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It seems there is no problem in modern 
physics for which there are on record as 
many false starts, and as many theories 
which overlook some essential feature, as 
in the problem of the thermal conductivity 
of non-conducting [materials]. 

Rudolph E. Peierls [ca. 1960]



how it all started



hurdles toward an ab initio Green-Kubo theory
<latexit sha1_base64="CfYj7o14V7SlqzzaT71xyN8gnT8="></latexit>

ω =
!

3kBT 2

∫ →

0
→J(t) · J(0)↑ dt



�
�eI
�RJ

<latexit sha1_base64="7WcL8YT4dzYtd56nCGMHn7tZKog=">AAACKHicbVDLSgMxFM3UV62vUZdugkUQwTLjA10W3airKvYBnTJk0kwbmskMSUYow/yD3+EHuNVPcCfduvE3zLQD2tYLgXPPybnJPV7EqFSWNTIKC4tLyyvF1dLa+sbmlrm905BhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7jO9OYTEZKG/FENI9IJUI9Tn2KkNOWaR8eOLxBOnAgJRRGDxL1NfzsnQKrv+fDBvUtds2xVrHHBeWDnoAzyqrnmt9MNcRwQrjBDUrZtK1KdJBuNGUlLTixJhPAA9UhbQ44CIjvJeKcUHmimC/1Q6MMVHLN/HQkOPEF7fTU1J0GBlMPA0/7s53JWy8j/tHas/MtOQnkUK8Lx5Hk/ZlCFMIsNdqkgWLGhBggLqjeAuI90ckqHq5OxZ3OYB42Tin1aOb8/K1ev8oyKYA/sg0NggwtQBTegBuoAg2fwCt7Au/FifBifxmhytWDknl0wVcbXD2dCp24=</latexit>

JE =
�

I

eIVI +
1

2

�

I �=J

(VI · FIJ)(RI � RJ)

<latexit sha1_base64="M1RO31s3btD77jINUsj/lN5Js7w="></latexit>

hurdles toward an ab initio Green-Kubo theory
<latexit sha1_base64="CfYj7o14V7SlqzzaT71xyN8gnT8="></latexit>

ω =
!

3kBT 2

∫ →

0
→J(t) · J(0)↑ dt



�
�eI
�RJ

<latexit sha1_base64="7WcL8YT4dzYtd56nCGMHn7tZKog=">AAACKHicbVDLSgMxFM3UV62vUZdugkUQwTLjA10W3airKvYBnTJk0kwbmskMSUYow/yD3+EHuNVPcCfduvE3zLQD2tYLgXPPybnJPV7EqFSWNTIKC4tLyyvF1dLa+sbmlrm905BhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7jO9OYTEZKG/FENI9IJUI9Tn2KkNOWaR8eOLxBOnAgJRRGDxL1NfzsnQKrv+fDBvUtds2xVrHHBeWDnoAzyqrnmt9MNcRwQrjBDUrZtK1KdJBuNGUlLTixJhPAA9UhbQ44CIjvJeKcUHmimC/1Q6MMVHLN/HQkOPEF7fTU1J0GBlMPA0/7s53JWy8j/tHas/MtOQnkUK8Lx5Hk/ZlCFMIsNdqkgWLGhBggLqjeAuI90ckqHq5OxZ3OYB42Tin1aOb8/K1ev8oyKYA/sg0NggwtQBTegBuoAg2fwCt7Au/FifBifxmhytWDknl0wVcbXD2dCp24=</latexit>

JE =
�

I

eIVI +
1

2

�

I �=J

(VI · FIJ)(RI � RJ)

<latexit sha1_base64="M1RO31s3btD77jINUsj/lN5Js7w="></latexit>

hurdles toward an ab initio Green-Kubo theory

Thermal Conductivity of Periclase (MgO) from First Principles

Stephen Stackhouse*

Department of Geological Sciences, University of Michigan, Ann Arbor, Michigan, 48109-1005, USA

Lars Stixrude†

Department of Earth Sciences, University College London, Gower Street, London WC1E 6BT, United Kingdom

Bijaya B. Karki‡

Department of Computer Science, Louisiana State University, Baton Rouge, Louisiana 70803, USA
and Department of Geology and Geophysics, Louisiana State University, Baton Rouge, Louisiana 70803, USA

(Received 27 August 2009; revised manuscript received 9 March 2010; published 17 May 2010)

We combine first-principles calculations of forces with the direct nonequilibrium molecular dynamics

method to determine the lattice thermal conductivity k of periclase (MgO) up to conditions representative

of the Earth’s core-mantle boundary (136 GPa, 4100 K). We predict the logarithmic density derivative

a ¼ ð@ lnk=@ ln!ÞT ¼ 4:6$ 1:2 and that k ¼ 20$ 5 Wm%1 K%1 at the core-mantle boundary, while also

finding good agreement with extant experimental data at much lower pressures.
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Thermal conductivity is central to our understanding of
planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
of heat into the overlying mantle [1]. The style and effi-
ciency of mantle convection are also strongly influenced by
depth variations in the thermal conductivity [2]. Here we
focus on periclase (MgO), thought to be a major constitu-
ent of Earth’s deep mantle [3].

Despite the importance of this basic physical property,
the thermal conductivity of dielectrics remains unknown at
pressures typical of planetary interiors. Experimental mea-
surements are challenging and have not been attempted
above 40 GPa [4]. The predictions of Debye theory are
strongly model dependent with estimated values of the
isothermal logarithmic density derivative a ranging from
4 to 8 [5–7], leading to uncertainties in the extrapolated
value of the thermal conductivity at the base of the mantle
of a factor of 5.

MgO periclase, as a wide-gap insulator with a simple
structure (B1) and no phase transformations to well above
400 GPa [8], is an ideal system to study the pressure
dependence of the lattice thermal conductivity. Although
its thermal conductivity is unknown at the conditions of
Earth’s core-mantle boundary, numerous experimental and
theoretical studies have determined thermodynamic prop-
erties under such conditions. These show that calculations
based on density functional theory in the local density
approximation predict properties, such as its equation of
state, heat capacity, and elasticity, in good agreement with
experimental values [9–11].

We predict the thermal conductivity of periclase by
combining density functional theory with the so-called
‘‘direct’’ nonequilibrium molecular dynamics method
[12,13]. This method has previously been used in combi-

nation with classical potentials, but not before in combi-
nation with ab initio molecular dynamics in which the
forces are computed quantum mechanically from density
functional theory. Classical potentials are unlikely to give
accurate predictions at the extreme pressure-temperature
conditions of interest here: lattice thermal conductivity is
limited by phonon-phonon scattering, which may be very
sensitive to the form of the potential. The widely used
Green-Kubo relation [14] does not serve our purposes,
because in first-principles calculations it is impossible to
uniquely decompose the total energy into individual con-
tributions from each atom.
In the direct method, the thermal conductivity is com-

puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
related to the phonon mean-free path via kinetic theory
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how come?
how is it that a formally exact theory of the 
electronic ground state cannot predict all 
measurable adiabatic properties? 
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I can safely say 
that nobody 
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gauge invariance

thermodynamic invariance E �[�] = E [�] +O[��]
e �(r) = e(r)�� · p(r)

j�(r, t) = j(r, t) + ṗ(r, t)
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J(t) =
1

�

�
j(r, t)dr

P(t) =
1

�

�
p(r, t)dr

<latexit sha1_base64="oO6Kuyrb0IZFHyLs2Wj65uXcTN4="></latexit>

any two conserved densities that diff
fi

the corresponding conserved flff
ffi

ARTICLES
PUBLISHED ONLINE: 19 OCTOBER 2015 | DOI: 10.1038/NPHYS3509

Microscopic theory and quantum simulation of
atomic heat transport
Aris Marcolongo1, Paolo Umari2 and Stefano Baroni1*

Quantum simulation methods based on electronic-structure theory are deemed unfit to cope with atomic heat transport within
theGreen–Kubo formalism, because quantum-mechanical energy densities and currents are inherently ill-defined at the atomic
scale. We show that, although this di�culty would also a�ect classical simulations, thermal conductivity is indeed insensitive
to such ill-definedness by virtue of a kind of gauge invariance resulting from energy extensivity and conservation. On the basis
of these findings, we derive an expression for the adiabatic energy flux from density-functional theory, which allows heat
transport to be simulated using ab initio equilibrium molecular dynamics. Our methodology is demonstrated by comparing
its predictions to those of classical equilibrium and ab initio non-equilibrium (Müller–Plathe) simulations for a liquid-argon
model, and by applying it to heavy water at ambient conditions.

Understanding heat transport is key in many fields of
science and technology, such as materials and planetary
sciences, energy saving, heat dissipation and shielding, or

thermoelectric conversion, to name but a few. Heat transport in
insulators is determined by the dynamics of atoms, the electrons
following adiabatically in their ground state. Simulating atomic heat
transport usually relies on Boltzmann’s kinetic approach1, or on
molecular dynamics (MD), both in its equilibrium (Green–Kubo,
GK; refs 2–5) and non-equilibrium4–6 flavours. The Boltzmann
equation applies only to crystalline solids well below melting,
whereas classical MD (CMD) bears on those materials and
conditions that can be modelled by interatomic potentials.
Equilibrium ab initio (AI) MD (refs 7,8) is set to overcome these
limitations, but it is still surprisingly thought to be unfit to cope
with thermal transport ‘because in first-principles calculations it is
impossible to uniquely decompose the total energy into individual
contributions from each atom’ (excerpted from ref. 9). Such a
unique decomposition is not possible in classical mechanics either,
because the potential energy of a system of interacting atoms
can be partitioned into local contributions in an infinite number
of equivalent ways. The quantum-mechanical energy density is
also a�ected by a similar indeterminacy. Notwithstanding, the
expression for the heat conductivity derived from any sensible
energy partitioning or density should obviously be well defined, as
any measurable quantity must.

In this work we first demonstrate that the thermal conductivity
resulting from the GK relation is una�ected by the indeterminacy
of the microscopic energy density; we then introduce a form of
energy density, and a corresponding adiabatic energy flux, from
which heat-transport coe�cients can be computed within the
GK formalism, using density-functional theory10,11 (DFT). Our
approach is validated by comparing the results of equilibriumAIMD
to those of non-equilibrium (Müller–Plathe, MP; ref. 6) AIMD and
equilibrium CMD simulations for a liquid-argon model, for which
accurate interatomic potentials are derived by matching the forces
generated by them with quantum-mechanical forces computed
along the AIMD trajectories. The case of molecular fluids is finally
addressed, and illustrated in the case of water at ambient conditions.

Theory
According to the GK theory2,3, the atomic thermal conductivity of
an isotropic system is given by:

 =
1

3VkBT 2

Z
1

0
hJq(t) · Jq(0)idt (1)

where brackets h·i indicate canonical averages, kB is the Boltzmann
constant, V and T are the system volume and temperature, Jq(t)=R

(je(r, t)+(p+ hei)v(r, t))dr is themacroscopic heat flux, with je, v,
p, and hei being the energy-current density, local velocity field, and
equilibrium values of pressure and energy density, respectively12,13.
For further reference, we define as di�usive a flux that results in
a non-vanishing GK conductivity, according to equation (1). The
integral of the velocity field is non-di�usive in solids and can be
assumed to vanish in one-component fluids, because of momentum
conservation. In these cases, as well as inmolecular fluids, as we will
see, we can therefore assume that heat and energy fluxes coincide.

Energy is extensive: it can thus be expressed as the integral of
a density, which is defined up to the divergence of a bounded
vector field: two densities that di�er by such a divergence, e(r) and
e0(r)=e(r)+@ ·p(r), are indeed equivalent, in that their integrals
over any finite domain di�er by a boundary term, which is irrelevant
in the thermodynamic limit, and can thus be thought of as di�erent
gauges of the same scalar field. Energy is also conserved: therefore,
for any given gauge of its density, e, a corresponding current density,
je, can be defined so as to satisfy the continuity equation:

ė(r, t)+@ · je(r, t)=0 (2)

According to equation (2) the macroscopic fluxes in two di�erent
energy gauges di�er by a total time derivative, which is non-
di�usive: J0e(t)= Je(t)+ Ṗ(t), where P(t)=

R
p(r, t)dr. The equality

of the corresponding heat conductivities results from the following
Lemma. Let J1 and J2 be two macroscopic fluxes defined
for the same system, and J12 = J1 + J2 be their sum. The
corresponding GK conductivities, 1, 2 and 12 satisfy the relation:
|12 �1 �2|2p12.
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Padova, Via Marzolo 8, I-35131 Padova, Italy. *e-mail: baroni@sissa.it
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We combine first-principles calculations of forces with the direct nonequilibrium molecular dynamics

method to determine the lattice thermal conductivity k of periclase (MgO) up to conditions representative

of the Earth’s core-mantle boundary (136 GPa, 4100 K). We predict the logarithmic density derivative

a ¼ ð@ lnk=@ ln!ÞT ¼ 4:6$ 1:2 and that k ¼ 20$ 5 Wm%1 K%1 at the core-mantle boundary, while also

finding good agreement with extant experimental data at much lower pressures.

DOI: 10.1103/PhysRevLett.104.208501 PACS numbers: 91.60.Tn, 66.70.%f, 83.10.Rs

Thermal conductivity is central to our understanding of
planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
of heat into the overlying mantle [1]. The style and effi-
ciency of mantle convection are also strongly influenced by
depth variations in the thermal conductivity [2]. Here we
focus on periclase (MgO), thought to be a major constitu-
ent of Earth’s deep mantle [3].

Despite the importance of this basic physical property,
the thermal conductivity of dielectrics remains unknown at
pressures typical of planetary interiors. Experimental mea-
surements are challenging and have not been attempted
above 40 GPa [4]. The predictions of Debye theory are
strongly model dependent with estimated values of the
isothermal logarithmic density derivative a ranging from
4 to 8 [5–7], leading to uncertainties in the extrapolated
value of the thermal conductivity at the base of the mantle
of a factor of 5.

MgO periclase, as a wide-gap insulator with a simple
structure (B1) and no phase transformations to well above
400 GPa [8], is an ideal system to study the pressure
dependence of the lattice thermal conductivity. Although
its thermal conductivity is unknown at the conditions of
Earth’s core-mantle boundary, numerous experimental and
theoretical studies have determined thermodynamic prop-
erties under such conditions. These show that calculations
based on density functional theory in the local density
approximation predict properties, such as its equation of
state, heat capacity, and elasticity, in good agreement with
experimental values [9–11].

We predict the thermal conductivity of periclase by
combining density functional theory with the so-called
‘‘direct’’ nonequilibrium molecular dynamics method
[12,13]. This method has previously been used in combi-

nation with classical potentials, but not before in combi-
nation with ab initio molecular dynamics in which the
forces are computed quantum mechanically from density
functional theory. Classical potentials are unlikely to give
accurate predictions at the extreme pressure-temperature
conditions of interest here: lattice thermal conductivity is
limited by phonon-phonon scattering, which may be very
sensitive to the form of the potential. The widely used
Green-Kubo relation [14] does not serve our purposes,
because in first-principles calculations it is impossible to
uniquely decompose the total energy into individual con-
tributions from each atom.
In the direct method, the thermal conductivity is com-

puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
related to the phonon mean-free path via kinetic theory
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planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
of heat into the overlying mantle [1]. The style and effi-
ciency of mantle convection are also strongly influenced by
depth variations in the thermal conductivity [2]. Here we
focus on periclase (MgO), thought to be a major constitu-
ent of Earth’s deep mantle [3].

Despite the importance of this basic physical property,
the thermal conductivity of dielectrics remains unknown at
pressures typical of planetary interiors. Experimental mea-
surements are challenging and have not been attempted
above 40 GPa [4]. The predictions of Debye theory are
strongly model dependent with estimated values of the
isothermal logarithmic density derivative a ranging from
4 to 8 [5–7], leading to uncertainties in the extrapolated
value of the thermal conductivity at the base of the mantle
of a factor of 5.

MgO periclase, as a wide-gap insulator with a simple
structure (B1) and no phase transformations to well above
400 GPa [8], is an ideal system to study the pressure
dependence of the lattice thermal conductivity. Although
its thermal conductivity is unknown at the conditions of
Earth’s core-mantle boundary, numerous experimental and
theoretical studies have determined thermodynamic prop-
erties under such conditions. These show that calculations
based on density functional theory in the local density
approximation predict properties, such as its equation of
state, heat capacity, and elasticity, in good agreement with
experimental values [9–11].

We predict the thermal conductivity of periclase by
combining density functional theory with the so-called
‘‘direct’’ nonequilibrium molecular dynamics method
[12,13]. This method has previously been used in combi-

nation with classical potentials, but not before in combi-
nation with ab initio molecular dynamics in which the
forces are computed quantum mechanically from density
functional theory. Classical potentials are unlikely to give
accurate predictions at the extreme pressure-temperature
conditions of interest here: lattice thermal conductivity is
limited by phonon-phonon scattering, which may be very
sensitive to the form of the potential. The widely used
Green-Kubo relation [14] does not serve our purposes,
because in first-principles calculations it is impossible to
uniquely decompose the total energy into individual con-
tributions from each atom.
In the direct method, the thermal conductivity is com-

puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
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puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
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• different local representations of a system’s potential energy that yield 
the same atomic forces give rise to the same heat conductivity  

• the resulting energy-energy diagonal elements of the Onsager matrix, 
though, may differ 

• the correct multi-component formula for the heat conductivity must 
always be used when computing the thermal conductivity of a system 
with diffusing mass currents 

• long-range forces should behave the same way, but I am not sure I know 
why

conclusions
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