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We have identified a mode in the geometry that at low temperatures has very small action:

ie it becomes very light and strongly coupled: it must be fully quantized. But if we want to quantize this 
syetsm, the consistency of the classical truncation is not enough -- there may be other modes that are 
equally light, or which couple to the light modes and can't be truncated.

There are indeed other light modes: rotational modes of the S^2 are clearly very light. It is indeed easy 
to see that they enter at the same scale as the Schwarzian: take the Kerr-Newman solution close to 
extremality, and expand the energy for small angular momentum:

This is of course not exactly valid because for small J the spin must be quantized, but we can already see 
that the energy scale involved when J=O(1) is the same as the E_b we found.

This mode can be quantized as a two-dimensional SO(3) gauge theory coupled to JT gravity. When we 
work in grand-canonical ensemble with fixed angular velocity, this describes small quantum fluctuations 
of the spin of the black hole.

One can also consider fluctuations that add (or subtract) charge to the black hole. They also enter at the 
same scale, and can be quantized as a 2d U(1) gauge theory. Again, if we fix the electric potential, then 
the charge can undergo quantum fluctuations described by this mode.

These 2d gauge modes add to the quantum Schwarzian corrections to the partition function, with the 
same sign. We will not consider them here -- in this sense, we can think that we're working in a 
canonical ensemble of fixed temperature, and fixed spin and charge. 

There are other fluctuation modes of the geometry, which break spherical symmetry. In the full 4d 
geometry, in general these fields couple significantly to the light modes we're considering. One might 
think that non-zero KK modes of the S^2 are massive and therefore can be neglected. But this argument 
is not valid, since the S^2 radius is the same as the AdS2 radius, and we're considering dynamics on that 
scale. However, it is relatively easy to see that the couplings of the massive KK modes to the effective 2d 
dilaton gravity are suppressed by inversepowers of the black hole size, 1/(S_0)^#. Therefore we can 
safely freeze them when the black hole is large.

Therefore in the following we will quantize the black hole by considering only the mode that describes 
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fluctuations in how the mouth of the throat connects to the far region.

One could attempt to compute the one-loop partition function in the full 4d geometry by analyzing the  
spectrum of the spin-2 fluctuation operator (the Lichnerowicz operator) for off-shell metric fluctuations 
ℎ௠௡. For near-extremal black holes, the near-horizon analysis suggests a family of nearly gapless modes, 
and indeed an explicit analysis shows that there are eigenvalues that scale linearly with the temperature 
T. These light off-shell modes of the full geometry, which are spherically symmetric modes of ℎ௠௡
(hence necessarily off-shell!) correspond to the the Schwarzian modes of the throat region 
[Kolanowski+Marolf+Rakic+Rangamani+Turiaci 2024].
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