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Shape of the Detector Signal

𝐻 𝑠 =
𝑉𝑜 𝑠

𝐼𝑖𝑛 𝑠
=

𝑍𝐹

1 +
1
𝐴𝛽

𝛽 = 𝑍𝑇/(𝑍𝑇 + 𝑍𝐹) is feedback factor, 

𝐴 is the open loop gain, 𝐴𝛽>>1

𝐻 𝑠 =
𝑉𝑜 𝑠

𝐼𝑖𝑛 𝑠
=

𝑍𝐹

1 +
1
𝐴𝛽

≅ 𝑍𝐹 =
𝑅𝐹

1 + 𝑠𝜏1

𝐼𝑖𝑛(𝑡) = 𝐼0𝑒
−
𝑡
𝜏2

𝐿
𝑏1𝑏2

𝑏2 − 𝑏1
𝑒−𝑏1𝑡 − 𝑒−𝑏2𝑡 =

𝑏1𝑏2
𝑏1 + 𝑠 𝑏2 + 𝑠

𝑉𝑜 𝑡 =
𝑄

𝐶

𝜏1
𝜏1 − 𝜏2

𝑒
−
𝑡
𝜏1 − 𝑒

−
𝑡
𝜏2

𝜏1 =
1

2𝜋𝑓𝑐1
= 𝑅𝐹𝐶𝐹

𝜏2 = 𝑠𝑐𝑖𝑛𝑡𝑖𝑙𝑙𝑎𝑡𝑜𝑟 𝑑𝑒𝑐𝑎𝑦 𝑡𝑖𝑚𝑒

Rise time

Decay time

𝐼𝑖𝑛(𝑠) =
𝐼0

𝑠 +
1
𝜏2

𝑉 𝑠 = 𝐻 𝑠 𝐼𝑖𝑛 𝑠 = 
𝑅𝐹

𝑠+
1

𝜏1

𝐼0

𝑠+
1

𝜏2

𝑄 = 𝐼0 𝜏2
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Equivalent Noise Charge (ENC)

• The ENC is the number of electrons Qn to be injected as a delta pulse into the 

electronic processor input in order to get at its output a pulse whose peak 

amplitude equals the root-mean-square noise there present. 

• The ENC depends on the

1) electronic noise sources present in the detector, bias and reset circuitry, 

amplifier itself, 

2) pulse shaping, which acts as a filter on the different noise sources.
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Equivalent Noise Charge (ENC)

𝑒𝑜 𝑠 = 𝐺𝑒𝑛(𝑠)𝑒𝑛(𝑠) = 1 +
𝐶𝑇
𝐶𝐹

𝑒𝑛(𝑠)

𝑒𝑜 𝑠 = 𝐺𝑖𝑛 𝑠 𝑖𝑛 𝑠 =
1

𝐶𝐹𝑠
𝑖𝑛 𝑠

𝑉𝑟𝑚𝑠−𝑃𝐴
2 = න

0

∞

𝑒𝑛𝐺𝑒𝑛
2 + 𝑖𝑛𝐺𝑖𝑛

2 𝑑𝑓

ShaperCSA

Noise at output of CSA: Signal and Noise at output of Shaper:
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න
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=
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Equivalent Noise Charge (ENC) for 

triangular shaper

ShaperCSA

𝑓 𝑡 = 𝑢 𝑡
𝑡

𝜏
− 2𝑢 𝑡 − 𝜏

𝑡 − 𝜏

𝜏
− 𝑢 𝑡 − 2𝜏

𝑡 − 2𝜏

𝜏

𝐿 𝑓 𝑡 ==
1 − 𝑒−𝜏𝑠 2

𝜏𝑠2

g 𝑡 = 𝑢(𝑡) 𝐿 𝑔 𝑡 =
1
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𝑇 𝑠 =
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𝐿 ቀ 𝑔 𝑡
=

1 − 𝑒−𝜏𝑠 2
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𝐸𝑁𝐶2 =
1

𝜋
න
0
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c

𝜔
𝐶𝐹 + 𝐶𝑇

2 + 𝑎
1
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𝐸𝑁𝐶2 =
2𝑏 𝐶𝐹 + 𝐶𝑇

2

𝜏
+
2𝑎

3
𝜏 +

4𝑙𝑛2

𝜋
𝐶𝐹 + 𝐶𝑇

2𝑐

𝑇 𝑖𝜔 2 = 16
sin4 (

𝜏𝜔
2
)

𝜏𝜔 2

Input signal into CSA:

Output signal from Shaper: Calculation of Transfer function:

Calculation of ENC Integral

𝑓𝑜𝑟 𝑐 = 0 ⇒ 𝐸𝑁𝐶𝑚𝑖𝑛 =
4

Τ4 3 2𝐶𝑡 𝑎𝑏
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Optimal Filtering (cusp filter)

𝑓𝑜𝑟 𝜏𝑐 = 𝐶𝑡
𝑎

𝑏

𝑤 = 𝑜𝑢𝑡𝑝𝑢𝑡 𝑤ℎ𝑖𝑡𝑒 𝑛𝑜𝑖𝑠𝑒

𝐸𝑁𝐶𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 =
4

Τ4 3 2𝐶𝑡 𝑎𝑏 𝑓𝑜𝑟 𝜏𝑐 = 3 𝜏𝑐
𝐸𝑁𝐶𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒

𝐸𝑁𝐶𝑐𝑢𝑠𝑝
=

4
Τ4 3 = 1.07 Cusp shaper is 7% 

better then triangle

𝐸𝑁𝐶𝑐𝑢𝑠𝑝 = 2𝐶𝑡 𝑎𝑏

𝑣 = 𝑖𝑛𝑝𝑢𝑡 𝑛𝑜𝑖𝑠𝑒
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Comparison between shapers
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Filtering Math

s-transform                               z-transform  
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Analog domain

Sallen – Key Complex Pole Filtering
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Z transform – IIR Filter

• Transfer function H(z) = Y[z]/X[z]

Filter
x y
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From Exp to Triangle,Trapezoid

Traingle/TrapezoidExponential

𝑦𝑛 = 𝑒−
𝑛𝑇𝑐𝑙𝑘
𝜏

𝑋 𝑧 =
𝐴0

1 − 𝑒−𝑇/𝜏𝑧−1
𝑌 𝑧 =

𝐴0
𝑛𝑎

𝑧−1
1 − 𝑧−𝑛𝑎

1 − 𝑧−1
1 − 𝑧−𝑛𝑏

1 − 𝑧−1

𝑦𝑛 =
𝐴0
𝑛𝑎

ℎ𝑛 −
𝐴0
𝑛𝑎

𝑛 − 𝑛𝑎 ℎ𝑛−𝑛𝑎

−
𝐴0
𝑛𝑎

𝑛 − 𝑛𝑏 ℎ𝑛−𝑛𝑏 +
𝐴0
𝑛𝑎

𝑛 − 𝑛𝑏 − 𝑛𝑎 ℎ𝑛−𝑛𝑏−𝑛𝑎

𝐻 𝑧 =
𝑌(𝑧)

𝑋(𝑧)
=

1

𝑛𝑎
𝑧−1 1 − 𝑒−𝑇/𝜏𝑧−1

1 − 𝑧−𝑛𝑎

1 − 𝑧−1
1 − 𝑧−𝑛𝑏

1 − 𝑧−1

C. Imperiale, A. Imperiale / Measurement 30 (2001) 49 –73

𝐻 𝑧
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Second pole correction

Input signal

𝜏r = 𝑠𝑐𝑖𝑛𝑡𝑖𝑙𝑙𝑎𝑡𝑜𝑟
𝑑𝑒𝑐𝑎𝑦 𝑡𝑖𝑚𝑒

𝜏d=𝑅𝐹𝐶𝐹

Trapezoidal Filter Transfer function
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From Exp to Triangle,Trapezoid

1V. Jordanov at al NIM A345 (1994)337

𝐻 𝑧 =
𝑧−1

𝑛𝑎
1 − 𝑧−𝑛𝑎 1 − 𝑧−𝑛𝑏

1 − 𝑒
−
𝑇𝑐𝑙𝑘
𝜏𝑑 𝑧−1

1 − 𝑧−1
1

1 − 𝑧−1

Original work notations1

𝑑𝑛 = 𝑥𝑛 − 𝑥𝑛−𝑛𝑎 − 𝑥𝑛−𝑛𝑏 + 𝑥𝑛−𝑛𝑎−𝑛𝑏

𝑝𝑛 = 𝑝𝑛−1 + 𝑑𝑛
𝑟𝑛 = 𝑝𝑛 +𝑀𝑑𝑛

𝑠𝑛 = 𝑠𝑛−1 + 𝑟𝑛

This work notations

Original work implementation

Τ𝑀 = 1 𝑒𝑇𝑐𝑙𝑘/𝜏𝑑 − 1
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From Exp to Triangle,Trapezoid

2A. Georgiev and W. Gast IEEE Trans Nucl Sci 40-4(1993)770

𝐻 𝑧 =
𝑌(𝑧)

𝑋(𝑧)
=
𝑧−1

𝑛𝑎

1 − 𝑒−𝑇/𝜏𝑧−1 1 − 𝑧−𝑛𝑎

1 − 𝑧−1
1 − 𝑧−𝑛𝑏

1 − 𝑧−1

Original work notations2 This work notations

𝑀𝑊𝐷𝑘 = 𝑥𝑘 − 𝑥𝑘−𝑛𝑎 + (1 − 𝑒
−
𝑇𝑐𝑙𝑘
𝜏𝑑 ) ෍

𝑖=𝑘−𝑛𝑎

𝑘−1

𝑥𝑖

𝐺𝑘 =
1

𝑛𝑎
෍

𝑖=1

𝑛𝑏

𝑀𝑊𝐷𝑘−𝑖
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From Exp to Triangle,Trapezoid

𝐻 𝑧 =
𝐻1(𝑧)𝐻2(𝑧)𝐻3(𝑧)

𝐻4(𝑧)𝐻5(𝑧)
=

1 − 𝑒−𝑇/𝜏𝑧−1 1 − 𝑧−𝑛𝑎 1 − 𝑧−𝑛𝑏

1 − 𝑧−1 1 − 𝑧−1

H1(H2/H4) H3/H5

H1 H2/H4 H3/H5

H2 H3 H1/H4 1/H5

1V. Jordanov at al NIM A345 (1994)337

2A. Georgiev and W. Gast IEEE Trans Nucl Sci 40-4(1993)770

Lab excercise (Impulse unfolding)

𝐻 𝑧 = 1 − 𝑒−𝑇/𝜏𝑧−1
1 − 𝑧−𝑛𝑎

1 − 𝑧−1
1 − 𝑧−𝑛𝑏

1 − 𝑧−1
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Design of the filter – Stage I

𝑦𝑛 = 𝑥𝑛 − 𝑒
−
𝑇𝑐𝑙𝑘
𝜏𝑑 𝑥𝑛−1

𝐻 𝑧 = (1 − 𝑒
−
𝑇𝑐𝑙𝑘
𝜏𝑑 𝑧−1)
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Design of the filter – Stage II

𝐻2 𝑧 =
1

1−𝑧−1
(1 − 𝑧−𝑛𝑎)

𝑦𝑛 = 𝑦𝑛−1 + 𝑥𝑛

𝑧𝑛 = 𝑦𝑛 − 𝑦𝑛−𝑛𝑎
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Design of the filter – Stage III

𝐻2 𝑧 =
1

1−𝑧−1
(1 − 𝑧−𝑛𝑏)

𝑦𝑛 = 𝑦𝑛−1 + 𝑥𝑛

𝑧𝑛 = 𝑦𝑛 − 𝑦𝑛−𝑛𝑏
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Design of the filter – Stage IV

𝐻3 𝑧 =
𝑧−1

𝑛𝑎

𝑦𝑛 =
1

𝑛𝑎
𝑥𝑛−1



IAEA

Design of the filter – Precision

Stage Gain at DC Element Sign Width Precision Overflow Digital noise

I 1 − 𝑏10 =

1 − 𝑒
−
𝑇𝑐𝑙𝑘
𝜏𝑑 ≈

𝑇𝑐𝑙𝑘
𝜏𝑑

Coefficient 𝑏10 unsigned 𝐵𝑚 = 𝐵 + 𝐵𝑛𝑎 𝐵𝑚 = 𝐵 + 𝐵𝑛𝑎
Multiplier signed 𝐵 + 𝐵𝑛𝑎 + 1 𝐵 + 𝐵𝑛𝑎
Subtractor signed 𝐵 + 𝐵𝑛𝑎 + 2 𝐵 + 𝐵𝑛𝑎

II
𝑛𝑎 =

𝜏𝑝

𝜏𝑑

Accumulator 𝐵 + 𝐵𝑛𝑎 + 2 + 𝐵𝑠𝑡 wrap
≈ 2

2−2𝐵

12Subtractor signed 𝐵 + 𝐵𝑛𝑎 + 2 + 𝐵𝑠𝑡 𝐵 + 𝐵𝑛𝑎 wrap

Converter signed 𝐵 + 2 𝐵

III
𝑛𝑏 =

𝜏𝑝 + 𝜏𝑓𝑡

𝑇𝑐𝑙𝑘

Accumulator wrap
≈ 2𝑛𝑏

2−2𝐵

12Subtractor signed 𝐵 + 𝐵𝑛𝑏 + 2 𝐵 wrap

IV 1

𝑛𝑎
=
𝑇𝑐𝑙𝑘
𝜏𝑝

Multiplier signed 𝐵 + 2 𝐵 + 1
≈
2𝑛𝑏
𝑛𝑎

2

2−2𝐵

12Mult 𝑛𝑎_𝑖𝑛𝑣 unsigned 18 18

• Error sources
 rounding/truncation of the filter coefficient 𝑏10

 ADC quantization 2
2−2𝐵

12

 finite precision multiplication 𝑛𝑎
2−2𝐵𝑚

12

• Variance at the output of stage IV 2𝑛𝑏
2−2𝐵

12

• Example: 
 ADC 14 bit, 𝜏𝑑 = 5𝜇𝑠𝑒𝑐, 𝜏𝑝 = 3𝜇𝑠𝑒𝑐, 𝜏𝑓𝑡𝑜𝑝 = 2 𝑇𝑐𝑙𝑘 = 20 𝑛𝑠𝑒𝑐: 

𝜎4
2 =

2−2×16.5

12

Analog system with

MCA/ADC 

without

Sliding scale

Digital MCA filter  


