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General tenet of statistical physics: Interacting many body systems 
  establish equilibrium and are ergodic

If that happens: 

• Unique state described by Gibbs ensemble
• No dependence on history, no memory
• Usually fast thermalization on microscopic timescales, 

even in closed systems (cf. ETH hypothesis) 

Convenient to calculate, reliably reproducible - but also a bit dull.
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Science 1999

Quantum glasses: 
Intriguing history dependence 

Response !′ Absorption !′′

Utterly different response 
under same conditions (Ht,T)!
Long-lived non-equilibrium & 
history dependence

LiHoxY1-xF4:  Dipolar Ising spin glass in transverse field

An example where it does not happen:
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What underlies the belief of ubiquitous ergodicity?

And how can one escape from it?



Quantum localization

Classical particle:
Barrier-trapped



ψ

Quantum localization

Quantum particle
barrier tunneling!
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Quantum particle – no disorder
plane waves = long range hybridization!

ψ

Quantum localization
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Quantum particles in disorder:
Anderson localization

Quantum localization

If                               : no hybridization, wavefunction localizes on i or j 
If                               : “resonance”, wavefunction spreads 
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Quantum localization: no-percoation of resonances!

Anderson insulator
Few isolated resonances

Anderson metal
There are many resonances 

and they overlap
No diffusion!

No ergodicity!

Anderson 1958
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Exception?  1. Spontaneous symmetry breaking:
energy barriers between different ordered states diverge



Now add interactions!

Exchange of energy 
can take you across 
finite barriers

Exception?  2. Glasses – classical or quantum:
    Many collective states separated by barriers  (Lectures I+II)
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   What about adding interactions 
       to Anderson localization?

“Many-body-localization”?

Can energy mismatch that localizes single particles be bridged by exchange of energy with 
other particles, forming a bath  (“dephasing”) ?    No, not always!
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Rewritten in single-particle localized basis: 

J↵�,�� $ ✏↵ � ✏� + ✏� � ✏�
MBL ↔  Non-percolation of resonances in many-body space! 

Anderson, Fleischman 1979
Basko Aleiner, Altshuler 2006
Gornyi, Mirlin, Polyakov 2005
...

   What about adding interactions 
       to Anderson localization?

“Many-body-localization”?

The surrounding particles, being localized themselves do not form a continuous bath!



Glass physics  ≠ Manybody localization
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Two ways to break ergodicity

Spin/structural glasses

Obstruction: Big mountains 

Quantum localization

Obstruction: Bad tunnels  



“Many-body-localization”

Glasses

Are these ergodicity breaking mechanisms 
related?
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Two types of ergodicity breakers

Frustrated disordered systems Quantum localized systems
Spin/structural glass Anderson insulator (Fermi glass)
Very large barriers ΔE between 
metastable states:
ΔE ≫  Temperature T (classical)
ΔE ≫ Tunneling Γ (quantum) 

Vanishingly small matrix 
elements between distant states 
in Hilbert space 
(no energy barriers necessary)

Destroyed by large T Robust to additional energy
Robust to environment coupling Destroyed by a continuous bath
Most stable in high dimension Rigorously probably only in d=1

Neither implies the other  &
Neither excludes the other!



Two types of ergodicity breakers

Interplay of glassiness and quantum dynamics/ localization?

A very rich playground! (see lecture III)

Frustrated disordered systems Quantum localized systems
Spin/structural glass Anderson insulator (Fermi glass)
Very large barriers ΔE between 
metastable states:
ΔE ≫  Temperature T (classical)
ΔE ≫ Tunneling Γ (quantum) 

Vanishingly small matrix 
elements between distant states 
in Hilbert space 
(no energy barriers necessary)

Destroyed by large T Robust to additional energy
Robust to environment coupling Destroyed by a continuous bath
Most stable in high dimension Rigorously probably only in d=1
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Other ways to avoid ergodicity and thermalization?

• Integrable systems in 1d 
Extensively many conserved quantities (XXZ chain, Lieb-Liniger)

• Quantum many body scars 
Hamiltonians admitting typically O(N) special, 
 low-entangled, non-ETH eigenstates (AKLT, Hubbard model)

• Shattered Hilbert spaces
Hamiltonians admitting many blocked, non-moving configurations   
 e.g. 1d systems with conserved charge & dipole moment, 
 and strictly finite range circuit dynamics

• Fractons - systems whose excitations cannot move on their own
 due to multiple topological constraints  
 (e.g. 3d analogue of toric code)

Fine-tuned!

Exotic ergodicity breaking
Related neither to glasses 
nor to MBL 



Interplay of glassiness and (many-body) localization
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Interesting questions: (see lecture III)

• How does glassy order affect localization &  loc. transitions?

• Can glassy order coexist with delocalized quantum modes: 
 Bose condensates and/or metallic, delocalized fermions?

Phenomenology in long range, frustrated quantum glasses:

• Long-range-coupled cold atoms
• Quantum Coulomb glass and the metal insulator transition: 

A very rich phase transition  

Many interesting open questions



Glasses

Glasses : = Ergodicity breakers with a large number of 
amorphously ordered states that are separated by high barriers.

Multitude of states and their organization in phase space entail 
interesting properties, also with regard to quantum dynamics.
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Frustration
Typical spin glass Hamiltonian:

<latexit sha1_base64="VHdmZDaq2uDOoGlcdee7hcB8FAA="></latexit>

H =
∑

→i,j↑

JijSiSj
Randomly signed couplings
(due to random doping/exchange paths, 
RKKY or dipolar couplings, etc)

Hallmark: frustration of interactions

AFAF

AF

Lots of plaquettes with at least one unhappy bond

Spin glass: percolating magnetic unhappiness.
Many different ways to minimize the unhappiness!

One of many NP-hard optimization problems



Glasses: systems with many states
Anticipate: 
 Unlike simple magnets, glasses can order in many amorphous patterns

Fundamental questions

• Is there a phase transition? – What is the order parameter?

• How to deal with disorder? 

• How many ordering patterns are there, and how are they organized? 

• What are quantum dynamics and excitations in such states? 
Impact on quantum phenomena like localization, Bose condensation etc?



Free energy landscape:
  

Ordering patterns as minima of a free energy functional?



<latexit sha1_base64="6+9RrTcYXNPONnZWxWZQ1asynGc="></latexit>
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Warm-up: mean-field, all-to-all Ising ferromagnet

Free energy landscape:
mean field Ising ferromagnet
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Entropy of configurations of magnetization m:
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Free energy constrained to have magnetization m:
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F = min→1↑m↑1[F (m)]
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F (m) = E(m)→ TS(m) = N(e(m)→ Ts0(m))

(B = 0)

Spontaneous 
symmetry breaking:
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Full free energy:
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F = min→1↑m↑1[F (m)]

<latexit sha1_base64="KMUZ097Q0oUbAtrunP1y3w3g/6Y="></latexit>

F (m) = E(m)→ TS(m) = N(e(m)→ Ts0(m))
Extensive free energy barrier: spontaneous symmetry breaking: the 
two pure states are infinitely long-lived in the limit    
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Full free energy:
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F = min→1↑m↑1[F (m)]

<latexit sha1_base64="KMUZ097Q0oUbAtrunP1y3w3g/6Y="></latexit>

F (m) = E(m)→ TS(m) = N(e(m)→ Ts0(m))
Important: Only full F = F(T) is non-analytic due to the minimization over m, which bifurcates at Tc.
But “energy landscape” F(m,T) is analytic in both m and T. It can be obtained from a high T-expansion!  

Free energy landscape:
mean field Ising ferromagnet

©
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Energy landscape in glasses?

Difficulties:

• No obvious symmetry breaking / ordering pattern

• Order parameter (analogue of m)?

• How many pure states are there?  - What are their properties?

Typical spin glass Hamiltonian:
<latexit sha1_base64="VHdmZDaq2uDOoGlcdee7hcB8FAA="></latexit>

H =
∑

→i,j↑

JijSiSj Randomly signed couplings
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Consider mean field glasses (random all to all interactions): 

• energy landscape can be construct unambiguously; 
• saddle point methods can be used (replica approach)
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Two universality classes of glasses, with very different phenomenology!

1) Mean field version of spin glasses: Pairwise interacting spins
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Energy landscape in glasses?
Consider mean field glasses (random all to all interactions): 

• energy landscape can be construct unambiguously; 
• saddle point methods can be used (replica approach)

Two universality classes of glasses, with very different phenomenology!

1) Mean field version of spin glasses: Pairwise interacting spins

2) Toy model for structural glasses (super-cooled liquids):
 p-tuple interactions (e.g. p = 3)

Believed to capture amorphous glasses in high dimensions:
Dynamical equations are structurally identical to those of mode coupling 
theory of liquids

<latexit sha1_base64="Gj414kHPaCdRjaR72iX99SfLdI8="></latexit>
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1. The Ising mean field glass:
Sherrington-Kirkpatrick (SK) model 

Gaussian disorder Jij with zero mean and variance:

   ensures O(1) local field bi on a given spin si, and thus O(N) total energy.

Hamiltonian <latexit sha1_base64="nYxr1sk9XoKcnS8Lsek9X2i6rAg="></latexit>
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2. The spherical p-spin model

Gaussian disorder with zero mean and variance:

   ensures O(1) local fields on a given spin, and thus O(N) total energy.

Hamiltonian

Spherical constraint only (easy to compute - but for p=2 trivializes the model) 
<latexit sha1_base64="DV/nG2rDvJy2spIW64ar7tJ+pPE="></latexit>
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Free energy landscape
Free energy functional
 Spins are not equivalent → construct free energy landscape
   = Gibbs free energy of system constrained such that spin Si has magnetization mi



Free energy landscape
Free energy functional
 Spins are not equivalent → construct free energy landscape
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Computation     (Georges & Yedidia, J. Phys. A 1991)
• At any T, apply local fields hi that impose magnetizations mi 
• Perform Legendre transform 
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Free energy landscape
Free energy functional
 Spins are not equivalent → construct free energy landscape
   = Gibbs free energy of system constrained such that spin Si has magnetization mi

Computation     (Georges & Yedidia, J. Phys. A 1991)
• At any T, apply local fields hi that impose magnetizations mi 
• Perform Legendre transform 

• Order by order in a high T (or small J) expansion: 
 In the limit                      expansion terminates after second term! 
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F ({hi}i=1,...,N )
L.T.→ G({mi}i=1,...,N )
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Free energy landscape
Free energy functional
 Spins are not equivalent → construct free energy landscape
   = Gibbs free energy of system constrained such that spin Si has magnetization mi

Computation     (Georges & Yedidia, J. Phys. A 1991)
• At any T, apply local fields hi that impose magnetizations mi 
• Perform Legendre transform 

• Order by order in a high T (or small J) expansion: 
 In the limit                      expansion terminates after second term! 

• → Functional of all mi   - convex at high T 
 But: develops lots of local minima at low T < Tc ! ↔  ordering patterns

<latexit sha1_base64="q0oW5Oij8vXHZ2/0CVVMYHrgCTk="></latexit>

F ({hi}i=1,...,N )
L.T.→ G({mi}i=1,...,N )

<latexit sha1_base64="+BQbHWUvHHPOQseCmnx7l2kfY2A=">AAAB83icdVDLSsNAFJ34rPFVdelmsBRclaSU2u6KblxJBfuAJJTJdNIOncyEmYkQQj/DlaAgbv0aV/6Nk7aCih64cDjnXu69J0wYVdpxPqy19Y3Nre3Sjr27t39wWD467iuRSkx6WDAhhyFShFFOeppqRoaJJCgOGRmEs6vCH9wTqajgdzpLSBCjCacRxUgbybvxtYA+5ZHORuWKU3MMmk1YELfluIa02616vQ3dheU4FbBCd1R+98cCpzHhGjOklOc6iQ5yJDXFjMztqp8qkiA8QxPiGcpRTFSQL26ew6pRxjAS0hTXcKHa3yZyFCuVxaHpjJGeqt9eIf7leamOWkFOeZJqwvFyUZQyaB4tAoBjKgnWLDMEYUnNsRBPkURYm5hsk8LXq/B/0q/X3GatcduodC5XeZTAKTgD58AFF6ADrkEX9AAGAjyAJ/Bspdaj9WK9LlvXrNXMCfgB6+0T1mmRjA==</latexit>

N → ↑



Free energy landscape
SK model:

<latexit sha1_base64="5AxGn6pFD/XzOw/PdsVGeieopMU="></latexit>

G{mi} = →T

∑

i

s0(mi)→
∑

i<j

miJijmj →
1

2

∑

i<j

(1→m
2
i )J

2
ijω(1→m

2
j ) +O(ω2)

Standard mean field energy Van der Waals-like interaction:
“Onsager back reaction” 

(Thouless-Anderson Palmer, 1975)

<latexit sha1_base64="4uwjmt4BShOYG+esFHcBo7SRdpE="></latexit>

s0(m) = →1 +m

2
log

1 +m

2
→ 1→m

2
log

1→m

2

<latexit sha1_base64="xC2yKyu4LetNEpNkDBb4BxjdBKo="></latexit>

ωj =
dmj

dhj
=

d tanh(εhj)

dhj
= ε(1→m2

j )Note: local susceptibility of Ising spins



Free energy landscape

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

P-spin model:

SK model:
<latexit sha1_base64="5AxGn6pFD/XzOw/PdsVGeieopMU="></latexit>

G{mi} = →T

∑

i

s0(mi)→
∑

i<j

miJijmj →
1

2

∑

i<j

(1→m
2
i )J

2
ijω(1→m

2
j ) +O(ω2)



Free energy landscape

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

P-spin model:

SK model:
<latexit sha1_base64="5AxGn6pFD/XzOw/PdsVGeieopMU="></latexit>

G{mi} = →T

∑

i

s0(mi)→
∑

i<j

miJijmj →
1

2

∑

i<j

(1→m
2
i )J

2
ijω(1→m

2
j ) +O(ω2)

<latexit sha1_base64="4M5g18PvpwSHg6Er3eRFTfAInYQ="></latexit>

q → 1

N

∑

i

m2
iSpin glass (Edwards-Anderson) order parameter, “self-overlap”:



Free energy landscape

Pure states = Minima of G !
  

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

P-spin model:

SK model:
<latexit sha1_base64="5AxGn6pFD/XzOw/PdsVGeieopMU="></latexit>

G{mi} = →T

∑

i

s0(mi)→
∑

i<j

miJijmj →
1

2

∑

i<j

(1→m
2
i )J

2
ijω(1→m

2
j ) +O(ω2)

<latexit sha1_base64="4M5g18PvpwSHg6Er3eRFTfAInYQ="></latexit>

q → 1

N

∑

i

m2
i

<latexit sha1_base64="EIRiheF79W4mpeksEkYkQgy1Vpc="></latexit>

PGibbs[S] =
∑

ω

wωPω[S]

Clustering property in mean field models implies:
<latexit sha1_base64="cDFN972HgwrvkMbDAoIexJz8Gqc="></latexit>

Pω[S] =
∏

i

[
1 +m(ω)

i

2
ω1,Si +

1→m(ω)
i

2
ω→1,Si

]
=

∏

i

1 +m(ω)
i Si

2

Spin glass (Edwards-Anderson) order parameter, “self-overlap”:



Free energy landscape

Pure states = Minima of G !
  Free energy of minimum 
  Weight of pure state in the full Gibbs measure

<latexit sha1_base64="DM7qVZRS008m/qDT0TA8i18irNU="></latexit>

Nf↵ = G({m↵
i }) <latexit sha1_base64="GaF0VjK3bmFkQpM1d47p1E05KQo="></latexit>

w↵ / exp(��Nf↵)

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

P-spin model:

SK model:
<latexit sha1_base64="5AxGn6pFD/XzOw/PdsVGeieopMU="></latexit>

G{mi} = →T

∑

i

s0(mi)→
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i<j

miJijmj →
1

2

∑

i<j

(1→m
2
i )J

2
ijω(1→m

2
j ) +O(ω2)

<latexit sha1_base64="4M5g18PvpwSHg6Er3eRFTfAInYQ="></latexit>

q → 1

N

∑

i

m2
i

<latexit sha1_base64="EIRiheF79W4mpeksEkYkQgy1Vpc="></latexit>

PGibbs[S] =
∑

ω

wωPω[S]

Spin glass (Edwards-Anderson) order parameter, “self-overlap”:



Free energy landscape

Pure states = Minima of G !
  Free energy of minimum 
  Weight of pure state in the full Gibbs measure

Can show: metastable states capture the essence of phase space:  

<latexit sha1_base64="DM7qVZRS008m/qDT0TA8i18irNU="></latexit>

Nf↵ = G({m↵
i })

<latexit sha1_base64="A9Col7genQ21NUuoSCCh2a/IYW8="></latexit>

log(
X

↵

w↵) = log(Zfull)

<latexit sha1_base64="GaF0VjK3bmFkQpM1d47p1E05KQo="></latexit>

w↵ / exp(��Nf↵)

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

P-spin model:

SK model:
<latexit sha1_base64="5AxGn6pFD/XzOw/PdsVGeieopMU="></latexit>

G{mi} = →T
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miJijmj →
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j ) +O(ω2)

<latexit sha1_base64="4M5g18PvpwSHg6Er3eRFTfAInYQ="></latexit>

q → 1

N

∑

i

m2
i

<latexit sha1_base64="EIRiheF79W4mpeksEkYkQgy1Vpc="></latexit>

PGibbs[S] =
∑

ω

wωPω[S]

Spin glass (Edwards-Anderson) order parameter, “self-overlap”:



Free energy landscape
The two universality classes of glasses have very different landscapes

• Number and nature of minima 

• The way they appear at low T

• Organization in energy and configuration space



TAP Equations: SK-model
<latexit sha1_base64="5AxGn6pFD/XzOw/PdsVGeieopMU="></latexit>

G{mi} = →T

∑

i

s0(mi)→
∑

i<j

miJijmj →
1

2

∑

i<j

(1→m
2
i )J

2
ijω(1→m

2
j ) +O(ω2)

<latexit sha1_base64="/rmUzZesJpbIgkTx5plQEJ5RL4g="></latexit>

ωG

ωmi
= 0 →

mi = tanh



ε
∑

j →=i

Jij
(
mj ↑miJijε(1↑m2

j )
)


 →

mi = tanh



ε
∑

j →=i

Jijm
(i)
j



 <latexit sha1_base64="qLUK7cw4xmy+OQ/zWgxXfD7ZlZ0="></latexit>

m(i)
j = mj →miJijω(1→m2

j )

Onsager reaction to mi 

Magnetization in absence of spin i:

Standard mean field - diminished by polarization response of environment

Minima:



TAP states: SK-model

Linearize
<latexit sha1_base64="YHhKBCgRLq/0ta/673UZiAptlLA="></latexit>

mi = ω

∑

j →=i

Jijmj →miω
2
J
2 +O(m3

, 1/N)

<latexit sha1_base64="CAxnnwU791dF7ZTnwRoVeBHQRcc=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe2u6MZlBfvAdiiZNNOGJpkxyQhl6F+4EhTErX/jyr8x01ZQ0QMXDufcy733BDFn2iD04eTW1jc2t/Lb7s7u3v5B4fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcz87j1VmkXyxsxi6gs8lixkBBsr3YohG0h6B5E7LBRRGVnUajAjXh15ljQa9UqlAb2FhVARrNAaFt4Ho4gkgkpDONa676HY+ClWhhFO525pkGgaYzLFY9q3VGJBtZ8uTp7DklVGMIyULWngQnW/TaRYaD0Tge0U2Ez0by8T//L6iQnrfspknBgqyXJRmHBoIpj9D0dMUWL4zBJMFLPHQjLBChNjU8pS+HoV/k86lbJXK1evq8XmxSqPPDgBp+AMeOAcNMEVaIE2IECCB/AEnh3jPDovzuuyNeesZo7BDzhvnyP1kH4=</latexit>

mi →= 0High T : only solution is mi = 0. When/how do ordered minima with                    occur?



TAP states: SK-model

Linearize
<latexit sha1_base64="YHhKBCgRLq/0ta/673UZiAptlLA="></latexit>

mi = ω

∑

j →=i

Jijmj →miω
2
J
2 +O(m3

, 1/N)

Instability when first mode of the Gaussian random matrix Jij goes soft 

Spectrum 
of Jij

Glass transition (spin freezing                 )
 at Tc = J 

<latexit sha1_base64="CAxnnwU791dF7ZTnwRoVeBHQRcc=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe2u6MZlBfvAdiiZNNOGJpkxyQhl6F+4EhTErX/jyr8x01ZQ0QMXDufcy733BDFn2iD04eTW1jc2t/Lb7s7u3v5B4fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcz87j1VmkXyxsxi6gs8lixkBBsr3YohG0h6B5E7LBRRGVnUajAjXh15ljQa9UqlAb2FhVARrNAaFt4Ho4gkgkpDONa676HY+ClWhhFO525pkGgaYzLFY9q3VGJBtZ8uTp7DklVGMIyULWngQnW/TaRYaD0Tge0U2Ez0by8T//L6iQnrfspknBgqyXJRmHBoIpj9D0dMUWL4zBJMFLPHQjLBChNjU8pS+HoV/k86lbJXK1evq8XmxSqPPDgBp+AMeOAcNMEVaIE2IECCB/AEnh3jPDovzuuyNeesZo7BDzhvnyP1kH4=</latexit>

mi →= 0



TAP states: SK-model

Linearize
<latexit sha1_base64="YHhKBCgRLq/0ta/673UZiAptlLA="></latexit>

mi = ω

∑

j →=i

Jijmj →miω
2
J
2 +O(m3

, 1/N)

Instability when first mode of the Gaussian random matrix Jij goes soft 

Spectrum 
of Jij

Glass transition (spin freezing                 )
 at Tc = J 
But: many modes become soft almost 
simultaneously: competing condensates
→ multiple minima!

<latexit sha1_base64="CAxnnwU791dF7ZTnwRoVeBHQRcc=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe2u6MZlBfvAdiiZNNOGJpkxyQhl6F+4EhTErX/jyr8x01ZQ0QMXDufcy733BDFn2iD04eTW1jc2t/Lb7s7u3v5B4fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvcz87j1VmkXyxsxi6gs8lixkBBsr3YohG0h6B5E7LBRRGVnUajAjXh15ljQa9UqlAb2FhVARrNAaFt4Ho4gkgkpDONa676HY+ClWhhFO525pkGgaYzLFY9q3VGJBtZ8uTp7DklVGMIyULWngQnW/TaRYaD0Tge0U2Ez0by8T//L6iQnrfspknBgqyXJRmHBoIpj9D0dMUWL4zBJMFLPHQjLBChNjU8pS+HoV/k86lbJXK1evq8XmxSqPPDgBp+AMeOAcNMEVaIE2IECCB/AEnh3jPDovzuuyNeesZo7BDzhvnyP1kH4=</latexit>

mi →= 0



TAP states: SK-model
A priori: exponentially many minima (in N) for T < Tc 

But: only those at lowest free energy density are physically relevant
 minima at higher energy are pathologically fragile 

©



TAP states: SK-model
A priori: exponentially many minima (in N) for T < Tc 

But: only those at lowest free energy density are physically relevant
 minima at higher energy are pathologically fragile 

Intriguing aspect: At all T the relevant minima have a gapless Hessian
 
→ Minima are marginally stable, reflecting 
vicinity of lots of competing states

©

<latexit sha1_base64="wrqKyddYw8vSE9PZHjPL4ht2F1o="></latexit>

ω2G

ωmiωmj



TAP states: SK-model
A priori: exponentially many minima (in N) for T < Tc 

But: only those at lowest free energy density are physically relevant
 minima at higher energy are pathologically fragile 

Intriguing aspect: At all T the relevant minima have a gapless Hessian
 
→ Minima are marginally stable, reflecting 
vicinity of lots of competing states

→ many soft collective excitations

→ very sensitive to external parameters 
  →	critical spin flip avalanches upon applying fields

©

<latexit sha1_base64="wrqKyddYw8vSE9PZHjPL4ht2F1o="></latexit>

ω2G

ωmiωmj



Minima in the spherical p-spin model
<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Pure states = Minima of G !
  Write

<latexit sha1_base64="j5BMt92kq1GSO173wlhKP2QbVsk="></latexit>

mi =
p
qni

X
n2
i = N



Minima in the spherical p-spin model
<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Pure states = Minima of G !
  Write

<latexit sha1_base64="j5BMt92kq1GSO173wlhKP2QbVsk="></latexit>

mi =
p
qni

X
n2
i = N

Peculiarity of spherical model: 

• Minimization of G w.r.t.  ni is independent of T ! 
• Minima have constant “angular” texture ni. 

• Only q = q(T) changes with T   - impose minimum                        !
until instability occurs at T*(e)  where minimum merges with saddle and evaporates 

<latexit sha1_base64="kgP+J3w7L564smQSu2yNRQmNKEQ=">AAACAnicdZDLSgMxFIYz9VbH26gbwU2wFFzVTCm1XQhFF7qsYC/QDiWTZtrQzMUkI5ShrnwUV4KCuPUtXPk2ZtoqKnog8PH/5yQ5vxtxJhVC70ZmYXFpeSW7aq6tb2xuWds7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyR2ep37qhQrIwuFLjiDo+HgTMYwQrLfWsvW6EhWKYw/OjL7yGJ6hn5VAB6SqXYQp2BdkaqtVKsViF9tRCKAfmVe9Zb91+SGKfBopwLGXHRpFykvRKwunEzHdjSSNMRnhAOxoD7FPpJNMVJjCvlT70QqFPoOBUNb9NJNiXcuy7utPHaih/e6n4l9eJlVdxEhZEsaIBmT3kxRyqEKZ5wD4TlCg+1oCJYPqzkAyxwETp1Eydwueq8H9oFgt2uVC6LOVqp/M8smAfHIBDYINjUAMXoA4agIBbcA8ewZNxZzwYz8bLrDVjzGd2wY8yXj8AtIKWUg==</latexit>

@G/@q = 0

<latexit sha1_base64="8fwDQqu8Ae+4kWO5PZ79BjRKJos=">AAAB/XicdVDLSsNAFJ3UV42vaJduBkuhbmpSSm0XQtGNywr2AU0Nk+mkHTqZxJmJUELxU1wJCuLWD3Hl3zh9CCp64MLhnHu59x4/ZlQq2/4wMiura+sb2U1za3tnd8/aP2jLKBGYtHDEItH1kSSMctJSVDHSjQVBoc9Ixx9fzPzOHRGSRvxaTWLSD9GQ04BipLTkWbkzSIpuyj3qTo9vb9L4pDz1rLxdsjWqVTgjTs12NKnXa+VyHTpzy7bzYImmZ727gwgnIeEKMyRlz7Fj1U+RUBQzMjULbiJJjPAYDUlPU45CIvvp/PopLGhlAINI6OIKzlXz20SKQiknoa87Q6RG8rc3E//yeokKav2U8jhRhOPFoiBhUEVwFgUcUEGwYhNNEBZUHwvxCAmElQ7M1Cl8vQr/J+1yyamWKleVfON8mUcWHIIjUAQOOAUNcAmaoAUwmIAH8ASejXvj0XgxXhetGWM5kwM/YLx9AjR5lGs=</latexit>

= e({ni})qp/2



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]

mi = ±1

e =



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]

mi = ±1

e =e> eth: energy 
landscape 
dominated by 
saddles

Threshold 
Marginal states

Ground state



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]
<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

Threshold 
Marginal states

e> eth: energy 
landscape 
dominated by 
saddles

Ground state



The spherical p-spin model

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]
<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

Σ

e

Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

Threshold 
Marginal states

e> eth: energy 
landscape 
dominated by 
saddles

Ground state

Σ = “complexity”



The spherical p-spin model

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]
<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

Σ

e

Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

e> eth: energy 
landscape 
dominated by 
saddles

Threshold 
Marginal states

Ground state
(gapped Hessian)

Σ = “complexity”



The spherical p-spin model

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]
<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

Σ

e

Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

e> eth: energy 
landscape 
dominated by 
saddles

Threshold 
Marginal states
(like in SK)

Ground state
(gapped Hessian)

Stable higher 
energy states
(gapped Hessian)

Σ = “complexity”



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]

Instability: T*=T*(e)
Minima merge with saddles

<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

<latexit sha1_base64="mj4FrRfG6TaAcjzC+62NPyqyehM=">AAACB3icdVDLSgMxFM3UVx1foy5FCJaCq5oZSm0XQtGFLivYB/RFJs20oZmHSUYopStXfoorQUHc+g2u/BszbRUVPRA4Oefem9zjRpxJhdC7kVpYXFpeSa+aa+sbm1vW9k5NhrEgtEpCHoqGiyXlLKBVxRSnjUhQ7Luc1t3hWeLXb6iQLAyu1CiibR/3A+YxgpWWutZ+K8JCMcxhxzk/+rpcdxx4AlHXyqAc0igUYELsIrI1KZWKjlOC9tRCKAPmqHStt1YvJLFPA0U4lrJpo0i1x8lUwunEzLZiSSNMhrhPm5oG2KeyPZ7uMYFZrfSgFwp9AgWnqvmtY4x9KUe+qyt9rAbyt5eIf3nNWHnF9pgFUaxoQGYPeTGHKoRJKLDHBCWKjzTBRDD9WUgGWGCidHSmTuFzVfg/qTk5u5DLX+Yz5dN5HmmwBw7AIbDBMSiDC1ABVUDALbgHj+DJuDMejGfjZVaaMuY9u+AHjNcPgJOXxA==</latexit>

@2G/@q2 = 0

Threshold 
Marginal states
(like in SK)

e> eth: energy 
landscape 
dominated by 
saddles

Ground state
(gapped Hessian)

Stable higher 
energy states
(gapped Hessian)

©

©©

©

©



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]

Are these minima relevant?
And if so, which ones?

<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

©

©©

©

©

Threshold 
Marginal states
(like in SK)

e> eth: energy 
landscape 
dominated by 
saddles

Ground state
(gapped Hessian)

Stable higher 
energy states
(gapped Hessian)



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]

T > Td: Some minima exist but occupy 
 a vanishing fraction of phase space.
The ergodic paramagnetic minimum 
(mi = 0) dominates

<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

©

©©

©

©

Threshold 
Marginal states
(like in SK)

e> eth: energy 
landscape 
dominated by 
saddles

Ground state
(gapped Hessian)

Stable higher 
energy states
(gapped Hessian)



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]

T = Td: Paramagnetic state fractures into 
many states

<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

©

©©

©

©

Threshold 
Marginal states
(like in SK)

e> eth: energy 
landscape 
dominated by 
saddles

Ground state
(gapped Hessian)

Stable higher 
energy states
(gapped Hessian)



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>

e 2 [emin, eth]

T = Td: Paramagnetic state fractures into 
many states

But: total free energy is analytic!

<latexit sha1_base64="TojipUniZK5pojQ2HuMmFtMnLg8="></latexit>

N (e) = exp(N⌃(e))

©

©©

©

©

Threshold 
Marginal states
(like in SK)

e> eth: energy 
landscape 
dominated by 
saddles

Ground state
(gapped Hessian)

Stable higher 
energy states
(gapped Hessian)



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 

<latexit sha1_base64="CHX3lqjvBNr9bl0EsXeFn3C2UhI=">AAACB3icdZDLSgMxFIYz9VbrrepShGApuJAyU0ptd0U3LivYC7RDyaSnbWiSGZKMUIauXPkorgQFceszuPJtTC+Cih4IfPz/OZycP4g408Z1P5zUyura+kZ6M7O1vbO7l90/aOowVhQaNOShagdEA2cSGoYZDu1IAREBh1Ywvpz5rVtQmoXyxkwi8AUZSjZglBgr9bLH0GUSd6CXdJXAgsnp2ZLNaOr3sjm34Noql/EMvIrrWahWK8ViFXtzy3VzaFn1Xva92w9pLEAayonWHc+NjJ8QZRjlMM3ku7GGiNAxGULHoiQCtJ/M75jivFX6eBAq+6TBczXzbSIhQuuJCGynIGakf3sz8S+vE5tBxU+YjGIDki4WDWKOTYhnoeA+U0ANn1ggVDH7WUxHRBFqbHQZm8LXqfh/aBYLXrlQui7lahfLPNLoCJ2gU+Shc1RDV6iOGoiiO/SAntCzc+88Oi/O66I15SxnDtGPct4+AaJumSg=</latexit>
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T = Td: Paramagnetic state fractures into 
many states with sudden, finite freezing 
mi : dynamic clustering transition
But: total free energy is analytic!
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The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 
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Minimizer of 

TK < T< Td: Gibbs weight is dominated 
by minima with internal free energy f*
But: full free energy remains analytic:
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e 2 [emin, eth]

TK < T< Td: Gibbs weight is dominated 
by non-trivial minima f*
(cf. DPRM and REM) 
The full free energy remains analytic:
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ffull(T ) = f⇤ � T⌃(f⇤)
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= fpara(T )
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N (e) = exp(N⌃(e))

Threshold 
Marginal states
(like in SK)

e> eth: energy 
landscape 
dominated by 
saddles

Ground state
(gapped Hessian)

Stable higher 
energy states
(gapped Hessian)

Dynamics get stuck in pure states   
→ non-ergodic below Td
Beyond mean field: onset of activated 
dynamics across (finite) barriers



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 
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T = TK: Freezing transition 
(“Kauzmann temperature”):

Thermodynamic transition!
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than paramagnetic continuation!



The spherical p-spin model
Solutions to the angular equations:

T = 0 : 
• minima exist with energies
• There is an exponential number of them
• Σ 𝑒!"# = 0, and Σ is concave, increases with e 
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N (e) = exp(N⌃(e))

Threshold 
Marginal states
(like in SK)

e> eth: energy 
landscape 
dominated by 
saddles

Ground state
(gapped Hessian)

Stable higher 
energy states
(gapped Hessian)

T = TK: Freezing transition 
(“Kauzmann temperature”):

Thermodynamic transition!

Equilibrium free energy: Higher 
than paramagnetic continuation!

BUT: Dynamically inaccessible!



First order nature of the dynamic transition
Important difference to p=2 spin glasses (cf. SK model): 
       Paramagnetic state m = 0 has no instability!
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Energy gain: O(mp) Entropic cost: O(m2) 

Energy-entropy balance of freezing:
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Energy gain: O(mp) Entropic cost: O(m2) 

Energy-entropy balance of freezing:

Continuously emerging minima with very small m are possible only for p = 2!
≪

𝑝 > 2,𝑚 ≪ 1



First order nature of the dynamic transition
Important difference to p=2 spin glasses (cf. SK model): 
       Paramagnetic state m = 0 has no instability!

p > 2: Order parameter q jumps to finite value in minima at Td ! 

Discontinuous (first-order-like) onset magnetization 
 (due to clustering and dynamic arrest)

<latexit sha1_base64="RZ/SczEFLfqhxO1fHiq4pxBBy9U=">AAAB/3icdVDLSsNAFJ34rPEVFVduBkuhbkpSSm0XQtGFrqSCfUATwmQ6aYdOHsxMhBKy8FNcCQri1u9w5d84aSuo6IELh3Pu5d57vJhRIU3zQ1taXlldWy9s6Jtb2zu7xt5+V0QJx6SDIxbxvocEYTQkHUklI/2YExR4jPS8yUXu9+4IFzQKb+U0Jk6ARiH1KUZSSa5xaPsc4fSybKeBS+3sJEuvszPXKJoVU6FehzmxGqalSLPZqFab0JpZplkEC7Rd490eRjgJSCgxQ0IMLDOWToq4pJiRTC/ZiSAxwhM0IgNFQxQQ4aSz+zNYUsoQ+hFXFUo4U/VvEykKhJgGnuoMkByL314u/uUNEuk3nJSGcSJJiOeL/IRBGcE8DDiknGDJpoogzKk6FuIxUoFIFZmuUvh6Ff5PutWKVa/UbmrF1vkijwI4AsegDCxwClrgCrRBB2CQggfwBJ61e+1Re9Fe561L2mLmAPyA9vYJq8aV3g==</latexit>

G({mi})
N

=

Energy-entropy balance of freezing:
𝑝 > 2,𝑚 ≪ 1

Energy gain: O(mp) Entropic cost: O(m2) ≪

Continuously emerging minima with very small m are possible only for p = 2!



Spin glass universality classes
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Spin glass universality classes
Two different types of (mean field) spin glasses
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MF-Model for real spin glasses MF-analogon for structural glasses 

p ³ 3 

• Only threshold states are marginal
• States in extensive free energy window
• Separate dynamic (clustering) 
   and thermodynamic (freezing) transitions
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• All minima are marginal 
• & have the same free energy density 
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