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F16. 3.—Observations of the spectrum of Mars obtained on four nights and after division by the solar

spectrum (solid curve of Fig. 2).
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The Vibrational Hamiltonian

2u | h? '
v§5+h—“ Enn=Va®) = 5 2 JU + D) S
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For the non-rotating molecule (J = 0):

1 d [/ ,dS\ 2u
R2 dR <R d—R>+ﬁ[En,m—Vn(R)]S:O

V,(R) isin general a complex function that depends on the electronic
wavefunction, but for small displacements from R.:

2
dV, R.)+ 1 d°V,
2 dR?

Vu(R) = Vi(Re

(R Re) +



The Vibrational Hamiltonian

dV, 1 d?V,

Va(R) = V(R Re)+ 5 -3

(R Re) +

We can choose the first term to be zero.
The second term is zero.

Defining the bond force constant,

d’v,

k =
dR?

we get V,(R) = %k(R —R.)?

(the parabolic potential used earlier).



The Vibrational Hamiltonian

The resulting Schrodinger equation,

1 d dS 2u
1#——) [E——kR Re]S:O
R2 dR < dR 2 ( )

can be solved exactly. Substitute S(R) = ¥ (x)/(x + R.), where
X = R — R, isthe displacement of the nuclei from equilibrium to get:
n? d*e
2u dx?

+ %kngb = E?).

Harmonic motion with frequency w = v/ k/u.



The Vibrational Hamiltonian

n? d*y
2u dx?

+ %kxzz,b = E1.

There is a characteristic length that we can scale x by: a = hPulk’
where the dimensions, [A] = [ML*T™ ], lju] = [M] and
(k] = [MT~2]. Since [a] = [L] we must have

L:1=2p

M:0=p+q+r

T:0=-p-2r
and hence p = %,q:—% andr:—%:



The Vibrational Hamiltonian

With the new coordinate, g = x/a = (uk/h?*)"*x the Schrodinger
equation is:

1dyp 1, E¢
2 dg? 21 T ha

where w = +/ k/u and its solutions are:

(q) = N H,(q) exp(=g*/2),

where H ,(q) are Hermite polynomials and N ,, is a normalization
constant. The energy,

E,=hw+5) forv=0,1,2,....
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Hermite Polynomials

e Definition:

Hu(q) = (=1)%e? dd; (e7)

e Orthogonality with respect to weight function e ? -

/ H ,()H n(q)e™ dq = /729G 8.

e Recursion:

H (q) — qun(Q) —2nH ,,_; (Q)
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e The transition probability from one vibrational state, U” to another,
U, is the square of the transition dipole moment:

MU’U” = / ‘QD;,IL{((I)Z‘DU” dq

e The dipole moment operator is a complex function of g but may be
expanded in a Taylor series:

= +d,uI + -
M = Ho dquCI

e Therefore,

00 du | 00
MU’U” ~ ILLO/ Z’D;,‘L'Dv//dq + d_lul / zp;’ - q - wvﬂdq
—oc qlo J—



Vibrational Transitions

00 dlL{ | 00
MU’U” = /,{O/ wv,wvrrdq + — q / w;’ - q - ‘vaﬂdq
o0 q 'o —oc

The first term here is zero by orthogonality of the Hermite polynomials,
leaving

du | _
Mv’v” — d_lul Nv”Nv’ € quU”(CI)qu’dq°

qlo o

Using the recursion relation
Hp1(q) = 2qH () — 2nH »-1 (Q):

d - 1
NN, o [5

Mv’v -
dq ly

Hy1 (@) +V"Hy_1 (@) | Hy(q)dg.



Vibrational Transitions: Selection Rules

du | Oo 201
My = d_ll(;l Ny Ny e [EHU”+1 (Q) + U”Hv”—l (Q)] H (Q)dq
0 —o0

e GGross selection rule:

e A=V -V" = +1

e NB homonuclear diatomics (e.g. H>) do not have an (electric-dipole
allowed) vibrational spectrum.



e FurtherselectionruleonJ: AJ = 1
e P(AJ =—=1)and R (AJ = +1) branches

e e.g.CO “fundamental” band:v =1 «— 0
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e Real molecules dissociate

e Transitions with Av = 2,43, ... are (weakly) allowed

e V=0 —>2,v=0 — 3 overtones
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Vibration-Rotation Interaction

When a molecule vibrates its moment of inertia, I = uR? changes

e The vibrational frequency is typically 10 - 100x faster than the
rotational frequency

e Calculate the rotational energy using a time-average over a
vibrational period:

2 JJ + 1) < 1 >

<Er0t(J; U)> — 2//{ RZ

where
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