Topological states and non -reciprocity
IN active matter
Lecture 1: Topological Active Matter

Anton Souslov

ICTP School on Quantum Dynamics of
Matter, Light and Information

28 Augus025

2B UNIVERSITY OF

&% CAMBRIDGE

Cavendish Laboratory




What Is active matter?

Bacteria Isolated biological motors Colloids in an electric field

Dogic labNature(2012)

Sokolowet al. PNAS (2010) Flows, Work

Bartolo lab.Nature(2013)

Energy consumed at thaicroscale
leads to emergent phenomena on tingacroscale



Xu et al.Nature Physic£023)

Active fluids vs active solids

Bacterial
biofilms

Active fluids

1‘\ ..'

e,

<. - - LY T
e P, ) T e
Ao e‘: ,__r‘r_l_lu_ﬂ,l_\‘;-h—-
: F _

Actuation, mechanical work Reconfigurable shape

Energy consumed at the microscale
leads toelasticphenomena on the macroscale



Active fluids vs active solids

Actuation, mechanical work Reconfigurable shape

Energy consumed at the microscale
leads toelasticphenomena on the macroscale



Questions to ask

How do wedescribeandclassifyactive matterbased on
symmetries and conservation laws?

What features ofactive matterare universaland independent of
microscopic detail?

How can we design active materials wmt@chanicaproperties
which are unusual or do not occur naturally?



About these lectures

Lecture 1. Topological active matter

Review articles on active matter:

Part 1j1: o _ Shankar et alopological active matter
Overview; Definition of active matter Nature Reviews Physif2022)
Part 1.2:

At - : Fruchart, Scheibner, Vitellddd viscosity and odd elasticity
Classification of active fluids Annual Review of Condensed Matter PhysisA71 (2023)
Part 1.3:

Topological active matter Marchetti et alHydrodynamics of soft active matter

Reviews of Modern Physi8S, 1143 (2013)
Lecture 2. Nowreciprocal active solids

. Background textbook:
Part 2.1: _ _ P. M.Chaikinand T. CLubensky1995) Ch. &0
Introduction to active solids Principles of Condensed Matter Physics
Part 2.2:
Odd elasticity Topology:
Part 2.3: David MerminRev Mod Phy&L979)

The topological theory of defects in ordered media

Current topics: active percolation, pattern formation

This lecture:
Broad introduction to active matter and connections to topology



Why active hydrodynamics?

Does not refer to only the fluid in which active particles are
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Describes largéengthscale slowtimescale phenomena associated
with coherent collections of active particles.

Welldeveloped applications across both biological systems and
synthetic materials, but many guestions are current research topic



Part 1.2: Classify active fl

System

Active polar fluids, such
as polar fluid composed
of colloidal rollers

Chiral active fluids, such as
colloidal spinning magnets

Particles

Polar:
self-propulsion
speed v,

vV /f
! 4

Apolar:
exerts force
dipole a~ff

Scalar active
particle with
no alignment

V¥, "

Chiral active

particle

self-spinning

at rate {},in 2D
Q

Order parameter

Collective polar order:
vector order parameter

P=(3D8(r—r))

ST
77

Nematic order: tensor order
parameter (in d dimensions)
Q=(3, BH - Do)

p
77

Phase separation: scalar
order parameter, the density
difference between liquid

(p) and gas (pg) ph[azses |
- _ _rprg
p=(Z8lr-n)). ¢ = ———=

Collective chirality: scalar
field, the intrinsic rotation

frequency (1 ={X08r—r)}

Example model

Toner-Tu equations™-*:
dp+vwV-(pP)=0,

3P +AP-VP=[a,-a,P|'IP
+KV'P - VII

Incompressible hydrodynamics

of nematic order (Q) coupled with

flow (u) driven by an active stress
(0,=aQ)":
d,Q+u-VQ+[w Q)=

AE + [a, - a,5%Q + KV Q,
quu—I‘u+‘F‘-au—Vl'l=D,
V-u=0

Motility-induced phase separation
described by Cahn—Hilliard dynamics

involving the density (p)**%
3,p=V -[D(p)Vpl,

u=Inlpvip)] + k() V'p

Hydrodynamics of an isotropic chiral
active fluid in 2D, including density

(p), flow (u) and the internal spin
density (1) "
dp+V-(pu)=0,
du=nViu—Tu

+ V(20— w) + 1 Viu, — VI,
9,0 =1,-[,0 - 21 (20 - w)

+DgViQ

uids based on symmetr

Model notes

vyand A are active parameters
capturing advection; a,

and a, control the ordering
transition; K is an elastic
constant; and [1(p) a
density-dependent pressure

Force balance involves
friction (I'), viscosity () and
pressure ([1); E and w are the
symmetric and antisymmetric
parts, respectively, of the
strain rate tensor (Vu);

Ais the flow alignment
parameter; nematic ordering
[S*=tr(Q%)d/(d - 1)]is
controlled by a, and a,; and K
is the elastic stiffness

The effective chemical
potential y includes the
density suppression

of motility v{p) and
nonintegrable gradient
terms (i'(p) # 0); density also
suppresses the diffusion
constant (D o<[v{p))

Besides reqular viscosity ()
and friction (), odd viscosity
() and rotational viscosity
() are also present, the latter
in the antisymmetric stress;
chirality enters through terms
involvingu, = x u and the
vorticity w =z - (V x u); the
active torque (1) injects

spin into the fluid, which is
damped by spin friction (I))
and diffusion (D)

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




Part 1.2: Examples. Active polar fluids

System Particles Order parameter Example model Model notes
Active polar fluids, such Folar: Collective polar order: Toner—Tu equations " vy and A are active parameters
as polar fluid composed self-propulsion  vector order parameter dp+v,V-(pP)=0, capturing advection; a,
of colloidal rollers speed v, P= (¥ Ld(r—r _ 2 and a, control the ordering
v. ¥ o d 9P +AP-VP=[a,~a,|P[IP transition; K is an elastic
o / +KVIP - VII constant; and I1(p) a

density-dependent pressure

ST
/7

8t)0 + vV - (pP) =0
O;P + AP - VP = [ay — a4|P|*|P + KV?*P — VII

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




Active polar fluids

Colloids in an electric field
Bartolo lab.Nature(2013)
Op+voV - (pP) =0

Shankar et alopological active mattel

8tP + AP - VP = [GQ — a4|P|2]P + KVQP — VII Nature Reviews Physi(Z022)




Active polar fluids

Uoﬁ '
7 Polar active particle with
self-propulsion speed vg.

[ 4

Collective polar order is

/ / captured by a vector or-
/// der parameter.

P = () ;vid(r —ry))

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




UOQT/ Polar active particle with TO n e FTu e u ati O n S
self-propulsion speed wvyg. q

[ 4

Collective polar order is
/ / captured by a vector or-
/// der parameter.

P = vid(r—r;))

Density”
Pressure

8tp + vV - (pP) — () Continuity equation

O;P + AP - VP = [ay — a4|P|*|P

Relaxation for order parametég® |

KV?P — VII

Shankar et alopological active mattel
Nature Reviews Physi(Z022)
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‘ .
Collective polar order is DenSIty"

/4/'4’7,' captured by & vector or Pressura
P = (3. vid(r—r;))

(975/0 + vV - (pP) — () Continuity equation
O:P + AP - VP = [ay — a4|P|*]|P + KV?*P — VII

Relaxation for order parametég® |

No derivatives’E AT 1T O Td
Spontaneous symmetry breaking far from equilibrium

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




Derivations of the Tonefu equations

(1) Write down based on symmetries
[Toner & TuPhys Rev Lett995]

(2) Derive from taking the overdamped limit
le.q., AS, vaduiden Bartolg Vitelli.Nature Physic2017]

(3) Derive from a microscopic model
[Bertin, Droz GregoirePhys Rev H006/J Phys R009]




(3) Derive from a microscopic model

ow vg Koo 2 2 2
§+}/(WV)W:_?V,O+§VW +(‘U,—%-W )W+Uv W

—k(V-W)W+2V'Vp -M— V' (V -w)Vp, (27)

with v = 9dv/dp and where M = %(Vw + VwT) is the symmetric part of the momentum
gradient tensor. The different coefficients appearing in this equation are given by

2 . 16 7 N
Y = %“ [A(l —e %) + Edgvgp (5 +e % )] , (28)
16vdy (16 ’
= V(22 g2t g2 (29)
T Vg 15
16vd, [ 4 )
k= 0 (2 e 200 0?2 (30)
TV 15
8 2
w = ;d{)l}gp (e_"’z/2 — g) — )L(l — e_"tfﬁ), (31)
256vd; 0 2 (1 )
= 2 _Z )= +e7 ). 32
3 JTZ‘US (e 5) (3 © ) (32)

Bertin, Droz GregoirePhys Rev E006

J Phys 2009



Hydrodynamics of 5. liquid

dro+ Vi(ov;) =0 Mass conservation
(Continuity equation)
O (0v;) + V; (ov;v;) = V04, Momentum conservation

(Navier-Stokes equation)

Simple fluid hydrodynamics results from conservation laws

AS, B. C. Zuiden D.Bartolqg V. VitelliNat. Phys(2017)



Hydrodynamics of a polar liquid

dro+ Vi(ov;) =0 Mass conservation
O (0v;) + V; (ov;v;) = V04, Momentum conservation
8tpj + Uf,;vf,;pj + WjiP; = VoUjiPi — FP% Polarization relaxation

J

Wji = %— (Qjvi — Oivj) Vji = % (9vi + O;v;)

Complex fluid has slow variables due to broken symmetries

AS, B. C. Zuiden D.Bartolqg V. VitelliNat. Phys(2017)



Hydrodynamics of a polarctive liquid
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dro+ Vi(ov;) =0 Mass conservation
O¢(ov;) + V,; (ov;v;) = Vo, — T (v; — vop,) Velocitypolarization coupling
8tpj + UZ-V,,;pj + WjiP; = V1V + VUjiPq — FP% Polarization relaxation

Wji = %— (Qjvi — Oivj) Vji = % (9vi + O;v;)

Polar active liquid has velocity coupled to polarization

Toner and TuPhys. Rev. Leit1995) Marchetti et al. Rev. Mod Phy$2013) AS, B. C. Zuiden D.Bartolg V. VitelliNat. Phys(2017)



(overdamped)Hydrodynamics of a polactive liquid

. ——> . o > —
— — —_, — — i
— . — —
dro+ Vi(ov;) =0 _— Mass conservation
y \ 1 4
| . . . .
7 7 Ay I U I Velocitypolarization coupling
8tpj +0;Vip; + wjiDi = V1V + VaUiipi — FP% Polarization relaxation
J

Wji = %— (Qjvi — Oivj) Vji = % (9vi + O;v;)

Polar active liquid has velocity coupled to polarization

Toner and TuPhys. Rev. Leit1995) Marchetti et al. Rev. Mod Phy$2013) AS, B. C. Zuiden D.Bartolg V. VitelliNat. Phys(2017)



(overdamped)Hydrodynamics of a polactive liquid

S A .y
T
dip + 1oV - (PP) =0 Mass conservation
8tP + AP - VP = [ag — CL4‘P‘2]P + KV2P — VI1I Polarization relaxation

VI =

Overdamped dynamics reminiscent of inertial dynamics!

Toner and TuPhys. Rev. Leit1995) Marchetti et al. Rev. Mod Phy$2013) AS, B. C. Zuiden D.Bartolg V. VitelliNat. Phys(2017)



How to classify active fluids: Role of inertie

Re=0.16

——

Re=10000 [
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How to classify active fluids: Role of inertie

travelling speed (m/s)

<

Re=26 == Re=2000 = Re=10000 = 10 - %
e = — A, Vg .
< .—“‘?ﬁ.:‘-‘:\\ = - \ N . = > 7 s & _ y
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v . high Reynolds number
Y ! ! S osity effects d ominate inertial effects dominate

_ O E O A I O E 6 téj egime inviscid regime

Active matter outside the low (®®egime Is not well understood
Klotsg D.Soft Matter(2019)



How to classify active fluids: Momentum conserva

Nematic Polar
Dry Migrating animal herds (Parrish and Hamner, 1997)
Melanocytes (Kemkemer ef al., 2000) Migrating cell layers (Serra-Picamal et al., 2012)
Vibrated granular rods Vibrated asymmetric granular particles (Kudrolli et al., 2008)

(Narayan, Ramaswamy, and Menon, 2007)
Films of cytoskeletal extracts (Surrey et al., 2001)

Wet Cell cytoskeleton and cytoskeletal extracts in bulk suspensions (Bendix et al., 2008)
Suspensions of catalytic Swimming bacteria in bulk (Dombrowski et al., 2004)
colloidal rods (Paxton et al., 2004)

Pt catalytic colloids (Palacci et al., 2010)

Wet active systems conserve momentudry active systems do not

Marchetti et alHydrodynamics of soft active matt
Reviews of Modern Physi8S, 1143 (2013)




Scalar active matter

System Particles Order parameter Example model Model notes
Scalar active matter Scalar active Phase separation: scalar Motility-induced phase separation The effective chemical
e Sy particle with order parameter, the density  described by Cahn—Hilliard dynamics potential y includes the
no alignment difference between liquid involving the density (p)**: density suppression
v b, (p) and gas (pg) ;:1h[a2 geap o dyp =V [D(p)Vul. of r'n_ntility -.Eiﬁ]- andd_
) ={¥dr—r)), = — ‘L G . 7 nonintegrable gradient
./ p={% M ¢ p-po  H=Inlpvip] +x(p)Vp terms (x'(p) = 0); density also
suppresses the diffusion

constant (D oc[vip)]*)

V : [D (p) V/,L] Continuity equation

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




Scalar active matter
LR T B

p=1{220(r—ri))

Scalar active matter

CahnHilliard equation for the density:

atp — V y [D (p) V/,L] Continuity equation

pu = In[pv(p)] + K(p)Vp

Motility -induced phase separation (MIPS)
In purely repulsive active particles

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




System
Active nematic fluids, such
as a microtubule—kinesin film

.-‘,' i

Active nematic fluids

Particles

Apolar:
exerts force
dipole a~ff

Order parameter

Nematic order: tensor order
parameter (in d dimensions)

Q= (%, 5 - PSr-n))

p
77

Example model

Incompressible hydrodynamics

of nematic order (Q) coupled with
flow (u) driven by an active stress
(o, =aQ)™:

d,Q+u-VQ+[w, Ql=

AE + [a, - 2,5%1Q + KV?Q,
rir‘i-"tu—]f'u +V-g - VII=0,
V-u=0

Model notes

Force balance involves
friction (I'), viscosity () and
pressure (LI); E and w are the
symmetric and antisymmetric
parts, respectively, of the
strain rate tensor (Vu);

Ais the flow alignment
parameter; nematic ordering
[S* =tr(Q)d/(d - 1)]is
controlled by a, and a,; and K
is the elastic stiffness

0 Q+u-VQ+[w, Q] =AE + [az — as5?]Q + KVZQ

nVu—-Tu+V-0,—VII=0

V-u=90

Shankar et alopological active mattel
Nature Reviews Physi(Z022)
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Actv neatic fluids

Isolated biological motors
Dogic labNature(2012)
. _ Q2 2
Q+u-VQ+|w Q= AE +[a; — a,57Q + KV°Q Shankar et alopological active mattel
nV?u—-Tu+V.o,—VII=0 V-u=0 Nature Reviews Physi(z022)




Active Nematenydrodynamics

/4 Apolar active particle & .
q 3

exerting a force dipole m S
o~ fa. —

Nematic order is cap- [lL %
/// tured by a tensor or- AN
/’/ der parameter (in d di- \ NN\ 4

/// mensions). VAN T
Q= {3, v, —1/d)é(r—1;)) NN N

Dogic labNature(2012)

Shankar et alopological active mattel
Nature Reviews Physi(&022)




Active Nematenydrodynamics

/o Apolar active particle
a . :
exerting a force dipole
a~ fa.

— U
Nematic order is cap-

/// tured by a tensor or-

// der parameter (in d di-
/// mensions).

Q= Wir; —1/d)d(r —r;))

Dogic labNature(2012)

W . W

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




Active Nematenydrodynamics

Ao Apolar active particle
a . :
exerting a force dipole
a~ fa.

— U
Nematic order is cap-

/// tured by a tensor or-

// der parameter (in d di-
/// mensions).

Q= Wir; —1/d)d(r —r;))

Dogic labNature(2012)

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




Active nematic stress

/4 Apolar active particle
a . :
exerting a force dipole
a ~ fa.

—fv; _ _
Nematic order is cap-

/// tured by a tensor or-
—— 7~ der parameter (in d di-
/// mensions).

Q= (2, Wiv; =1/d) d(r —1y))

a | |

Effect of activity is captured in one extra term
relating the order parameter to fluid stress

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




Active nematic stress

Apolar active particle ‘ r

exerting a force dipole Effect of activity is captured in one extra teri
a~ fa relating the order parameter to fluid stress

Nematic order is cap-
/// tured by a tensor or-
—— 7~ der parameter (in d di-

/// mensions).

Q= (X, (Di; — 1/d) 6(r — ry)) Velocity’l

Vorticity © |
Pressure
“Yo 4 CE

0:Q+u-VQ+ [w,Q] = AE + [as — a45%]Q + KV3Q
nV?u—-Tu+|V-o,~VII=0 V.-u=0

Shankar et alopological active mattel
Nature Reviews Physi(Z022)




Chiral active fluids




Inspiration: 2D electron fluids

2D Hall probe using,
e.g., Graphene.

Transverse magnetic field

Avron, OsadchySeilerPhysics Toda{2003)

v. Klitzing et alPRL(1980)
Hasan and Kan&ev. Mod. Phy$2010)



Quantum Hall effect in 2D electron fluids

2D Hall probe using,
e.g., Graphene.

Transverse magnetic field

Topologicaprotection of edge states

v. Klitzing et alPRL(1980)
Hasan and Kan&ev. Mod. Phy$2010)



Hall viscosity in 2D electron fluids

a B=0

b B#0

=

C

Classical
Hall effect

|

Hall
viscosity|

Injector

Electric potential distribution due to various effects,

used to measurddall viscosity

Theory:

G h RR @ A&ran).3Stati Bhy$1998)
Avronet alPRL(1995)

Expt Science (2019)
dMeasuring Hall Viscosity of Graphene's Electron &luid
Berdyugirx G¥im Bandurin



Hall viscosity in 2D electron fluids

a B=0||b B#0 ||c Classical
0.5 uym Hall effect

Hall
viscosity|

Injector

Electric potential distribution due to various effects,

used to measurddall viscosity

Theory:
G h RR @ A&ran).3Stati Bhy$1998)
Avronet alPRL(1995)

C S—
h I,

B -

(o]

Hall viscosity, 1y, (107 m?/s)

o

&

100 K

R

40 20 0 20

Hall viscosity Is timeeversal

B (mT)

(and Bfield) odd

Expt Science (2019)

dMeasuring Hall Viscosity of Graphene's Electron &luid

Berdyugirx G¥im Bandurin

40



Hall viscosity in 2D electron fluids

6 100 K

a B=0|b B#0 ||c Classical ||d Hall 1
0.5 uym Hall effect viscosity .
| E
E
. A ‘lt :L =
~, \ ~1 EF:
Jﬁ‘ﬁ?\\ @‘5 :

Injector

Electric potential
used to measurdéd

Mechanical analogs

20 0 20 40
B (mT)

Cosity Is timeeversal

RTros11 Y (and Bfield) odd

N [173 v
Theory: CEy

T W Expt Science (2019)
ad h RR O Aaran?).aStatl Bhg$1998) ! . : : , .
Avronet al PRL(1995) dMeasuring Hall Viscosity of Graphene's Electron &luid

Berdyugirx G¥im Bandurin




Seltpropelledvsselfrotating particles

\ Force

Seltpropelled particle Active rotor




Experimental realizations of active rotors

T.Majusbacteria Sperm cells Volvoxalgae
: : - ’ :*‘. e

Biological:

Petroff et alPRL(2015) Riedel et alSciencg2005) Drescher et aPRL (2009)

Molecular motors Microtubules Colloids Granular gas

Synthetic:

st I.
PRL(2005)

Feringa et al. Suir;o et al. Maggi et al.
Nature(1999) Nature(2012) Nat. Comm(2015)



Colloidal realization of odd viscosity

glass slide

By tracking the dispersion relation of surface waves,
odd viscosity has been recently measured in chiral active fluids

Sont, Bililigrt, Magkiriadoy > X T . MaNd8 Physics (2019)



Colloidal realization of odd viscosity

By tracking the dispersion relation of surface waves,
odd viscosity has been recently measured in chiral active fluids

Sont, Bililigrt, Magkiriadoy > X T . MaNd8 Physics (2019)



