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Wallenberg Center for Quantum Technology WACQT | St recrdon,

e Main goals:
(1) To build the Swedish Quantum computer (core project);
(2) To develop quantum technology know-how in Sweden (excellence project)

® | ocated in: Gothenburg, Stockholm, Lund and Linkdping

e 12 years, started 1st January 2018

* |nvolving industry

e Funding: >150 ml euros (KAW, industry and university)

e > 200 employed researchers (about 100 at Chalmers)
WACQT Pl Giovanna Tancredi and WACQT cryostat
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Quantum computing with bosonic systems WACQT | eimaes

e Part 1a: Intro to quantum computing with bosonic (continuous-variable) systems;
measurement-based guantum computing with CV (45 min)

e Part 1b: Sampling models, computational hardness and simulatability (45 min)

e Part 2a: Bosonic codes for Quantum Computing: Intro + rotationally symmetric bosons codes
(RSB) (45 min)

e Part 2b: Translationally symmetric bosons codes (GKP) and comparison (45 min)

e Part 3a: Research results: simulatability of GKP circuits / vacuum provides guantum advantage
(45 min)

e Part 3b: Research results: a new magic measure for qubits using bosonic codes (45 min)

Ask me questions when you want!
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W AC T Wallenberg Centre for
Quantum Technology

Part 1a: Introduction to guantum computing
with bosonic (continuous-variable) systems;

VMeasurement-based quantum computing
with CV



Introduction WACQT | einces,

Qubits (two-level systems) are great to build quantum computers!
...but many physical systems are not described by solely two levels!

Including electromagnetic radiation, vibrations of trapped ions and molecules,

oscillating mirrors...
}-{ .
e e
e e

i
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: , ' Nber Ntre for
Quantised harmonic oscillator WACQT ekrtery Cone
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We can build a guantum computer based on the quantised harmonic oscillator!
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Physical implementations (non exhaustive list) WACQT |aniom Tecmokgy

e Optical systems * Uw coupled to superconducting devices
Xanadu (Toronto) - Amazon (Pasadena)
Furusawa (Tokyo) » Alice and Bob (Paris)
Silberhorn (Paderborn) »  Gasparinetti (Chalmers)
Pfister (Charlottesville) -+ Pann (Shangal) | s
Andersson (Lyngdby) * Yu (Shenzen)

Sciarrino + Yale group
Parigi-Treps, Laurat (Paris) + Kirchmaier (Innsbruck)...
Pann...

e Optomechanical devices e [rapped ions
Wieczorek (Chalmers) - Home (Zurich)

Van Laer (Chalmers) - Leibfried (NIST Boulder)
Aspelmeyer (Vienna). .. - Matzukevic (Singapur)
- — +  Kim (China)

e Cavity QED .

AlexeiyOUfjoumtsev... + Slodicka (Olomouc)...

® Deterministic production of entangled states: one million entangled modes
e (500d for quantum error correction through bosonic codes




Continuous-variable systems WACQT o emees,

Called “Continuous-Variable” because quadratures have a continuous spectrum

S)q = 8|8)q

g.p| =i
3>p — S 3>p

= QD

e.g. . quadratures g and p of the em fielo

&
. Coherent state
Vacuum

q

Quadrature eigenstates are infinitely squeezed states, e.g. | O)p
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Representing CV systems in phase space WACQT | oo recmmacay

Wigner function: Representation of quantum systems in the classical phase space

1 [ ) ey
Wi(q,p) = ;/ dy{q + y|plqg — y)e 7Y

— OO

Coherent state ‘Oé> Squeezed state |€> Single photon state ‘1>
(Gaussian) (Gaussian) (non-Gaussian)

Also suitable for measurements: p — 11

Examples: 1,D,q . . . .
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DV vs CV encoding of quantum information CHALMERS

DV: Information encoded in qubits CV: Information encoded in gumodes
o

Phase space = Bloch Sphere Phase space = Complex Plane

Finite-dimensional Hilbert space Infinite-dimensional Hilbert space

Example of operation: X'|0) = |1) Example of operation: X(S) — ¢ 'SP

Z|1) = —|1) Z(s) = e



Operations in continuous variables: Gaussian operations CHALMERS

UNIVERSITY OF TECHNOLOGY

e Displacements !

e Fourier transform

F— oi5(@+p°)

* (Squeezing )

e Shear %

e Cz gate e | s)y 1), = |5)g 17 +5), Z(s) = €'




New results by ABC CHALMERS

e Only Gaussian (quadratic) Hamilonians are not enough to achieve arbitrary
operations!

oAt ,—iBt _ 6—75(A—|—B)t—[A,B]t2/2 4 O(tS,A, B)

e Commutators of quadratic gates leave us Iin the space of quadratic gates

S. Lloyd and S. Braunstein PRL 82, 1784 (1999)



Universality in continuous variables CHALMERS

°s

e A higher-order gate such as the Kerr gate e is sufficient to promote
Gaussian operations to universal guantum computation

e Universal CV quantum computation it we can a%proxmate evolution from
polynomial Hamiltonians in the quadratures, e (9i:Pi) . to arbitrary precision.

" , -
e CV universal gate set {e'?”, pid’s e i7(q°+p ) 2’ s}

S. Lloyd and S. Braunstein PRL 82, 1784 (1999)
F. Arzani, R. Booth and U. Chabaud, Nat. Comm. 16, 9744 (2025)



Implementing cubic gates with the cubic phase state  WACQT | & ecmoee,

. A3
% ‘/'7 — ¢ 14

) ¢ Ula) |-
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" - | ]

I — ) 2 y

picture from Timo Hillmann,
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Cubic phase state + Gaussian operations
= cubic phase gate (CV universality?)

i; D. Gottesman, A. Kitaev, and J. Preskill, Phys. Rev. A 64, 012310 (2001)

PRL 2020 F. Arzani, R. Booth and U. Chabaud, Nat. Comm. 16, 9744 (2025)



CV QC simulatable architectures WACQT |G reimses

For continuous variables, a QC based on:

(1) “easy” input states (positive Wigner function)
(I1) “easy” operations (mapping positive W to positive W)
(1) “easy” measurements (positive Wigner function)

can be simulated efficiently with a classical computer

* No exponential guantum advantage with Wigner positive (Gaussian)
guantum computation!

S. D. Bartlett et al, PRL 88, 097904 (2002),
A. Mari, J. Eisert, PRL 109, 230503 (2012),

H‘pout / pout )Wﬁ (q ; p)dqdp V. Veitch et al, New J. Phys. 14, 113011 (2012)

S. Rahimi-Keshari et al, PRX 6, 021039 (2016)
Wigner negativity i1s a necessary resource for exponential guantum advantage
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Examples of Wigner-negative (non-Gaussian) states ~ WACQT &t recrdos,

® FOCK states

pictures from A. Ketterer PhD thesis

e Cubic phase state |Y) = eiwg €)

® Production and applications of non-Gaussian quantum states of light,
A.l. Lvovsky, ... Valentina Parigi, ... Rosa Tualle-Brouri, arXiv:2006.16985 (2020)

e Non-Gaussian quantum states and where to find them,

M Walschaers, PRX quantum 2 (3), 030204 (2021) | | |
picture from Timo Hillmann, PRL 2020
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Experimental measurement of bosonic state Wigner function  WACQT | S rcims

Kudra et al. PRX Quantum 3, 030301 (2022) W(a) = Tr[D(a)pD' (a)I1]
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CV “circuit model” WACQT |G reimses

,, CV universal gate set
[ loyd and Braunstein, PRL

non-Gaussian gate

Microwave: T. Hillmann, F. Quijandria, G. Johansson, A. Ferraro, S.  Qptics: A. Sakaguci et al, Nat. Comm.
Gasparinetti, G. Ferrini, PRL 125,160501 (2020) 14, 3817 (2023)
A. M: Eriksson et al, Nat. Comm. 15, 2512 (2024)
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W AC T Wallenberg Centre for
Quantum Technology

Measurement-pased quantum computing with
CV



CV Measurement-based model: CV cluster states WACQT |G reimses

Your) = € (4iPi)

R. Raussendorf, H. Briegel et al, PRL 86, 5188 (2001)
N. Menicucci, P Van Loock et al, PRL 97, 110501 (2006)
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Cluster states WACQT |G reimses

o(luster state: state associated to a graph, operationally defined as:

| eExample: linear cluster state
- start with as many |0), states as the nodes of the graph

- apply CZ gate if two nodes are related by an edge

Yv) = Cy C5710),0),]0),
Czlaz — 616192

01 0
V=11 0 1
01 0

Picture from:
F. Sansavini and V. Parigi, Entropy 22, 26 (2019)
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CV cluster states WACQT |Simmeims

*General expression: N eExample: linear cluster state
- N LV. 4.6 N
) = CAVI0)®N = [ | 2V | 0)8 ——
ji by) = CL2C%7(0),[0),]0),
O 1 O
oCluster states admit stabilizers: V=11 0 1
O 1 O

Kilyy) = lwy) K =e™ iH Vel = Xi(S)H VikZils)
k k

eFrom which follows they also admits nullifiers: A2 (151 _ @2) —
i Az(ﬁz—fh—%):
A Al o Vlk@k = 0 A A
- A° (P3 — 42) —

Demonstrations: see A. Frisk Kockum et al, Lecture notes on quantum computing, arXiv:2311.08445 (2023)
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How to generate CV cluster states in practice? WACQT | oo recmmacay

Ulin = X+1Y Acluster B Ujin 0 Usqueezed Aeluster = Ulinasqueezed
at -\ 0 Usx gt
cluster lin squeezed F. Van Loock et al, PRA 76, 032321 (2007)

G. Ferrini et al, PRA 91, 032314 (2015)

Giulia Ferrini | WACQT



How to generate CV cluster states in practice? WACQT | oo recmmacay

Input squeezed states + linear interferometer

-

Aeluster = Ulinasqueezed

P. Van Loock et al, PRA 76, 032321 (2007)

G. Ferrini et al, PRA 91, 032314 (2015) Siide: courtesy of V. Parig
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Generation of CV cluster states with spatial modes WACQT S eimon,

't we want simultaneously available modes, in general:

® |arge number of optical elements are needed
(scales with N)

® Need to reconfigure entirely the hardware it you
want to change the target cluster

X. Su et al, Nat. Comm. 4, Article number: 2828 (2013)

Giulia Ferrini | WACQT



Generation of CV cluster states with time-bin modes  WACQT | S et

Giulia Ferrini | WACQT

Theoretical proposal:
N. Menicucci, PRA 83, 062314 (2011)

Resulting graph:
Squeezed states EPR states 1D cluster state

'1_ A oooooo . o<
12— 1/2=— / / / / V.V’
-1/4 1/4 B* %2 °* ¢ ‘ .

Mikkel V Larsen, et al. Science 366, 369-372 (2019)




Wallenberg Centre for

Generation of CV cluster states with frequency modes WACQT |&aor eimoos,

Slide: courtesy of V. Parigi
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Wallenberg Centre for

Generation of CV cluster states with frequency modes WACQT |&aor eimoos,

Y. Cai, J. Roslund, G. Ferrini et al, Nat. Comm. 8 (2017)

F. Arzani et al, PRA 97, 033808 (2018); G. Ferrini et al, New Journ. Phys. 15, 093015 (2013)

See also works by Pfister’s group:
Chen et al, PRL112, 120505 (2014)

and at telecom frequencies:
Roman-Rodriguez et al, PRR
043113 (2023) (Parigi’s group)

Slide: courtesy of V. Parigi



Combining frequency and time modes WACQT |t edoes,

I. Kouadou, F. Sansavini, M. Ansquer; J. Henalff; N. Treps; V. Parigi, APL Photonics 8, 086113 (2023)
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CV Measurement-based guantum computation WACQT |G remoion,

Equivalent to measuring

N. Menicucci, P. Van Loock et al, PRL 97, 110501 (2006)

see also calculations details in A. Frisk Kockum et al, Lecture notes on quantum computing,
arXiv:2311.08445 (2023)



CV Measurement-based quantum computation WACQT |G remoion,

@) — p) my

0), —e—o D%D)Z M2

M. Gu et al, Phys. Rev. A 79, 062318 (2009)

see also calculations detaills in A. Frisk Kockum et al,
[ ecture notes on quantum computing,
arXiv:2311.08445 (2023)



Experimental implementations of CV MBQC WACQT | St recrdon,

With spatial modes With time-bin modes

X. Su et al, Nat. Comm. 4, Article number: 2828 (2013) M. V. Larsen et al, Nat. Phys. 17, 1018 (2021)
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Generation of CV cluster states with time-bin modes  WACQT | S et

Furusawa's group: Full-stack Analog Optical
Quantum Computer with A Hundred Inputs
arXiv:2506.16147v1

Giulia Ferrini | WACQT
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Using continuous-variable systems for bosonic codes WACQT | emoee,

Analogously as normal computers, to correct for errors is easier to resort to
discrete levels encoding the information

A 1 0 1 1

-> Bosonic codes (tomorrow morning)



W AC T Wallenberg Centre for
Quantum Technology

Summary and conclusion on parts 1a



Summary and conclusions part 1a WACQT | ecroes

Continuous-Variable quantum computing

- Infinite dimensional systems modelled by the quantised harmonic
oscillator; can be used for guantum information processing by defining
transformations on the bosonic field

- MBQC particularly useful model for guantum computation with
continuous-variables due to possibility of preparing deterministically large
cluster states

Any question?

Giulia Ferrini | WACQT
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Part 1b: Sampling models



What is exponential guantum advantage? WACQT | o edvoen

e [heoretical prediction : qguantum computers allow for solving some computational task
efficiently, while hard for normal computers !

e Cfficient = takes a polynomial time t(L) in the input size L

e Hard = takes an exponential time t(L) in the input size L

E.g: Factoring:
15 = 9X3

e Efficient for a quantum computer (Shor)

e Hard for normal computers

Giulia Ferrini | WACQT



Extended Church-Turing thesis WACQT |G remoion,

"Any “reasonable” model of computation can be simulated by a probabillistic
Turing machine with at most polynomial overhead” (‘70s/‘80s)

Because of Shor’'s algorithm, at least one of the following options must hold
(Shor’s trilemma);

o |t exists a classical efficient algorithm for factoring;
® |t s not possible to build guantum computers;
e The Extended Church-Thesis is false

Giulia Ferrini | WACQT



Extended Church-Turing thesis WACQT |G remoion,

Shor’s algorithm might be good to disproof, but:

- we don’t have guarantees that an efficient classical algorith doesn’t exist
- so far we don’t have large enough gquantum computers

We want a provably hard problem, easier to implement than Shor’s algo

Giulia Ferrini | WACQT



Digression: when can we run Shor’s algorithm? WACQT

Wallenberg Centre for
Quantum Technology

e 50 far there is no “proper” experimental implementa

(See: Craig Gidney blog “Why haven’t quanturnr

Giulia Ferrini | WACQT

ion of Shor’s algorithm

cOom

outers factored 21 yet?”)



Sampling models of quantum computation WACQT | einces,

Goal : prove quantum advantage by solving simpler problems (e.g. than
factoring), yet faster than with classical power (quantum “primacy”).

Classical Computer Calculator
Universal Quantum Sampling model
Computer

Task: sample from .
P(x) = | (x| Uc|0)®"|

B. Terhal, D. DiVicenzo, Quant. Inf. Comp. 4, 134 (2004); S. Aaronson, A.Arkhipov, Theory Comput. 9, 143 (2013)



What does “faster” mean? Two notions: WACQT |G reimses

e (1) Theoretic-computer science:
- It takes an exponential time for the classical algorithm, T = exp(n)
- polynomial time for quantum algorithm, T = poly(n)

e (2) Practical:
- lodays supercomputer cannot simulate the outcome

Giulia Ferrini | WACQT



Random Circuit Sampling WACQT |G remoion,

-

Task: sample from , X
P(X) = |(X| Uc]0)®"|

o [ook Willow chip 5 minutes,
would require 10% years for a
normal computer

Giulia Ferrini | WACQT



Spoofing quantum advantage WACQT | edmoes,

e (practic): There are better and better classical algorithms! Sycamore 53-
qubits experiment has been simulated!15 hours, 512 GPUs [Pan et al.,
2022]

Energy cost estimated 100 to 1000 times larger than quantum chip

e (theoretic):Random Circuit Sampling become simulatable with noise!

Simulation time Is exponential in 1/y (very inefficient for low noise)
"A polynomial-time classical algorithm for noisy random circuit sampling”

Dorit Aharonov et al, STOC 2023

® Need to find a sweet spot noise-size
® Need for more architectures for showing quantum Primacy!

Giulia Ferrini | WACQT



Sampling models with bosons: Boson Sampling WACQT |t edoes,

D single photon detection

% S = {81, - S.m}

Per(Ug)|?
U Pr(s] = ot ),l

D s1l...8.,!

Approximating multiplicatively the permanent is #P-hard!

BosonsSampling is classically hard,

S. Aaronson, A.Arkhipov, Theory Comput. 9, 143 (2013)



Wallenberg Centre for

Relevant classical complexity classes WACQT | oo recmonny

» P = set of decision problems solvable in polynomial (poly) time by a Turing machine;

» BPP = set of decision problems solvable in poly time by a probabilistic Turing machine
(err <1/3)

» NP = set of decision problems which solution can be verified in polynomial time;
PCNP

» TP = set of problems that count the number of solutions of NP problems

» T P-hard = set of problems which solution allows solving all problems in #P

P
» Polinomial Hierarchy PH: Ag — Z(F)’ .— P Aill .— P
% C T

» Toda’s theorem: implies that PH is contained in p*F



Boson Sampling: proof of hardness WACQT | ecroes

® Approximating the probability of a specitic measurement outcome at the
output of a linear interferometer is a #P-hard problem

® |[f a polynomial-time classical algorithm for exact boson sampling existed,
then the above probability could have been approximated in BPP™ | i.e.

within the second level of the polynomial hierarchy (using Stockmeyer
counting algorithm)

e This would imply #P C BPPM? = PH C P* C PBFP™ C 3P

roda collapse to the third level!
(BPP™ C 7)

=9 BosonSampling is classically hard,

S. Aaronson, A.Arkhipov, Theory Comput. 9, 143 (2013)



Experimental demonstrations of boson sampling WACQT | ecroes

First experiments with 3 photons in a handful of modes (2013):
Sciarrino (Rome), Wamsley (Oxford), White (Brisbane), Walter (Vienna)

Most recent: 20 photons in 60-mode
interferometer, sample Hilbert space of
dimensionality 10N 14

H. Wang et al, Phys. Rev. Lett. 123,
250503 (2019) Pann group

Also simulatable with noise (for

specific noise models)
Oh et al, arXiv:2301.11532

Better and better classical algorithms
Neville et al., Nat. Phys. 2017,
Oh et al, PRL 2022




Rhetoric question WACQT | recmone,

Do we need all those non-GGaussian circuit elements, or can we
do with less?

Reminder, Mari-Veitch theorem:
it all Wigner functions (input state, “gates”, measurements) are
positive, there Is N0 exponential guantum advantage!

S. D. Bartlett et al, PRL 88, 097904 (2002),
Mari, J. Eisert, PRL 109, 230503 (2014),

V. Veitch et al, NJP 16, 013009 (2014)

S. Rahimi-Keshari et al, PRX 6, 021039 (2016)



CV Sampling models WACQT | ecroes

Exiting minimally the hypothesis of Mari-Veitch theorem

1)...the 2)...the 3)...the
_ > nel . >’p > p ~ >p o >
_ > el _ )’p > p . >IJ o >
_ > el . }p > p ~ >IJ o >
[ U{g) [
_ > het ’€>'p > ’£>p T >
CV Non-Gaussian CV Instantaneous Quantum Gaussian Boson
iNnput circuit Polytime Sampling
Chabaud et al, PRA 062307 (2017) Douce et al, PRL 118 070503 (2017) Hamilton et al, PRL 119,
Chakhmakhchyan, PRA 032326 (2017) Douce et al, PRA 99, 012344 (2019) 170501 (2017)

Lund et al, PRA 022301 (2017)
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Wallenberg Centre for

Non-Gaussian measurement: Gaussian Boson Sampling WACQT |Gt remoes
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Stimulated squeezed Ultralow-loss fully-connected Temporal-spatial demultiplexing Superconducting nanowire
light sources photonic circuit fiber loops single-photon detectors

Gaussian Boson sampling
Deng et al., Phys. Rev. Lett. 2023

eJuantum computational advantage using photons: 50 squeezed states, 100 optical modes [Zhong

et al., Science 2020];
e(Juantum circuits with many photons on a programmable nanophotonic chip [Arrazola et al, Nature,

591, 54-60 (2021)];
eQuantum computational advantage with a programmable photonic processor, 216 squeezed states

[Madsen et al., Nature 2022] (Xanadu)
e(Gaussian Boson Sampling with Pseudo-Photon-Number-Resolving Detectors and Quantum

Computational Advantage, 25 two-mode squeezed sources in /75 optical modes, 255 photon clicks
[Deng et al., Phys. Rev. Lett. 2023] (Pann group)




Gaussian Boson Sampling WACQT |G remoion,

Also simulatable with noise (with tensor network simulations)
M. Liu et al, Phys. Rev. A 108, 052604 (2023)
M. V. Umanskii et al, arXiv:2404.01004

Better and better classical algorithms

Y. Li et al, "Benchmarking 50-Photon Gaussian Boson Sampling on the Sunway
TaihuLight,” IEEE Transactions on Parallel and Distributed Systems 33, 1357 (2022),

C. Oh et al, “Classical Simulation of Boson Sampling Based on Graph Structure,”
Physical Review Letters 128, 190501 (2022) +
C. Oh et al Nature Physics (2024) spoofed quantum advantage!



Gaussian Boson Sampling WACQT |G remoion,

Maps into computing the vibrionic spectra J. Huh et al, Nature Physics 9, 615 (2015)

Experiment with 2 superconducting cavities C. S. Wang et al, Phys. Rev. X 10, 021060 (2020)



Non-Gaussian input: Continuous-variable sampling WACQT |G ecmees,

[Y)ne | ~ Gaussian
W) G Gaussiar _ measurement

|l W)ne  Operation D

Heterodyne detection = projection onto

: >




Non-Gaussian input: Continuous-variable sampling WACQT | recmoos,

Continuous-Variable Sampling (CVS) circuits: total number of modes
n photon subtracted o % heterodyne detection
sgueezed states passive linear

~ optics evolution D,

Sy D,

® real orthogonal; X symmetric real orthogonal,; m even,

U. Chabaud, 1. Douce, D. Markham, F. van Loock, E. Kashefi and G. Ferrini, PRA 96 062307 (2017)



Non-Gaussian input: Continuous-variable samplin WACQT |G reimses
9, PIING

Continuous-Variable Sampling (CVS) circuits: total number of modes
n photon subtracted o % heterodyne detection
sgueezed states passive linear

~ optics evolution D,

Sy D,

® real orthogonal; X symmetric real orthogonal,; m even,

Sampling from the output exact probability distribution is classically hard, or

the polynomial hierarchy collapses

U. Chabaud, 1. Douce, D. Markham, F. van Loock, E. Kashefi and G. Ferrini, PRA 96 062307 (2017)
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NOH-GIaUSSIaﬂ IﬂpUt COntanOUS'VaHab‘e Samp‘lﬂg WACQT Quantum Technology

The input state is @ |8> | 5) = S |0) squeezed state

.ln(S) A A A A

S’ — e~ l™2 9PTPq squeezing operator

using: ST(s)aS(s) = cea — ssa’ with ¢; = cosh(lns) s, = sinh(In s)
we obtain @ |8) = €,5(8)a|0) — s,5(s)a’ |0) = —s,5(s) [1)
In the zero squeezing limit, equivalent to input single-photon state

U. Chabaud, 1. Douce, D. Markham, F. van Loock, E. Kashefi and G. Ferrini, PRA 96 062307 (2017)



Wallenberg Centre for

Non-Gaussian input: Boson sampling with heterodyne WACQT |5 ecmone,

/ero-squeezing limit

| B D
m single photons o - D |
poly (M) passive linear heterodyne detection
~optics evolution D,
[0) D
® real orthogonal; X symmetric real orthogonal, m even,

Boson sampling with heterodyne detection is classically hard, or the

polynomial hierarchy collapses (to the third level)

U. Chabaud, 1. Douce, D. Markham, F. van Loock, E. Kashefi and G. Ferrini, PRA 96 062307 (2017)

it m~ log(M), we can efficiently simulate U. Chabaud, G. Ferrini, F. Grosshans, D. Markham, PRR 3 033018 (2021)



Proof of hardness beyond boson sampling? WACQT |G remoion,

® Unknown if general non-Gaussian states yield models that are hard to sample (“Veriqub”)



Non-Gaussian evolution

€>p > 13

€>p > 13

& P
U (d)

)p D

CV Instantaneous Quantum Polytime

Douce et al, PRL 118 070503 (2017)
Douce et al, PRA 99, 012344 (2019)

WACQT

Wallenberg Centre for
Quantum Technology



W AC T Wallenberg Centre for
Quantum Technology

Instantaneous Quantum Polytime

. 0) + |1)
 Input : X eigenstates |+) =
P g +) 7
- Evolution : Diagonal in Z
. Measurement: X X|+) = |+
~X|=) = |

® (Gates commute, hence they can be performed simultaneously (« Instantaneous »)

® [he probability distribution of the measurement outcomes is hard to sample, or the polynomial

hierarchy collapses

M. J. Bremner, R. Josza, and D. Shepherd, Proc. R. Soc. A 459, 459 (2010).
M. J. Bremner, A. Montanaro, and D. J. Shepherd, Phys. Rev. Lett. 117, 080501 (2016)
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Proof of hardness WACQT |Simmeims

@® Adding post-selection to the model makes it universal

Hadamard gadget:

X
|¢> . h =0 if outcome +1
|_|_> XhH W> h=1 If outcome -1

Post-selection allows for recovering the Hadamard gate — Universal set of gates

@ !f it was possible to efficiently simulate IQP on a classical computer, then a post-selected
classical computer would be at least as powerful as post selected guantum computer

This yields a collapse of the polynomial hierarchy!

@® Hence it must not be possible to efficiently classically simulate IQP circuits B
M. J. Bremner, R. Josza, and D. Shepherd, Proc. R. Soc. A 459, 459 (2010).



Wallenberg Centre for

Non-Gaussian gates: Instantaneous Quantum Polytime WACQT |&aion ecmcee

€> - Input : p-squeezed states
P

S :

—volution : Diagonal in g

€>p - Measurement: p homodyne detection
(finite resolution)

Douce et al, PRL 118 070503 (2017), Douce et al, PRA 99, 012344 (2019)




Proof of hardness

W AC T Wallenberg Centre for
Quantum Technology

@® Adding post-selection to the model makes it universal

Fourier gadget:

infinitely p-squeezed state

X(pk) — o PPk

Post-selection allows for recover the Fourier transform — Universal set of CV gates

@ !f it was possib

e to efficiently simulate CV-IQP on a classical computer, t

nen a post-selected

classical computer would be at least as powerful as post selected quantum computer

This yields a collapse of the polynomial hierarchy!

@® Hence it must not be possible to efficiently classically simulate IQP circuits B
Douce et al, PRL 118 070503 (2017), Douce et al, PRA 99, 012344 (2019)
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Summary and conclusion on parts 1b

W AC T Wallenberg Centre for
Quantum Technology

eSampling mode
exponential qua

s aim at disproving the ex

ntum computatior

eBeyond random circult sampling,

are good candidates

al agvar

B3oson Sampling-type

tage

e\\Ne can have less non-Gaussian elements than in Boson Sampling: eit

evolution or measurement can be enoug

hardness)

ended Church-Turing thesis and proving

ner input,

N (required new proofs of com

putational

eShowing practical guantum advantage is a race with classical algorithms and requires

low noisel

Giulia Ferrini | WACQT
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One challenge: build a reliable QC WACQT | o edvoen

e Environment affects quantum computers by
iInducing decoherence

Picture from Wikipedia

e Redundancy is needed in order to restore guantum information via
Quantum Error correction

Repetition code
Surface code

W) = «|00000) + B]11111) (d = 7, 105 qubits)

Google Al, Nature 2025
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How many qubits for Shor’s algorithm??

e 50 far there is no “proper” experimental implementa

(See: Craig Gidney blog “Why haven’t quanturnr

Giulia Ferrini | WACQT

WACQT

ion of Shor’s algorithm

cOom

outers factored 21 yet?”)

Quantum Technology



Bosonic codes for quantum error correction WACQT [antim recmooey.

Encoding a qubit in a oscillator gives a compact solution to QEC

0), =Y cln)y  [1),=) cln)

n n

Courtesy of Japan Science
and Technology Agency

Factor 2048 RSA integer in 4 days using 349133 cat qubits (d = 15)

“Performance Analysis of a Repetition Cat Code Architecture: Computing 256-bit Elliptic Curve Logarithm in 9 Hours with
126133 Cat Qubits”, E. Gouzien et al, Phys. Rev. Lett. 131, 040602 (2023)

Giulia Ferrini | WACQT
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Rotationally invariant bosonic codes



Bosonic error-correcting codes WACQT | recmoos,

e Binomial code

e Designed to correct against photon losses d, vyielding

® -rrors can be detected by measuring parity

e \\le can recover the data qubit by mapping
back to the code space

Joshi et al, Qu. Sci. Tech. 6, 2021

Giulia Ferrini | WACQT



Bosonic error-correcting codes WACQT | recmoos,

® Four-component
cat code:

Invariant under 180 degrees rotations; they correct for

...they are part of the same tamily! (on this slide N = 2)
A. Grimsmo, J. Combes, B. Baragiola, Phys. Rev. X 10, 011058 (2020)

Giulia Ferrini | WACQT



Rotationally symmetric bosonic codes (RSB) WACQT | St recrdon,

Invariant under rotations

Consequence of rotational invariance:

0y) = ) ¢ |n) e"QLNﬁ\ON)z\ON)=>ZC,?ei2%n\n)=Zc,9\n) e N =1=n=kN

n
n

k integer

= |0y) = Z O NENY [ 1y) = Z i | kN) only multiples of the rotational order are
k k allowed in the Fock expansion

A. Grimsmo, J. Combes, B. Baragiola, Phys. Rev. X 10, 011058 (2020)

Giulia Ferrini | WACQT



Rotationally symmetric bosonic codes (RSB) WACQT | St recrdon,

Z|0x) = |0n) = ¢, = 0 a part from those for which '™ = 1= n = 2kN
Z|1n) = —|1n5) = ¢, = 0 a part from those for which !N = —1=n= (2 +1)N.

A\

Z = e'V"
On) = ) chen [2kN)
k

1n) = Z C%Qk—l—l)N (2k +1)N)
k

A. Grimsmo, J. Combes, B. Baragiola, Phys. Rev. X 10, 011058 (2020)

Giulia Ferrini | WACQT



Rotationally symmetric bosonic codes (RSB) WACQT | St recrdon,

Tradeoff In the code distance: can detect
e Loss or gain up to N — 1 photons (dy = N)

e Phase errors up to dy = /N

/\ s T A
R = e'v"
Courtesy of Timo Hillmann

A. Grimsmo, J. Combes, B. Baragiola, Phys. Rev. X 10, 011058 (2020)

Giulia Ferrini | WACQT



“Break even” with RSB in microwave systems WACQT |G reimses

Break-even: the quantum coherence using the
bosonic code is significantly longer than that of all e4-component cat code
the imperfect qguantum components

X1,1

“Extending the lifetime of a quantum bit with error correction in superconducting circuits”, Ofek et al, Nature 536, 416 (2016)

Giulia Ferrini | WACQT



“Break even” with RSB in microwave systems WACQT |G reimses

Break-even: the quantum coherence using the | |
bosonic code is significantly longer than that of all eBinomial code
the imperfect quantum components

X1,2

“Beating the break-even point with a discrete-variable-encoded logical qubit”, Ni et al, Nature 616, 56 (2023)

Giulia Ferrini | WACQT



Cat qubit (N = 1) WACQT |t edoes,

Consider the case N =1,|0) = |a), can detect but not correct errors

]
10); = V(\oo + | —a)) (evenn)
0

‘1>L:NL(‘C{>_ | —a)) (odd n)
1

Sun et al, Nature 511, 7510 (2013)

al0);, <« (la)y—=[—a))=1]1), The dominant error (photon loss) results in bit flips!
-> Noise bias

S. Puri et al, Science Advances 6, (2020) and several related paper by Shruti Puri’s group

Giulia Ferrini | WACQT



Cat qubit WACQT | einces,

Repetition code with cat qubits (d = 5)

Hardware-efficient quantum error correction via concatenated bosonic qubits, Putterman et al, Nature 2025 (Amazon group)

[y =< |(0]a|1) ‘ = \05|2e_2|0“2

T I Al 2 2
[z o< | (+a]=)|" ~ a7,

S. Puri et al, Science Advances 6, (2020) and several related paper by Shruti Puri’s group

Giulia Ferrini | WACQT



Cat qubit WACQT |t edoes,

Enhanced algorithmic performance in algorithms with dominant Z-gates

“Quantum Approximate Optimization Algorithm with Cat Qubits” P Vikstdl, L. Garcia-Alvarez, S. Puri, G. Ferrini,
arXiv:2305.05556 (2023)

Giulia Ferrini | WACQT
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Gottesman-Kitaev-Preskill (GKP) code CHALMERS

Code-words invariant under translations of 2\/7;, stabilisers: 2V =12V 4

0)gkp = ), 120/7), (q10)GKp = ), 8(q — 2m/m)
: ) [0)GKP
—4T =27 0 o0/ AT e q
[ Dgkp= Y, |@n+ /), - (qll)grp= Y 8(g—Cn+ Iy
2 é : [ 1)GKp
=3WVr o =/ VT 3w e q
Th: Gottesman, A. Kitaev, and J. Preskill, Phys. Rev. A 64, 012310 (2001) dq = dp = \/7_1'



GKP code: measurement CHALMERS

Measurement of  (homodyne measurement) = measurement in the
computational basis

[0)GKP

/T 0 o0/T AT e q
: [ DGkp



GKP code: Clifford operations via Gaussian operations CHALMERS

L ogical operations on GKP states

X = exp (—i\/y_rp)

_ T2 2
H = exp (12(q +p ))

| | S = exp (ig*/2)
Discrete set of displacements

. C,=¢exp (1
4 =exp (l ”q) X10)gkp = | HGkp 2= o (i132)
> |0)GKP
N/ W 0 2/ AT e q
‘ [ D)GKP

=3Vr o —/mo VT 3w e q



T-gate and notion of universal quantum computation in CV (2) CHALMERS

UNIVERSITY OF TECHNOLOGY

e One possible universal qubit gate set:

When given a bosonic encoding, one can perform universal guantum
computation if one can perform universal encoded gqubit quantum computation

e Example with the GKP code:

H = ele)(Zg(q2 +p?))

52 — €XP (73611(12)



Wigner function of GKP states WACQT | ez conme

Quantum Technology

. 1 s
W (g,p) = 5= D (~1)"6 (p = Z5) 6 (4 — aj — a’h))
St

For |0> and |1> states: 1/4 of the summands are negative and 3/4 are positive

Expression for general states in: L. Garcia-Alvarez, A. Ferraro, G. Ferrini, International Symposium on
Mathematics, Quantum Theory, and Cryptography p.79, Springer (2021)



GKP states and encoding CHALMERS

UNIVERSITY OF TECHNOLOGY

|deal code states must have a finite energy and must be regularized

10MYGrp = ¢ 2 0)GrPp 1% GKp = ¢ I grp
4T =2y/7 0 VT —3vm —V VT 3V

D. Gottesman, A. Kitaev, and J. Preskill, Phys. Rev. A 64, 012310 (2001)

lons: C. Flihmann et al, Nature 566, 513 (2019);
Microwaves: P Campagne-Ibarque, Nature 584, 368 (2020);
V. V. Sivak et al, Nature 616, 50 (2023)
Opotics: S. Konno et al. Science 383. 6680 (2024)

Kudra et al, PRX Quantum 3, 030301 (2022)



Error correction with GKP states CHALMERS

UNIVERSITY OF TECHNOLOGY

mod\/i_r
//.\ \ . ei2 ﬂﬁ’e—i2 g

n ® e?ltpﬁ o e—thq L
|Ockp) - D U lp
‘OGKP> @ ﬁ 9 tq

eSyndrome measurement: non-destructive measure of g and p on the data qubit

eCorrection: displacement back of the measured amount (modulo \/7_z )
D. Gottesman, A. Kitaev, and J. Preskill, Phys. Rev. A 64, 012310 (2001); N. Menicucci, PRL 112, 120504 (2014)

For a pedagogical presentation
S. Glancy and E. Knill, Phys. Rev. A 73, 012325 (2006) + our course notes

Due to finite squeezing concatenation with qubit QEC is required



Break even with the GKP code in microwave systems WACQT | o,

Break-even: the quantum coherence using the
bosonic code is signiticantly longer than that of all
the impertect quantum components

X 2,27

“Real-time quantum error correction beyond break-even”, V. V. Sivak et al, Nature 616, 50 (2023)
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Translationally and rotational symmetric bosonic codes WACQT | S e

Implemented at Chalmers in
microwave cavities

Kudra et al, PRX Quantum 3, 030301 (2022)

Giulia Ferrini | WACQT



Photonic implementations: state generation WACQT |G remoion,

[arsen et al, Nature 642, 587 (2025);
See also implementation by Furusawa's group

Bourassa et al. Blueprint for a Scalable Photonic Fault-
Tolerant Quantum Computer, Quantum 5, 392 (2021) Xanadu

Giulia Ferrini | WACQT



Trapped ion implementations: state generation WACQT | ecroes

Matsos et al, Phys. Rev. Lett. 133, 050602 (2024)
See also implementation by Home's group

Giulia Ferrini | WACQT



Concatenation of GKP code with surface code CHALMERS

Makes us of clever decoding
exploiting continuous information
of the syndrome p-measurements

See also later proposals for photonic implementation:
- J. Eli Bourassa et al, Quantum 5, 392 (2021)
- I. Tzitrin et al, Phys. Rev. X Quantum 2, 040353 (2021)
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Summary and conclusions part 2a WACQT | edmoes,

eBosonic codes

- Allow for encoding a qubit into a oscillator

- Serve for guantum error correction with possibly easier decoding

- Yield reduced code distance when concatenated to the surface code
- Codewords have either discrete or rotational symmetry

Any question?

Giulia Ferrini | WACQT
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Part 2b: Bosonic codes: new research results



WACQT | ey

Comparing the performance of RSB and GKP
codes for realistic detection efficiency and under
dephasing



Translationally and rotational symmetric bosonic codes WACQT | S e

e [ranslationally symmetric: GKP codes

Invariant under translation 24/z;
Gottesman, A. Kitaev, and J. Preskill, Phys. Rev. A 64, 012310 (2001)

—xtends lifetime of guantum information (x 2,27)
Sivak et al, Nature 615, 50 (2023)

e Rotationally symmetric: RSB codes

Invariant under rotations of 2z/N;
A. Grimsmo, J. Combes, B. Baragiola, Phys. Rev. X 10, 011058 (2020)

—xtends lifetime of guantum information (x 1,2)
Ni et al, Nature 615, 56 (2023)
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Comparison with Rotationally Symmetric Bosonic (RSB) codes WACQT Wallenberg Centre for

Quantum Technology

Albert et a/, PRA 97, 032346 (2018)

Giulia Ferrini | WACQT



Noise channels: losses and dephasing CHALMERS

Any quantum channel N4_,5 can be written as

a sum of Kraus operators, which are linear maps
K;: Ha — Hp such that

NA—)B — ZK’L.KJ)

> k
S B A,
Loss channel: Nt [7] = Z Ly ® L};, Ly = \/ﬁ(l — 7) 2 G
n=>0 '
. > A =T WQIZ T A2
Dephasing channel: A/ [%ﬁ] = ZDk oD, Dy = ﬁe 5 Nk



QEC with the GKP code CHALMERS

Steane QEC Knill (teleportation) QEC
~. -
S P e i i g DL
—
|Ockp) D) U tp e 115 / D) D2
‘OGKP> ® 41’5) ® I _[/
‘—|—>gkp ® Rﬁ‘_ ﬁout

Used to calculate F, tells how
similar I1s the recovered state to the
initial one (good if =1)

estabiliser measurement with e|0gical information is teleported to
auxiliary system last mode

Steane, PRL 77, 793 (1996) Knill, Nature 434, 39 (2005)

Gottesman et al, PRA 64, 012310 (2001) I. Hillmann, F. Quijandria, A. L. Grimsmo, G. Ferrini,

PRX Quantum 3, 020334 (2022)



Performance of bosonic codes WACQT | recmooy,

Bin

Similarity after QEC: F

1
\0>bin=\/§(\0>+\2N>)

| Dpin = IN)

I. Hillmann, F. Quijandria, A. L. Grimsmo,
G. Ferrini, PRX Quantum 3, 020334 (2022)

=
1
N

Giulia Ferrini | WACQT



Performance of bosonic codes WACQT | recmooy,

Bin

Bin
(0.95-efficiency currently unreached)
Similarity after QEC: F
1
|0)hin = —=(10) + | 2N))
\V/2

- I. Hillmann, F. Quijandria, A. L. Grimsmo,

| 1>bm o ‘N> N=4 G. Ferrini, PRX Quantum 3, 020334 (2022)

Giulia Ferrini | WACQT



Single-mode RSB have limitations WACQT |t edoes,

Tradeoff In the code distance: can detect
e Loss or gain up to N — 1 photons (dy = N)

e Phase errors up to dy = /N

Can we go around this tradeoft?

Courtesy of Timo Hillmann

A. Grimsmo, J. Combes, B. Baragiola, Phys. Rev. X 10, 011058 (2020)

Giulia Ferrini | WACQT



Solution: two-mode RSB codes oot Mol

e Example: Dual-rail binomial code

N=2
T 1 7 X /
0z =Uss0.0) (0 + V) O 1N) =7
2 1 \ /
1)1 = Ups(8.6)IN) © —=(10) + 2N) =
—" N—"

eBased on grou p-theoretic CONStruction A. Denys and A. Leverrier. Phys. Rev. Lett. 133 (2024)
eParameterized by two angles 0 and ¢

[Odual rail? = 101 >
[ 1qual rail? = 110 >

R. Galib Ahmed, A. Udupa, G. Ferrini, arXiv:2508.20647 (2025)
Giulia Ferrini | WACQT



Performance against Gaussian dephasing WACQT | recmooy,

Performance against dephasing channel
Similarity after QEC: F

10~°
| 10—4 N=2,K=2
N=4 K=2
~— N=6K=2
. N=8 K=2
10~ N =2, K = 2 single-mode
CLY code
Break-even
10~ 10~ 107!
Y1 [ = ng‘ = Kl

oFor 0 = n/4,¢p = n/(2N) performance against dephasing increases with increasing N!!!

R. Galib Ahmed, A. Udupa, G. Ferrini, arXiv:2508.20647 (2025)
Giulia Ferrini | WACQT



Performance against losses WACQT |

Similarity after QEC: F

oFor 0 = n/4,¢p = n/(2N) the tradeoff in phase and loss sensitivity is mitigated!

R. Galib Ahmed, A. Udupa, G. Ferrini, arXiv:2508.20647 (2025)
Giulia Ferrini | WACQT



Performance against random telegraph noise WACQT |G remoion,

+1

Non-Markovian
dynamics induced by |
coupling to a random

fluctuator -1

A. Udupa, T. Hillmann, R. G. Ahmed, A. Smirne and G. Ferrini, Phys. Rev. Research 8, 023007 (2026)
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Part of a larger family WACQT s ey

Most general codewords:

eHave order N rotational symmetry in modes UgsaiUBS

Generalization of RSB codes to two modes!

o-or arbitrary even N, the Pauli group gates are implemented by linear optics

R. Galib Ahmed, A. Udupa, G. Ferrini, arXiv:2508.20647 (2025)
Giulia Ferrini | WACQT



Dual rail cat code instance N=1 (DRCC-1)

\ci>=Nii<\a>i\—a>>

[Odual rail? = 101 >
[ 1qual rail? = 110>

Giulia Ferrini | WACQT

‘

W AC T Wallenberg Centre for
Quantum Technology

o : o

Q-

‘

o O

Q-

N.=1/2(1 £ exp(-2]al*)

D. Biswas et al, in preparation



Dual rail cat code instance N=2 (DRCC-2) WACQT | eimon,

® ®
@@ @

‘

@ @@ @O

D. Biswas et al, in preparation

Giulia Ferrini | WACQT



Can encode d-level systems in d modes WACQT | o e

650 kd(d—1)
k), =Uss Y femas Q) |(dnj+7)N)
{n;}=0 j=k

e -rom same group-theoretic construction, Paull gates still implemented by linear optics
e Still have N-fold discrete rotational symmetry

e Performance still to be analysed!

R. Galib Ahmed, A. Udupa, G. Ferrini, arXiv:2508.20647 (2025)
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Conclusions WACQT |G reimses

eBinomial code outpertorms GKP codes under error model with
1.finite measurement efficiencies
2.number dephasing noise

I. Hillmann, F. Quijandria, A. L. Grimsmo, G. Ferrini, PRX Quantum 3, 020334 (2022)

eBeam-splitted two-mode RSB codes resolve the
performance tradeoff between performance against

losses and dephasing! i 2K
R. Galib Ahmed, A. Udupa, G. Ferrini, arXiv:2508.20647 (2025) 8 K-

=2, K = 2 single-mode T

A. Udupa et al, Phys. Rev. Research 8, 023007 (2026) Breaiceven

o\\Ve generalized RSB codes to multi-mode based on group theory
construction; many qubit and qudit codes to be explored!

Giulia Ferrini | WACQT
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Think about:
One concept that you have understood:;
One concept that you have not understood;

2 minutes by yourself;

2 minutes with your neighbour;
5 minutes ask me guestions!

Giulia Ferrini | WACQT
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Part 3a: Vacuum provides guantum
advantage



Why classical simulation of quantum computers? WACQT | edmoes,

“Simulating”: computing or approximating the outcomes probability distribution

® Benchmark small-size quantum computers Arute et al, Nature 574, 505 (2019)

® Understanding which architectures are capable of providing quantum advantage

Giulia Ferrini | WACQT



A restricted simulatable qubit architecture WACQT |5 oo

For discrete variables, a QC based on:

(1) qubits initialised in “easy” states ("Pauli eigenstates”)
(1) “easy” operations (“Clifford group”)
(111) “"easy” measurements (computational basis)

can be simulated efticiently with a classical computer

Gottesman-Knill theorem

* No exponential guantum advantage with Clifford guantum computation!

What about the simulation of CV system?

Giulia Ferrini | WACQT



We have seen that:

W AC T Wallenberg Centre for
Quantum Technology

o\Vigner negativity is a necessary condition in a bosonic quantum circuit for

guantum advantage

eGKP states are highly (infinitely) Wigner-negative

Are Gaussian circuits wit

h input GKP states classically efficiently simulatable, or

do they provide quantum

Giulia Ferrini | WACQT

advantage”
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Simulatability of GKP circuits /
vacuum provides quantum advantage



GKP states with Gaussian circuits WACQT | S e

. oo . OO
-irst we look at infinite squeezing case: ‘O>GKP

0)Gxr ]
O>oo Gaussian q\
g'OKP operations q
SIS B q
X(s) = e "P
Z(s) = e'54
0)3kp »q

Are these circuits universal or classically simulatable®

2

Simulatable = we can compute in polytime the PDF = |H(Qj=xj|f]\0)’éKP
probability density function (PDF) j

Giulia Ferrini | WACQT



Gottesman-Knill theorem (DV-analog of Mari-Veitch) ~ WACQT | & etvoe

A QC based only on:

(1) qubits initialised in a Pauli eigenstate

(1) Clifford group operations

(111) Pauli measurements

can be simulated efficiently with a classical computer

() (00

Includes Pauli matrices X, Y, Z

* A trivial example of a circuit with high Wigner negativity and
classically efficiently simulatable is a GKP-encoded Clifford circuit!

Giulia Ferrini | WACQT



Wallenberg Centre for

Wigner function is not sufficient for quantum advantage WACQT

Construct a trivial example: encode Clifford operations with GKP states

Paull-
elgenstate
GKP states

This circuit is simulatable due to the Gottesman-Knill theorem for qubits

Giulia Ferrini | WACQT

0)ckp
0)ckp

0)ckp

0)ckp

H S, Cz,

1 X =exo(—ivan) [

12 =exp(ivmg) [

> D

3>

Encoded Clitford operations

Quantum Technology

Paull measurement



A non-trivial class of circuits WACQT | cerve o

Quantum Technology

s this circuit simulatable or hard to sample”

Paull- D : —1- —
GKP states P

Paull measurement

Giulia Ferrini | WACQT



A non-trivial class of circuits WACQT | cerve o

Quantum Technology

We show that these circuits are classically efficiently simulatable for displacements
that are an arbitrary fraction of the ones that represent encoded qubit operations

Pauli- p
GKP states D
p 5= V-

L. Garcia-Alvarez, C. Calcluth, A. Ferraro, G. Ferrini, Phys. Rev. Research 2, 043322 (2020)

Giulia Ferrini | WACQT



How to assess these circuits? WACQT |G reimses

Our idea: interpret displacements outside the gubit subspace as Clitford
displacements onto a

| 0)3

= o 1 Ve q
: 1);

2m/3 4/27/3 q
2)3

2./27/3 5+/27/3 q

Giulia Ferrini | WACQT



[dentifying a GKP qubit with a GKP qudit CHALMERS

0)gl1)s
s

45

4T =2/ @2\/E TV q

Arbitrarily small displacements can be interpreted as Clifford operations on qudits

Giulia Ferrini | WACQT



Result

Input GKP states

These circuits are classically effi

Gottesman-Knill theorem to qud

L. Garcia-Alvarez, C. Calcluth, A. Ferraro,

Giulia Ferrini | WACQT

W AC T Wallenberg Centre for
Quantum Technology

p - H=expliz(e®+p?)
P S =exp(ig®/2)
p
Cz = exp (iQ1Q2)
p

clently simulatable due to the extensions of the
ItS N. de Beaudrap, Quantum Information & Computation 13, 73 (2013)

G. Ferrini, Phys. Rev. Research 2, 043322 (2020)



Consequences WACQT |lzkriers cenre o

Quantum Technology

e [t doesn’'t mean that fault-tolerant QC with GKP states is simulatable: the data qubit is most probably not in a
stabiliser state

® You can still do quantum-primacy type of experiments by injecting GKP magic states

By -

T> Qubit encoded p "Quantum advantage of unitary Clifford
> 2 Clifford operations p circuits with magic state inputs”

T>2 T Z’j

H = exp(i (¢ +p7))
S = exp (iq*/2)
Cz = exp (1q192)

M. Yoganathan, R. Jozsa, and S. Strelchuk, Proc. R.
Soc. A475 (2019)

Ty =1[0)2 + €' [1)s

>

L. Garcia-Alvarez, C. Calcluth, A. Ferraro, G. Ferrini, Phys. Rev. Research 2, 043322 (2020)
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Circuits with rotationally symmetric bosonic codes WACQT | recmoos,

RSB codes A. Grimsmo, J. Combes, B. Baragiola, Phys. Rev. X 10, 011058 (2020)

We can identity a RSB
qubit with a RSB qudit
with different
rotational symmetry

L. Garcia-Alvarez, C. Calcluth, A. Ferraro, G. Ferrini, Phys. Rev. Research 2, 043322 (2020)
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Circuits with rotationally symmetric bosonic codes WACQT | recmoos,

Input RSB states

These Cl

Gottesmr

rcuits are classically eft
an-Knill theorem to qud

0)5
8>2 Phase measurement
)2 Operations encoded in
RSB
0)o

iciently simulatable due to the extensions of the
ItS N. de Beaudrap, Quantum Information & Computation 13, 73 (2013)

L. Garcia-Alvarez, C. Calcluth, A. Ferraro, G. Ferrini, Phys. Rev. Research 2, 043322 (2020)

Giulia Ferrini | WACQT
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Generalizing the simulatability prooft to arbitrary
(Gaussian operation



History of simulatability proofs WACQT |G reimses

. o , O
-irst we look at infinite squeezing case: |O>GKP

0)Gkp g
O>§KP 4
O>GKP Gaussian Cj

Simulatable

architecture:
SGKP circuits

operations

0)ckp

D q

1.Encoded Clifford in dimension d L. Garcia-Alvarez, C. Calcluth, A. Ferraro and G. Ferrini, PRR 2, 043322 (2020)

2. La
3. “A
4. All

MOSt a

(Gaussi

rger class defined by cumbersome condition C. Calcluth, A. Ferraro, G. Ferrini, Quantum 6, 867 (2022)

I” Gaussian operations C. Calcluth, A. Ferraro, G. Ferrini, Phys. Rev. A 107, 062414 (2023)
al OperatiOnS (Weak Simulation) O. Hahn, G. Ferrini, R. Takagi, Phys. Rev. X Quantum 6, 010330 (2025)

Giulia Ferrini | WACQT
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What are the resource states for this model?



Resource states

WACQT

Wallenberg Centre for
Quantum Technology

eStates that when added to a simulatable architecture make the
QC universal are called resource states

Simu
archnr

atab

ectur

Resource state

V)

Universal QC



Example: Magic states unlock universality in Clifford QC WACQT | S o

Clifforc magic state |

uantum + J = Universal QC
g

computation |H>

e-rom magic states we obtain T — (1 U )
the missing gate (“T-gate”)

H)—p— m )
) ﬂ_

|H) states (4Cliffords) enable 7" gates

Sergey Bravyi and Alexei Kitaev, PRA 71 022316 (2005)
Giulia Ferrini | WACQT



A new class of simulatable circuits WACQT |G reimses

We have identified a non-trivial class of simulatable GKP (SGKP) circuits

SGKP circuits Mistery state Universal QC

- i Sy

What are the resource states for the class of SGKP circuits?

Giulia Ferrini | WACQT



"All Gaussian universality with GKP states”

Vacuum

Y

0)cxp

0)cxp

3>

oitpP

W AC T Wallenberg Centre for
Quantum Technology

o—itqd _.\H)g;’KP

I

N

%

>

® I,

For almost all outcomes tq, tp the output state Is approximatively a magic state
Baragiola et al, Physical Review Letters 123, 2005602 (2019)

Giulia Ferrini | WACQT



Wallenberg Centre for

"All Gaussian universality with GKP states” B

, *: * ettrP D e *tad | H)?;OKP
Vacuum 0)Gxp—* 1P bp :
e — :
: 0)&kp o p ® g
= m o mm m E E E E B B BN BN BN BN BN BN BN BN N B BN BN BN BN BN BN BN BN N B BN BN BN BN BN M M M M B M 1

For almost all outcomes tq, tp the output state Is approximatively a magic state
Baragiola et al, Physical Review Letters 123, 2005602 (2019)

...but everything Inside the dashed box Is simulatable by our result!

Giulia Ferrini | WACQT



Vacuum unlocks universality in SGKP circuits WACQT | Qanom recmocgy

OO /\
0)Gkr q
OO /\
O>§OKP 4
0)Gkp g
I

OO /\
0)Gkp q

SGKP circuits Vacuum

+ = Universal QC

“Nothing provides quantum advantage” (Cameron Calcluth)
C. Calcluth, A. Ferraro, G. Ferrini, PRA 107, 062414 (2023)

Giulia Ferrini | WACQT



A sufficient condition for universality in SGKP circuits ~ WACQT | & recmonn,

SGKP circuits Precisely |
+ characterized =  Universal QC

CV states

_ i
A =re
Sufficient condition for universality with SGKP circuits

C. Calcluth, A. Ferraro, G. Ferrini, PRX Quantum 5, 020337 (2024)

All Gaussian GKP and few
other known
states

Universal QC

No sufficient criterion for universality with Gaussian circuits!
Giulia Ferrini | WACQT
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Sufficient condition for guantum advantage
in CV



Map CV state to a qubit state with SGKP circuits WACQT | reimoen,

Example: stabiliser subsystem decomposition P — Pn

(Infinitely-squeezed GKP states)

\/ 7/2 \/ 7/2
P = [ dtq[ dt,pr(t)
—\/7/2 —\/7/2

Mackenzie H. Shaw, Andrew C. Doherty, Arne L. Grimsmo, PRX Quantum 5, 0103317 (2024)

Giulia Ferrini | WACQT



Sufficient condition for universality with SGKP circuits ~ WACQT | oo e,

Given a CV state p:

eCOmpute ﬁn using an allowed SGKP map (e.qg. stabilizer subsystem dec.)

eComputing the fidelity of pryto | T) or its “cousins” (Clifford-rotated | T')s)

olf the fidelity is larger than F* = (1 ++/3/7)/2 , the CV state is universal with
SGKP circuits

F™ threshold for magic state distillation Sergey Bravyi and Alexei Kitaev, PRA 71 022316 (2005)

C. Calcluth, A. Ferraro, G. Ferrini, PRX Quantum 5, 020337 (2024)

Giulia Ferrini | WACQT



Fidelity to | T') is equivalent to robustness of magic WACQT | einces,

e Robustness of magic (ROM)
for one single qubit:

M. Howard and E. Campbell, PRL 118, 090501 (2017)

e Fidelity to|ry and robustness are equivalent for a single qubit

* Threshold for magic state distillation:

Giulia Ferrini | WACQT



ROM of mapped finitely-squeezed GKP states WACQT | edmoes,

Distillability region

Giulia Ferrini | WACQT



ROM of mapped cat states WACQT | St recrdon,

max ROM value = 1.36

Giulia Ferrini | WACQT



ROM of cubic phase state WACQT |G remoion,

Higher resourcefulness for
lower cubicity and
sgueezing

Giulia Ferrini | WACQT



But how do we simulate realistic GKP circuits? WACQT |G reimses

Kudra et al, PRX Quantum
3, 030301 (2022)

Courtesy of Takase et al, npj Q. Info 2023

V) GKP

¢>GKP Gaussian
¢>GKP operations

Two years of attempts....

R SR YR >

V) aKP

SN

Giulia Ferrini | WACQT



Simulating realistic GKP circuits with Zak-Gross Wigner function WACQT | & reimen,

Zak-Gross Wigner (ZGW) function Infinitely squeezed GKP states 0)&kp have positive
. /GW (d odd), vacuum negative
CeKP - 1 \ymn _il(nv—mu) a A
WS (u, v) = o Z; Z( 1)™"e Tr[D(nf, me) A

a =P ipT _ —1ixp

D(x,p) =e"2 eP%e
J. Davis, N. Fabre and U. Chabaud arXiv:2407.18394 (2024)

® \We generalize the ZGW function to multimode

® \\Ve provide a simulation algorithm which time cost
scales with negativity of ZGW function: Pz — d’r] W,a("])WM (’l’])

the higher the negativity, the slower the simulation -

see also Pashayan et al, PRL 115, 070501 (2015)

C. Calcluth, O. Hahn, J. Bermejo-Vega, A. Ferraro, G. Ferrini, Phys. Rev. Lett. 135, 010601 (2025)

Giulia Ferrini | WACQT



Simulating GKP circuits with Zak-Gross Wigner function WACQT |5 ey

o |t Z/G-Wigner function is positive everywhere we can simulate efficiently by sampling from it

Py — / an Wa(mWy; (n)

Z

e |f it Is negative, we can simulate with sample complexity scaling quadratically with negativity
of Zak-Gross Wigner function (error €, success probability 1 — 0)

2 M2 2
N =P Iog(—) M :/d'n W)

€ 0
Same technique as for standard Wigner function in Pashayan et al, PRL 115, 070501 (2015)

/G-Wigner negativity iIs a necessary resource for guantum computational advantage

C. Calcluth, O. Hahn, J. Bermejo-Vega, A. Ferraro, G. Ferrini, Phys. Rev. Lett. 135, 010601 (2025)

Giulia Ferrini | WACQT



Simulating GKP circuits with Zak-Gross Wigner function WACQT | e,

oF o, for stabilizer GKP states with 12 dB squeezing we can simulate 1,000 modes with less
than double the number of samples required for a single input mode

C. Calcluth, O. Hahn, J. Bermejo-Vega, A. Ferraro, G. Ferrini, Phys. Rev. Lett. 135, 010601 (2025)

Giulia Ferrini | WACQT
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Summary and conclusions on part 3a



Conclusions of part 3a WACQT |iereers cenve o

Quantum Technology

. . . | 0)c q
eStabiliser GKP states with Gaussian operations are omii | ;
classically efficiently simulatable (SGKP circuits) 0)ckp O(?)aefzﬁfr?s q
e\/acuum provides gquantum advantage to SGKP circuits |0>4 ;

eNew classical simulation algorithms for realistic GKP circuits

eNegativity of the Zak-Gross Wigner function is a necessary condition to quantum advantage

eSufficient condition for quantum advantage in CV

L. Garcia-Alvarez et al, PRR 2, 043322 (2020)

C. Calcluth et al, Quantum 6, 867 (2022)

C. Calcluth, A. Ferraro, G. Ferrini, PRA 107, 062414 (2023)

C. Calcluth, A. Ferraro, G. Ferrini, PRX Quantum 5, 020337 (2024)
C. Calcluth et al, PRL 135, 010601 (2025)

Giulia Ferrini | WACQT
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Part 3b: A magic measure based on GKP
encodaing



W AC T Wallenberg Centre for
Quantum Technology

A new magic measure for gubits using
posoNIC codes



Example of magic states WACQT |Sanom recmorey

e\agic states are non-stabiliser states that allow to promote Clifford operations and
Pauli measurements to universal QC

e [-state and H-state:

o-rom magic states to the [-gate:

H
Sergey Bravyi and Alexei Kitaev, PRA 71 022316 (2005) ‘ >

Giulia Ferrini | WACQT
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Wallenberg Centre for
Quantum Technology

Why Is it iImportant to quantity magic”

e\lagic states and magic gates are costly to implement in leading paradigms
for fault-tolerant quantum computation such as surface-code gquantum

computing

*|n a given algorithm, we want to implement non-Clifford gates using as few
magic states as possible

e\Magic measures allow for identifying bounds on the “IT-count”

Magic monoto

How magic is a state”

nes: satisty properties and quantity magic

We want to de

Giulia Ferrini | WACQT

ne a new one!



How magic is a state? Magic monotones WACQT |G reimses

Quantum Technology

V. Veitch et al, New Journal of Physics 16, 013009 (2014)
rm (P) = ming estaBn,) S (Pllo) with S (pllo) =Tr(plog p) — Tr (plog o)

o . Howard et al, Phys. Rev. Lett. 118, 090507 (2017)

e , Bravyi et al, Quantum 3, 181 (2019) R(p) = min: Z|x| p = Zxa} with > .x; =1

o . Beverland et al, Quantum Science and Technology 5,
035009 (2020)

° Seddon et al, PRX Quantum 2,
010345 (2021)

° Leone et al, PRL 128, 050402 (2022)

o Haug et al, PRX Quantum 4, 010301 (2023)

o Tian and Sun, J. Phys. A: Mat. and Th. (2024)

° Garcia et al, Phys. Rev. Research 7, 033271 (2025)

o I[EEE Trans. Inf. Th. (2025)

Giulia Ferrini | WACQT



Proving that GKPmagic is a magic measure WACQT |osznim recmocsy

Giulia Ferrini | WACQT



Wigner function of GKP states is highly negative WACQT | Sty

For |0> and |1> states: 1/4 of the summands are negative and 3/4 are positive

Expression for genera\ states in: L. Garcia-Alvarez, A. Ferraro, G. Ferrini, International Symposium on
Mathematics, Quantum Theory, and Cryptography p.79, Springer (2021)

e The Wigner function of encoded GKP states
® |t IS periodic, we restrict to a cell



Using GKP code to quantify resourcefulness of qubits  WACQT |\ ey

o\/olume of the negative region of the Wigner function depends on the
encoded GKP state! 0

L Y
@i

AN

eConstant value for Pauli eigenstates

eHigh for magic states O. Hahn et al, Phys. Rev. Lett 128, 210502 (2022)
L. Garcia-Alvarez, A. Ferraro, G. Ferrini, International Symposium on
Mathematics, Quantum Theory, and Cryptography p.79, Springer (2021)

We can use to define a magic measure! GKPmagic

Giulia Ferrini | WACQT



GKP magic WACQT | ey

o\Vigner function for N encoded GKP qubits: |¥) = i) = |irio...in) 4 € {0,1}

eCompute negative volume in the cell

e-inal expression: GKPmagic

= st-norm, Howard
etal, PRL 118,
e\\le prove the measure properties using Wigner function properties 99332@7%%?
entropy a= 1/2,
[Leone et al, PRL
128, 050402 (2022)

O. Hahn, A. Ferraro, L. Hultquist, G. Ferrini, L. Garcia-Alvarez, PRL 128, 210502 (2022)

Giulia Ferrini | WACQT



Proving that GKPmagic is a magic measure WACQT |osaniom rechmoegy

eOnly possible to define for pure states, because for mixed states faithfulness
does not hold

e(Can increase with stabilizer measurements

Giulia Ferrini | WACQT



Finitely-squeezed GKP states CHALMERS

UNIVERSITY OF TECHNOLOGY

VG N EEGREG

Theory: D. Gottesman, A. Kitaev, and J. Preskill, Phys. Rev. A 64, 012310 (2001)
lons: C. Flihmann et al, Nature 566, 513 (2019);
Microwaves: P. Campagne-lbarque, Nature 584, 368 (2020)

Wigner logarithmic negativity for finitely-squeezed GKP states computed in:
Yamasaki et al, Phys. Rev. Research 2, 023270 (2020)

Used to bound conversion from uy.., tO [0):x»
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Extension to qudits and link to simulation cost



Generalization to arbitrary dimension WACQT |ceamom recimorey.

We want to quantify magic for a qudit state

The negativity of the discrete Wigner function in odd dimensions is a
magic measure (‘mana”) V Veitch et al New J. Phys. 14, 113011 (2012)

But we can also consider the negativity of the CV Wigner function for
GKP-encoded qudit states, for arbitrary dimension!

Giulia Ferrini | WACQT



We can also encode qudits with the GKP code WACQT | o edvoen

E.g. qutrit (d = 3)

| 0)3

= o 1 Ve q
: 1);

2m/3 4/27/3 q
2)3

2./27/3 5+/27/3 q

Giulia Ferrini | WACQT



Rescaled negativity of the CV Wigner function WACQT |anom mecmoeey

e FOor all dimensions:

with for p=1 is a magic monotone

e For odd d for all p iIs a magic monotone

O. Hahn et al, PRX Quantum 6, 010330 (2025)

Giulia Ferrini | WACQT



Definition independent from GKP states WACQT |anom mecmoeey

With

e Reduce to Pauli operators ford = 2

e Relate to phase space point operators for d odd

® [hey are a basis, we can express any operator
O. Hahn et al, PRX Quantum 6, 010330 (2025)

See also C. Miquel et al, PRA 65, 062309 (2002)

Giulia Ferrini | WACQT



Rescaled negativity of the CV Wigner function WACQT | o recmacsy

e FOor all dimensions:

e FOr odd d

where
O. Hahn et al, PRX Quantum 6, 010330 (2025)

Giulia Ferrini | WACQT



The |1 norm of x is a measure of magic WACQT [Garm recmapgy

Odd dimensions: it reduces to negativity of discrete Wigner function (OK for mixtures):

(This property 1s defined 1n terms of pure states)

5. Non increasing under stabilizer protocols (composition with stab, Pauli measurements,
partial trace, the above operations conditioned on outcomes of Pauli measurements)

Giulia Ferrini | WACQT



Simulating quantum circuits (estimating Born prob.)  WACQT |&mr eimay

0

The simulation cost scales with the aggregated |1 norm

Mo, = max ||z,(A)[|; max [lzy (A, X)|; max [ zm(X)]
Need samples for precision « with probability a -p)

O. Hahn et al, PRX Quantum 6, 010330 (2025)
Same technique as in Pashayan et al, Phys. Rev. Lett. 115, 070501 (2015)

Giulia Ferrini | WACQT
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Bonus: non-Gaussian operations are needed to
implement non-Clitfford operations on the GKP
code space



Implementing non-Clifford gates in GKP codespace  WACQT |4hineisy

Do we need non-Gaussian operations, when GKP states are non-Gaussian
themselves?

Suppose that the non-stabilizer state ; is obtained from the stabilizer
state s with a Gaussian protocol, then

CV CV C
W i 11cell = Wi awe 11cett < ITWorien 11cen
\ > \Wstab \ = Wstab

Contradiction! Non-Gaussian operations are needed for non-Clifford
gates O. Hahn et al, PRX Quantum 6, 010330 (2025)

Giulia Ferrini | WACQT
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Summary and conclusions on part 3b



Conclusions and open questions WACQT |acaniom recmovey

o\Ne have defined a new magic measure, easier to compute, by mapping onto GKP
states; equivalent to st-norm, as well as to Renyi-entropy with a = 1/2

e(Generalization to arbitrary dimensions yields negativity of discrete (Gross) Wigner
function in odd-dimensions

o[t quantifies the cost of simulating the circuit

eNon-Gaussian gates needed to implement non-Clifforad
gates

L. Garcia-Alvarez et al, Springer (2021)
O. Hahn et al, PRL 128, 210502 (2022)
O. Hahn et al, PRX Quantum 6, 010330 (2025)
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oy amazing group and collaborators!!
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