPD1KvyfdKsVp16pXdeKrYtVHnlwAk5BGTjgHLTAFWiDDiDgFjyAJ/Bs3VuP1ov1umzNWauZY/AD1tsndsWR0w==</latexit>

ω(ε)

Paramagnetic phase



elsewhere

Determine 𝜆(𝑔, 𝑇) from equal time constraint 

Paramagnetic phase: 𝑄,-. = 0
Solve quadratic equation for 𝑄,, 𝑖𝜔 : 

Analytically continue to real frequencies to obtain

<latexit sha1_base64="L6vMTMRTkim/ShEVvJETfj5zEsc="></latexit>

Qaa(ω = iωn) =
ω2
n + ε→

√
(ω2

n + ε)2 → (2gJ)2

2gJ2

<latexit sha1_base64="BVKpN6/f3NIznL6Jry5zqW5r05Y=">AAAB/nicdZDLSsNAFIYn9VbjLV52bgZLwVVNSqntrujGZQV7gSaEyXTSDp1MwsxEqKHgo7gSFMSt7+HKt3HSVlDRAwMf/38Oc84fJIxKZdsfRmFldW19o7hpbm3v7O5Z+wddGacCkw6OWSz6AZKEUU46iipG+okgKAoY6QWTy9zv3RIhacxv1DQhXoRGnIYUI6Ul3zpy44iMkM9dFcMFn1HfKtkVW1e9DnNwGrajodlsVKtN6Mwt2y6BZbV9690dxjiNCFeYISkHjp0oL0NCUczIzCy7qSQJwhM0IgONHEVEetl8/Rksa2UIw1joxxWcq+a3iQxFUk6jQHdGSI3lby8X//IGqQobXkZ5kirC8eKjMGVQn5pnAYdUEKzYVAPCguplIR4jgbDSiZk6ha9T4f/QrVaceqV2XSu1LpZ5FMExOAGnwAHnoAWuQBt0AAZ34AE8gWfj3ng0XozXRWvBWM4cgh9lvH0C68OVcg==</latexit>

ωn → ω/i
<latexit sha1_base64="etmiu+LJOb1mFCB+hGZ/NxTNFOE=">AAACDnicdVDLSgNBEJz1GeNr1aOXwRiIl7AbQkwOQtCLxwTMA5IYeieTZMjs7DIzK4QlP+DJT/EkKIhX7578GycPIYoWNBRV3XR3eSFnSjvOp7Wyura+sZnYSm7v7O7t2weHdRVEktAaCXggmx4oypmgNc00p81QUvA9Thve6GrqN+6oVCwQN3oc0o4PA8H6jIA2Utc+rd7GAJMMawc+HUBXnOEL3CZDtqx07ZSTdQwKBTwlbtFxDSmVirlcCbszy3FSaIFK1/5o9wIS+VRowkGpluuEuhOD1IxwOkmm25GiIZARDGjLUAE+VZ149s4Ep43Sw/1AmhIaz9Tk0kQMvlJj3zOdPuih+u1Nxb+8VqT7xU7MRBhpKsh8UT/iWAd4mg3uMUmJ5mNDgEhmjsVkCBKINgkmTQrfr+L/ST2XdQvZfDWfKl8u8kigY3SCMshF56iMrlEF1RBB9+gRPaMX68F6sl6tt3nrirWYOUI/YL1/AT9hmvI=</latexit>

Qaa(iωn) = ε(iωn)
<latexit sha1_base64="twBCoDg0pZtfFwG4qau5QsAqG8o=">AAAB9XicdVDLSgMxFM3UVx1fVZdugqVQNyVTSm13RTcuK9gHdIaSSTNtaCYzJhmlDP0OV4KCuPVjXPk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzc2vrG5lZ+297Z3ds/KBwedVWUSEI7JOKR7PtYUc4E7WimOe3HkuLQ57TnTy8zv3dHpWKRuNGzmHohHgsWMIK1kTyXTFjZjUI6xmdwWCiiCjKo12FGnAZyDGk2G9VqEzoLC6EiWKE9LLy7o4gkIRWacKzUwEGx9lIsNSOczu2SmygaYzLFYzowVOCQKi9dXD2HJaOMYBBJU0LDhWp/m0hxqNQs9E1niPVE/fYy8S9vkOig4aVMxImmgiwXBQmHOoJZBHDEJCWazwzBRDJzLCQTLDHRJijbpPD1KvyfdKsVp16pXdeKrYtVHnlwAk5BGTjgHLTAFWiDDiDgFjyAJ/Bs3VuP1ov1umzNWauZY/AD1tsndsWR0w==</latexit>

ω(ε)

Paramagnetic phase



©

elsewhere

Determine 𝜆(𝑔, 𝑇) from equal time constraint 

Spectral gap:
<latexit sha1_base64="l2QqJspi4gWKwsYh5U7yLoTHukk="></latexit>

! =
√

ω→ 2Jg ↑ 0

Paramagnetic phase: 𝑄,-. = 0
Solve quadratic equation for 𝑄,, 𝑖𝜔 : 

Analytically continue to real frequencies to obtain

<latexit sha1_base64="L6vMTMRTkim/ShEVvJETfj5zEsc="></latexit>

Qaa(ω = iωn) =
ω2
n + ε→

√
(ω2

n + ε)2 → (2gJ)2

2gJ2

<latexit sha1_base64="BVKpN6/f3NIznL6Jry5zqW5r05Y=">AAAB/nicdZDLSsNAFIYn9VbjLV52bgZLwVVNSqntrujGZQV7gSaEyXTSDp1MwsxEqKHgo7gSFMSt7+HKt3HSVlDRAwMf/38Oc84fJIxKZdsfRmFldW19o7hpbm3v7O5Z+wddGacCkw6OWSz6AZKEUU46iipG+okgKAoY6QWTy9zv3RIhacxv1DQhXoRGnIYUI6Ul3zpy44iMkM9dFcMFn1HfKtkVW1e9DnNwGrajodlsVKtN6Mwt2y6BZbV9690dxjiNCFeYISkHjp0oL0NCUczIzCy7qSQJwhM0IgONHEVEetl8/Rksa2UIw1joxxWcq+a3iQxFUk6jQHdGSI3lby8X//IGqQobXkZ5kirC8eKjMGVQn5pnAYdUEKzYVAPCguplIR4jgbDSiZk6ha9T4f/QrVaceqV2XSu1LpZ5FMExOAGnwAHnoAWuQBt0AAZ34AE8gWfj3ng0XozXRWvBWM4cgh9lvH0C68OVcg==</latexit>

ωn → ω/i
<latexit sha1_base64="etmiu+LJOb1mFCB+hGZ/NxTNFOE=">AAACDnicdVDLSgNBEJz1GeNr1aOXwRiIl7AbQkwOQtCLxwTMA5IYeieTZMjs7DIzK4QlP+DJT/EkKIhX7578GycPIYoWNBRV3XR3eSFnSjvOp7Wyura+sZnYSm7v7O7t2weHdRVEktAaCXggmx4oypmgNc00p81QUvA9Thve6GrqN+6oVCwQN3oc0o4PA8H6jIA2Utc+rd7GAJMMawc+HUBXnOEL3CZDtqx07ZSTdQwKBTwlbtFxDSmVirlcCbszy3FSaIFK1/5o9wIS+VRowkGpluuEuhOD1IxwOkmm25GiIZARDGjLUAE+VZ149s4Ep43Sw/1AmhIaz9Tk0kQMvlJj3zOdPuih+u1Nxb+8VqT7xU7MRBhpKsh8UT/iWAd4mg3uMUmJ5mNDgEhmjsVkCBKINgkmTQrfr+L/ST2XdQvZfDWfKl8u8kigY3SCMshF56iMrlEF1RBB9+gRPaMX68F6sl6tt3nrirWYOUI/YL1/AT9hmvI=</latexit>

Qaa(iωn) = ε(iωn)
<latexit sha1_base64="twBCoDg0pZtfFwG4qau5QsAqG8o=">AAAB9XicdVDLSgMxFM3UVx1fVZdugqVQNyVTSm13RTcuK9gHdIaSSTNtaCYzJhmlDP0OV4KCuPVjXPk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzc2vrG5lZ+297Z3ds/KBwedVWUSEI7JOKR7PtYUc4E7WimOe3HkuLQ57TnTy8zv3dHpWKRuNGzmHohHgsWMIK1kTyXTFjZjUI6xmdwWCiiCjKo12FGnAZyDGk2G9VqEzoLC6EiWKE9LLy7o4gkIRWacKzUwEGx9lIsNSOczu2SmygaYzLFYzowVOCQKi9dXD2HJaOMYBBJU0LDhWp/m0hxqNQs9E1niPVE/fYy8S9vkOig4aVMxImmgiwXBQmHOoJZBHDEJCWazwzBRDJzLCQTLDHRJijbpPD1KvyfdKsVp16pXdeKrYtVHnlwAk5BGTjgHLTAFWiDDiDgFjyAJ/Bs3VuP1ov1umzNWauZY/AD1tsndsWR0w==</latexit>

ω(ε)

Paramagnetic phase



Phase diagram
J. Ye, S. Sachdev, and N. Read, PRL 1993 

gapped

Mean field quantum rotor model
with 𝑀 = ∞ components.

©



Phase diagram
J. Ye, S. Sachdev, and N. Read, PRL 1993 

gapless

Mean field quantum rotor model
with 𝑀 = ∞ components.

©
<latexit sha1_base64="jPFD4GcOAHDcZ4qjmbq4EsTVb+M=">AAAB9HicdVDLSgNBEJyNr7i+oh69DIaApzAbQkxuQT14jGAekF3C7GSSDJl9MNMbCEt+w5OgIF79GU/+jbNJBBUtaCiquunu8mMpNBDyYeU2Nre2d/K79t7+weFR4fiko6NEMd5mkYxUz6eaSxHyNgiQvBcrTgNf8q4/vc787owrLaLwHuYx9wI6DsVIMApGct0bLoFiFyJMBoUiKRODWg1nxKkTx5BGo16pNLCztAgpojVag8K7O4xYEvAQmKRa9x0Sg5dSBYJJvrBLbqJ5TNmUjnnf0JAGXHvp8ugFLhlliEeRMhUCXqr2t4mUBlrPA990BhQm+reXiX95/QRGdS8VYZwAD9lq0SiR2PyYJYCHQnEGcm4IZUqYYzGbUEUZmJxsk8LXq/h/0qmUnVq5elctNq/WeeTRGTpHF8hBl6iJblELtRFDMXpAT+jZmlmP1ov1umrNWeuZU/QD1tsnoOaRWA==</latexit>

! → 0 Quantum glass transition!



Phase diagram
J. Ye, S. Sachdev, and N. Read, PRL 1993 

gapless

Mean field quantum rotor model
with 𝑀 = ∞ components.

©
<latexit sha1_base64="jPFD4GcOAHDcZ4qjmbq4EsTVb+M=">AAAB9HicdVDLSgNBEJyNr7i+oh69DIaApzAbQkxuQT14jGAekF3C7GSSDJl9MNMbCEt+w5OgIF79GU/+jbNJBBUtaCiquunu8mMpNBDyYeU2Nre2d/K79t7+weFR4fiko6NEMd5mkYxUz6eaSxHyNgiQvBcrTgNf8q4/vc787owrLaLwHuYx9wI6DsVIMApGct0bLoFiFyJMBoUiKRODWg1nxKkTx5BGo16pNLCztAgpojVag8K7O4xYEvAQmKRa9x0Sg5dSBYJJvrBLbqJ5TNmUjnnf0JAGXHvp8ugFLhlliEeRMhUCXqr2t4mUBlrPA990BhQm+reXiX95/QRGdS8VYZwAD9lq0SiR2PyYJYCHQnEGcm4IZUqYYzGbUEUZmJxsk8LXq/h/0qmUnVq5elctNq/WeeTRGTpHF8hBl6iJblELtRFDMXpAT+jZmlmP1ov1umrNWeuZU/QD1tsnoOaRWA==</latexit>

! → 0 Quantum glass transition!

What happens in the glass phase?



Glass phase
Glass phase: 𝑄,-. = 𝑞/0 Find: off-diagonal is constant (replica symmetric, no RSB)

(peculiarity of large M limit – similar to p = 2 spherical spins)



Glass phase
Glass phase: 𝑄,-. = 𝑞/0 Find: off-diagonal is constant (replica symmetric, no RSB)

(peculiarity of large M limit – similar to p = 2 spherical spins)

<latexit sha1_base64="oordgGRocQd13YcD4mN3chmkDVw="></latexit>

Qab(ωn) = εqEAϑωn,0 + ϑabQreg(ωn)

In Matsubara space:



Glass phase
Glass phase: 𝑄,-. = 𝑞/0 Find: off-diagonal is constant (replica symmetric, no RSB)

(peculiarity of large M limit – similar to p = 2 spherical spins)

<latexit sha1_base64="oordgGRocQd13YcD4mN3chmkDVw="></latexit>

Qab(ωn) = εqEAϑωn,0 + ϑabQreg(ωn)

In Matsubara space:

at finite frequency satisfies the same equation as Qaa in the paramagnetic phase

but now with different 𝜆! 



Glass phase
Glass phase: 𝑄,-. = 𝑞/0 Find: off-diagonal is constant (replica symmetric, no RSB)

(peculiarity of large M limit – similar to p = 2 spherical spins)

<latexit sha1_base64="oordgGRocQd13YcD4mN3chmkDVw="></latexit>

Qab(ωn) = εqEAϑωn,0 + ϑabQreg(ωn)

In Matsubara space:

at finite frequency satisfies the same equation as Qaa in the paramagnetic phase

Self-consistency of replica – off-diagonal part imposes
marginal stability → spectral gap remains closed!  

but now with different 𝜆! 

<latexit sha1_base64="vfr5xpeMywq1Gc8n7tWa9NcZ0/w="></latexit>

! =
√

ω→ 2Jg
!
= 0+



Glass phase
Glass phase: 𝑄,-. = 𝑞/0

Equal time constraint 

Find: off-diagonal is constant (replica symmetric, no RSB)
(peculiarity of large M limit – similar to p = 2 spherical spins)

<latexit sha1_base64="oordgGRocQd13YcD4mN3chmkDVw="></latexit>

Qab(ωn) = εqEAϑωn,0 + ϑabQreg(ωn)

In Matsubara space:

at finite frequency satisfies the same equation as Qaa in the paramagnetic phase

<latexit sha1_base64="1LtwwonJT8zED2ChIRJsYCm3I14=">AAAB83icdVDLSgMxFM3UVx1fVZdugqUgCCVTSm13VRFcVrAPmA4lk2ba0MxkTDJCGfoZrgQFcevXuPJvzLQVVPTAhcM593LvPX7MmdIIfVi5ldW19Y38pr21vbO7V9g/6CiRSELbRHAhez5WlLOItjXTnPZiSXHoc9r1J5eZ372nUjER3eppTL0QjyIWMIK1kdy7QdqXIbw6n50OCkVURga1GsyIU0eOIY1GvVJpQGduIVQES7QGhff+UJAkpJEmHCvlOijWXoqlZoTTmV3qJ4rGmEzwiLqGRjikykvnN89gyShDGAhpKtJwrtrfJlIcKjUNfdMZYj1Wv71M/MtzEx3UvZRFcaJpRBaLgoRDLWAWABwySYnmU0MwkcwcC8kYS0y0ick2KXy9Cv8nnUrZqZWrN9Vi82KZRx4cgWNwAhxwBprgGrRAGxAgwAN4As9WYj1aL9brojVnLWcOwQ9Yb59Hm5Et</latexit>

qEA+

Self-consistency of replica – off-diagonal part imposes
marginal stability → spectral gap remains closed!  

but now with different 𝜆! 

<latexit sha1_base64="vfr5xpeMywq1Gc8n7tWa9NcZ0/w="></latexit>

! =
√

ω→ 2Jg
!
= 0+

+



Marginality condition from replica saddle point
<latexit sha1_base64="UpWwwItsIL1gRPGswgaPXQR6PeQ="></latexit>

Qab = A ·





1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1



+B ·





1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1





<latexit sha1_base64="RfiCXrTB5Z+dlo5v1mHd7bYFS1w=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkvBVUlKqe1CqBXBZQX7gCaEyXTaDp1J4sxEKKELP8WVoCBu/Q5X/o2TtoKKHrhwOOde7r0niBmVyrY/jKXlldW19dyGubm1vbNr7e23ZZQITFo4YpHoBkgSRkPSUlQx0o0FQTxgpBOMLzK/c0eEpFF4oyYx8TgahnRAMVJa8q3Dxhl0A6IQvPVTV3B4eT41Td/K20Vbo1KBGXGqtqNJrVYtlWrQmVm2nQcLNH3r3e1HOOEkVJghKXuOHSsvRUJRzMjULLiJJDHCYzQkPU1DxIn00tn9U1jQSh8OIqErVHCmmt8mUsSlnPBAd3KkRvK3l4l/eb1EDapeSsM4USTE80WDhEEVwSwM2KeCYMUmmiAsqD4W4hESCCsdWZbC16vwf9IuFZ1KsXxdztcbizxy4AgcgxPggFNQB1egCVoAgxQ8gCfwbNwbj8aL8TpvXTIWMwfgB4y3T15FlGI=</latexit>

B = ωqEA

<latexit sha1_base64="tFbGcX0Mb48BLFsEUk72pINyuW0="></latexit>

Qab(iωn = 0) → Qab
0

<latexit sha1_base64="rdGxyE2LJ6RcwCcY26s9AdAcVJM="></latexit>

A = Qreg(iωn = 0) → Qreg,0



Marginality condition from replica saddle point
<latexit sha1_base64="UpWwwItsIL1gRPGswgaPXQR6PeQ="></latexit>

Qab = A ·





1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1



+B ·





1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1





<latexit sha1_base64="PZ0RF/hAokbbIh6ShZm/6R8uD/o="></latexit>

f(Q0) → Q0(ω↑ gJ2Q0)↑ g = 0

<latexit sha1_base64="RfiCXrTB5Z+dlo5v1mHd7bYFS1w=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkvBVUlKqe1CqBXBZQX7gCaEyXTaDp1J4sxEKKELP8WVoCBu/Q5X/o2TtoKKHrhwOOde7r0niBmVyrY/jKXlldW19dyGubm1vbNr7e23ZZQITFo4YpHoBkgSRkPSUlQx0o0FQTxgpBOMLzK/c0eEpFF4oyYx8TgahnRAMVJa8q3Dxhl0A6IQvPVTV3B4eT41Td/K20Vbo1KBGXGqtqNJrVYtlWrQmVm2nQcLNH3r3e1HOOEkVJghKXuOHSsvRUJRzMjULLiJJDHCYzQkPU1DxIn00tn9U1jQSh8OIqErVHCmmt8mUsSlnPBAd3KkRvK3l4l/eb1EDapeSsM4USTE80WDhEEVwSwM2KeCYMUmmiAsqD4W4hESCCsdWZbC16vwf9IuFZ1KsXxdztcbizxy4AgcgxPggFNQB1egCVoAgxQ8gCfwbNwbj8aL8TpvXTIWMwfgB4y3T15FlGI=</latexit>

B = ωqEA

<latexit sha1_base64="tFbGcX0Mb48BLFsEUk72pINyuW0="></latexit>

Qab(iωn = 0) → Qab
0

<latexit sha1_base64="rdGxyE2LJ6RcwCcY26s9AdAcVJM="></latexit>

A = Qreg(iωn = 0) → Qreg,0

Saddle point (matrix equation!) :



Marginality condition from replica saddle point
<latexit sha1_base64="UpWwwItsIL1gRPGswgaPXQR6PeQ="></latexit>

Qab = A ·





1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1



+B ·





1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1





<latexit sha1_base64="WT9L81AyRs87zLrAbSBSICpDl1I="></latexit>



1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1





2

= n





1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1



 → 0

<latexit sha1_base64="zdPM/1Iw6y6OHIoK7gvzv6lXva8="></latexit>

f(Q) = f(A) ·





1 0 ... 0
0 1 ... 0
... ... ... ...

0 0 ... 1



+ f
→(A)B ·





1 1 ... 1
1 1 ... 1
... ... ... ...

1 1 ... 1



+O(n)

<latexit sha1_base64="PZ0RF/hAokbbIh6ShZm/6R8uD/o="></latexit>

f(Q0) → Q0(ω↑ gJ2Q0)↑ g = 0

<latexit sha1_base64="RfiCXrTB5Z+dlo5v1mHd7bYFS1w=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkvBVUlKqe1CqBXBZQX7gCaEyXTaDp1J4sxEKKELP8WVoCBu/Q5X/o2TtoKKHrhwOOde7r0niBmVyrY/jKXlldW19dyGubm1vbNr7e23ZZQITFo4YpHoBkgSRkPSUlQx0o0FQTxgpBOMLzK/c0eEpFF4oyYx8TgahnRAMVJa8q3Dxhl0A6IQvPVTV3B4eT41Td/K20Vbo1KBGXGqtqNJrVYtlWrQmVm2nQcLNH3r3e1HOOEkVJghKXuOHSsvRUJRzMjULLiJJDHCYzQkPU1DxIn00tn9U1jQSh8OIqErVHCmmt8mUsSlnPBAd3KkRvK3l4l/eb1EDapeSsM4USTE80WDhEEVwSwM2KeCYMUmmiAsqD4W4hESCCsdWZbC16vwf9IuFZ1KsXxdztcbizxy4AgcgxPggFNQB1egCVoAgxQ8gCfwbNwbj8aL8TpvXTIWMwfgB4y3T15FlGI=</latexit>

B = ωqEA

<latexit sha1_base64="tFbGcX0Mb48BLFsEUk72pINyuW0="></latexit>

Qab(iωn = 0) → Qab
0

<latexit sha1_base64="rdGxyE2LJ6RcwCcY26s9AdAcVJM="></latexit>

A = Qreg(iωn = 0) → Qreg,0

Saddle point (matrix equation!) :

General replica matrix algebra:



Marginality condition from replica saddle point
<latexit sha1_base64="UpWwwItsIL1gRPGswgaPXQR6PeQ="></latexit>

Qab = A ·





1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1



+B ·





1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1





<latexit sha1_base64="WT9L81AyRs87zLrAbSBSICpDl1I="></latexit>



1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1





2

= n





1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1



 → 0

<latexit sha1_base64="zdPM/1Iw6y6OHIoK7gvzv6lXva8="></latexit>

f(Q) = f(A) ·





1 0 ... 0
0 1 ... 0
... ... ... ...

0 0 ... 1



+ f
→(A)B ·





1 1 ... 1
1 1 ... 1
... ... ... ...

1 1 ... 1



+O(n)

<latexit sha1_base64="PZ0RF/hAokbbIh6ShZm/6R8uD/o="></latexit>

f(Q0) → Q0(ω↑ gJ2Q0)↑ g = 0

<latexit sha1_base64="RfiCXrTB5Z+dlo5v1mHd7bYFS1w=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkvBVUlKqe1CqBXBZQX7gCaEyXTaDp1J4sxEKKELP8WVoCBu/Q5X/o2TtoKKHrhwOOde7r0niBmVyrY/jKXlldW19dyGubm1vbNr7e23ZZQITFo4YpHoBkgSRkPSUlQx0o0FQTxgpBOMLzK/c0eEpFF4oyYx8TgahnRAMVJa8q3Dxhl0A6IQvPVTV3B4eT41Td/K20Vbo1KBGXGqtqNJrVYtlWrQmVm2nQcLNH3r3e1HOOEkVJghKXuOHSsvRUJRzMjULLiJJDHCYzQkPU1DxIn00tn9U1jQSh8OIqErVHCmmt8mUsSlnPBAd3KkRvK3l4l/eb1EDapeSsM4USTE80WDhEEVwSwM2KeCYMUmmiAsqD4W4hESCCsdWZbC16vwf9IuFZ1KsXxdztcbizxy4AgcgxPggFNQB1egCVoAgxQ8gCfwbNwbj8aL8TpvXTIWMwfgB4y3T15FlGI=</latexit>

B = ωqEA

<latexit sha1_base64="tFbGcX0Mb48BLFsEUk72pINyuW0="></latexit>

Qab(iωn = 0) → Qab
0

<latexit sha1_base64="rdGxyE2LJ6RcwCcY26s9AdAcVJM="></latexit>

A = Qreg(iωn = 0) → Qreg,0

Saddle point (matrix equation!) :

<latexit sha1_base64="/E0udGfb3agwJzFq8TE6h5Yc1Y8="></latexit>

→ f(Qreg,0) = f →(Qreg,0) = 0

General replica matrix algebra:



Marginality condition from replica saddle point
<latexit sha1_base64="UpWwwItsIL1gRPGswgaPXQR6PeQ="></latexit>

Qab = A ·





1 0 ... 0
0 1 ... 0
... ... ... ...
0 0 ... 1



+B ·





1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1





<latexit sha1_base64="WT9L81AyRs87zLrAbSBSICpDl1I="></latexit>



1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1





2

= n





1 1 ... 1
1 1 ... 1
... ... ... ...
1 1 ... 1



 → 0

<latexit sha1_base64="zdPM/1Iw6y6OHIoK7gvzv6lXva8="></latexit>

f(Q) = f(A) ·





1 0 ... 0
0 1 ... 0
... ... ... ...

0 0 ... 1



+ f
→(A)B ·





1 1 ... 1
1 1 ... 1
... ... ... ...

1 1 ... 1



+O(n)

<latexit sha1_base64="PZ0RF/hAokbbIh6ShZm/6R8uD/o="></latexit>

f(Q0) → Q0(ω↑ gJ2Q0)↑ g = 0
is a double zero of f(Q0) (→ critical!) 

→                              immediately has imaginary part 
→ finite spectral weight     → gapless state

<latexit sha1_base64="RfiCXrTB5Z+dlo5v1mHd7bYFS1w=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkvBVUlKqe1CqBXBZQX7gCaEyXTaDp1J4sxEKKELP8WVoCBu/Q5X/o2TtoKKHrhwOOde7r0niBmVyrY/jKXlldW19dyGubm1vbNr7e23ZZQITFo4YpHoBkgSRkPSUlQx0o0FQTxgpBOMLzK/c0eEpFF4oyYx8TgahnRAMVJa8q3Dxhl0A6IQvPVTV3B4eT41Td/K20Vbo1KBGXGqtqNJrVYtlWrQmVm2nQcLNH3r3e1HOOEkVJghKXuOHSsvRUJRzMjULLiJJDHCYzQkPU1DxIn00tn9U1jQSh8OIqErVHCmmt8mUsSlnPBAd3KkRvK3l4l/eb1EDapeSsM4USTE80WDhEEVwSwM2KeCYMUmmiAsqD4W4hESCCsdWZbC16vwf9IuFZ1KsXxdztcbizxy4AgcgxPggFNQB1egCVoAgxQ8gCfwbNwbj8aL8TpvXTIWMwfgB4y3T15FlGI=</latexit>

B = ωqEA

<latexit sha1_base64="tFbGcX0Mb48BLFsEUk72pINyuW0="></latexit>

Qab(iωn = 0) → Qab
0

<latexit sha1_base64="rdGxyE2LJ6RcwCcY26s9AdAcVJM="></latexit>

A = Qreg(iωn = 0) → Qreg,0

Saddle point (matrix equation!) :

<latexit sha1_base64="/E0udGfb3agwJzFq8TE6h5Yc1Y8="></latexit>

→ f(Qreg,0) = f →(Qreg,0) = 0

General replica matrix algebra:

<latexit sha1_base64="voWBDG78z6NoacCsIOxTQtjuQtQ=">AAACAXicdVBNSwMxEM3W7/Vr1YMHL8EiVISSLaW2B0H04lHBWqGtJZtO29Bkd0myQll68qd4EhTEqz/Dk//GbK2gog8GHu/NMDMviAXXhpB3JzczOze/sLjkLq+srq17G5tXOkoUgzqLRKSuA6pB8BDqhhsB17ECKgMBjWB4mvmNW1CaR+GlGcXQlrQf8h5n1Fip421fdNKWklhBf1xoRRL69IjcHOx3vDwpEotKBWfErxLfklqtWirVsD+xCMmjKc473lurG7FEQmiYoFo3fRKbdkqV4UzA2N1rJRpiyoa0D01LQypBt9PJB2O8Z5Uu7kXKVmjwRHW/TaRUaj2Sge2U1Az0by8T//KaielV2ykP48RAyD4X9RKBTYSzOHCXK2BGjCyhTHF7LGYDqigzNjTXpvD1Kv6fXJWKfqVYvijnj0+meSyiHbSLCshHh+gYnaFzVEcMjdE9ekRPzp3z4Dw7L5+tOWc6s4V+wHn9AP+tle8=</latexit>

Qreg(ω = 0+)



Phase diagram
J. Ye, S. Sachdev, and N. Read, PRL 1993 

gapless

Mean field quantum rotor model
with 𝑀 = ∞ components.

©
<latexit sha1_base64="jPFD4GcOAHDcZ4qjmbq4EsTVb+M=">AAAB9HicdVDLSgNBEJyNr7i+oh69DIaApzAbQkxuQT14jGAekF3C7GSSDJl9MNMbCEt+w5OgIF79GU/+jbNJBBUtaCiquunu8mMpNBDyYeU2Nre2d/K79t7+weFR4fiko6NEMd5mkYxUz6eaSxHyNgiQvBcrTgNf8q4/vc787owrLaLwHuYx9wI6DsVIMApGct0bLoFiFyJMBoUiKRODWg1nxKkTx5BGo16pNLCztAgpojVag8K7O4xYEvAQmKRa9x0Sg5dSBYJJvrBLbqJ5TNmUjnnf0JAGXHvp8ugFLhlliEeRMhUCXqr2t4mUBlrPA990BhQm+reXiX95/QRGdS8VYZwAD9lq0SiR2PyYJYCHQnEGcm4IZUqYYzGbUEUZmJxsk8LXq/h/0qmUnVq5elctNq/WeeTRGTpHF8hBl6iJblELtRFDMXpAT+jZmlmP1ov1umrNWeuZU/QD1tsnoOaRWA==</latexit>

! → 0 Quantum glass transition!

What happens in the glass phase?



Phase diagram
J. Ye, S. Sachdev, and N. Read, PRL 1993 

Glass remains gapless : Marginal stability!

Mean field quantum rotor model
with 𝑀 = ∞ components.

©

Glass freezes more 
and more

<latexit sha1_base64="cRpw3B3q+9xX4EaNhzBafQSdMjg=">AAAB8nicdVBdSwJBFJ21L7Mvq8dehkToSWZFTB8CqR56NMiUVGR2nNXB2dll5m4gi/+ip6Ageu3f9NS/aVYNKurAhcM593LvPV4khQFCPpzMyura+kZ2M7e1vbO7l98/uDVhrBlvsVCGuuNRw6VQvAUCJO9EmtPAk7ztTS5Sv33PtRGhuoFpxPsBHSnhC0bBSne9Sy6B4jNMBvkCKRGLahWnxK0R15J6vVYu17E7twgpoCWag/x7bxiyOOAKmKTGdF0SQT+hGgSTfJYr9mLDI8omdMS7lioacNNP5ifPcNEqQ+yH2pYCPFdz3yYSGhgzDTzbGVAYm99eKv7ldWPwa/1EqCgGrthikR9LDCFO/8dDoTkDObWEMi3ssZiNqaYMbEo5m8LXq/h/clsuudVS5bpSaJwv88iiI3SMTpCLTlEDXaEmaiGGFHpAT+jZAefReXFeF60ZZzlziH7AefsExtKQQg==</latexit>

! = 0



Phase diagram
J. Ye, S. Sachdev, and N. Read, PRL 1993 

Glass remains gapless : Marginal stability!

Mean field quantum rotor model
with 𝑀 = ∞ components.

©

Glass freezes more 
and more

<latexit sha1_base64="cRpw3B3q+9xX4EaNhzBafQSdMjg=">AAAB8nicdVBdSwJBFJ21L7Mvq8dehkToSWZFTB8CqR56NMiUVGR2nNXB2dll5m4gi/+ip6Ageu3f9NS/aVYNKurAhcM593LvPV4khQFCPpzMyura+kZ2M7e1vbO7l98/uDVhrBlvsVCGuuNRw6VQvAUCJO9EmtPAk7ztTS5Sv33PtRGhuoFpxPsBHSnhC0bBSne9Sy6B4jNMBvkCKRGLahWnxK0R15J6vVYu17E7twgpoCWag/x7bxiyOOAKmKTGdF0SQT+hGgSTfJYr9mLDI8omdMS7lioacNNP5ifPcNEqQ+yH2pYCPFdz3yYSGhgzDTzbGVAYm99eKv7ldWPwa/1EqCgGrthikR9LDCFO/8dDoTkDObWEMi3ssZiNqaYMbEo5m8LXq/h/clsuudVS5bpSaJwv88iiI3SMTpCLTlEDXaEmaiGGFHpAT+jZAefReXFeF60ZZzlziH7AefsExtKQQg==</latexit>

! = 0



Phase diagram
J. Ye, S. Sachdev, and N. Read, PRL 1993 

Glass remains gapless : Reflects marginal stability of replica saddle point and landscape.

Mean field quantum rotor model
with 𝑀 = ∞ components.

©

Glass freezes more 
and more

<latexit sha1_base64="cRpw3B3q+9xX4EaNhzBafQSdMjg=">AAAB8nicdVBdSwJBFJ21L7Mvq8dehkToSWZFTB8CqR56NMiUVGR2nNXB2dll5m4gi/+ip6Ageu3f9NS/aVYNKurAhcM593LvPV4khQFCPpzMyura+kZ2M7e1vbO7l98/uDVhrBlvsVCGuuNRw6VQvAUCJO9EmtPAk7ztTS5Sv33PtRGhuoFpxPsBHSnhC0bBSne9Sy6B4jNMBvkCKRGLahWnxK0R15J6vVYu17E7twgpoCWag/x7bxiyOOAKmKTGdF0SQT+hGgSTfJYr9mLDI8omdMS7lioacNNP5ifPcNEqQ+yH2pYCPFdz3yYSGhgzDTzbGVAYm99eKv7ldWPwa/1EqCgGrthikR9LDCFO/8dDoTkDObWEMi3ssZiNqaYMbEo5m8LXq/h/clsuudVS5bpSaJwv88iiI3SMTpCLTlEDXaEmaiGGFHpAT+jZAefReXFeF60ZZzlziH7AefsExtKQQg==</latexit>

! = 0



Beyond rotors: real spins?



Beyond rotors: real spins?

• Transverse field Ising glass (SK model)

• Heisenberg glass:

Solved mean field models: 

Difference: 

Ising: all interaction terms commute

Heisenberg: interactions do not 
commute

How much does this matter?<latexit sha1_base64="bnM6F02nFEbj9Tpv+dPRk06lcn8="></latexit>

HHb =
1p
N

X

i<j

JijSi · Sj

<latexit sha1_base64="4gjlUZ8olGXwWpjTMlhtTsb36Us="></latexit>

HIsing = ��
X

i

s
x
i +

1p
N

X

i<j

Jijs
z
i s

z
j



Beyond rotors: real spins?

• Transverse field Ising glass (SK model)

• Heisenberg glass:

Solved mean field models: 

Difference: 

Ising: all interaction terms commute

Heisenberg: interactions do not 
commute

How much does this matter?

Numerics suggested a significant difference

<latexit sha1_base64="bnM6F02nFEbj9Tpv+dPRk06lcn8="></latexit>
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TFSK model, N =17 (exact diagonalization)

PM

Spectral function at T = 0

SG

gapped
gapless

<latexit sha1_base64="RPhwGLRgqrqn4boKl3pjQ/PhSd0=">AAACB3icdVDNS8MwHE39nPWr6lGE4Bibl9GOMbfb0IvHCe4D1jLSLN3C0qYkqTDKTp78UzwJCuLVv8GT/43pNkFFHwRe3vv9SN7zY0alsu0PY2V1bX1jM7dlbu/s7u1bB4cdyROBSRtzxkXPR5IwGpG2ooqRXiwICn1Guv7kMvO7t0RIyqMbNY2JF6JRRAOKkdLSwDpx8ZgWiyWXh2SEztxY8FhxuLiaAytvl22NWg1mxKnbjiaNRr1SaUBnbtl2HizRGljv7pDjJCSRwgxJ2XfsWHkpEopiRmZmwU0kiRGeoBHpaxqhkEgvneeYwYJWhjDgQp9IwblqfttIUSjlNPT1ZIjUWP72MvEvr5+ooO6lNIoTRSK8eChIGNRJs1LgkAqCFZtqgrCg+rMQj5FAWOnqsha+osL/SadSdmrl6nU137xY9pEDx+AUlIADzkETXIEWaAMM7sADeALPxr3xaLwYr4vRFWO5cwR+wHj7BGoTmGE=</latexit>

ω→→(ε) → ε

L. Arrachea and M. J. Rozenberg ‘01

<latexit sha1_base64="0yM8OSC0iX9q3f9hx+UI/FoUJKk="></latexit>

ω→→(ε) → ε/J2



Heisenberg model, N =16 (exact diagonalization)
Spectral function at T = 0

L. Arrachea and M. J. Rozenberg ‘01

?

Unclear! 
Finite-size broadened 
blurs low frequency behavior 

<latexit sha1_base64="/PjSNDeGkxw2N4fmHPxa4hheksc=">AAAB+XicdVDLSsNAFJ34rPHRqEs3g6VQNyUppba7ohuXFewDmlAmk9t26OTBzEQooV/iSlAQt36KK//GSVtBRQ9cOJxzL/fe4yecSWXbH8bG5tb2zm5hz9w/ODwqWscnPRmngkKXxjwWA59I4CyCrmKKwyARQEKfQ9+fXed+/x6EZHF0p+YJeCGZRGzMKFFaGllFNwCuSMWNQ5iQC3NkleyqrdFo4Jw4TdvRpNVq1mot7Cwt2y6hNToj690NYpqGECnKiZRDx06UlxGhGOWwMMtuKiEhdEYmMNQ0IiFIL1tevsBlrQR4HAtdkcJL1fw2kZFQynno686QqKn87eXiX94wVeOml7EoSRVEdLVonHKsYpzHgAMmgCo+14RQwfSxmE6JIFTpsPIUvl7F/5Nereo0qvXbeql9tc6jgM7QOaogB12iNrpBHdRFFKXoAT2hZyMzHo0X43XVumGsZ07RDxhvn2eOktg=</latexit>

ω(ε)

N =16

N =8

Shackleton, Wietek, Georges, Sachdev ‘21

<latexit sha1_base64="nodJcycYBzzLyOz2UjUtEf/G6lw="></latexit>

ω→→(ε) → sign(ε) ?? as in SYK ??



Beyond rotors: real spins?

• Transverse field Ising glass (SK model)

• Heisenberg glass:

Solved mean field models: 

Difference: 

Ising: all interaction terms commute

Heisenberg: interactions do not 
commute

How much does this matter?

Numerics suggested a significant difference
 but the truth is different!



Beyond rotors: real spins?

• Transverse field Ising glass (SK model)

Same universality class as rotors in the                  limit
But: full continuous RSB: 
 Many states, all marginal, gapless  

<latexit sha1_base64="0whwlCotQjncp2d2Zx79GQSKVH4=">AAAB7nicdVDLSgMxFL1TX3V8VV26CZaCqzJTSm13RTduhAr2Ae1QMmmmjc1khiQjlKH/4EpQELf+jyv/xkxbQUUPBA7n3EvuOX7MmdKO82Hl1tY3Nrfy2/bO7t7+QeHwqKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3qZ+d17KhWLxK2exdQL8ViwgBGsjdS5HugIucNC0Sk7BrUayohbd1xDGo16pdJA7sJynCKs0BoW3gejiCQhFZpwrFTfdWLtpVhqRjid26VBomiMyRSPad9QgUOqvHRx7hyVjDJCQSTNExotVPvbRopDpWahbyZDrCfqt5eJf3n9RAd1L2UiTjQVZPlRkHBkMmbZ0YhJSjSfGYKJZOZYRCZYYqJNQ7Zp4Ssq+p90KmW3Vq7eVIvNi1UfeTiBUzgDF86hCVfQgjYQuIMHeIJnK7YerRfrdTmas1Y7x/AD1tsngmCPBA==</latexit>

M → 1

Solved mean field models: 

A. Andreanov, MM ‘11
A. Kiss, G.Zarand, I. Lovas, ‘24

<latexit sha1_base64="/xM3i7B4kNVaUaELCYNS5HST7yY="></latexit>

�00
Ising(!) ⇡ 0.5
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Beyond rotors: real spins?

• Heisenberg glass:   - SU(M ≫ 1) “spins”  (Sachdev,Ye ‘93; Parcollet Georges ‘00) 
            - SU(2) spins  (Kavokine, MM, Parcollet Georges, ‘24)

Solved mean field models: 

<latexit sha1_base64="OXnMB5dDWhmEzhlbC8PWk9M7X0I="></latexit>

H =
1p
NM

X

i<j

JijSi · Sj Solvability in the limit 𝑀 → ∞ !

SY-pre-K model(s)



Beyond rotors: real spins?

• Heisenberg glass:   - SU(M ≫ 1) “spins”  (Sachdev,Ye ‘93; Parcollet Georges ‘00) 
            - SU(2) spins  (Kavokine, MM, Parcollet Georges, ‘24)

Solved mean field models: 

<latexit sha1_base64="OXnMB5dDWhmEzhlbC8PWk9M7X0I="></latexit>

H =
1p
NM

X

i<j

JijSi · Sj

© ©

© ©

Different representations of SU(M) = different models / loc Hilbert space
Schwinger bosons Abrikosov fermions

Solvability in the limit 𝑀 → ∞ !

<latexit sha1_base64="JdYCSbcU6AvXO2qwGHB1PtjWj/g=">AAAB6XicdVBNS8NAEN3Urxq/qh69LJaCp5KUUttb0YsXoQX7AW0om+2kXbrZhN2NUEJ/gSdBQbz6kzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkmhQyMeyb5PFHAmoKOZ5tCPJZDQ59DzZ9eZ37sHqVgk7vQ8Bi8kE8ECRok2Uvt2VCg6ZcegVsMZceuOa0ijUa9UGthdWo5TRGu0RoX34TiiSQhCU06UGrhOrL2USM0oh4VdGiYKYkJnZAIDQwUJQXnp8tIFLhlljINImhIaL1X720RKQqXmoW86Q6Kn6reXiX95g0QHdS9lIk40CLpaFCQc6whnb+Mxk0A1nxtCqGTmWEynRBKqTTi2SeHrVfw/6VbKbq1cbVeLzat1Hnl0hs7RBXLRJWqiG9RCHUQRoAf0hJ6tmfVovVivq9actZ45RT9gvX0CZIuNQg==</latexit>

M
<latexit sha1_base64="JdYCSbcU6AvXO2qwGHB1PtjWj/g=">AAAB6XicdVBNS8NAEN3Urxq/qh69LJaCp5KUUttb0YsXoQX7AW0om+2kXbrZhN2NUEJ/gSdBQbz6kzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkmhQyMeyb5PFHAmoKOZ5tCPJZDQ59DzZ9eZ37sHqVgk7vQ8Bi8kE8ECRok2Uvt2VCg6ZcegVsMZceuOa0ijUa9UGthdWo5TRGu0RoX34TiiSQhCU06UGrhOrL2USM0oh4VdGiYKYkJnZAIDQwUJQXnp8tIFLhlljINImhIaL1X720RKQqXmoW86Q6Kn6reXiX95g0QHdS9lIk40CLpaFCQc6whnb+Mxk0A1nxtCqGTmWEynRBKqTTi2SeHrVfw/6VbKbq1cbVeLzat1Hnl0hs7RBXLRJWqiG9RCHUQRoAf0hJ6tmfVovVivq9actZ45RT9gvX0CZIuNQg==</latexit>

M©+ Constraint:



Beyond rotors: real spins?

• Heisenberg glass:   - SU(M ≫ 1) “spins”  (Sachdev,Ye ‘93; Parcollet Georges ‘00) 
            - SU(2) spins  (Kavokine, MM, Parcollet Georges, ‘24)

Solved mean field models: 

<latexit sha1_base64="OXnMB5dDWhmEzhlbC8PWk9M7X0I="></latexit>

H =
1p
NM

X

i<j

JijSi · Sj

© ©

© ©

Different representations of SU(M) = different models / loc Hilbert space
Schwinger bosons Abrikosov fermions

Solvability in the limit 𝑀 → ∞ !

<latexit sha1_base64="JdYCSbcU6AvXO2qwGHB1PtjWj/g=">AAAB6XicdVBNS8NAEN3Urxq/qh69LJaCp5KUUttb0YsXoQX7AW0om+2kXbrZhN2NUEJ/gSdBQbz6kzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkmhQyMeyb5PFHAmoKOZ5tCPJZDQ59DzZ9eZ37sHqVgk7vQ8Bi8kE8ECRok2Uvt2VCg6ZcegVsMZceuOa0ijUa9UGthdWo5TRGu0RoX34TiiSQhCU06UGrhOrL2USM0oh4VdGiYKYkJnZAIDQwUJQXnp8tIFLhlljINImhIaL1X720RKQqXmoW86Q6Kn6reXiX95g0QHdS9lIk40CLpaFCQc6whnb+Mxk0A1nxtCqGTmWEynRBKqTTi2SeHrVfw/6VbKbq1cbVeLzat1Hnl0hs7RBXLRJWqiG9RCHUQRoAf0hJ6tmfVovVivq9actZ45RT9gvX0CZIuNQg==</latexit>

M
<latexit sha1_base64="JdYCSbcU6AvXO2qwGHB1PtjWj/g=">AAAB6XicdVBNS8NAEN3Urxq/qh69LJaCp5KUUttb0YsXoQX7AW0om+2kXbrZhN2NUEJ/gSdBQbz6kzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkmhQyMeyb5PFHAmoKOZ5tCPJZDQ59DzZ9eZ37sHqVgk7vQ8Bi8kE8ECRok2Uvt2VCg6ZcegVsMZceuOa0ijUa9UGthdWo5TRGu0RoX34TiiSQhCU06UGrhOrL2USM0oh4VdGiYKYkJnZAIDQwUJQXnp8tIFLhlljINImhIaL1X720RKQqXmoW86Q6Kn6reXiX95g0QHdS9lIk40CLpaFCQc6whnb+Mxk0A1nxtCqGTmWEynRBKqTTi2SeHrVfw/6VbKbq1cbVeLzat1Hnl0hs7RBXLRJWqiG9RCHUQRoAf0hJ6tmfVovVivq9actZ45RT9gvX0CZIuNQg==</latexit>

M©+ Constraint:

High T: Famous SY(-K) physics (partons are no quasiparticles) 
<latexit sha1_base64="nodJcycYBzzLyOz2UjUtEf/G6lw="></latexit>

ω→→(ε) → sign(ε)



Beyond rotors: real spins?

• Heisenberg glass:   - SU(M ≫ 1) “spins”  (Sachdev,Ye ‘93; Parcollet Georges ‘00) 
            - SU(2) spins  (Kavokine, MM, Parcollet Georges, ‘24)

Solved mean field models: 

<latexit sha1_base64="OXnMB5dDWhmEzhlbC8PWk9M7X0I="></latexit>

H =
1p
NM

X

i<j

JijSi · Sj

© ©

© ©

Different representations of SU(M) = different models / loc Hilbert space
Schwinger bosons Abrikosov fermions

Solvability in the limit 𝑀 → ∞ !

<latexit sha1_base64="JdYCSbcU6AvXO2qwGHB1PtjWj/g=">AAAB6XicdVBNS8NAEN3Urxq/qh69LJaCp5KUUttb0YsXoQX7AW0om+2kXbrZhN2NUEJ/gSdBQbz6kzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkmhQyMeyb5PFHAmoKOZ5tCPJZDQ59DzZ9eZ37sHqVgk7vQ8Bi8kE8ECRok2Uvt2VCg6ZcegVsMZceuOa0ijUa9UGthdWo5TRGu0RoX34TiiSQhCU06UGrhOrL2USM0oh4VdGiYKYkJnZAIDQwUJQXnp8tIFLhlljINImhIaL1X720RKQqXmoW86Q6Kn6reXiX95g0QHdS9lIk40CLpaFCQc6whnb+Mxk0A1nxtCqGTmWEynRBKqTTi2SeHrVfw/6VbKbq1cbVeLzat1Hnl0hs7RBXLRJWqiG9RCHUQRoAf0hJ6tmfVovVivq9actZ45RT9gvX0CZIuNQg==</latexit>

M
<latexit sha1_base64="JdYCSbcU6AvXO2qwGHB1PtjWj/g=">AAAB6XicdVBNS8NAEN3Urxq/qh69LJaCp5KUUttb0YsXoQX7AW0om+2kXbrZhN2NUEJ/gSdBQbz6kzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkmhQyMeyb5PFHAmoKOZ5tCPJZDQ59DzZ9eZ37sHqVgk7vQ8Bi8kE8ECRok2Uvt2VCg6ZcegVsMZceuOa0ijUa9UGthdWo5TRGu0RoX34TiiSQhCU06UGrhOrL2USM0oh4VdGiYKYkJnZAIDQwUJQXnp8tIFLhlljINImhIaL1X720RKQqXmoW86Q6Kn6reXiX95g0QHdS9lIk40CLpaFCQc6whnb+Mxk0A1nxtCqGTmWEynRBKqTTi2SeHrVfw/6VbKbq1cbVeLzat1Hnl0hs7RBXLRJWqiG9RCHUQRoAf0hJ6tmfVovVivq9actZ45RT9gvX0CZIuNQg==</latexit>

M©+ Constraint:

Low T:  Bosons condense discontinuously, like p=4 spins (structural-glass like), 
 in threshold states:

<latexit sha1_base64="0yM8OSC0iX9q3f9hx+UI/FoUJKk="></latexit>

ω→→(ε) → ε/J2



Beyond rotors: real spins?

• Heisenberg glass:   - SU(M ≫ 1) “spins”  (Sachdev,Ye ‘93; Parcollet Georges ‘00) 
            - SU(2) spins  (Kavokine, MM, Parcollet Georges, ‘24)

Solved mean field models: 

<latexit sha1_base64="OXnMB5dDWhmEzhlbC8PWk9M7X0I="></latexit>

H =
1p
NM

X

i<j

JijSi · Sj

© ©

© ©

Different representations of SU(M) = different models / loc Hilbert space
Schwinger bosons Abrikosov fermions

Solvability in the limit 𝑀 → ∞ !

<latexit sha1_base64="JdYCSbcU6AvXO2qwGHB1PtjWj/g=">AAAB6XicdVBNS8NAEN3Urxq/qh69LJaCp5KUUttb0YsXoQX7AW0om+2kXbrZhN2NUEJ/gSdBQbz6kzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkmhQyMeyb5PFHAmoKOZ5tCPJZDQ59DzZ9eZ37sHqVgk7vQ8Bi8kE8ECRok2Uvt2VCg6ZcegVsMZceuOa0ijUa9UGthdWo5TRGu0RoX34TiiSQhCU06UGrhOrL2USM0oh4VdGiYKYkJnZAIDQwUJQXnp8tIFLhlljINImhIaL1X720RKQqXmoW86Q6Kn6reXiX95g0QHdS9lIk40CLpaFCQc6whnb+Mxk0A1nxtCqGTmWEynRBKqTTi2SeHrVfw/6VbKbq1cbVeLzat1Hnl0hs7RBXLRJWqiG9RCHUQRoAf0hJ6tmfVovVivq9actZ45RT9gvX0CZIuNQg==</latexit>

M
<latexit sha1_base64="JdYCSbcU6AvXO2qwGHB1PtjWj/g=">AAAB6XicdVBNS8NAEN3Urxq/qh69LJaCp5KUUttb0YsXoQX7AW0om+2kXbrZhN2NUEJ/gSdBQbz6kzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkmhQyMeyb5PFHAmoKOZ5tCPJZDQ59DzZ9eZ37sHqVgk7vQ8Bi8kE8ECRok2Uvt2VCg6ZcegVsMZceuOa0ijUa9UGthdWo5TRGu0RoX34TiiSQhCU06UGrhOrL2USM0oh4VdGiYKYkJnZAIDQwUJQXnp8tIFLhlljINImhIaL1X720RKQqXmoW86Q6Kn6reXiX95g0QHdS9lIk40CLpaFCQc6whnb+Mxk0A1nxtCqGTmWEynRBKqTTi2SeHrVfw/6VbKbq1cbVeLzat1Hnl0hs7RBXLRJWqiG9RCHUQRoAf0hJ6tmfVovVivq9actZ45RT9gvX0CZIuNQg==</latexit>

M©+ Constraint:

Low T:  Fermions require finite M to order: continuous spin-glass transition 
 Full RSB -  but again:

<latexit sha1_base64="0yM8OSC0iX9q3f9hx+UI/FoUJKk="></latexit>

ω→→(ε) → ε/J2

<latexit sha1_base64="QTKSkNBmTGopKnxnThHhC4JGquQ=">AAACBHicdVDLSsNAFJ3UV42vqDvdDJaCG0tSSm13RTduhAp9QRPCZDpph04ezkzEEgqu/BRXgoK49Sdc+TdO2goqeuDCmXPuZe49XsyokKb5oeWWlldW1/Lr+sbm1vaOsbvXEVHCMWnjiEW85yFBGA1JW1LJSC/mBAUeI11vfJ753RvCBY3ClpzExAnQMKQ+xUgqyTUOWu4Q2oIG0Ca3cf8Eq8c1l+nl1HGNglkyFapVmBGrZlqK1Ou1crkOrZllmgWwQNM13u1BhJOAhBIzJETfMmPppIhLihmZ6kU7ESRGeIyGpK9oiAIinHR2xBQWlTKAfsRVhRLOVP3bRIoCISaBpzoDJEfit5eJf3n9RPo1J6VhnEgS4vlHfsKgjGCWCBxQTrBkE0UQ5lQtC/EIcYSlyk1XKXydCv8nnXLJqpYqV5VC42yRRx4cgiNwDCxwChrgAjRBG2BwBx7AE3jW7rVH7UV7nbfmtMXMPvgB7e0T3/CXmw==</latexit>
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Beyond rotors: real spins?

• Heisenberg glass:   - SU(M ≫ 1) “spins”  (Sachdev,Ye ‘93; Parcollet Georges ‘00) 
            - SU(2) spins  (Kavokine, MM, Parcollet Georges, ‘24)

Solved mean field models: 

©

RSB solution +  continuous time QMC 



Beyond rotors: real spins?

• Heisenberg glass:   - SU(M ≫ 1) “spins”  (Sachdev,Ye ‘93; Parcollet Georges ‘00) 
            - SU(2) spins  (Kavokine, MM, Parcollet Georges, ‘24)

Solved mean field models: 

©

RSB solution +  continuous time QMC 

<latexit sha1_base64="gvVi28xoyOJMafsOroP8Tn6bBjw="></latexit>
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Beyond rotors: real spins?

• Heisenberg glass:   - SU(M ≫ 1) “spins”  (Sachdev,Ye ‘93; Parcollet Georges ‘00) 
            - SU(2) spins  (Kavokine, MM, Parcollet Georges, ‘24)

Solved mean field models: 

©

RSB solution +  continuous time QMC 

<latexit sha1_base64="/xM3i7B4kNVaUaELCYNS5HST7yY="></latexit>

�00
Ising(!) ⇡ 0.5

!

J2

<latexit sha1_base64="gvVi28xoyOJMafsOroP8Tn6bBjw="></latexit>

�00
Hb
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Again:

Heisenberg glasses have lower Tc and more soft excitation spectrum than Ising systems 
with the same coupling.  But the spectral density has the same linear frequency scaling.



Interpretation?
A. Andreanov, MM ‘11
L. Cugliandolo, MM ’23 (Review 
on Quantum glasses)



Quantum SK model
Physical interpretation: [applies to ALL insulating meanfield glasses]

A. Andreanov, MM ‘11
L. Cugliandolo, MM ’23 (Review 
on Quantum glasses)



Quantum SK model
Physical interpretation: [applies to ALL insulating meanfield glasses]

Marginally stable energy landscape 
Minima: gapless semicircular spectrum of Hessian

⇢(�) ⇠
p
��

J2

dynamics at low frequencies !< ! and disappears in the
classical limit.

Physical interpretation.—We now interpret the exact
replica results with an effective potential approach [28].
Using the methods of Refs. [25,37], we construct the Gibbs
potentialG½m; C!" describing the free energy of the system
constrained to have a magnetization pattern fmig and
global autocorrelation function C! ¼ 1=N

P
ih"z

i ð!Þ"z
i ð0Þi

(at T ¼ 0):

G½m; C!" ¼
X

i

G0½mi; C!" &
X

i<j

Jijmimj

& 1

4
NJ2

Z 1

0
d!ðC! & qEAÞ2: (10)

Here qEA ¼ 1=N
P

im
2
i , and G0 is the free energy of a

single, constrained spin. The magnetization of the local
minima mi ¼ h"z

i i is computed self-consistently via
#G=#mi ¼ 0:

@G0

@mi

!!!!!!!!C
&
X

j

Jijmj þ J2mi$
0 ¼ 0; (11)

where $0 ¼ R1
0 d!ðC! & qEAÞ ¼ 1=N

P
i$i is the static

susceptibility. However, for the quantum problems,
Eq. (11) is not closed, since G0 depends on the global
autocorrelation function Cð!Þ, which has to be evaluated
self-consistently [25]. Since this exact formalism is too
involved to yield direct physical insight, we approximate
the static susceptibilities $i and the local functional G0

by those of single spins, whose magnetization mi is con-
strained by an auxiliary static field:

G0½mi" ¼ &!ð1&m2
i Þ1=2; "$i ¼

ð1&m2
i Þ3=2

!
: (12)

This approximation is similar but not identical to the
‘‘static approximation’’ employed in replica approaches

to quantum spin glasses [21]. It overestimates the suscep-
tibility to longitudinal fields, enhancing the stability of the
glass. However, this reproduces qualitatively the results of
the rigorous replica theory, furnishing a useful comple-
mentary physical picture.
Collective excitations in a local minimum are governed

by the curvature of the energy landscape, i.e., by the
Hessian

H ij ¼
#2G

#mi#mj
¼ &Jij þ

"
1

$i
þ J2h "$i

#
#ij;

where h "$ki ¼ 1=N
P

i "$
k
i The replica theory assures that the

glass phase is marginal. Here, this translates into a gapless
spectrum of eigenvalues of H ij, which requires that [38]

J2h "$2i ¼ 1: (13)

This is the natural analog of Eq. (7). Under this condition,
the density of eigenvalues of the Hessian % starts as a
semicircle
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To establish the link with the spin spectral density
Eq. (8), we interpret the low-energy normal modes of H
as weakly interacting [39] harmonic oscillators with spring
constants %, and the effective mass scaling as M( 1=!;

thus, the eigenfrequency !ð%Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
%=M

p
. Hence, the den-

sity of modes is

&ð!Þ ¼
Z

d%&ð%Þ#ð!&!ð%ÞÞ( !2

!J2
; for ! ) J:

With the mean square displacement hx2i! ¼ 1=M!(
!=!, one predicts the spectral function to scale as
Að!Þ * &ð!Þhx2i! (!=J2 for ! & !. Thus, these quali-
tative arguments are seen to reproduce correctly the Ohmic
spectrum, its frequency range, and the !-independent
coefficient of the replica solution Eq. (8). This agreement
is rather nontrivial, given that both the mode density and
the kinetic energy of the soft modes do depend on !. We
are thus confident that the physical picture of a set of
gapless, underdamped collective harmonic oscillators is
indeed the correct interpretation of the low-energy excita-
tions in this quantum spin glass. It is interesting to note that
an analogous reasoning for spin glasses with metallic
background leads to a similar picture, although with over-
damped oscillators, and the spectral function growing as
Að!Þ ( j!j1=2, again in agreement with replica theory
[24,40]. This insight may serve as a starting point to
describe collective excitations in long but finite-range in-
teracting quantum Ising glasses [41].
Implications and conclusion.—The collective excita-

tions act as a bath with which local (single site) excitations
exchange energy. Such coupling to a bath of collective
modes is of particular importance for conduction or

FIG. 3 (color online). Opening of the linear pseudogap in the
distribution of frozen fields Pðy; 1Þ at T ¼ 0, progressively
deeper in the quantum glass (!=!c ! 0 from top to bottom;
values as in Fig. 2). The inset shows the rescaled distribution
Pðy ¼ z!Þ=! (solid lines), and the asymptotic scaling function
p̂ðzÞ (dashed line).
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dynamics at low frequencies !< ! and disappears in the
classical limit.

Physical interpretation.—We now interpret the exact
replica results with an effective potential approach [28].
Using the methods of Refs. [25,37], we construct the Gibbs
potentialG½m; C!" describing the free energy of the system
constrained to have a magnetization pattern fmig and
global autocorrelation function C! ¼ 1=N
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susceptibility. However, for the quantum problems,
Eq. (11) is not closed, since G0 depends on the global
autocorrelation function Cð!Þ, which has to be evaluated
self-consistently [25]. Since this exact formalism is too
involved to yield direct physical insight, we approximate
the static susceptibilities $i and the local functional G0

by those of single spins, whose magnetization mi is con-
strained by an auxiliary static field:

G0½mi" ¼ &!ð1&m2
i Þ1=2; "$i ¼
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: (12)

This approximation is similar but not identical to the
‘‘static approximation’’ employed in replica approaches

to quantum spin glasses [21]. It overestimates the suscep-
tibility to longitudinal fields, enhancing the stability of the
glass. However, this reproduces qualitatively the results of
the rigorous replica theory, furnishing a useful comple-
mentary physical picture.
Collective excitations in a local minimum are governed

by the curvature of the energy landscape, i.e., by the
Hessian

H ij ¼
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#mi#mj
¼ &Jij þ
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where h "$ki ¼ 1=N
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glass phase is marginal. Here, this translates into a gapless
spectrum of eigenvalues of H ij, which requires that [38]

J2h "$2i ¼ 1: (13)

This is the natural analog of Eq. (7). Under this condition,
the density of eigenvalues of the Hessian % starts as a
semicircle
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To establish the link with the spin spectral density
Eq. (8), we interpret the low-energy normal modes of H
as weakly interacting [39] harmonic oscillators with spring
constants %, and the effective mass scaling as M( 1=!;

thus, the eigenfrequency !ð%Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
%=M

p
. Hence, the den-

sity of modes is

&ð!Þ ¼
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!J2
; for ! ) J:

With the mean square displacement hx2i! ¼ 1=M!(
!=!, one predicts the spectral function to scale as
Að!Þ * &ð!Þhx2i! (!=J2 for ! & !. Thus, these quali-
tative arguments are seen to reproduce correctly the Ohmic
spectrum, its frequency range, and the !-independent
coefficient of the replica solution Eq. (8). This agreement
is rather nontrivial, given that both the mode density and
the kinetic energy of the soft modes do depend on !. We
are thus confident that the physical picture of a set of
gapless, underdamped collective harmonic oscillators is
indeed the correct interpretation of the low-energy excita-
tions in this quantum spin glass. It is interesting to note that
an analogous reasoning for spin glasses with metallic
background leads to a similar picture, although with over-
damped oscillators, and the spectral function growing as
Að!Þ ( j!j1=2, again in agreement with replica theory
[24,40]. This insight may serve as a starting point to
describe collective excitations in long but finite-range in-
teracting quantum Ising glasses [41].
Implications and conclusion.—The collective excita-

tions act as a bath with which local (single site) excitations
exchange energy. Such coupling to a bath of collective
modes is of particular importance for conduction or

FIG. 3 (color online). Opening of the linear pseudogap in the
distribution of frozen fields Pðy; 1Þ at T ¼ 0, progressively
deeper in the quantum glass (!=!c ! 0 from top to bottom;
values as in Fig. 2). The inset shows the rescaled distribution
Pðy ¼ z!Þ=! (solid lines), and the asymptotic scaling function
p̂ðzÞ (dashed line).
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dynamics at low frequencies !< ! and disappears in the
classical limit.

Physical interpretation.—We now interpret the exact
replica results with an effective potential approach [28].
Using the methods of Refs. [25,37], we construct the Gibbs
potentialG½m; C!" describing the free energy of the system
constrained to have a magnetization pattern fmig and
global autocorrelation function C! ¼ 1=N
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Here qEA ¼ 1=N
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single, constrained spin. The magnetization of the local
minima mi ¼ h"z

i i is computed self-consistently via
#G=#mi ¼ 0:
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Jijmj þ J2mi$
0 ¼ 0; (11)

where $0 ¼ R1
0 d!ðC! & qEAÞ ¼ 1=N

P
i$i is the static

susceptibility. However, for the quantum problems,
Eq. (11) is not closed, since G0 depends on the global
autocorrelation function Cð!Þ, which has to be evaluated
self-consistently [25]. Since this exact formalism is too
involved to yield direct physical insight, we approximate
the static susceptibilities $i and the local functional G0

by those of single spins, whose magnetization mi is con-
strained by an auxiliary static field:

G0½mi" ¼ &!ð1&m2
i Þ1=2; "$i ¼

ð1&m2
i Þ3=2

!
: (12)

This approximation is similar but not identical to the
‘‘static approximation’’ employed in replica approaches

to quantum spin glasses [21]. It overestimates the suscep-
tibility to longitudinal fields, enhancing the stability of the
glass. However, this reproduces qualitatively the results of
the rigorous replica theory, furnishing a useful comple-
mentary physical picture.
Collective excitations in a local minimum are governed

by the curvature of the energy landscape, i.e., by the
Hessian

H ij ¼
#2G

#mi#mj
¼ &Jij þ

"
1

$i
þ J2h "$i

#
#ij;

where h "$ki ¼ 1=N
P

i "$
k
i The replica theory assures that the

glass phase is marginal. Here, this translates into a gapless
spectrum of eigenvalues of H ij, which requires that [38]

J2h "$2i ¼ 1: (13)

This is the natural analog of Eq. (7). Under this condition,
the density of eigenvalues of the Hessian % starts as a
semicircle
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%

p

'J3
ffiffiffiffiffiffiffiffiffi
h "$3i

p (
ffiffiffiffiffiffiffi
%!

p

J2
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To establish the link with the spin spectral density
Eq. (8), we interpret the low-energy normal modes of H
as weakly interacting [39] harmonic oscillators with spring
constants %, and the effective mass scaling as M( 1=!;

thus, the eigenfrequency !ð%Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
%=M

p
. Hence, the den-

sity of modes is

&ð!Þ ¼
Z

d%&ð%Þ#ð!&!ð%ÞÞ( !2

!J2
; for ! ) J:

With the mean square displacement hx2i! ¼ 1=M!(
!=!, one predicts the spectral function to scale as
Að!Þ * &ð!Þhx2i! (!=J2 for ! & !. Thus, these quali-
tative arguments are seen to reproduce correctly the Ohmic
spectrum, its frequency range, and the !-independent
coefficient of the replica solution Eq. (8). This agreement
is rather nontrivial, given that both the mode density and
the kinetic energy of the soft modes do depend on !. We
are thus confident that the physical picture of a set of
gapless, underdamped collective harmonic oscillators is
indeed the correct interpretation of the low-energy excita-
tions in this quantum spin glass. It is interesting to note that
an analogous reasoning for spin glasses with metallic
background leads to a similar picture, although with over-
damped oscillators, and the spectral function growing as
Að!Þ ( j!j1=2, again in agreement with replica theory
[24,40]. This insight may serve as a starting point to
describe collective excitations in long but finite-range in-
teracting quantum Ising glasses [41].
Implications and conclusion.—The collective excita-

tions act as a bath with which local (single site) excitations
exchange energy. Such coupling to a bath of collective
modes is of particular importance for conduction or

FIG. 3 (color online). Opening of the linear pseudogap in the
distribution of frozen fields Pðy; 1Þ at T ¼ 0, progressively
deeper in the quantum glass (!=!c ! 0 from top to bottom;
values as in Fig. 2). The inset shows the rescaled distribution
Pðy ¼ z!Þ=! (solid lines), and the asymptotic scaling function
p̂ðzÞ (dashed line).
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dynamics at low frequencies !< ! and disappears in the
classical limit.

Physical interpretation.—We now interpret the exact
replica results with an effective potential approach [28].
Using the methods of Refs. [25,37], we construct the Gibbs
potentialG½m; C!" describing the free energy of the system
constrained to have a magnetization pattern fmig and
global autocorrelation function C! ¼ 1=N
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Here qEA ¼ 1=N
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i , and G0 is the free energy of a

single, constrained spin. The magnetization of the local
minima mi ¼ h"z

i i is computed self-consistently via
#G=#mi ¼ 0:
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Jijmj þ J2mi$
0 ¼ 0; (11)

where $0 ¼ R1
0 d!ðC! & qEAÞ ¼ 1=N

P
i$i is the static

susceptibility. However, for the quantum problems,
Eq. (11) is not closed, since G0 depends on the global
autocorrelation function Cð!Þ, which has to be evaluated
self-consistently [25]. Since this exact formalism is too
involved to yield direct physical insight, we approximate
the static susceptibilities $i and the local functional G0

by those of single spins, whose magnetization mi is con-
strained by an auxiliary static field:

G0½mi" ¼ &!ð1&m2
i Þ1=2; "$i ¼

ð1&m2
i Þ3=2
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: (12)

This approximation is similar but not identical to the
‘‘static approximation’’ employed in replica approaches

to quantum spin glasses [21]. It overestimates the suscep-
tibility to longitudinal fields, enhancing the stability of the
glass. However, this reproduces qualitatively the results of
the rigorous replica theory, furnishing a useful comple-
mentary physical picture.
Collective excitations in a local minimum are governed

by the curvature of the energy landscape, i.e., by the
Hessian
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#mi#mj
¼ &Jij þ
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where h "$ki ¼ 1=N
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glass phase is marginal. Here, this translates into a gapless
spectrum of eigenvalues of H ij, which requires that [38]

J2h "$2i ¼ 1: (13)

This is the natural analog of Eq. (7). Under this condition,
the density of eigenvalues of the Hessian % starts as a
semicircle
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To establish the link with the spin spectral density
Eq. (8), we interpret the low-energy normal modes of H
as weakly interacting [39] harmonic oscillators with spring
constants %, and the effective mass scaling as M( 1=!;

thus, the eigenfrequency !ð%Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
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. Hence, the den-

sity of modes is

&ð!Þ ¼
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; for ! ) J:

With the mean square displacement hx2i! ¼ 1=M!(
!=!, one predicts the spectral function to scale as
Að!Þ * &ð!Þhx2i! (!=J2 for ! & !. Thus, these quali-
tative arguments are seen to reproduce correctly the Ohmic
spectrum, its frequency range, and the !-independent
coefficient of the replica solution Eq. (8). This agreement
is rather nontrivial, given that both the mode density and
the kinetic energy of the soft modes do depend on !. We
are thus confident that the physical picture of a set of
gapless, underdamped collective harmonic oscillators is
indeed the correct interpretation of the low-energy excita-
tions in this quantum spin glass. It is interesting to note that
an analogous reasoning for spin glasses with metallic
background leads to a similar picture, although with over-
damped oscillators, and the spectral function growing as
Að!Þ ( j!j1=2, again in agreement with replica theory
[24,40]. This insight may serve as a starting point to
describe collective excitations in long but finite-range in-
teracting quantum Ising glasses [41].
Implications and conclusion.—The collective excita-

tions act as a bath with which local (single site) excitations
exchange energy. Such coupling to a bath of collective
modes is of particular importance for conduction or

FIG. 3 (color online). Opening of the linear pseudogap in the
distribution of frozen fields Pðy; 1Þ at T ¼ 0, progressively
deeper in the quantum glass (!=!c ! 0 from top to bottom;
values as in Fig. 2). The inset shows the rescaled distribution
Pðy ¼ z!Þ=! (solid lines), and the asymptotic scaling function
p̂ðzÞ (dashed line).
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dynamics at low frequencies !< ! and disappears in the
classical limit.

Physical interpretation.—We now interpret the exact
replica results with an effective potential approach [28].
Using the methods of Refs. [25,37], we construct the Gibbs
potentialG½m; C!" describing the free energy of the system
constrained to have a magnetization pattern fmig and
global autocorrelation function C! ¼ 1=N
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Here qEA ¼ 1=N
P

im
2
i , and G0 is the free energy of a

single, constrained spin. The magnetization of the local
minima mi ¼ h"z

i i is computed self-consistently via
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Jijmj þ J2mi$
0 ¼ 0; (11)

where $0 ¼ R1
0 d!ðC! & qEAÞ ¼ 1=N

P
i$i is the static

susceptibility. However, for the quantum problems,
Eq. (11) is not closed, since G0 depends on the global
autocorrelation function Cð!Þ, which has to be evaluated
self-consistently [25]. Since this exact formalism is too
involved to yield direct physical insight, we approximate
the static susceptibilities $i and the local functional G0

by those of single spins, whose magnetization mi is con-
strained by an auxiliary static field:

G0½mi" ¼ &!ð1&m2
i Þ1=2; "$i ¼

ð1&m2
i Þ3=2
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: (12)

This approximation is similar but not identical to the
‘‘static approximation’’ employed in replica approaches

to quantum spin glasses [21]. It overestimates the suscep-
tibility to longitudinal fields, enhancing the stability of the
glass. However, this reproduces qualitatively the results of
the rigorous replica theory, furnishing a useful comple-
mentary physical picture.
Collective excitations in a local minimum are governed

by the curvature of the energy landscape, i.e., by the
Hessian

H ij ¼
#2G

#mi#mj
¼ &Jij þ

"
1

$i
þ J2h "$i

#
#ij;

where h "$ki ¼ 1=N
P

i "$
k
i The replica theory assures that the

glass phase is marginal. Here, this translates into a gapless
spectrum of eigenvalues of H ij, which requires that [38]

J2h "$2i ¼ 1: (13)

This is the natural analog of Eq. (7). Under this condition,
the density of eigenvalues of the Hessian % starts as a
semicircle

&ð%Þ ¼
ffiffiffiffi
%

p

'J3
ffiffiffiffiffiffiffiffiffi
h "$3i

p (
ffiffiffiffiffiffiffi
%!

p

J2
; for % & ! ) J:

To establish the link with the spin spectral density
Eq. (8), we interpret the low-energy normal modes of H
as weakly interacting [39] harmonic oscillators with spring
constants %, and the effective mass scaling as M( 1=!;

thus, the eigenfrequency !ð%Þ ¼
ffiffiffiffiffiffiffiffiffiffiffi
%=M

p
. Hence, the den-

sity of modes is

&ð!Þ ¼
Z

d%&ð%Þ#ð!&!ð%ÞÞ( !2

!J2
; for ! ) J:

With the mean square displacement hx2i! ¼ 1=M!(
!=!, one predicts the spectral function to scale as
Að!Þ * &ð!Þhx2i! (!=J2 for ! & !. Thus, these quali-
tative arguments are seen to reproduce correctly the Ohmic
spectrum, its frequency range, and the !-independent
coefficient of the replica solution Eq. (8). This agreement
is rather nontrivial, given that both the mode density and
the kinetic energy of the soft modes do depend on !. We
are thus confident that the physical picture of a set of
gapless, underdamped collective harmonic oscillators is
indeed the correct interpretation of the low-energy excita-
tions in this quantum spin glass. It is interesting to note that
an analogous reasoning for spin glasses with metallic
background leads to a similar picture, although with over-
damped oscillators, and the spectral function growing as
Að!Þ ( j!j1=2, again in agreement with replica theory
[24,40]. This insight may serve as a starting point to
describe collective excitations in long but finite-range in-
teracting quantum Ising glasses [41].
Implications and conclusion.—The collective excita-

tions act as a bath with which local (single site) excitations
exchange energy. Such coupling to a bath of collective
modes is of particular importance for conduction or

FIG. 3 (color online). Opening of the linear pseudogap in the
distribution of frozen fields Pðy; 1Þ at T ¼ 0, progressively
deeper in the quantum glass (!=!c ! 0 from top to bottom;
values as in Fig. 2). The inset shows the rescaled distribution
Pðy ¼ z!Þ=! (solid lines), and the asymptotic scaling function
p̂ðzÞ (dashed line).
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Quantum glasses beyond mean field?
L. Vitteriti, ..., G. Carleo, A. Scardicchio, 
arXiv:2507.05073

Promising prospect:  Numerics on Heisenberg glass (spin 1/2) in 2d

Neural network variational wavefunctions that are adapted to arbitrary disorder
 → Efficient numerics

Results: 

• There is a glass at T = 0, despite strong quantum fluctuations: Random ordering of spins

• Large S analysis allows to study low frequency spectrum and spatial mode properties
 (localization of spin waves)
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Back to mean field: Metallic glasses
Is there any escape from the super-universal spectral function?

Yes: If the spins interact with a gapless bath (e.g. conduction electrons)
→	 The collective oscillators (landscape normal modes) are overdamped 

→ yet slower modes
→ more spectral weight at low frequency,

       or even   
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Interplay of glassiness and localization



Long range frustrated quantum glasses?

Infinite range quantum glasses = a theorists’ toy fantasy?

   



Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Page 2

Lattice fermions in laser cavity

Three building blocks:

1) Fermionic atoms in optical lattice

2) Laser cavity with multiple photon modes

3) Classical pump laser, driving transitions between 
fermion ground and excited state (sufficiently off 
resonance)

ARTICLES
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Figure 2 Cavity-assisted controlled-string operation based on the single-photon approach. a, Inside a cavity, an optical lattice carries spins for topological memory,
with individual spin addressability26,27. b, The energy levels of a selected memory spin (|0� and |1�) interacting dispersively with the cavity mode, which implements the QND
hamiltonian of equation (1). The coupling coefficient is χ = g2/∆, with single-photon Rabi frequency g and detuning∆ from the excited state |e�. A control laser with Rabi
frequencyΩr (t ) couples to the metastable state |r�, and it is in two-photon resonance with the cavity mode. c, The energy levels of the ancilla spin (different from memory
spins) and the cavity mode for the single-photon approach. A different control laser with Rabi frequencyΩA (t ) connects the states |1�A ⊗ |vac� and |1��A ⊗ a†|vac�, and
enables coherent creation and absorption of a cavity photon conditioned on the ancilla spin. d, Schematic diagram of the procedure for the implementation of the
single-photon approach for controlled-string operations. (1) Initialize the ancilla spin (the left highlighted spin) in a superposition state α|0�A+β|1�A (blue for |0�A and red for
|1�A), with no photon in the cavity and state |ψ�S for the topological memory. (2) Coherently create a cavity photon (orange shading) for ancilla spin state |1�A (upper branch);
no photon is created for ancilla spin state |0�A (lower branch). (3) Switch on the interaction between the cavity photon and the selected spins. If there is a cavity photon
(orange shading), a non-trivial evolution Sz

C (pink circles) is implemented. (4) Turn off the interaction and coherently absorb the cavity photon into the ancilla spin. Finally, the
state α|0�A ⊗ |ψ�S +β|1�A ⊗ Sz

C|ψ�S is prepared.

CONTROLLED-STRING OPERATIONS

The key operation of the single-photon approach is the evolution
of the QND interaction described by equation (2). In addition,
the cavity mode interacts with a single ancilla spin using
spectroscopically resolvable energy levels as shown in Fig. 2c.
Starting with no photon in the cavity mode |vac� and the ancilla
spin in state α|0�A + β|1�A, we can coherently couple the number
state of the cavity mode with the state of the ancilla spin by
adiabatically increasing the Rabi frequency ΩA(t) of the control
laser until it is much larger than the single-photon Rabi frequency
g �. The intermediate state is then α|0�A ⊗ |vac�−β|1��A ⊗ a†|vac�,
having the photon number fully correlated with the ancilla spin.
Applying the QND interaction with the intermediate state realizes
the desired controlled-string operation conditioned on the state
of the ancilla spin. Finally, we can reverse the state mapping
by adiabatically decreasing the Rabi frequency, which coherently
annihilates the photon of the cavity mode and restores the ancilla
spin to its logical subspace spanned by {|0�A, |1�A}. Following the
procedure summarized in Fig. 2d, we can achieve the controlled-
string operation:

Λ
�
Sz
C
�
= |1�A�1|⊗Sz

C +|0�A�0|⊗ I. (3)

The second approach to controlled-string operations is based
on the idea of geometric phase gates28. Here, the bosonic field of the

cavity mode starts in a coherent state, rather than a superposition
of zero- and one-photon states. If our transformation restores the
bosonic field to the initial coherent state, the entire system will
accumulate a quantum phase (geometric phase), which is twice the
area enclosed by the trajectory in phase space of the bosonic field.
We activate the geometric phase gate using an ancilla spin which
experiences the QND interaction with the cavity mode that can be
selectively turned on and off 26,27. As shown in Fig. 3 and detailed in
the Methods section: if the ancilla spin is in state |0�A, the enclosed
area vanishes; if the ancilla spin is in state |1�A, the enclosed area has
a different sign depending on whether the topological memory is in
+1 or −1 subspace associated with the string operator Sz

C , yielding
again equation (3).

Various imperfections such as the addressing error, photon loss
and deviation of the QND interaction can degrade the controlled-
string operation. The influence from these imperfections can be
effectively minimized—a deep optical lattice should be applied
to suppress the addressing error NCεaddress, a cavity with high
Purcell factor P can be used to reduce the photon loss29,30 and
quantum control techniques may be introduced to correct the
deviation of the QND interaction to arbitrarily high order31,32. In
addition, if we use Kitaev’s honeycomb-lattice model6 (Fig. 1b) to
implement the toric-code hamiltonian, there will be an extra error
associated with the string operation, NCεhcb ≈ NC(J2

x + J2
y )/4J2

z
(where Jx , Jy and Jz are the coupling parameters between
neighbouring sites defined in Fig. 1b), owing to the effective leakage
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Figure 2 Cavity-assisted controlled-string operation based on the single-photon approach. a, Inside a cavity, an optical lattice carries spins for topological memory,
with individual spin addressability26,27. b, The energy levels of a selected memory spin (|0� and |1�) interacting dispersively with the cavity mode, which implements the QND
hamiltonian of equation (1). The coupling coefficient is χ = g2/∆, with single-photon Rabi frequency g and detuning∆ from the excited state |e�. A control laser with Rabi
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spins) and the cavity mode for the single-photon approach. A different control laser with Rabi frequencyΩA (t ) connects the states |1�A ⊗ |vac� and |1��A ⊗ a†|vac�, and
enables coherent creation and absorption of a cavity photon conditioned on the ancilla spin. d, Schematic diagram of the procedure for the implementation of the
single-photon approach for controlled-string operations. (1) Initialize the ancilla spin (the left highlighted spin) in a superposition state α|0�A+β|1�A (blue for |0�A and red for
|1�A), with no photon in the cavity and state |ψ�S for the topological memory. (2) Coherently create a cavity photon (orange shading) for ancilla spin state |1�A (upper branch);
no photon is created for ancilla spin state |0�A (lower branch). (3) Switch on the interaction between the cavity photon and the selected spins. If there is a cavity photon
(orange shading), a non-trivial evolution Sz

C (pink circles) is implemented. (4) Turn off the interaction and coherently absorb the cavity photon into the ancilla spin. Finally, the
state α|0�A ⊗ |ψ�S +β|1�A ⊗ Sz

C|ψ�S is prepared.

CONTROLLED-STRING OPERATIONS

The key operation of the single-photon approach is the evolution
of the QND interaction described by equation (2). In addition,
the cavity mode interacts with a single ancilla spin using
spectroscopically resolvable energy levels as shown in Fig. 2c.
Starting with no photon in the cavity mode |vac� and the ancilla
spin in state α|0�A + β|1�A, we can coherently couple the number
state of the cavity mode with the state of the ancilla spin by
adiabatically increasing the Rabi frequency ΩA(t) of the control
laser until it is much larger than the single-photon Rabi frequency
g �. The intermediate state is then α|0�A ⊗ |vac�−β|1��A ⊗ a†|vac�,
having the photon number fully correlated with the ancilla spin.
Applying the QND interaction with the intermediate state realizes
the desired controlled-string operation conditioned on the state
of the ancilla spin. Finally, we can reverse the state mapping
by adiabatically decreasing the Rabi frequency, which coherently
annihilates the photon of the cavity mode and restores the ancilla
spin to its logical subspace spanned by {|0�A, |1�A}. Following the
procedure summarized in Fig. 2d, we can achieve the controlled-
string operation:

Λ
�
Sz
C
�
= |1�A�1|⊗Sz

C +|0�A�0|⊗ I. (3)

The second approach to controlled-string operations is based
on the idea of geometric phase gates28. Here, the bosonic field of the

cavity mode starts in a coherent state, rather than a superposition
of zero- and one-photon states. If our transformation restores the
bosonic field to the initial coherent state, the entire system will
accumulate a quantum phase (geometric phase), which is twice the
area enclosed by the trajectory in phase space of the bosonic field.
We activate the geometric phase gate using an ancilla spin which
experiences the QND interaction with the cavity mode that can be
selectively turned on and off 26,27. As shown in Fig. 3 and detailed in
the Methods section: if the ancilla spin is in state |0�A, the enclosed
area vanishes; if the ancilla spin is in state |1�A, the enclosed area has
a different sign depending on whether the topological memory is in
+1 or −1 subspace associated with the string operator Sz

C , yielding
again equation (3).

Various imperfections such as the addressing error, photon loss
and deviation of the QND interaction can degrade the controlled-
string operation. The influence from these imperfections can be
effectively minimized—a deep optical lattice should be applied
to suppress the addressing error NCεaddress, a cavity with high
Purcell factor P can be used to reduce the photon loss29,30 and
quantum control techniques may be introduced to correct the
deviation of the QND interaction to arbitrarily high order31,32. In
addition, if we use Kitaev’s honeycomb-lattice model6 (Fig. 1b) to
implement the toric-code hamiltonian, there will be an extra error
associated with the string operation, NCεhcb ≈ NC(J2

x + J2
y )/4J2

z
(where Jx , Jy and Jz are the coupling parameters between
neighbouring sites defined in Fig. 1b), owing to the effective leakage
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Integrating out pump and cavity photons:

4

H[c†g, cg, a] = − t
�

�i, j�

�
c†i,gc j,g + h.c.

�
+

N�

i=1


�i,g − µ +

h2
i

∆


 ni,g

+

M�

�=1

ω�a†�a� +
N�

i=1

M�

�=1

gi�hi

∆
ni,g
�
a� + a†�

�

+

N�

i=1

M�

�,m=1

gi�gim

∆
ni,ga†�am . (6)

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].



Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Page 4

Lattice fermions in laser cavity

Three building blocks:

1) Fermionic atoms in optical lattice

2) Laser cavity with multiple photon modes

3) Classical pump laser, driving transitions between 
fermion ground and excited state (sufficiently off 
resonance)

ARTICLES

(1) (2) (3) (4)

g 'g

|1〉|0〉

|r 〉

|e〉
|e〉A |vac〉

|0〉A |vac〉 |1〉A |vac〉
|1'〉Aa†|vac〉

A(t )Ω

r(t )Ω

∆

∆'

a b c

d

Figure 2 Cavity-assisted controlled-string operation based on the single-photon approach. a, Inside a cavity, an optical lattice carries spins for topological memory,
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enables coherent creation and absorption of a cavity photon conditioned on the ancilla spin. d, Schematic diagram of the procedure for the implementation of the
single-photon approach for controlled-string operations. (1) Initialize the ancilla spin (the left highlighted spin) in a superposition state α|0�A+β|1�A (blue for |0�A and red for
|1�A), with no photon in the cavity and state |ψ�S for the topological memory. (2) Coherently create a cavity photon (orange shading) for ancilla spin state |1�A (upper branch);
no photon is created for ancilla spin state |0�A (lower branch). (3) Switch on the interaction between the cavity photon and the selected spins. If there is a cavity photon
(orange shading), a non-trivial evolution Sz

C (pink circles) is implemented. (4) Turn off the interaction and coherently absorb the cavity photon into the ancilla spin. Finally, the
state α|0�A ⊗ |ψ�S +β|1�A ⊗ Sz

C|ψ�S is prepared.

CONTROLLED-STRING OPERATIONS

The key operation of the single-photon approach is the evolution
of the QND interaction described by equation (2). In addition,
the cavity mode interacts with a single ancilla spin using
spectroscopically resolvable energy levels as shown in Fig. 2c.
Starting with no photon in the cavity mode |vac� and the ancilla
spin in state α|0�A + β|1�A, we can coherently couple the number
state of the cavity mode with the state of the ancilla spin by
adiabatically increasing the Rabi frequency ΩA(t) of the control
laser until it is much larger than the single-photon Rabi frequency
g �. The intermediate state is then α|0�A ⊗ |vac�−β|1��A ⊗ a†|vac�,
having the photon number fully correlated with the ancilla spin.
Applying the QND interaction with the intermediate state realizes
the desired controlled-string operation conditioned on the state
of the ancilla spin. Finally, we can reverse the state mapping
by adiabatically decreasing the Rabi frequency, which coherently
annihilates the photon of the cavity mode and restores the ancilla
spin to its logical subspace spanned by {|0�A, |1�A}. Following the
procedure summarized in Fig. 2d, we can achieve the controlled-
string operation:

Λ
�
Sz
C
�
= |1�A�1|⊗Sz

C +|0�A�0|⊗ I. (3)

The second approach to controlled-string operations is based
on the idea of geometric phase gates28. Here, the bosonic field of the

cavity mode starts in a coherent state, rather than a superposition
of zero- and one-photon states. If our transformation restores the
bosonic field to the initial coherent state, the entire system will
accumulate a quantum phase (geometric phase), which is twice the
area enclosed by the trajectory in phase space of the bosonic field.
We activate the geometric phase gate using an ancilla spin which
experiences the QND interaction with the cavity mode that can be
selectively turned on and off 26,27. As shown in Fig. 3 and detailed in
the Methods section: if the ancilla spin is in state |0�A, the enclosed
area vanishes; if the ancilla spin is in state |1�A, the enclosed area has
a different sign depending on whether the topological memory is in
+1 or −1 subspace associated with the string operator Sz

C , yielding
again equation (3).

Various imperfections such as the addressing error, photon loss
and deviation of the QND interaction can degrade the controlled-
string operation. The influence from these imperfections can be
effectively minimized—a deep optical lattice should be applied
to suppress the addressing error NCεaddress, a cavity with high
Purcell factor P can be used to reduce the photon loss29,30 and
quantum control techniques may be introduced to correct the
deviation of the QND interaction to arbitrarily high order31,32. In
addition, if we use Kitaev’s honeycomb-lattice model6 (Fig. 1b) to
implement the toric-code hamiltonian, there will be an extra error
associated with the string operation, NCεhcb ≈ NC(J2

x + J2
y )/4J2

z
(where Jx , Jy and Jz are the coupling parameters between
neighbouring sites defined in Fig. 1b), owing to the effective leakage
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Integrating out pump and cavity photons:

4

H[c†g, cg, a] = − t
�

�i, j�

�
c†i,gc j,g + h.c.

�
+

N�

i=1


�i,g − µ +

h2
i

∆


 ni,g

+

M�

�=1

ω�a†�a� +
N�

i=1

M�

�=1

gi�hi

∆
ni,g
�
a� + a†�

�

+

N�

i=1

M�

�,m=1

gi�gim

∆
ni,ga†�am . (6)

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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H = − t
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c†i c j + h.c.
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+
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(�i − µ) ni

+
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�=1

ω�a†�a� +
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i=1

M�

�=1

gi�hi

∆
ni
�
a� + a†�

�

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (6)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(7)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(8)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [71]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (8) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (9)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (10)

To capture the main effects, as in Ref. 12, we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (11)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (12)

The photon contribution to the single-particle energies in
Eq. (6) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (13)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian
(7) reduces to the classical Sherrington-Kirkpatrick (SK)
model [56] of localized ”spins” (describing presence or ab-
sence of a particle). This spins are subject to a random longi-
tudinal field εi, and kept at fixed “magnetization” M = 2n − 1
where n is the fermion density. The low temperature glass
phase of this model is understood in great detail. As illus-
trated by the red graph in Fig. 3, a typical configuration of this
glass exhibits a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (14)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (15)

with coefficient α ≈ 4 · 0.31 = 1.24 [57, 58] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (14) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [29]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [26] is also known to exist in electron glasses
with Coulomb interactions [29, 33].
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ω�a†�a� +
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i=1
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�=1

gi�hi

∆
ni
�
a� + a†�

�

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (6)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(7)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(8)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [71]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (8) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (9)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (10)

To capture the main effects, as in Ref. 12, we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (11)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (12)

The photon contribution to the single-particle energies in
Eq. (6) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (13)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian
(7) reduces to the classical Sherrington-Kirkpatrick (SK)
model [56] of localized ”spins” (describing presence or ab-
sence of a particle). This spins are subject to a random longi-
tudinal field εi, and kept at fixed “magnetization” M = 2n − 1
where n is the fermion density. The low temperature glass
phase of this model is understood in great detail. As illus-
trated by the red graph in Fig. 3, a typical configuration of this
glass exhibits a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (14)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (15)

with coefficient α ≈ 4 · 0.31 = 1.24 [57, 58] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (14) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [29]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [26] is also known to exist in electron glasses
with Coulomb interactions [29, 33].
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Integrating out the cavity photons:
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We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
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�i, j�
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c†i c j + h.c.

�
+

N�
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(εi − µ) ni −
1
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(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
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1
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δ(ϕ − ϕi)
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≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim
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. (6)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:
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The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(8)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [71]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (8) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (9)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (10)

To capture the main effects, as in Ref. 12, we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (11)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (12)

The photon contribution to the single-particle energies in
Eq. (6) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (13)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian
(7) reduces to the classical Sherrington-Kirkpatrick (SK)
model [56] of localized ”spins” (describing presence or ab-
sence of a particle). This spins are subject to a random longi-
tudinal field εi, and kept at fixed “magnetization” M = 2n − 1
where n is the fermion density. The low temperature glass
phase of this model is understood in great detail. As illus-
trated by the red graph in Fig. 3, a typical configuration of this
glass exhibits a linear soft gap in the distribution
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with coefficient α ≈ 4 · 0.31 = 1.24 [57, 58] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (14) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [29]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [26] is also known to exist in electron glasses
with Coulomb interactions [29, 33].
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single-particle energies,
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In a final step, we integrate out the photons from Eq. (??) and
get the expression:
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The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
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�=1

gi�g j�hih j

∆2
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(8)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [71]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (8) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (9)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (10)

To capture the main effects, as in Ref. 12, we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (11)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (12)

The photon contribution to the single-particle energies in
Eq. (6) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (13)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian
(7) reduces to the classical Sherrington-Kirkpatrick (SK)
model [56] of localized ”spins” (describing presence or ab-
sence of a particle). This spins are subject to a random longi-
tudinal field εi, and kept at fixed “magnetization” M = 2n − 1
where n is the fermion density. The low temperature glass
phase of this model is understood in great detail. As illus-
trated by the red graph in Fig. 3, a typical configuration of this
glass exhibits a linear soft gap in the distribution

P(ϕ) =
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1
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i=1

δ(ϕ − ϕi)
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≈ α |ϕ|

J2 , |ϕ| � J, (14)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −
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j�i

Vi jn j, (15)

with coefficient α ≈ 4 · 0.31 = 1.24 [57, 58] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (14) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [29]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [26] is also known to exist in electron glasses
with Coulomb interactions [29, 33].

pump

Long range, frustrated interactions + 
 short range hopping!

MM, P. Strack, S. Sachdev ‘12



Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Basic mechanisms:
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We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1
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∆
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. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:
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The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution
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≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
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= εi − µ −
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Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Basic mechanisms:
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We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
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. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:
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The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�
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gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
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1
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i=1

δ(ϕ − ϕi)
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≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
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= εi − µ −
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j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Basic mechanisms:

Glassy density order → effective, selfgenerated disorder potential
 →  possibly Anderson localization of single fermion modes
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We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =
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The long-range density-density interaction written in a path
integral representation
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(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution
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of local Hartree fields
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with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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Interesting case: Long range glass with short range 
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Glassy density order → effective, selfgenerated disorder potential
 →  possibly Anderson localization of single fermion modes
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a� + a†�

�

+

N�

i=1

M�

�,m=1

gi�gim

∆
ni,ga†�am . (6)

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Basic mechanisms:

Glassy density order → effective, selfgenerated disorder potential
 →  possibly Anderson localization of single fermion modes

4

H[c†g, cg, a] = − t
�

�i, j�

�
c†i,gc j,g + h.c.

�
+

N�

i=1


�i,g − µ +

h2
i

∆


 ni,g

+

M�

�=1

ω�a†�a� +
N�

i=1

M�

�=1

gi�hi

∆
ni,g
�
a� + a†�

�

+

N�

i=1

M�

�,m=1

gi�gim

∆
ni,ga†�am . (6)

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Basic mechanisms:

Glassy density order → effective, selfgenerated disorder potential
 →  possibly Anderson localization of single fermion modes

4

H[c†g, cg, a] = − t
�

�i, j�

�
c†i,gc j,g + h.c.

�
+

N�

i=1


�i,g − µ +

h2
i

∆


 ni,g

+

M�

�=1

ω�a†�a� +
N�

i=1

M�

�=1

gi�hi

∆
ni,g
�
a� + a†�

�

+

N�

i=1

M�

�,m=1

gi�gim

∆
ni,ga†�am . (6)

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Page 13

Basic mechanisms:

n ~ ½  →  Intermediate phase: both glassy & delocalized!

4

H[c†g, cg, a] = − t
�

�i, j�

�
c†i,gc j,g + h.c.
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+
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i=1


�i,g − µ +

h2
i

∆


 ni,g

+

M�

�=1

ω�a†�a� +
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i=1
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�=1

gi�hi

∆
ni,g
�
a� + a†�

�

+

N�

i=1

M�

�,m=1

gi�gim

∆
ni,ga†�am . (6)

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Page 14

Basic mechanisms:

n → 0,1 →  Instabilities cross: →  1st order transition, metastability!

4

H[c†g, cg, a] = − t
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�
c†i,gc j,g + h.c.
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+

N�
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
�i,g − µ +
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∆
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+
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ni,g
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a� + a†�

�

+

N�

i=1

M�

�,m=1

gi�gim

∆
ni,ga†�am . (6)

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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Interesting case: Long range glass with short range 
hopping: the quantum Fermi glass in optical cavities 

Page 15

Basic mechanisms:

n → 0,1 →  Instabilities cross: →  1st order transition, metastability!
Dynamics across the transition? Nucleation of delocalised phase?

4

H[c†g, cg, a] = − t
�

�i, j�

�
c†i,gc j,g + h.c.

�
+

N�

i=1


�i,g − µ +

h2
i

∆


 ni,g

+

M�

�=1

ω�a†�a� +
N�

i=1

M�

�=1

gi�hi

∆
ni,g
�
a� + a†�

�

+

N�

i=1

M�

�,m=1

gi�gim

∆
ni,ga†�am . (6)

We drop the subscript g from now on. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (7)

In a final step, we integrate out the photons from Eq. (??) and
get the expression:

H
�
c†, c
�
= − t

�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j .

(8)

The long-range density-density interaction written in a path
integral representation

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

(9)

makes the dependence on the bosonic Matsubara frequency
Ω explicit [? ]. The magnitude of Vi j is proportional to the
amplitude of the driving laser hi and can therefore be tuned
flexibly. The sign and spatial dependence of Vi j is determined
by the choice of mode profiles of the cavity modes and pump
lasers as well as the orientation of the lattice within the cavity.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (??) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N. (10)

The overline represents a disorder average, and δVi j is the
variation from the mean value. Such a mean value only shifts
the chemical potential and can be dropped. Further, we as-
sume in this paper that couplings between different sites are
uncorrelated.

We note that it should also be possible to generate ran-
dom and frustrated interactions of longer range by using other
means than random cavity modes. For example one might
employ a second fermion species to generate RKKY-type in-
teractions among the primary fermion species. As in metallic
spin glasses, such interactions decay as a power-law with dis-
tance and oscillate with periods of the Fermi wavelength of
the second species, which induces frustration.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (11)

To capture the main effects, as in Ref. ? , we may assume the
simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (12)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic
interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J2/N,

J ≡ J(0) =
2v2

ω0
. (13)

The photon contribution to the single-particle energies in
Eq. (??) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (14)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

In the absence of hopping, t = 0, the Hamiltonian (??) re-
duces to the classical Sherrington-Kirkpatrick (SK) model [?
] of localized ”spins” (describing presence or absence of a
particle). This spins are subject to a random longitudinal field
εi, and kept at fixed “magnetization” M = 2n − 1 where n is
the fermion density. The low temperature glass phase of this
model is understood in great detail. As illustrated by the red
graph in Fig. ??, a typical configuration of this glass exhibits
a linear soft gap in the distribution

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

of local Hartree fields

ϕi ≡
dH
dni
= εi − µ −

�

j�i

Vi jn j, (16)

with coefficient α ≈ 4 · 0.31 = 1.24 [? ? ] and Gaussian
decay for |ϕ| � J. The brackets �...� stand for the thermody-
namic average. As compared to the canonical SK model an
extra factor of 4 arises because we consider Ising degrees of
freedom with magnitude sz

i ≡ ni − 1/2 = ±1/2. Remarkably,
the soft gap (??) at low fields is universal, that is, independent
of the strength of the random fields and the average magneti-
zation (density) [? ]. A similar soft gap, the Efros-Shklovskii
Coulomb gap [? ] is also known to exist in electron glasses
with Coulomb interactions [? ? ].
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4

In the sequel we drop the subscript g. We include the expec-
tation value of the term in the last line as a contribution to the
single-particle energies, but neglect its small dynamic fluctu-
ations,

εi =

M�

�,m=1

gi�gim

∆
�a†�am� + �i +

h2
i

∆
. (6)

In a final step, we integrate out the photons from Eq. (5) and
get the expression:

Heff = − t
�

�i, j�

�
c†i c j + h.c.

�
+

N�

i=1

(εi − µ) ni −
1
2

N�

i, j=1

Vi jnin j ,

(7)

where the long-range density-density interaction reads

Vi j(Ω) = 2
M�

�=1

gi�g j�hih j

∆2
ω�

Ω2 + ω2
�

. (8)

M: Should we be precise and say that the above is only
non-retarded, and thus a Hamiltonian, if we make the
static approximation for Vi j, as discussed further below in
(12)? The magnitude of Vi j is proportional to the amplitude
of the driving laser hi and can therefore be tuned flexibly and
the sign and spatial dependence is determined by the choice
of mode profiles of the cavity modes and pump lasers as well
as the orientation of the lattice within the cavity.

In Eq. (8), we have made the dependence on the bosonic,
imaginary Matsubara frequencyΩ in the path integral explicit.

In this paper, we are primarily interested in the case where
the photon mode functions gi�g j� in Eq. (8) can be realized as
randomly varying in sign and magnitude in each disorder re-
alization and with M sufficiently large, we assume the Vi j(Ω)
to be Gaussian-distributed with variance

δVi j(Ω)δVi� j� (Ω�) =
�
δii�δ j j� + δ ji�δi j�

�
V(Ω,Ω�)/N, (9)

where the overline represents a disorder average, δVi j is the
variation from the mean value. A mean value only shifts the
chemical potential and can be dropped, and we assume in this
paper that couplings between different sites are uncorrelated.
One could also extend the calculations presented below to the
case when there is a non-zero correlation length ξ of the cou-
plings on sites separated by ξ, and discuss the granular limit
ξ � a where a is the lattice spacing.

In the calculations below, the results only depend on the
variance, which respects time-translation invariance

V(Ω,−Ω) ≡ J2(Ω) . (10)

To capture the main effects, as in Ref. [12], we may assume
the simplified form:

J(Ω) = 2v2ω0/
�
Ω2 + ω2

0

�
, (11)

where ω0 is a prototypical photon frequency representative
of the spectral range of photons that mediate the inter-atomic

interaction and v the disorder strength. For most of the paper
we will concentrate on frequencies Ω � ω0 and work with
the static limit of the couplings

δVi jδVi� j� =
�
δii�δ j j� + δ ji�δi j�

�
J/N,

J ≡ J(0) =
2v2

ω0
; . (12)

The photon contribution to the single-particle energies in
Eq. (6) and the pump term generate random local potentials
for the fermions, which may additionally be superposed by a
random lattice potential. We summarize all these effects by
assuming random (Gaussian-distributed) onsite energies with
independently tunable variance

δεiδε j = δi jW2 . (13)

III. INSULATING ANDERSON-EFROS-SHKLOVSKII
GLASS

A. Localized charge glass ground state for t = 0

The properties of the glass phase are easiest to understand
in the limit of vanishing hopping. When t = 0, the Hamil-
tonian (7) reduces to a classical Ising spin glass of fully
localized fermions. In fact this limit realizes the classical
Sherrington-Kirkpatrick (SK) model [50] in a random longi-
tudinal field and with fixed magnetization M = 2n − 1, cor-
responding to the fermion density n. The glass phase of this
model is understood in great detail. We recall here that a truly
faithful representation of the SK model requires a large num-
ber of sufficiently random cavity modes, such that all intersite
couplings Vi j can be considered independent and random.

One of the salient features of this classical glass is that its
low temperature phase, in all typical low energy configura-
tions, exhibits a linear pseudogap in the distribution of local
Hartree fields

ϕi ≡
dHeff

dni
= εi − µ −

�

j�i

Vi jn j, (14)

P(ϕ) =
�

1
N

N�

i=1

δ(ϕ − ϕi)
�
≈ α |ϕ|

J2 , |ϕ| � J, (15)

with α ≈ 4 · 0.31 = 1.24 [51, 52] and Gaussian decay for
|ϕ| � J. As compared to the canonical SK model an extra
factor of 4 arises because we consider Ising degrees of free-
dom with magnitude sz

i ≡ ni − 1/2 = ±1/2. The brackets
stand for the thermodynamic average. We recall the remark-
able fact that this pseudogap at low fields is universal, i.e.,
independent of the strength of the random fields and the av-
erage density (magnetization). [27] This gap is a close analog
of the Efros-Shklovskii Coulomb gap [24] found in electron
glasses with long range Coulomb interactions [27, 31]. The
local Hartree fields constitute a rather strong random poten-
tial, which is frozen on very long time scales and Anderson-
localizes the fermionic atoms, even in the presence of small
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Analogous phase diagram proposed in electron glasses (d=2,3) 

within mean field


