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Proximity to High Fusion Gain
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‘Micro’-Turbulence Sets Confinement Time
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“Nature abhors a gradient”

Turbulence produced by small-scale (gyro-
radius) instabilities driven by density and
temperature gradients.

lon Temperature Gradient (ITG) instability
Trapped Electron Mode (TEM) instability



Gyrokinetics: Plasma Micro-Turbulence in Fusion
Plasmas

Global Gyrokinetic Simulation of

Turbulence in

ASDEX Upgrade

(GENE

gene.rzg.mpg.de



Projected Cost of a Tokamak Fusion Pilot Plant is
Extremely Sensitive to Confinement time

§~ R

Simple estimate from scaling laws™:
R ~1/H (H is normalized confinement time)

* Hartmut Zohm “On the Minimum Size of DEMQO” Fusion Sci. Technol., 58:2,
613-624 (2010)



Confinement is Key

* Confinement is key to achieving high fusion
gain

* Confinement is key to reducing cost of fusion
devices

* The gyrokinetic model is the main tool for
understanding and predicting turbulence and
confinement



Can Describe All the Plasma
Dynamics with the Distribution
Function

folev,i)



Moments of Distribution
Function

fol v, i)
ne(x,t) = [ fo(x,v,t)dv



Moments of Distribution
Function

fol v, i)

ne(X,t) = [ fo(X,v,t)dv === p =) ;qoN0o



Moments of Distribution
Function

fol v, i)

ne(X,t) = [ fo(X,v,t)dv == p = D o QoMo

u,(x,t) = i [ vfe(x,v,t)dv



Moments of Distribution
Function

fol v, i)

ne(X,t) = [ fo(X,v,t)dv == p = D o QoMo

No

U, (X,t) = = [vfs(x,v,t)dv === J= Y onoto



Moments of Distribution
Function

fol v, i)

ne(X,t) = [ fo(X,v,t)dv == p = D o Qoo

U, (X,t) = = [vfs(x,v,t)dv === J= Y onoto

Couple to Maxwell’s equations and describe the
entire system



How To Solve for Distribution
Function?

Dfs __
pt =V




How To Solve for Distribution
Function?

Maxwell’s Equations



Fokker-Planck: Theory of (almost) Everything for Fusion
Plasma

4o +v-Vi+ 2 (E+vxB); vfG:C?a(fa)

4+ * Also need collision operator

Maxwell’s Equations

* LHS: interaction of particles with fields produced collectively by particles
* =» conservation of particles in phase space
* RHS: collision operator representing short-scale particle interaction
* This equation is capable of describing all relevant dynamics over all space and
time scales
* (Exceptions—plasma material interaction, atomic physics at the boundary)
* Consequently it is too complex to be of much practical use
* Butit’s the best starting point for formulating other models that optimize rigor
and tractability



Fokker-Planck: Theory of (almost) Everything for Fusion
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How to Model a Fusion Reactor?

» Seek to find optimal balance of rigor and tractability
* Today’s lecture: gyrokinetics

How the main models describing a fusion plasma can be derived from first
principles (Fokker-Planck) based on a well-defined, rigorously justified
ordering scheme.
The orderings and assumptions may seem arbitrary to you
But they are actually very well justified based on experimental observations
of the systems we are trying to describe
The main thing that makes this possible: high magnetic field B
This remains very close to first principles
References:
* Multiscale Gyrokinetics: Abel et al Reports on Progress in Physics 2013
* Simple derivation avoiding tokamak geometry: Astrophysical
Gyrokinetics, Howes et al. The Astrophysical Journal, 2006
 GENE dissertations (Merz, Told, Goerler)



Sneak Peak: What We Will Do

Establish a rigorous ordering system—i.e. define a small
parameter in terms of the relevant space and time scales, etc
Transform into a natural coordinate system for a magnetized
plasma—drift coordinates
Split distribution function into

* Background, slow time scale, large spatial scale part

* Fluctuating, ‘fast’ time scale, small spatial scale part
Expand kinetic equation with these orderings and solve order
by order



Sneak Peak: What We Will Achieve
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Equations for:

1. Macroscopic equilibrium (Grad-Shafranov):
VP=JxB

Without this there would be no confinement
2. Small amplitude, small scale, fast time scale fluctuations (Gyrokinetics)
3. Large scale, slow time scale transport and flows (Drift-Kinetic=® Neoclassical)
4. Slowly evolving background temperature and density (Transport Equations)



Examples: Scales of a Fusion Plasma

Quantity Typical Value
mjvTj ions ~a few cm
Gyroradius: . = electrons <~”mm : _
' £ q.B @ &Ep*iz103
J J - a
. P, -5
Minor radius: a a=minor ~1m —~=p, =10
radius: ] d
B 1 ~ 9 ]
Gyrofrequency: () = 9, lon™~10 Hz s @,
J mj electron~10*4 Hz O = s
v ion~10° Hz @, = p.,
Drift frequency: W, =—L electron~108 Hz Q,
a
Collision frequency vocnT 2 ~5x10% Hz

20




Plasma physics basics —
Particle motion in a Magnetic Field

lons Electrons

dw )
mSE:quXB B:BOZ

\ Y ] B
P

A X
y

HATATATAYA

W) = W0

(L2 [ gyro-frequency:
W= W jcosiit -
z il i sin(2t) + xg G =i

Q

w —
wy = —w) stnflt Y= ﬁcos(ﬂt) + Yo gyro-radius:
Ps = ’UJJ_/QS




What Happens if We Add an Additional
Force? r Rgc

lons? Electrons?

d
md—:zF—i—qva

Assume small gyroradius
and slowly evolving fields

--i.e. a magnetized plasma Zl

r=Rgc + L yo

HNAYAYAYA

d F ®
m— [vec| 4 w] = F + qlvge +wr] x B

/N

This i We know this solution already

small Wy = W cosSlit Wy = —w | sinflt



What Happens if We Add an Additional
Force? r Rgc

lons? Electrons?

d
md—:=F+qva

Assume small gyroradius
and slowly evolving fields

--i.e. a magnetized plasma Zl

r = Rgc + oL [

HNAYAYAYA

What’s left? F®
F+quge x B=0

_F_LXB
> vigc = B




Plasma physics basics —
Magnetic Field Plus Electric Field

N lons Electrons
B=B.Z
o ( /6‘
E=E,y B q
Q )
5 i;% <?
& C e
y S~
e vy, =
ExB drift:
BX B
Vi,Gec = VE = B2

(Note: same direction for ions and electrons)



Plasma physics basics —
Gradient in By

lons

(Only small

NaAY

E = B(y)f variations on Zgﬁ

gyroradius scale)
£ |

Electrons

g

VG(ion)

0

vG(electron) —

y
VB® —
Grad B drift:
o Bx VB
V1.GC = UVB = Mjw

(Note: this drift depends on the charge, so it is in opposite

direction for ions and electrons)




Starting Point: Fokker-Planck + Maxwell

 Fokker-Planck

ds 8 s Zs i 1 o 8S
f= f+v-st+ = E+-vxB)- J = C[fs]+ s,
dt ot m s v
 Maxwell’s Equations
V.E =477,
V-B=0,
B =
— = —cV X FE,
ot
~ 4x~ 10E
VAR,
¢ ¢ ot

Note: using equations largely from Abel et al 2013 for convenience (some changes in
notation from earlier slides—e.g. now Gaussian units)



Gyrokinetic Ordering: Exploit Known Time and Length
Scales of Turbulence

* Well-established scale separation between turbulence time and length
scales and those of background
* Multi-scale processes: challenge and opportunity
e Challenge if you try brute force
e Opportunity if you exploit it (which is what we do in this talk)



Gyrokinetic Ordering: Small Spatial
Scales

ki ~1/ps

* Fluctuations have scales comparable to gyroradius
* Gyroradius is small compared to, e.g., machine size

: . : Ps
* Use this as small parameter to due multi-scale expansion — =€
* Note: this is a condition for a ‘strongly magnetized’ plasma a




Gyrokinetic Ordering: Small Amplitude
Fluctuations
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Gyrokinetic Ordering: Time Scales

o w ~ cs/a
* Fluctuation time scales are large compared to gyrofrequency

* Fluctuation time scales are small compared to confinement time 9,
* j.e.time scale of background evolution 5
* Note: this is also a condition for a ‘strongly magnetized’ plasma

€



Gyrokinetic Ordering: Small Amplitude
Fluctuations
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* Background evolves much slower than fluctuations (gyroBohm scaling)

1 s\ 2
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Gyrokinetic Ordering: Parallel vs
Perpendicular Scales

* Perpendicular scales are much smaller than parallel ki €.

ki



Gyrokinetic Ordering: Summary

16B|  16B| o & o b __
Bl |El f, ki 9 a

— NS — NS —



Simplified Maxwell’s Equations

2

* Small Debye length and non-relativistic ki)»zDe LK1 vtch; &z 1
V.E =473, B 9 =0,
Wl E:—V&—li)—z,

%:—CVXE’ >-:> §=Vx4% |
LR vxB=3




Average Over ‘Intermediate’ Scales to
Separate Fluctuations from Background

A > pg _ _
Space_ aFA>L fs = Fs +0fs, Fs = (fs)tumb
(8(r,v,10) 1 = /A , Erisrl, Lo, ’)/ /xz ¥ri. E = E+E, E=(E),,
B =B+$B, B=(B)_.,
E>T > o A= A+0A, A= (A>turb
Time < | (T2 ¢ =@ +39p, @ = (@) urb
(g(r,v, 1)) = 7/ dt'g(r, v, t),
L §T

(g(r,v, 1))y = ((8>J.)T-



First Step: Separating Background, Macroscopic, Slowly
Evolving Quantities from Fluctuating Quantities

8'.

(o))
¥ 1

lon temperature (keV)
(¥}
|

0 .\N\H"""‘
;
fs = Fs +4fs, Fs = (fs)urbs
E = E+$E, E=(E)_,,
B =B +3$B, B=(B)_,,
A=A+3A, A=(A) .,
¢ =¢+80, © = (D) urb



Next Step: Convert into ‘Drift Coordinates’



Gyrokinetic Variables

(Qt) gyrophase angle - Rs
/I \ lons \jN Electrons
(

w =wb+w, (cos? e, —sind ey),

Particle location Location of guiding center q

(T, w) — (R, &, Us, U, 0)

bxw

Ry =1r—



Useful Velocity Space Variables

Gyrophase angle

(Ta UJ)—> (Rs’ Esy Us, ﬁ’ 0)

Alternatively (GENE uses these):

msw?

2B

wy and  ug =



Convert Entire Kinetic Equation into Gyrokinetic
Variables

d s a s Zs s 1 g a A)
J: = J; +wW- V[ + 2 E+ -wx . 4 = C[fs] +Ss,
dt ot A £ dv

(T7 'UJ) —> (Rs, 83’ u's’ 0’ 0)

ds as : as .as .as 'as
f= f+RS- f+u f+ssf+19f

= Clfs] + S5,
dt ot AR, ' du, e, s L7s1+5s

We now have a kinetic equation in its ‘natural’ coordinates for a strongly
magnetized plasma.

Now we have, instead of a distribution of particles, a distribution of
guiding centers



Convert Entire Kinetic Equation into Gyrokinetic

Variables
dfy,  afs Ziefoe 1 N DR
3 = +w-Vfi + - (E+waB)- ™ =Cl )15,
(T7 'UJ) —> (Rs’ss’ u'sa l?’ 0)
dfs 0ofs || 0fs . 0fs .0fs .0fs
— RS' S ) ﬁ =C ) SS’
ar = ar b g, Yy, T o5, T 9s = CLLIY

\

What is this?



Convert Entire Kinetic Equation into Gyrokinetic

Variables
d fs d fs Ly ~ 1 ~\ 0 f;
J; = f+w-st+ E E+-wxB)- J; =Cl )15,
dt ot mg £ dv
(T7 'UJ) —> (Rs’ss’ /'Lsa ﬁy 0)
dfs ofs | .| 0fs . 0fs . 0fs .0f;
dr ot \ oR, THoan, to s, TV = CLIIHSs
What is this? =
This encompasses the drift velocities J B?
otc s Bx VB

VYB = ij)J_W



Gyro-average

1
— dﬁ RS9 Sy M 19, ’
(&)r 277% g(Ry, &, s, U, 0)

Guiding Center Position

Averaging out the gyrophase angle
eliminates this extremely fast time scale
--very useful!




Split the Distribution Function

Background Maxwellian

Neoclassical Distribution Function

l For bookkeeping
Background, e
Slow time scale > Fo= Fog + Fig+ Fog +- - -,

Large space scale

Fluctuating, / 8fs — 7fls + 8.;[2s Sy S

‘Fast’ time scale _
Small space scale For bookkeeping
Turbulence (gyrokinetics)

FOS ~ fSa Fls ™~ 8f1s ~ Gfs, F2s ~ 8f2s ~ €2fSa etc.



Now Expand in Terms of Our Ordering Scheme

dfs dfs - 0fs . 0fy ., 0fs .0f;
— Rs' + s + s +0
a ot U aRm, T Mau, %%, " o

-

Bl Bl fi ki Q a

= C[fs] + Ss,

Solve order by order



Some examples

dfs _3fs g s . e 3 s

— - s
dr a1 Y e T T

/

of OFy OF 06f

% ot "ot ot

Ordering in terms of () Fy?

, s
re

= C[fs] + Ss,



Some examples

dfs _fs o B, s, 0 s

— - s
dr ot o, Com 9

/

of OFy OF 06f

% ot ot T o

LN

eSO F *OF, 2QOF,

. 0 f
319

= C[fs] + Ss,



Some examples

dfs dfs 3fs . 0 fs afs 3fs
— Rs s
dr ~ ot | s e e T s

= C[fs] + Ss,

’UE'VfZ’UE'V(F()—I-Fl +5f1 —l—)

Note: \ vE - VEg — 6’Uth(l/a)FO A €2QF0

Ve is perp to B

vE - VF] — G’Uth(l/a)Fl A €3QF0

VE ~ €EVtp

UE " V5f1 — evth(l/p)5f1 ~ GZQF()



Summary of Equations Order by Order

In the following: lots of averaging, use of several identities, Boltzmann H-theorem, etc.
0t order: Background distribution function is independent of gyro-phase

d Fo
v

First order: Background is a Maxwellian with density and temperature ‘flux functions’

=1k
R, 5,65

$2

Fos = Ng(¥ (Ry)) B

3/2
[27T Ts(lﬁ(Rs))]

First order: fluctuating distribution function is made of two parts—Boltzmann response
and a part that is gyro-phase independent (= no fast time dependence in h!)

Zseby'
afls:— eT(p (T)F0S+hs (RS’MS’(C;Saa, t)s

s




ohg
ot

i 0 d d )
= (Rs i +/~:Ls—+és_) (F0s+Fls+hs) = _Qsﬁ(F2s+3f2s)+ a(

Summary of Equations Order by Order

Second order:

d [Zedy’

T

Fos | + C[Fos + Fis + hg],
oR. 7 3¢ o) [Fo 1 ]

Gyro-averaging eliminates higher order distribution functions
Average over fluctuations =2 drift-kinetic equation (neoclassical)
Ampere’s law with Fy, F; (e.g., bootstrap current): Grad-Shafranov

a3 = 4LV X B, g = ZZse/d3w'wFs,
T

| i
> Ej s B s vas | Macroscopic
S

Equilibrium



Gyrokinetic Equation:
Describes the Time Evolution of Guiding Centers

5D instead of 6D
No fast gyro-frequency time scales

 Second order:

d

dhy : 0 0 0 0
+ | R; - +pUs— +E&— ) (Fos + Fis + hy) = —Qs— (Fps + 8f25) + —
ot ( oR,  au, 8aes>( 0s + Fis + hy) 5 (F2s ¥ 0025) dt(

Z,edy'
T

FOS) +C[FOs +Fls +hs]s

» Keep fluctuating part: gyrokinetic equation and again gyroaverage to eliminate
f2 terms (note, | have simplified the following equation w.r.t. Abel 2013)

0 o ZseFos

9 Oh
ot ° 75

OR,

<dp>gr)+ (’wHB-I-’UDs-I- < Vg >R) - + < vg >g -VFy =< Ci|hs] >gr




Gyrokinetic Equation:
Describes the Time Evolution of Guiding Centers

5D instead of 6D
No fast gyro-frequency time scales

o, ZseFys ~ s
E(hs - ; 05 < 8¢ >n) + (w) b+ vps+ < vE >R) - R + < vg >g -VFy =< Ci|hs] >r
(electrostatic, no background flow)
c. 000 :
< vp >p= —b x —— (gyro-averaged ExB drift)
E-R=B"" 8R
(Grad B drift)

Curvature drift

s

What’s the meaning of the gyroaverages?




Consequences of Gyroaveraging

In Fourier space (k), gyroaverage operator
Can be expressed as Jy(k p) (Bessel function)

< 0p(R) >pr— Jo(kiLp)dok

6 (x) - Jo(x)
0.6-
0.4

0.2- /\
o2 A\ */§ PNC
0.4

Large scales: Jo(k p) ~ 1 Small scales (k p ~1): Jo(k p) = O

=>» Instabilities suppressed at scales much smaller than gyroradius



GK Poisson Equation: Need Distribution Function for
Particles (not gyro-centers) for Poisson Egn.

For fields: need particle (not gyro center) distribution function
=>» Get particle distribution function

\
Z Z2e2ns8§0 ZZ e[ (h )r,

A)

Gyroaverage at constant
particle position r

Get contribution of each gyrocenter
with particles at location ‘Q’




What We Have Achieved with Gyrokinetics

Extracted a rigorous equation for the fluctuations + turbulence
This equation describes the guiding center distribution function
* @Gyro-average: removes fast gyro-frequency time scale
» Exploits the anisotropy of the fluctuations (parallel vs perpendicular)
* Bigsavings!
Captures all the important micro-instabilities for a fusion plasma (ITG, TEM,
ETG, MTM, KBM, RBM, drift Alfven...)
* (But this means some transparency is lost—may require some more work
to understand physics)
What's left out
* Some MHD behavior (current-driven MHD instabilities, low n modes?)
* Some fast particle instabilities
* Anything with time scales faster than the gyro-frequency
* Not much in a fusion plasma
* But some space / astro waves (whistlers, fast Alfven wave)
Later discussion: in the edge ‘transport barrier’ some of these orderings are
not as robust as they are in the main plasma (we’ll talk about this later)



Major Theoretical Speedups cHammet

relative to original Vlasov/Maxwell system on a naive grid, for ITER p« = p/a~ 1/1000
J Nonlinear gyrokinetic equations

= eliminate plasma frequency: o,/Q; ~ m/m, x103
= eliminate Debye length scale: (pi/Ape)® ~ (mi/m,)32 x10°
= average over fast ion gyration: Q/®» ~ 1/p- x103

 Field-aligned coordinates
= adapt to elongated structure of turbulent eddies: 4,/4, ~ 1/p- x103

] Reduced simulation volume

[ reduce toroidal mode numbers (i.e., 1/15 of toroidal direction)  x15
L, ~al6 ~ 160 r ~ 10 correlation lengths X6

J Total speedup x1076

 For comparison: Massively parallel computers (1984-2009) x107



You'll Find Varying Notation for GK Equation; This is a
Standard for GENE (in k space)

g_i = Z + L[g] + Ng], This notation puts all time derivativeson g
3 BTy,
Llg]=- (wn 5] (Uﬁ + pBo — §)wTj) Fojikyx + ¢, B2 U|2|prJy JB v”FJZ
TOj(QUﬁ + uBy) U 3f
QJBO ( Yy .7?/+ J ) 2J’BOIU’ 8’0” < J(f)>
Nlg] = Z (Kiky — kakly) X (K )g; (kL — K)),
K
Xj = ¢j — vrjv) Ay, fi = 9; — ——vj Ay Fy,
m;vr;
I'zy = tksyg + %ngkx,yx
0y

f

Gamma is h from earlier slides



Third Order: Transport Equations

 Third order: transport equation describing slow evolution of background

an 8u an aafs
+(u+w) -VFs+|ags— — — (u+w)-Vu |- +(day - = C[F;] + S,
ot ot Jw oW [
gng 1 0 iy
; 73 V' 81//(V <Fs>) - <Sn>,

L=y [ @903, + vitr+ oClp - V£,

oL 19, —
PRIy o
’ Q=Vy- f d3v7(vx5f1 +vg(F1) + pClp - Vfo)),

_1¥ (6BOB - VORZ) + X, (S, ),
41 s F

WEV¢-fd3V(mR2V'V¢)VX5fI9

3dp, 1 0

T Wﬁ(w(Qs»

. <Hs> * %nsz V.fu(Tu - TS) + @’



Example: Heat Flux

—
A

2
Q=Vy- J d%%(v)(&fl +vp(F) 4 pClp - Vfo]

* Classical collisional heat flux

* Most obvious / basic transport mechanism
* Step size = gyroradius

* Step time = inverse collision frequency

* Very high confinement time

D= ,Oe2Vc ~10"m’s™ Classical=» Ty = 1000s




Example: Heat Flux

2
Q=Vy- J d3v,%(vx5f1 +vg(F) i+ pClp - Vfi)),

Neoclassical collisional heat flux

Classical (linear, not turbulent) ;f/
Accounts for broad particle orbits, etc. .
Relevant in some parameter regimes K
Still very high confinement time

TE(ClaSSiCCI])
Tpneo) = 100 ~10s




Example: Heat Flux

.
Q=Vy- f d’v %(Vﬁfl + v(f1) + pClp - Vo=

Turbulent transport = @]

Advection of temperature fluctuations by . Hot = <Cold

velocity fluctuations N |

Dominant transport mechanism in fusion

devices

Lower confinement time

e =>Understanding and controlling plasma

turbulence is a major part of fusion
research

= ~100 -50 0 60 100 1
x/Ps
L
. x I. a d 1 al

Typical Fusion Parameters=>»

7, ~0.1-1.0s




End Result
 Starting from first principles kinetic equation

* Exploiting scale separation

* Arriving at a set of four equations that is still extremely
close to first principles (in the core):

* Grad-Shafranov for background equilibrium
» Drift-kinetic for neoclassical (second order macroscopic distribution)
* Gyro-kinetic for fluctuations (turbulence)

* Transport equation for slow evolution of background profiles



New Generation of Gyrokinetic Codes: Full-f

XGC
GENE-X
Gkeyll
Etc.

—-== Separatrix
—— Plate
—— Pump

1018

1017

1016

1014

1013

1012

1011

1010

1015 m

]

np2 [m



