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Lecture 1: Topological Active Matter



What is active matter?

Energy consumed at the microscale
leads to emergent phenomena on the macroscale

Bacteria

Sokolov et al. PNAS (2010)

Dogic lab. Nature (2012)

Isolated biological motors

Flows, Work
Bartolo lab. Nature (2013)

Colloids in an electric field



Active fluids vs active solids

Active fluids

Hawkes et al PNAS (2010)

Actuation, mechanical work

Active solids: self-folding origami Caged robots

Energy consumed at the microscale
leads to elastic phenomena on the macroscale 

Dogic lab. Nature (2012)

Baconnier et al., Nature Physics (2022)

Reconfigurable shape

Xu et al., Nature Physics (2023)

Bacterial 
biofilms



Active fluids vs active solids

Active fluids

Hawkes et al PNAS (2010)

Actuation, mechanical work

Active solids: self-folding origami Caged robots Starfish embryos

Energy consumed at the microscale
leads to elastic phenomena on the macroscale 

Dogic lab. Nature (2012)

Tan et al. Nature (2022)Baconnier et al., Nature Physics (2022)

Reconfigurable shape



Questions to ask

How do we describe and classify active matter based on 
symmetries and conservation laws?

What features of active matter are universal and independent of 
microscopic detail?

How can we design active materials with mechanical properties 
which are unusual or do not occur naturally?



About these lectures

This lecture: 
Broad introduction to active matter and connections to topology

Topology:
David Mermin Rev Mod Phys (1979)
The topological theory of defects in ordered media 

Review articles on active matter:
Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Fruchart, Scheibner, Vitelli. Odd viscosity and odd elasticity.
Annual Review of Condensed Matter Physics 14, 471 (2023)

Marchetti et al Hydrodynamics of soft active matter
Reviews of Modern Physics 85, 1143 (2013)

Background textbook: 
P. M. Chaikin and T. C. Lubensky (1995) Ch. 6-10
Principles of Condensed Matter Physics

Lecture 1. Topological active matter
Part 1.1: 
Overview; Definition of active matter
Part 1.2: 
Classification of active fluids
Part 1.3: 
Topological active matter

Lecture 2. Non-reciprocal active solids
Part 2.1: 
Introduction to active solids
Part 2.2: 
Odd elasticity
Part 2.3:
Current topics: active percolation, pattern formation



Why active hydrodynamics?

Does not refer to only the fluid in which active particles are 
embedded, “hydrodynamic interactions.”

Describes large-lengthscale, slow-timescale phenomena associated 
with coherent collections of active particles.

Well-developed applications across both biological systems and 
synthetic materials, but many questions are current research topics.



Part 1.2: Classify active fluids based on symmetries

Shankar et al Topological active matter 
Nature Reviews Physics (2022)



Part 1.2: Examples. Active polar fluids

Shankar et al Topological active matter 
Nature Reviews Physics (2022)



Active polar fluids

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Colloids in an electric field

Bartolo lab. Nature (2013)



Active polar fluids

Shankar et al Topological active matter 
Nature Reviews Physics (2022)



Toner-Tu equations

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Density 𝜌
Pressure Π(𝜌)

Continuity equation

Relaxation for order parameter 𝐏 ∝ 𝐯



Toner-Tu equations

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Density 𝜌
Pressure Π(𝜌)

Continuity equation

Relaxation for order parameter 𝐏 ∝ 𝐯

No derivatives: 𝐏 = const = 𝑎2/𝑎4
Spontaneous symmetry breaking far from equilibrium



Derivations of the Toner-Tu equations

(1) Write down based on symmetries 

[Toner & Tu. Phys Rev Lett 1995]

(2) Derive from taking the overdamped limit 

[e.g., AS, van Zuiden, Bartolo, Vitelli. Nature Physics 2017]

(3) Derive from a microscopic model 

[Bertin, Droz, Gregoire. Phys Rev E 2006/J Phys A 2009]



(3) Derive from a microscopic model 

Bertin, Droz, Gregoire. Phys Rev E 2006
J Phys A 2009



Hydrodynamics of a polar active liquid

Simple fluid hydrodynamics results from conservation laws

Mass conservation
(Continuity equation)

Momentum conservation
(Navier-Stokes equation)

AS, B. C. v. Zuiden, D. Bartolo, V. Vitelli. Nat. Phys. (2017) 



Hydrodynamics of a polar active liquid

Complex fluid has slow variables due to broken symmetries

Polarization relaxation

Mass conservation

Momentum conservation

AS, B. C. v. Zuiden, D. Bartolo, V. Vitelli. Nat. Phys. (2017) 



Hydrodynamics of a polar active liquid

Polar active liquid has velocity coupled to polarization

Toner and Tu. Phys. Rev. Lett. (1995) Marchetti et al. Rev. Mod Phys. (2013)

Mass conservation

Velocity-polarization coupling

Polarization relaxation

AS, B. C. v. Zuiden, D. Bartolo, V. Vitelli. Nat. Phys. (2017) 



Toner and Tu. Phys. Rev. Lett. (1995) Marchetti et al. Rev. Mod Phys. (2013)

Hydrodynamics of a polar active liquid(overdamped)

Polar active liquid has velocity coupled to polarization

Mass conservation

Velocity-polarization coupling

Polarization relaxation

AS, B. C. v. Zuiden, D. Bartolo, V. Vitelli. Nat. Phys. (2017) 

𝐯 = 𝑣0𝐏



Hydrodynamics of a polar active liquid(overdamped)

Mass conservation

Polarization relaxation

Overdamped dynamics reminiscent of inertial dynamics!

Toner and Tu. Phys. Rev. Lett. (1995) Marchetti et al. Rev. Mod Phys. (2013) AS, B. C. v. Zuiden, D. Bartolo, V. Vitelli. Nat. Phys. (2017) 

𝐯 = 𝑣0𝐏



How to classify active fluids: Role of inertia

𝑅𝑒 =
𝜌𝐿𝑢

𝜂
=

inertia

viscosity



How to classify active fluids: Role of inertia

China, V. Proc Natl Acad Sci (2014)Low 𝑅𝑒: time-reversal symmetry𝑅𝑒 =
inertia

viscosity



How to classify active fluids: Role of inertia

Klotsa, D. Soft Matter (2019)

𝑅𝑒 =
𝜌𝐿𝑢

𝜂
=

inertia

viscosity

Active matter outside the low 𝑅𝑒 regime is not well understood



How to classify active fluids: Momentum conservation

Marchetti et al Hydrodynamics of soft active matter
Reviews of Modern Physics 85, 1143 (2013)

Wet active systems conserve momentum, dry active systems do not



Scalar active matter

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Continuity equation



Scalar active matter

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Motility-induced phase separation (MIPS) 
in purely repulsive active particles

Cahn-Hilliard equation for the density:

Continuity equation



Active nematic fluids

Shankar et al Topological active matter 
Nature Reviews Physics (2022)



Active nematic fluids

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Dogic lab. Nature (2012)

Isolated biological motors



Active Nemato-hydrodynamics

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Dogic lab. Nature (2012)



Active Nemato-hydrodynamics

Shankar et al Topological active matter 
Nature Reviews Physics (2022)Dogic lab. Nature (2012)



Active Nemato-hydrodynamics

Shankar et al Topological active matter 
Nature Reviews Physics (2022)Dogic lab. Nature (2012)



Active nematic stress

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

𝝈𝑎 = 𝛼 𝑸

Effect of activity is captured in one extra term 
relating the order parameter to fluid stress



Active nematic stress

Shankar et al Topological active matter 
Nature Reviews Physics (2022)

𝝈𝑎 = 𝛼 𝑸
Effect of activity is captured in one extra term 
relating the order parameter to fluid stress

Velocity 𝐮
Vorticity 𝝎 = 𝛁 × 𝐮
Pressure Π
𝑆 ∝ Tr 𝐐2



Salvador Dali

Chiral active fluids



Inspiration: 2D electron fluids

2D Hall probe using,

e.g., Graphene.

Transverse magnetic field

Avron, Osadchy, Seiler. Physics Today (2003)

v. Klitzing et al. PRL (1980)
Hasan and Kane, Rev. Mod. Phys. (2010)



Quantum Hall effect in 2D electron fluids

v. Klitzing et al. PRL (1980)
Hasan and Kane, Rev. Mod. Phys. (2010)

Topological protection of edge states

2D Hall probe using,

e.g., Graphene.

Transverse magnetic field



Expt: Science (2019)
“Measuring Hall Viscosity of Graphene's Electron Fluid”
Berdyugin, … Geim, Bandurin

Hall viscosity in 2D electron fluids

Theory: 
“Odd viscosity” Avron. J. Stat. Phys. (1998)
Avron et al PRL (1995)

Electric potential distribution due to various effects,
used to measure Hall viscosity



Theory: 
“Odd viscosity” Avron. J. Stat. Phys. (1998)
Avron et al PRL (1995)

Expt: Science (2019)
“Measuring Hall Viscosity of Graphene's Electron Fluid”
Berdyugin, … Geim, Bandurin

Hall viscosity in 2D electron fluids

Electric potential distribution due to various effects,
used to measure Hall viscosity

Hall viscosity is time-reversal 
(and B-field) odd



Electric potential distribution due to various effects,
used to measure Hall viscosity

Theory: 
“Odd viscosity” Avron. J. Stat. Phys. (1998)
Avron et al PRL (1995)

Expt: Science (2019)
“Measuring Hall Viscosity of Graphene's Electron Fluid”
Berdyugin, … Geim, Bandurin

Hall viscosity in 2D electron fluids

Hall viscosity is time-reversal 
(and B-field) odd

Mechanical analogs?



Self-propelled vs self-rotating particles

Self-propelled particle Active rotor

TorqueForce



Biological:

Synthetic:

Experimental realizations of active rotors

Petroff et al. PRL (2015) Riedel et al. Science (2005) Drescher et al. PRL (2009)

Sumino et al. 

Nature (2012)

Maggi et al. 

Nat. Comm. (2015)

T. Majus bacteria Sperm cells Volvox algae

Microtubules Colloids Granular gasMolecular motors

Tsai et al. 

PRL (2005)
Feringa et al.

Nature (1999)



Colloidal realization of odd viscosity

By tracking the dispersion relation of surface waves, 
odd viscosity has been recently measured in chiral active fluids

Soni*, Bililign*, Magkiriadou*,…, Irvine. Nature Physics (2019)



Colloidal realization of odd viscosity

By tracking the dispersion relation of surface waves, 
odd viscosity has been recently measured in chiral active fluids

Soni*, Bililign*, Magkiriadou*,…, Irvine. Nature Physics (2019)



Colloidal realization of odd viscosity

Soni*, Bililign*, Magkiriadou*,…, Irvine. Nature Physics (2019)



Experimental realizations of odd viscosity

M. Fruchart , C. Scheibner, V. 
Vitelli. "Odd viscosity and odd 
elasticity." Annual Review of 
Condensed Matter Physics 14, 
471 (2023)

Berdyugin et al, Science (2019) Soni et al, Nat Phys (2019)

Yamauchi L, et al (2020)

Hulsman et al, Physica 50, 53 (1970) 



Viscosity: measurement

Measure stress due to shear rate

wikipedia.org

Plate-plate rheometer

fluid plates



Isotropic viscous stress tensor



Isotropic viscous stress tensor



In equilibrium isotropic fluids, only shear and bulk viscosities
Bulk viscosityShear viscosity

Isotropic viscous stress tensor in equilibrium



Viscosity and Stokes’ law of sound attenuation

Both shear and bulk viscosities enter sound attenuation in fluids

G.G. Stokes (1845)

x



Constitutive relation for equilibrium fluids

Symmetry of viscosity tensor 
guaranteed by Onsager reciprocal relation



Torque

Constitutive relation for chiral active fluids

2D isotropic fluid that break time-reversal and chiral symmetries

D. Banerjee, AS, A. Abanov, and V. Vitelli. Nat. Commun. (2017)



Odd viscosity for chiral active fluids

Active rotors create antisymmetric stress 
and modify symmetric stress

Onsager relation does not apply 
without TRS

D. Banerjee, AS, A. Abanov, and V. Vitelli. Nat. Commun. (2017)



Odd viscosity is a generic property based on symmetries!

Viscosity tensor and symmetry

2D fluid with broken TRS 
and spatial isotropy

Avron, Seiler, Zograf, PRL (1995); Avron. J. Stat. Phys. (1998); D. Banerjee, AS, A. Abanov, and V. Vitelli. Nat. Commun. (2017)



Dissipationless viscosity

This transverse response does not lead to dissipation 

Transverse response

D. Banerjee, AS, A. Abanov, and V. Vitelli. Nat. Commun. (2017)



Dissipationless viscosity

Dissipationless because it changes sign under time reversal 

D. Banerjee, AS, A. Abanov, and V. Vitelli. Nat. Commun. (2017)



Full tensor

M. Fruchart , C. Scheibner, V. 
Vitelli. "Odd viscosity and odd 
elasticity." Annual Review of 
Condensed Matter Physics 14, 
471 (2023)



Collisions between particles III

Intrinsic spinning relaxes, vorticity is generated

D. Banerjee, AS, A. Abanov, and V. Vitelli. Nat. Commun. (2017)



(Anti-symmetric stress)Nonlinear coupling

Regime of constant Ω

Chiral active gas limit

Flow velocity

Intrinsic rotation Ω

Density

D. Banerjee, AS, A. Abanov, and V. Vitelli. Nat. Commun. (2017)



Moment of inertia density

Navier-Stokes equations, but with extra odd viscosity term!

Chiral active gas limit

Flow velocity

Density

Constant intrinsic rotation Ω

D. Banerjee, AS, A. Abanov, and V. Vitelli. Nat. Commun. (2017)



Part 1.3: Topology

Topology is the mathematical study of properties 
that remain invariant under continuous change

Torus: Genus (“number of holes”) = 1 Sphere: Genus = 0



How is topology useful?



Fardin, Ladoux, Nat. Phys. (2020)

Places where continuous order breaks down 

2D line fieldPoint defects

Topological Defects: Disclinations



1.2.3.

Topological Defects

+1/2 turn



Where can you find them?

Any physical system described by 

continuous order (a field):

• Periodic structures: 

displacement vector field 

• Magnets: magnetization vector 

field                 

• Liquid crystals: “Director” field  



Biological systems: Hydra development
Roux lab (2024)



Topological defects in active nematics

Propulsion of +1/2 defects leads to a defect 
unbinding transition and active chaos 

Static

Self-propelled

𝝈𝑎 = 𝛼 𝑸



Topological defects in active nematics

Propulsion of +1/2 defects leads to a defect 
unbinding transition and active chaos 

Static

Self-propelled

𝝈𝑎 = 𝛼 𝑸



Topological defects in polar active matter

Vortex Aster

Bartolo lab



Topological defects in polar active matter
Vortex Aster

Bartolo lab



Topological defects in polar active matter

Dogic lab

Vortex Aster



Topological waves in fluids with odd viscosity

Wiegmann and Abanov. PRL (2014)

ℎ 𝑥, 𝑦, 𝑡

Fluid of vortices has odd viscosity due to breaking 
time-reversal and parity symmetries

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. Phys. Rev. Lett. (2019)



Linear water waves

Height

Velocity

Coriolis force Odd (Hall) viscosity

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. Phys. Rev. Lett. (2019)

Derive terms or write down based on symmetry

Shankar, AS, Bowick, Marchetti, Vitelli. Nat. Rev. Phys. (2022)

ℎ 𝑥, 𝑦, 𝑡

𝒖 = (𝑢𝑥 , 𝑢𝑦)



Correspondence with acoustics

Density

Velocity

Coriolis force Odd (Hall) viscosity

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. Phys. Rev. Lett. (2019)

At linear order, acoustics same as water waves

ℎ 𝑥, 𝑦, 𝑡 → 𝜌(𝑥, 𝑦, 𝑡)

𝒖 = (𝑢𝑥 , 𝑢𝑦)

Shankar, AS, Bowick, Marchetti, Vitelli. Nat. Rev. Phys. (2022)



Eigensystem for rotating fluids
with odd viscosity

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. Phys. Rev. Lett. (2019)

Coriolis force Odd viscosity



Odd viscosity compactifies reciprocal space, 
Chern number can be defined

Only integer if reciprocal space is a closed surface!

Chern number

Berry curvature

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. Phys. Rev. Lett. (2019)



Only integer if reciprocal space is a closed surface!

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. Phys. Rev. Lett. (2019)

Odd viscosity compactifies reciprocal space, 
Chern number can be defined



Chern number counts number of chiral edge states

Bulk-boundary correspondence can translate to active fluids

High frequency 
bulk modes

(Two) low-frequency 
edge modes

(bulk) (boundary)

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. Phys. Rev. Lett. (2019)



Chern number counts number of chiral edge states

Bulk-boundary correspondence can translate to active fluids

(bulk)

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. Phys. Rev. Lett. (2019)



Reciprocal space: solids vs fluids

If large-wavevector dynamics are independent of wavevector direction, 
then fluid reciprocal space can be compactified

qx

qy

∞

0

AS, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli. arxiv:1802.09649 Phys. Rev. Lett. (2019)



About these lectures

This lecture: 
Broad introduction to active matter and connections to topology

Topology:
David Mermin Rev Mod Phys (1979)
The topological theory of defects in ordered media 

Review articles on active matter:
Shankar et al Topological active matter 
Nature Reviews Physics (2022)

Fruchart, Scheibner, Vitelli. Odd viscosity and odd elasticity.
Annual Review of Condensed Matter Physics 14, 471 (2023)

Marchetti et al Hydrodynamics of soft active matter
Reviews of Modern Physics 85, 1143 (2013)

Background textbook: 
P. M. Chaikin and T. C. Lubensky (1995) Ch. 6-10
Principles of Condensed Matter Physics

Lecture 1. Topological active matter
Part 1.1: 
Overview; Definition of active matter
Part 1.2: 
Classification of active fluids
Part 1.3: 
Topological active matter

Lecture 2. Non-reciprocal active solids
Part 2.1: 
Introduction to active solids
Part 2.2: 
Odd elasticity
Part 2.3:
Current topics: active percolation, pattern formation
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