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Outline

@ Overview: what is our aim here?

@ Dynamical quantities from unbiased simulations

@ How can we transfer these concepts to biased simulations?

@ Results on models and application to real life intrisically disordered proteins

@ Blind discovery of metastable states
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Studying the dynamics

We are interested in transitions between states and their evolution over time: at time t, in
which state will the system be?
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Studying the dynamics

We are interested in transitions between states and their evolution over time: at time t, in
which state will the system be?

Experimental characterization of a Experimental /theoretical study of protein
chemical reaction folding
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A probabilistic view on using data from molecular dynamics to study time evolution of systems J
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Occupation numbers are related to probability distributions

Occupation number of state A at time t 14(t): 1a(t) = [, _, pe(x)dx
p+: Probability distribution at time t, converges towards the Boltzmann one for t — oo

Probability density Occupation numbers
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2 ns N B @ Knowing p; gives access to the time
> —cC evolution of any observable
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y e Starting in a given state, how will the
sl A B c b o4 occupation number evolve with time?
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Occupation numbers are related to probability distributions

Occupation number of state A at time t 14(t): 1a(t) = [, _, pe(x)dx
p+: Probability distribution at time t, converges towards the Boltzmann one for t — oo
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@ Knowing p; gives access to the time
evolution of any observable

@ Starting in a given state, how will the
occupation number evolve with time?

@ This is for a very simple system, how can we
have p; for multidimensional systems
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The Koopman/Transfer Operator from Unbiased Simulations

Given a Markov process, define

bt
ug = —,
o

then the Koopman operator K, propagates u; forward in time:

K, K,
Upyr = Keuy = upr = (K2) . f;_))sj} —>> M‘

State at t State at t+T State at t+271
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The Koopman/Transfer Operator from Unbiased Simulations

Given a Markov process, define

up = —,
71'

then the Koopman operator K, propagates u; forward in time:

Upyr = Keuy = Upr = (KT)nUO- f;‘» ‘;L? » ){Wﬁ

. . eatt State at t+T State at t+21
Learning K,: Several approaches exist (EDMD, AII reqmre The evaluation of the time-lagged
kernel methods, VAMP, etc.): correlation function

@ Schiitte et al., Springer, 1999
@ Mardt et al., Nature Communications, 2018 C(T) = /w(Xt) ,l/)(XH'T) dt’

@ Kostic et al., ICLR 2024
where 1) is a chosen observable.
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Time evolution of reactions
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Time evolution of reactions

@ Transition mechanisms often involve
several steps

@ They are rare events

@ The typical timestep of a simulation :
0.2 = 2fs

@ 100 minutes would mean ~ 6.10'®
timesteps which is not possible

Gas Fraction

@ Some form of enhanced sampling

T T .
0 20 40 60 80 100 120 scheme is needed

Wood et al., Phys. Chem. Chem. Phys., 2017, 19, 4719-4724
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What observable can we get from a single long biased simulations

@ The free energy profile gives
occupation numbers at equilibrium

Gas Fraction
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Wood et al., Phys. Chem. Chem. Phys., 2017, 19, 4719-4724
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What observable can we get from a single long biased simulations

@ The free energy profile gives
occupation numbers at equilibrium

V @ An estimate of the rates can be
|

Gas Fraction

obtained by the free energy barrier
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What observable can we get from a single long biased simulations

@ The free energy profile gives
occupation numbers at equilibrium

V @ An estimate of the rates can be
|

Gas Fraction

obtained by the free energy barrier

@ How can we get the time evolution of
the occupation numbers of the states?

"] Cb,ased(T) # Cunbiased(T)

le
2

T T
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Time / min

Wood et al., Phys. Chem. Chem. Phys., 2017, 19, 4719-4724

_ Dynamics from biased simulations September 16, 2025 7/26



Is there a differential equation for u;?

From discrete to continuous time

Utyr = K; uz

_ Dynamics from biased simulations September 16, 2025 8/26



Is there a differential equation for u;?

From discrete to continuous time

Utyr = K; uz

There is a closed-form equation: %t = Lu;
L is the infinitesimal generator of the dynamics (backward Kolmogorov equation):

N 1 0f(R)OUR) 1 <~ 1 8%f(R
3 (R) dU(R) > (R)

mj 8r,- (9/’,' _B_’)/ m;j c‘)rlz

i=1 i=1

_ Dynamics from biased simulations September 16, 2025 8/26



Is there a differential equation for u;?

From discrete to continuous time

Utyr = K; uz

There is a closed-form equation: %t = Lu;
L is the infinitesimal generator of the dynamics (backward Kolmogorov equation):

1
Y ] mj 8/’,‘ 8r,- B’y e m;j c‘)r,z

N 1 0f(R)OUR) 1 <~ 1 8%f(R
Z—() (R) > (R)

@ L depends linearly on the potential U

@ But this formulation is cumbersome and only tractable in low dimensions
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Modal decomposition of £

L can be decomposed into eigenvectors and eigenvalues which give insights about the
dynamical behavior:

e ~BU(R)
LYi(R) = \ii(R), 0=Xd <A <X < ... (iluo) = [ i(R 7z dR
vi(R) vi(R) 0 ! 2 In other words, |f you sampled the Boltzmann
ut(R) = Zz/;, t (4hj] uo) distribution, you have everything

_ Dynamics from biased simulations September 16, 2025 9/26



Modal decomposition of £

L can be decomposed into eigenvectors and eigenvalues which give insights about the
dynamical behavior:

e —BU(R)
Li(R) = Mthi(R), 0=Xo <A1 <Xao<... | (iluo)=[viR z—dR
vi(R) vi(R) 0 ! 2 In other words, |f you sampled the Boltzmann
ut(R) = Zz/;, t (4hj] uo) distribution, you have everything
Ao= —0.00 A =021 Aa=177 A3=3.02

1
: .

A B||CpD A B||C,D
-6

-1.0 05 00 05 1.0 -1.0 05 0.0 05 1.0 -1.0 -0.5 00 05 1.0 -1.0 05 00 05 1.0

The problem is transformed from a PDE to an eigenvalue problem
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The machine learning problem:

Given a (biased) trajectory, how can we learn the eigenpairs of the system?
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The machine learning problem:

Given a (biased) trajectory, how can we learn the eigenpairs of the system?

Interesting eigenvalues are close to zero, while the others grow fast:

Instead of £, we will learn (n/+L£)™ which has the same ”

eigenfunctions as £

Eigenvalues of £ Eigenvalues of (n/ + £)~*

50

0le

o B N w

.2'5 5.0 '7.5 .2‘5 5.0 .7'5
Eigenvalue index Eigenvalue index
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The machine learning problem:

Given a (biased) trajectory, how can we learn the eigenpairs of the system?

Interesting eigenvalues are close to zero, while the others grow fast:

Eigenvalues of £ Eigenvalues of (n/ + £)~*

Instead of £, we will learn (n/+L£)™ which has the same ” 2
eigenfunctions as £ ” 1
ole = ol
Eigzésnvaslﬂe i:{fiex Eigzgnvaslﬁe ir71'(51ex
L involves second derivatives

We W||| use the Dirichlet form:

e—BUR)

Dirichlet Kolmogorov

September 16, 2025 10/26
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Operator learning

Given a set of functions |¢;), one will try to find the matrix G such that

(nl + L) pi(x) = Z Gjj¢j(x)
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Operator learning

Given a set of functions |¢;), one will try to find the matrix G such that

(nl + L) Lpi(x ZG,,¢,

This problem has a closed form
G = WS where VV,'j = (¢i|nl + ﬁ|¢j> and S,'j = <¢,|¢J>
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Operator learning

Given a set of functions |¢;), one will try to find the matrix G such that

(nl + L) Lpi(x ZG,,¢,

This problem has a closed form

G = WIS where Wi = (pilnl —I—ﬁ|¢j> and S,'j = <¢,|¢J>

The |¢;) are learned by using neural networks, minimizing the loss
Tr(SONPWOINS — 2S9N%) + Tr((SY — 1)?)

Boltzmann distribution is all we need

There is no time dependance, it is replaced with the differential operator, only Boltzmann averages are

needed.
Characterize the sys- Learn a rep-
eyl tem using descriptors resentation o e e
{di(R)} 67 (d(x)) =
T Byt (e () et September 16, 2025 11/26



Alanine dipeptide: first eigenfunction as CV

Test of this method on a model system: alanine dipeptide

@ ¢ is known to be good collective variable: biasing with it will lead to many transitions

@ 1 is known to be a bad collective variable
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Alanine dipeptide: first eigenfunction as CV

Test of this method on a model system: alanine dipeptide
@ ¢ is known to be good collective variable: biasing with it will lead to many transitions

@ 1 is known to be a bad collective variable

o We trained the models on two trajectories: one biased on ), the other one ¢

@ The (¢, 0) plane is known to represent well the transition state proc. Natl. Acad. Sci. US.A. 97 (11)
5877-5882

Dataset 1 Dataset 2
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Alanine dipeptide: first eigenfunction as CV

Test of this method on a model system: alanine dipeptide
@ ¢ is known to be good collective variable: biasing with it will lead to many transitions

@ 1 is known to be a bad collective variable
o We trained the models on two trajectories: one biased on ), the other one ¢

@ The (¢, 0) plane is known to represent well the transition state proc. Natl. Acad. Sci. US.A. 97 (11)

5877-5882

Biasing on y Biasing on ¢

Dataset 1 Dataset 2

We can obtain a good estimate of where the transition region is, even with a sparse dataset

) = = = e
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Time evolution of observables

We start from a system in a metastable state A and we want to know its relaxation towards the

Boltzmann distribution:
Probability density

The initial distribution is the Boltzmann one restricted to 4 ﬁ;
state D:
py (R) = (R) hence uy'(R) = Z—A]lD(R)

Jren e~ AUR) to

ue(R) = 370 ¥i(R)e™* (i uo) ) ’

0
-100 -0.75 -050 =025 000 025 050 075 100
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Time evolution of alanine dipeptide

The sign of eigenfunctions can be used to classify states

e_/BU(R)
due to the relation of f¢i(R)TdR =0
Biasing on @ Biasing on ¢
2 o - 2 & - 1.0
o 0:0 05
. 0.0
-0.5
-1.0
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Time evolution of alanine dipeptide

The sign of eigenfunctions can be used to classify states And forecast time evolution of

e—BUR) occupation numbers
due to the relation of [ ¢;(R)TdR =0 1.0 -

Biasing on y¢ Biasing on ¢ 0.8 = C7eq

. S S 1.0 — C7ax
© 0.0 05 <_{O.6

)
0.0 404
05 0.2
-1.0 0.0
1 1 104 10° 106 107
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Time evolution of alanine dipeptide

The sign of eigenfunctions can be used to classify states And forecast time evolution of

e—BU(R) occupation numbers
due to the relation of [ ¢i(R)TdR =0 1.0 -
Biasing on y Biasing on ¢ 0.8 = C7eq
i . i s . 1.0 _ — C7ax
05 < 0.6
)
oo 504
o0s 0.2
-1.0 0.0
10 10° 106 107
t
From an initial propability distribution in the least occupied state, we can forecast how the
other state will evolve. Can we do it for systems with a higher number of states? J
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Alanine tetrapeptide

Alanine tetrapeptide is a simple molecule displaying several
states

Identification of the states

MZ‘ZFTI'S'( eigenfunction

?econd eigenfunction Third eigenfunction
N/

Y/ 2

(s s

0 7\ 0 6

4

g 2

-2 -2 o

-2

-4 -4 -4
-25 0.0

Paadh
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Alanine tetrapeptide

Alanine tetrapeptide is a simple molecule displaying several
states

Identification of the states
Forecasting occupation numbers

1.0 (=1,-1)
. . . . . . . . 0.8 (+ 1: _1)
2 First eigenfunction ?econd eigenfunction 2Thlrd eigenfunction .
X (@0 e s
0

(+1,+1)

107t 10° 10! 10?2
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Until there: only small molecules for which we already know the results. J
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Application: Intrinsically disordered proteins.

IDPs are proteins that do not have a fixed stable 3D structure.

@ Disorder is present in 70% of proteins

@ They are involved in many cancers and degenerative diseases
like Alzheimer or Parkinson

@ Considered undrugable due to the high number of . N
conformations they can adopt et
e ML models (alphafold..) describe them poorly TeleT Peptone

M. Invernizzi and S. Bottaro
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Application: IDPs Ap342

AB42 is a 42 residues IDP involved in Alzheimer disease: finding its most stable states is key.
FOI’ th|S Study, we used a publIC|y aVa||ab|e (unblased) tra_]eCtory Lohr et al Nature Computational Science

(2021).
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AB42 is a 42 residues IDP involved in Alzheimer disease: finding its most stable states is key.
FOI’ th|S Study, we used a publIC|y aVa||ab|e (Unblased) tra_]eCtory Lohr et al Nature Computational Science

(2021).

@ The eigenfunctions give us a physical low
dimensional space

@ Clustering using gaussian mixture model
gives great results
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Application: IDPs Ap342

AB42 is a 42 residues IDP involved in Alzheimer disease: finding its most stable states is key.
FOI’ thIS Study, we used a publIC|y aVa||ab|e (unblased) tra_]ectory Lohr et al Nature Computational Science

(2021).

@ The eigenfunctions give us a physical low
dimensional space

Classification

@ Clustering using gaussian mixture model
gives great results

Second eigenfunction

1 2 3
First eigenfunction
Are these states physically meaningful ? Let us look at the secondary structures

o]
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Application: IDPs AB342 secondary structure

All states are related to a secondary structure change.

Helicity

avg helicity
avg helicity
avg helicity

3
c
.0
)
7 =
z \ 2
= ( \ 2 5
A =]
- | o 5
H [ o =
= a
residue o] g
c 1
~ 7\ ) o
¢ C = o
g \-k 3—5 g
T - : . 0
1 2 3 4
First elgenfunctlon
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Application: IDPs AB342 secondary structure

All states are related to a secondary structure change.

Helicity

avg helicity
avg helicity
avg helicity

avg helicity

QIL\/\
00
T % m @ %

x\" (2

Ly
3

Classification

Second eigenfunction

o

1 2 3 3
First eigenfunction

the relevant long time dynamical behavior information

We can associate each mode with a structural change, because the eigenfunctions contain J

Dynamics from biased simulations September 16, 2025
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Conclusion |

Main idea

@ Compute dynamical properties directly from
Boltzmann-distributed samples

@ In principle, applicable with any data generation scheme
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Ongoing work
@ Use of eigenfunctions as collective variables for fast-folding
proteins (see J. Yang's poster, Thursday)
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Main idea

@ Compute dynamical properties directly from
Boltzmann-distributed samples

@ In principle, applicable with any data generation scheme

Ongoing work

| A

@ Use of eigenfunctions as collective variables for fast-folding
proteins (see J. Yang's poster, Thursday)

Open question

L=Tr(SONWOIN — 25N + Tr((S? — 1)?)
Where are the states? Nowhere.
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Conclusion |

Main idea

@ Compute dynamical properties directly from
Boltzmann-distributed samples

Reweighted free energy surface

@ In principle, applicable with any data generation scheme

Ongoing work

| A\
Second Eigenfunction

@ Use of eigenfunctions as collective variables for fast-folding
proteins (see J. Yang's poster, Thursday)

-1.0 -0.5 05

Open question > ok hncion

L=Tr(SONWOIN — 25N + Tr((S? — 1)?)

Where are the states? Nowhere.
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Can we start from only one state?

L=Tr(SONWOIN — 25N + Tr((S? — 1)?)

Is this only a postprocessing tool?

| 277
1272
777
2727
-1.5 =10 =0.5 0.0 0.5 1.0
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Our initial observation

At high temperature, when the whole landscape is

sampled:
3
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Our initial observation

At high temperature, when the whole landscape is

We use what is thought to be a pain for neural
networks: their poor extrapolation capabilities

sampled:
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Use the curvature that defines the unexplored space:

22/26



Our initial observation

At high temperature, when the whole landscape is

We use what is thought to be a pain for neural
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Proof of concept: alanine dipeptide

We mix Vi with an OPES bias to push the system out of the initial basin

Vk (kJ/mol)
Vi (k)/mol)

-4

1 -2 0
¢ (rad) ¢ (rad)
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Proof of concept: alanine dipeptide

We mix Vi with an OPES bias to push the system out of the initial basin

Vk (kJ/mol)
Vi (k)/mol)

0 1 -4 [

-2
¢ (rad) ¢ (rad)

We can also discover new states
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Proof of concept: alanine dipeptide

We mix Vi with an OPES bias to push the system out of the initial basin

Vk (kJ/mol)

1 -2
¢ (rad) ¢ (rad)

We can also discover new states

Vo (el Imal)

u]
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I
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Proof of concept: alanine dipeptide

We mix Vi with an OPES bias to push the system out of the initial basin
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¢ (rad) ¢ (rad)

We can also discover new states

Vo (el Imal)
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Discovering chemical reactions

Given an initial reactant, how to predict the possible products
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We obtained species already reported in the

|iterature: Raucci et al., J. Phys. Chem. Lett., 2022
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Discovering chemical reactions

Given an initial reactant, how to predict the possible products
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We obtained species already reported in the

|iterature: Raucci et al., J. Phys. Chem. Lett., 2022

Possible application

Prebiotic chemistry: how did bioprecursors form
on earth
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Conclusions

Take-home messages

@ We can extract dynamical information directly from Boltzmann averages pevergne et af J. Phys.
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Conclusions
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@ We can extract dynamical information directly from Boltzmann averages pevergne et af J. Phys.

Chem, 2025

o Eigenfunctions provide a low-dimensional space to analyse the data

@ New states can be discovered even from an unbiased simulation in a metastable basin

Devergne et al., arXiv:2508.01477

‘ mlcolvar

Implementation in mlcolvar
Thanks to Enrico Trizio

Code snippet

smart_derivatives = SmartDerivatives(force_all_atoms=True)
smart_dataset = smart_derivatives.setup(
dataset, ComputeDistances, n_atoms,
descriptors_batch_size=1000, positions_noise=1le-4)

model = Generator(
layers=[45,20,20,1], eta=0.005, r=3, alpha=0.005,
friction=friction, descriptors_derivatives=smart_derivatives,
options=options, u_stat=True, cell=cell)

= i - = = et
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