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1 Transport barriers
Basic nature and diversity of 
transport barriers

2 Nonlinear coupling and self-organisation
Understand profile resilience/stiffness, 
bifurcation, self-organisation, self-similar 
statistical property. scales

3 Self-organisation= feedback-created structure
Turbulence, flows, and gradients are 
coupled in non-equilibrium.

4 L-H transition and stochastic dynamics
Theoretical  and experimental results
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stiffness feedback Self-
organisation

Deterministic
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Part I –Transport barriers

Basic nature and diversity of transport barriers
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What is transport barrier?

A transport barrier is not just a steep profile (top figure)
• Sources build gradients; fluxes relax them 
• Linear closures give the baseline:
                      Γ!=−"∂!/∂#, $=−!% ∂&/∂#
• Flux rises proportionally with gradient (green line in bottom 

figure).
• But flux–gradient relations can be nonlinear and state-

dependent (red curve in bottom figure) 
• Transport can depend on turbulence state, flows, history, and 

nonlocal events (examples in the next slides)
• A barrier forms when the gradient steepens without a 

proportional rise in flux 
• Equivalently: reduced flux per unit gradient
• ⇒"reduced effective diffusivity / conductivity"

gradient

Flux linear 
diffusion

nonlinear, 
state-dependent
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Example of history dependent barriers: 
RMPs applied in L-mode can change the subsequent H-mode pedestal

• Conventional discharge (#35641): with no RMPs in L-mode, plasmas transition to H-mode at t=5.23 secs (black 
curve in bottom figure).

• Pre-emptive RMP discharge (#37404): RMP are applied in the L-mode for 1 secs at t=[5,6] secs: after switching off 
RMPs, plasma transition to H-mode at 6.2 sec (red in the bottom figure).

• Same NBI heating until t=7 secs (top), and same plasma parameters until t=5 secs (bottom);no RMP from t=6 secs

Fig. Time-traces of plasma parameters for conventional #35641 (black) and pre-emptive ERMP #37404 (red) discharges. L-H transition 
time is marked by red( black) vertical line. LH transition at t=5.23 secs for #35641 and t=6.2 secs for #37404 [KSTAR, E Kim et al 2025]. 

Different H-modes (bottom)

è L-H transition depends on 
plasma history

RMPs modify !!shear, edge 
conditions, thereby changing 
the L-mode conditions for H 
mode access and the 
subsequent evolution.RMP



• H-mode / ETB pedestal: Edge barrier through steep pressure gradients limited by pedestal 
stability and ELMs.

• ELM-free or small-ELM H-mode variants: QH-mode and Enhanced D-alpha (EDA) H-mode 
maintain good confinement while providing continuous edge transport through coherent edge 
activity (e.g, DIII-D, Alcator C-Mod).

• I-mode: Improved energy confinement without a strong particle barrier (e.g., DIII-D, JET, 
ASDEX Upgrade, JT-60U, KSTAR).

• Internal transport barriers, ITBs: Core or mid-radius barriers often linked to magnetic shear, 
$-profile, rotation, current drive, and rational surfaces. 

• Hybrid / advanced scenario: Improved confinement with tailored current profile and weak 
shear by combining pedestal, core transport, stability, and current-profile control. 

• Turbulence staircases: Multiple mesoscale transport layers separated by jets or shear zones. 
• Different channels can form different barriers: Particle, impurity, momentum, electron-heat, 

and ion-heat barriers can occur at different radial locations. 
• No single “barrier type” exists in terms of spatial locations and channels.

Barriers are not one object

Refs: Wolf, PPCF 45, R1 (2003); Rice et al., Nucl. Fusion 47, 1618 (2007); Angioni & Peeters, Phys. Plasmas 15, 052307 (2008).
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Turbulence regulation (reduction) by shear flow
K Burrell 1997, TS Hahm 1994, Z Lin 1998, PH Diamond 1994;2011, E Synakowski 1997, H Biglari 1990, X Garbet 

2001, E Kim 2000;2002;2004;2006;2007, Leprovost 2006;2007;2008; C Hidalgo 2000, Y Idomura 2005

Eun-jin Kim / ITCP-IAEA2026, Trieste
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Typical distance an eddy can transport a passive scalar field
From N Leprovost & E Kim, PRE 78, 016301, 2008

E x B shear flows



Transport barriers & self-  organisation

Contributing factors to barrier access and sustainment

• (×* shear can suppress turbulence: reduces radial correlation length and cross-phase, 
but may also drive secondary instabilities 

• q-profile sets magnetic shear and rational surfaces: controls radial mode coupling, 
resonance structure, and wave–particle interactions 

• Weak / reversed magnetic shear can favor ITBs by reducing radial coupling and allowing 
gradients to steepen 

• Divertor geometry and drift direction shape ETB access: ion +* drift toward the  X-point 
often gives more favorable H-mode access 

• Current diffusion and history: Current diffusion is slow so barriers have memory, 
meaning that the barrier can depend on how the q-profile was prepared 

• Collisionality, fast ions, impurities: modify turbulence, stability, and transport channels
• Core–edge–exhaust coupling: barriers must fit pedestal, SOL, divertor, and PFC 

constraints
• Core → pedestal / ETB → separatrix → SOL → divertor → PFC



Part II – Nonlinear coupling and self-organisation across

How does the plasma organize itself to produce, maintain, or lose barriers?

1. Profile resilience and stiffness
2. Bifurcation
3. Self-organisation
4. Statistical similarity



1. Profile consistence/resilience

Transport barriers & self-  organisation

• Profiles often show preferred shapes despite changes 
in heating or fuelling. This does not mean profiles never 
change; it means transport, sources, sinks, and 
boundary conditions interact so the plasma often 
returns toward similar profile shapes. 

• Resilience: after a perturbation, the profile tends to 
relax back toward a preferred shape. 

• Stiffness: once a gradient exceeds a threshold, a small 
further increase can produce a large transport response. 

• Key distinction: a resilient profile may be stiff, but 
resilience is broader than local diffusivity. It involves 
transport, sources, sinks, boundary conditions, and 
feedback.
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Fig. 1 

Taylor's theory is not applicable to a tokamak, since it assumes complete closure of the 
lines of force, which does not occur in a tokamak (apart from rapid detachment processes), so 
an independent argument is necessary for a tokamak. 

We assume that there is relaxation to an optimal equilibrium with minimum energy. In a 
tokamak, one has to consider the thermal energy as well as the magnetic. The latter needs to 
incorporate only that of the poloidal magnetic field. In fact, the toroidal field can be 
represented as Bo + AB, where Bo is the vacuum field and AB<<Bo, so the square of the field 
is approximately B~ + 2BoAB, and the correction to the vacuum-field energy is proportional to 
BoA~, where A~ is the change in the longitudinal flux. If one assumes that the toroidal coils 
determine the longitudinal flux, then A~ = 0, i.e., the energy of the longitudinal magnetic 
field remains constant for any changes in plasma pressure and poloidal field. 

We are interested in energy minimized with respect to perturbations of tearing-mode type, 
which retain the topology far from the singular points q = m/n, while an insular structure is 
produced near them. The q(r) profile is flattened near an island, and the same applies to 
the current density profile j(r) and the pressure p(r). Therefore, if one incorporates only 
the aximuthally symmetrical contribution from the tearing modes, one can assume that q, j, 
and p are functionally related, so j = j(p), p = p(p); also, we assume that the limiter is 
sufficiently far from the current channel. Far from the islands, the magnetic configuration 
does not alter, so we put Be = d~/dr and vary ~ locally. Also, the condition that the mag- 
netic configuration is not disrupted far from an island means that the total plasma current 
is conserved, which can be considered as an additional relationship. Then the variational 
principle for minimum total energy with current conservation is 

gF~-2~g r d r +  1--2---- p r d r 4 - X  j rdr  = O. (1) 

Here X is a Lagrange multiplier, y is the adiabatic parameter, and p = p(p), j = j(p); the 
variation in (1) is with respect to 4- We take ~ as a more or less localized function to 
get 

6F=-- ~ O~Qdr=O, (2) 

783 

BB Kadomtsev 1987



2. Nonlinear coupling allows the plasma to access distinct confinement states

Transport barriers & self-  organisation

• Transport is not a fixed material response
In a turbulent plasma, turbulent transport coefficients depend on the turbulence state, 
flows, gradients, geometry, and history. 

• Nonlinear coupling can create multiple stable states
Small changes in heating, fuelling, torque, density, or shear can push the plasma from one 
confinement branch to another. 

• Similar control parameters can support different regimes
The plasma may access L-mode, H-mode, I-mode, or ITB barriers under similar operating 
conditions.

• Transitions can show thresholds and hysteresis
The threshold to enter a state can differ from the threshold to leave it. The path matters.

• Nonlinear transport can select different confinement regimes.



Nonlocality: transport barriers are not purely local objects

• We need to relax another assumption of local transport theory: that the flux at a point is 
determined only by the gradient at that same point.

• A barrier may be triggered, weakened, or destroyed by nonlocal events
- Sawtooth-triggered L–H transition / ETB formation: Core sawtooth crashes can launch heat 

pulses toward the edge; near threshold, the transient edge power / shear change can trigger 
H-mode access (Meyer et al., NF 2011; Shao et al., Phys. Lett. A 2020).

- ELM crashes relax the H-mode pedestal / ETB: Type-I ELMs periodically relax pedestal 
gradients and can temporarily weaken or collapse the edge transport barrier (Snyder et al., 
IAEA 2006; Kurzan et al., IAEA 2010.)

- Magnetic islands can trigger or reshape ITBs: NTM island can trigger an L-mode → ITB 
bifurcation; the ITB forms just inside the island boundary and depends on island width.
(Mao et al., 2025)

- Turbulence spreading can affect barrier boundaries: Turbulence generated in an unstable 
region can spread into stable or barrier-adjacent regions, changing the effective barrier foot 
and transport scaling (Hahm et al., PPCF 2004; Singh & Diamond, PoP 2020).



3. Self-organisation = feedback-created structure

Transport barriers & self-  organisation

• Gradients drive turbulence 
• Turbulence drives fluxes and Reynolds 

stress-driven-flows regulate turbulence 
• Transport reshapes the gradients 
• Barriers emerge when feedback reduces 

radial transport 
• Self-organisation is maintained by continual 
energy transfer, not by thermodynamic 
equilibrium
• The “structure” may be a zonal flow, 
staircase, barrier, streamer, blob population

gradients

microinstabilities 
/ turbulences

Reynolds stresszonal / mean flow

transport barrier

Self-organisation means dynamically maintained structure produced by feedback among 
gradients, turbulence, flows, and transport.



4. Statistical property can also be similar 
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• Similar PDF of the ion saturation current normalized by the standard deviation in the Tore 
Supra (solid line), Alcator C-Mod (thick solid line), MAST (dashed-dotted line), and PISCES 
(dots). 

• Normalization by uncertainty

• Similarity in rescaled turbulent 
   flux PDFs (B PH Van Milligen 2005,
    C. Hidalgo 2002, OF Castellanos 2006)

• Universal PDFs for bursty 
   transport (I Sandberg et al 2009)

FIG. 1: The PDF plot of the ion saturation current in the Tore Supra (solid line), Alcator C-Mod

(thick solid line), MAST (dashed-dotted line), and PISCES (dots). The ion saturation current was

normalized to the standard deviation and the integral of the four PDFs is set equal to 1. Figure

reprinted with permission from Ref. [4] (http://link.aip.org/link/?PHPAEN/10/419/1), Fig. 3,

Copyright 2003, American Institute of Physics.

defined by the S ≡ 〈x̃3〉 /σ3 and the kurtosis (in the newer literature) by K ≡ 〈x̃4〉 /σ4 − 3.

Skewness is a measure of asymmetry of a PDF; if the left tail is more pronounced than

the right tail, the PDF has negative skewness and when the reverse is true, it has positive

skewness. Kurtosis measures the excess probability (flatness) in the tails, where excess is

defined in relation to a Gaussian distribution. For Gaussian distributions both S and K are

equal to zero.

Using ten thousand observed density fluctuation signals measured in TORPEX, Labit et

al. [7] showed that a unique parabolic scaling relation holds, K = 1.502S2 − 0.226, between

the skewness S and the kurtosis K (see Figure 1 of Reference [7]). It was also shown that

the PDFs of the measured signals, including those characterized by a negative skewness

can be described by a special case of the Beta distribution. The density fluctuations were

associated with regimes of drift–interchange (D-I) turbulence generated in regions of bad

magnetic field curvature and convected away by the E × B fluid motion.

Remarkably, there is a striking similarity of the observed K–S scaling with that of sea

surface temperature (SST) fluctuations that are governed by advection through ocean cur-

3

G Antar 2003 



Part III – L-H transition and stochastic dynamics

1. L-H transition
2. Deterministic 3-variable prey-predator model
3. Stochastic L-H transition
-      1-variable model
-      3-variable prey-predator model



1. L-H transition is not fully understood
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• Bifurcation at power threshold ,!
• Edge transport barrier formation 
• Order parameter: ExB flow shear 
• Power threshold scaling by mean values
• Uncertainty (Martin 2008; Plank 2023; Andrew 2022)
• Hidden variables (divertor, isotopes, impurity, safety 

factor, stochasticity, gas puffing, displacing plasma 
column)

• Different transitions/turbulence characteristics
• Trigger mechanism: Causal relation?

• Probability theory of L-H transition: stochasticity is a part 
    of physics (external perturbation, fluctuating energy flux, 
    stochastic   magnetic fields, mini-avalanches on time 
    scales t ~ O(0.1) ms)

https://www.lpp.polytechnique.fr/The-
localization-of-the-transition-from-low-to-
high-confinement-mode-in-the?lang=fr
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Investigation of MAST-U dithering 
phase transitions with the HESEL 
turbulence code
C. Jones1,2,3, Y. Andrew1, T.Ashton-Key1, E. Kim2,4, O. Myatra5, 
A.H. Nielsen6, T.L. Rhodes3, R. Scannell5, and the MAST-U team5

1. Blackett Laboratory, Imperial College London, London SW7 2AZ, UK
2. Fluid and Complex System Research Centre, Coventry University, Coventry CV1 2TT, Coventry University, 
3. Department of Physics and Astronomy, University of California Los Angeles, Los Angeles, California 90095, USA
4. Nuclear Research Institute for Future Technology and Policy, Seoul National University, Seoul 08826, Korea
5. UKAEA, Culham Science Centre, Abingdon, OX14 3EA, UK
6. Department of Physics, Technical University of Denmark, Kgs. Lyngby, Denmark

4. HESEL Simulations
• HESEL is a four-field fluid code which simulates the 

temporal evolution of the edge plasma by solving the 
Braginskii equations.

3.2. Density scan
• The density scan of !!" is shown in Fig. 3, as well as the 

core and pedestal electron and ion temperatures. 

• The power thresholds are compared to the scaling laws 
developed by Martin et al and Takizuka et al:

!!"#$$% = 0.0488'±$.$() (*#$	$.),)	)!$.%$-	*$../,, (2)

!!"#$$/ = 0.072(*	$.) ) 01!*$..
.*22
2

$.)
,	

where (* is the line averaged electron density, )! and ) 01! 
are the toroidal and outer surface magnetic field, * is the 
plasma surface area, and .*22 is the effective charge† [5, 6].

• The electron density, (*,456 , corresponding to the !!" 
minimum, is shown to differ significantly (approximately 5 
times larger) to the Ryter et al scaling [7]:

(*,456789: = 0.70;$.-/)!$.<1=$..( 2/1 $./.
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2. MAST-U

1. Introduction
• Results are presented from recent MAST-U experimental 

campaigns to investigate the power threshold 
dependence on core plasma density and vertical 
distance of the X-point to the nearest surface.

• The power threshold dependence on the core line averaged 
density is compared to multi-machine scaling laws and the 
corresponding density minimum to trigger an L-H transition.

• Initial simulations of the transition dynamics across the 
edge and scrape-off-layer (SOL) using the Hot-Edge-SOL 
Electrostatic (HESEL) code are discussed [1].

• The next steps include the construction of time-dependent 
probability density functions to analyse variables' 
evolution across the edge-SOL [2].

• MAST-U is a spherical tokamak located at Culham, 
Oxfordshire, with the flexibility to operate with Conventional 
or Super-X divertors, as shown in Fig. 1.

• It has major and minor radii 2/1 = 0.85 m / 0.65 m, and 
values of 0;/)!= 0.75 MA / 0.6 T were used in this study.

Fig. 1. Equilibrium reconstructions for (a) conventional and (b) Super-X 
divertor configurations. The red box is the HESEL domain, and the blue 
dashed lines vertically connect the X-points to the divertor plates.

References:

Fig. 3. The (a) %!", (b) %!" − %#$%&'(), (c) electron core temperature, (d) 
ion core temperature, (e) electron pedestal temperature, (f) ion 
pedestal temperature compared to the line-averaged electron density.

(1)

3.1. X-point height scan

Fig. 5. The HESEL 
domain at the outboard 
midplane, shown by the 
red box in Fig. 1 [1].

[1]  A.H. Nielsen et al 2019 Nucl. Fusion 59 086059
[2]  E. Kim et al, 2020, Physical Review Research 2, 023077
[3]  Y. Andrew et al 2019 Plasma, 2, 328-338.
[4]  Y. Andrew et al 2024 Plasma Phys. Control. Fusion 66 055009
[5]  Y. R. Martin et al 2008 J. Phys.: Conf. Ser. 123 012033

Fig. 2. The %!" variation with the vertical distance to the divertor plate. 

† Zeff measurements are currently not available on MAST-U, so it was estimated to be 2.
‡Ti temperature measurements not directly available in SOL, so are scaled from Te data.

3.3. Heat flux
• The total heat flux of the electrons and ions is calculated 

from the transport code TRANSP [8].

• Fig. 4 shows the variation with line averaged density and 
lower X-point distance to the nearest surface.

• Both electron and ion heat fluxes exhibit a significant fall 
with increased vertical magnetic X-point distance to the 
nearest surface.

• Electron density and electron and ion‡ pressure input 
profiles are generated from Thomson Scattering and 
Charge Exchange measurements.

• The reference ion temperature (left boundary) is linearly 
increased from below the reference electron temperature to 
above it.

• Fig. 6 shows initial HESEL simulation results of a MAST-U 
dithering phase to study the self-regulating dynamics of 
plasma turbulence, rotation, and pressure.

Fig. 5. HESEL simulation. (a) Integrated parallel particle loss ('* 
proxy), (b) Ion pressure profile fluctuation, (c) Ion pressure gradient, 
(d) Poloidal velocity, (e) Reynolds stress, and (f) Heat Flux.

5. Conclusions

[6]  T. Takizuka et al, 2004 Plasma Phys. Control. Fusion 46 A227 
[7]  F. Ryter et al 2014 Nucl. Fusion 54 083003 
[8]  Hawryluk R.J. 1980 Physics of Plasma Close to Thermonuclear Conditions (Proc. 
Course Varenna, 1979) 119–46 (available at: https://transp.pppl.gov/biblio.html)

Fig. 4. The variation with the vertical distance of the lower X-point to 
the divertor plate for line averaged densities ~ 3×10+, m-3, and vs line 
averaged density for X-point height = 42.5 ± 0.5 cm.

• The MAST-U !!"	 is shown to vary significantly with the 
vertical distance of the X-point to the nearest surface.

• A density scan of the power threshold shows that multi-
machine scaling laws are over a factor of two lower than the 
MAST-U !!" in the L-H transition high-density branch.

• The core 4*	vs 5(*	is inversely correlated to the !!". More 
data is needed to investigate the ion temperature 
dependence in the core and edge plasma.

• Comparison of 6* and 65  across both scans, correlates 
increased fraction of electron thermal energy flux to higher 
!!" , under conditions of low density and low plasma 
collisionality.

• These results provide important experimental evidence of 
the ion thermal channel as a key contributor to the triggering 
of the external transport barrier.

Next steps
• Simulate dithering phases with HESEL on MAST-U and use 

PDF analysis to statistically describe the spatio-temporal 
plasma evolution in the edge-SOL.

• Create a synthetic Doppler backscattering diagnostic on 
MAST-U with HESEL to allow direct comparison with 
experimental measurements.

• The power threshold, !!", is defined as the net power to the 
edge plasma at the time of the transition from L-mode (or H-
mode),

!!" = !9>7 + !0"4 	− 9:;/9;	 (−!?9@),
where !9>7, is the absorbed NBI power, !0"4 is the ohmic 
power, !?9@ is the core plasma radiated power, and 9:;/9; is 
the rate of change of stored plasma energy.

• Fig. 2 shows a significant variation of !!" with the vertical 
distance to the divertor plate (see Fig. 1) for line averaged 
densities ~ 3×10,. m-3 [3,4].
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4. HESEL Simulations
• HESEL is a four-field fluid code which simulates the 

temporal evolution of the edge plasma by solving the 
Braginskii equations.

3.2. Density scan
• The density scan of !!" is shown in Fig. 3, as well as the 

core and pedestal electron and ion temperatures. 

• The power thresholds are compared to the scaling laws 
developed by Martin et al and Takizuka et al:
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where (* is the line averaged electron density, )! and ) 01! 
are the toroidal and outer surface magnetic field, * is the 
plasma surface area, and .*22 is the effective charge† [5, 6].
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times larger) to the Ryter et al scaling [7]:

(*,456789: = 0.70;$.-/)!$.<1=$..( 2/1 $./.

  

 

(3)

(4)

Edge SOL

Profile 
region LCFS

Probes

W
all 

region

δ" = 0.5 mm
δ' = 2.5 mm

!	×∇!
!

'!"#

"!"#

2. MAST-U

1. Introduction
• Results are presented from recent MAST-U experimental 

campaigns to investigate the power threshold 
dependence on core plasma density and vertical 
distance of the X-point to the nearest surface.

• The power threshold dependence on the core line averaged 
density is compared to multi-machine scaling laws and the 
corresponding density minimum to trigger an L-H transition.

• Initial simulations of the transition dynamics across the 
edge and scrape-off-layer (SOL) using the Hot-Edge-SOL 
Electrostatic (HESEL) code are discussed [1].

• The next steps include the construction of time-dependent 
probability density functions to analyse variables' 
evolution across the edge-SOL [2].

• MAST-U is a spherical tokamak located at Culham, 
Oxfordshire, with the flexibility to operate with Conventional 
or Super-X divertors, as shown in Fig. 1.

• It has major and minor radii 2/1 = 0.85 m / 0.65 m, and 
values of 0;/)!= 0.75 MA / 0.6 T were used in this study.

Fig. 1. Equilibrium reconstructions for (a) conventional and (b) Super-X 
divertor configurations. The red box is the HESEL domain, and the blue 
dashed lines vertically connect the X-points to the divertor plates.
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Fig. 3. The (a) %!", (b) %!" − %#$%&'(), (c) electron core temperature, (d) 
ion core temperature, (e) electron pedestal temperature, (f) ion 
pedestal temperature compared to the line-averaged electron density.
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3.1. X-point height scan

Fig. 5. The HESEL 
domain at the outboard 
midplane, shown by the 
red box in Fig. 1 [1].
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Fig. 2. The %!" variation with the vertical distance to the divertor plate. 

† Zeff measurements are currently not available on MAST-U, so it was estimated to be 2.
‡Ti temperature measurements not directly available in SOL, so are scaled from Te data.

3.3. Heat flux
• The total heat flux of the electrons and ions is calculated 

from the transport code TRANSP [8].

• Fig. 4 shows the variation with line averaged density and 
lower X-point distance to the nearest surface.

• Both electron and ion heat fluxes exhibit a significant fall 
with increased vertical magnetic X-point distance to the 
nearest surface.

• Electron density and electron and ion‡ pressure input 
profiles are generated from Thomson Scattering and 
Charge Exchange measurements.

• The reference ion temperature (left boundary) is linearly 
increased from below the reference electron temperature to 
above it.

• Fig. 6 shows initial HESEL simulation results of a MAST-U 
dithering phase to study the self-regulating dynamics of 
plasma turbulence, rotation, and pressure.

Fig. 5. HESEL simulation. (a) Integrated parallel particle loss ('* 
proxy), (b) Ion pressure profile fluctuation, (c) Ion pressure gradient, 
(d) Poloidal velocity, (e) Reynolds stress, and (f) Heat Flux.

5. Conclusions

[6]  T. Takizuka et al, 2004 Plasma Phys. Control. Fusion 46 A227 
[7]  F. Ryter et al 2014 Nucl. Fusion 54 083003 
[8]  Hawryluk R.J. 1980 Physics of Plasma Close to Thermonuclear Conditions (Proc. 
Course Varenna, 1979) 119–46 (available at: https://transp.pppl.gov/biblio.html)

Fig. 4. The variation with the vertical distance of the lower X-point to 
the divertor plate for line averaged densities ~ 3×10+, m-3, and vs line 
averaged density for X-point height = 42.5 ± 0.5 cm.

• The MAST-U !!"	 is shown to vary significantly with the 
vertical distance of the X-point to the nearest surface.

• A density scan of the power threshold shows that multi-
machine scaling laws are over a factor of two lower than the 
MAST-U !!" in the L-H transition high-density branch.

• The core 4*	vs 5(*	is inversely correlated to the !!". More 
data is needed to investigate the ion temperature 
dependence in the core and edge plasma.

• Comparison of 6* and 65  across both scans, correlates 
increased fraction of electron thermal energy flux to higher 
!!" , under conditions of low density and low plasma 
collisionality.

• These results provide important experimental evidence of 
the ion thermal channel as a key contributor to the triggering 
of the external transport barrier.

Next steps
• Simulate dithering phases with HESEL on MAST-U and use 

PDF analysis to statistically describe the spatio-temporal 
plasma evolution in the edge-SOL.

• Create a synthetic Doppler backscattering diagnostic on 
MAST-U with HESEL to allow direct comparison with 
experimental measurements.

• The power threshold, !!", is defined as the net power to the 
edge plasma at the time of the transition from L-mode (or H-
mode),

!!" = !9>7 + !0"4 	− 9:;/9;	 (−!?9@),
where !9>7, is the absorbed NBI power, !0"4 is the ohmic 
power, !?9@ is the core plasma radiated power, and 9:;/9; is 
the rate of change of stored plasma energy.

• Fig. 2 shows a significant variation of !!" with the vertical 
distance to the divertor plate (see Fig. 1) for line averaged 
densities ~ 3×10,. m-3 [3,4].
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• High-density branch: PLH scaling by mean values ne, BT, S
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The level of intermittency can be quantified by the higher
order moments of the PDFs, e.g. skewness or kurtosis, provid-
ing valuable insight into the plasma dynamics over the L–H
transition. For example, kurtosis is the normalised fourth order
moment which measures the heaviness of the tail in the distri-
bution, where a Gaussian function has a kurtosis of 3.

An additional important tool employed in this analysis
is information geometry, where two time-adjacent PDFs are
compared to quantify the shortest dimensionless distance
between them. This novel methodology effectively meas-
ures distance in statistical space, where a quantity known as
‘information length’ provides a measure of the number of stat-
istical states the system evolves through in time. Information
geometry provides a powerful methodology to understand the
path-dependence of stochastic processes in dynamic systems
such as plasma phase changes, and provides a measure of how
two interdependent variables might be linked [27].

In this paper H-mode transitions are compared with the
outer upper strike point on either the small angle target of the
SAS divertor, shown in figure 1, or on the outer horizontal
divertor target (HT). Experiments have been performed with
these divertor magnetic configurations to study the influence
of degree of divertor closure and vertical proximity of the X-
point to the divertor target for three different plasma densities.
The values of measured ñe and u⊥ in the pedestal region have
been analysed with a novel, time-dependent stochastic model
developed to investigate the temporal evolution of these finely
spatially resolved variables [24, 26]. PDFs have been construc-
ted for ñe and u⊥ to highlight their phase changes and compare
statistical states over the H-mode transitions [27]. The implic-
ations of the results from this study are presented in terms of
their possible contribution to the differences in the observed
Pth with divertor magnetic topology.

2. Contributors to the L–H transition

An important metric for most H-mode access studies is the
experimental edge plasma power, PLoss, labelled the power
threshold, Pth, at the time of L–H transitions,

PLoss = Poh +Paux −
dW
dt

, (1)

:.
where Poh is the Ohmic power, Paux is the total auxiliary
heating power and dW

dt is the rate of change of stored plasma
energy.

In addition, an empirical scaling widely used in L–H trans-
ition investigations is the scaled power threshold,Pscal

th , derived
from a multi-machine tokamak database [28],

Pscal
th = 0.0488× 10±0.057n̄0.717±0.035

e BT
0.803±0.032S0.941±0.019,

(2)

where n̄e is the line average core plasma electron density
(1020 m−3), BT is the on-axis toroidal magnetic field (T) and S
is the plasma surface area (m2). The regression analysis for the
variables in this scaling expression shows that H-mode access

requires higher heat flux through the plasma last closed flux
surface (LCFS), Pth/S, as the plasma electron density and tor-
oidal field increase. No equivalent, validated projection for the
H–L back-transition power threshold exists in the same way as
the ITPA scaling expression for H-mode access [15].

Experimental studies have clearly demonstrated that the L–
H transition Pth has other significant dependencies, includ-
ing strong sensitivity to ion B×∇B drift direction, poloidal
magnetic field dependence in low aspect ratio tokamaks and
non-monotonic dependence on n̄e, with so-called high- and
low-density branches [29–31]. Three other well-known (but
poorly understood) Pth dependencies include divertor closure,
X-point geometry and poloidal neutral fuelling location. These
are often referred to as hidden variables. In addition to act-
ive gas fuelling, L-mode neutral fuelling is provided by first
wall sources through plasma wall interaction processes of gas
recycling, outgassing and sputtering. Recycling at divertor sur-
faces can contribute significant fractions of neutral fuelling in
L-mode plasmas. Both fuelling efficiency and poloidal loca-
tion [32] have been documented to affect Pth at matched values
of core and pedestal ne. Typically, Pth decreases as the fuelling
efficiency increases, which can be achieved by changing the
distance between the plasma LCFS and the first wall surfaces
where recycling takes place [10].

One way to alter the divertor spatial recycling patterns and
core plasma fuelling efficiency is to change the divertor mag-
netic geometry, for example the null point and strike-point
locations. In addition to altering the divertor neutral fuelling,
movement of the X-point radius is thought to impact the L–H
transition power threshold through plasma transport dynamics
in the null point region. Plasma conditions close to the diver-
tor magnetic null point have long been known to influence
the power requirements for H-mode access [33–35]. These
effects were investigated by Carlstrom et al [36] in a DIII-D
study which demonstrated the normalised Pth/S of balanced
double-null diverted plasmas to be consistently, a factor of 2–
3 times, higher than equivalent single null plasmas, in contrast
to other machines such as the spherical tokamaks, MAST and
NSTX, in which Pth was observed to be lower for double-null
divertor magnetic configurations [37]. The Pth was observed
to scale with BT in the single null configurations, but was
only weakly dependent on BT in the double null configur-
ation. In addition, Carlstrom et al’s study found the Pth to
be very sensitive to the balance between the two X-points
in double-null shots. The Pth did not change as the imbal-
ance was shifted towards the X-point in the ∇B direction.
However, the Pth was found to increase as the X-point imbal-
ance was increased towards the X-point away from the∇B dir-
ection. These observations led to the conclusion that the power
requirements for H-mode access is not likely due to an intrinsic
confined edge plasma variable sensitive to BT such as ion
gyro-radius, but instead due to variables in the confined edge
or SOL plasma dependent on magnetic field geometry. Mid-
plane edge and SOL measurements of plasma Reynolds stress
and shear flow have been found to significantly increase under
conditions of favourable∇B direction at constant input power
on DIII-D [38].
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L-H transition power threshold PLH against density has a U-shape:
Minimum power threshold at a rollover density

DIII-D [T Ashton-Key…E Kim et 
al, PPCF 67, 025027, 2024]
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Figure 2. (a) Ploss and (b) Psep as a function of ne for a set of DIII-D L-H and H-L transitions. BT = 2.0 T and Ip =−1.0MA. The plot in (a)
shows ITPA scaling [31], with error bars, in grey. The density minimum [10] is shown as a vertical purple line, with uncertainty shown in
the highlighted region. Power law fits for the low-density and high-density branch are shown in dot-dashed black lines. Total power law fit is
shown in magenta. The key explaining the transition labels is shown in table 1.

Table 1. Key of the transition labels in figure 2.

LH Sharp transition from L-mode to H-mode

LH∗ Sharp transition to H-mode, followed by type-I ELMs
LD Beginning of a dithering transition from L-mode
DH End of a dithering transition from L-mode to H-mode
HL Sharp transition from H-mode to L-mode
HL∗ Sharp transition to L-mode, preceded by type-I ELMs
HD Beginning of a dithering transition from H-mode
DL End of a dithering transition from H-mode to L-mode

again that this data set contains shots with two divertor con-
figurations, SAS and HT, so some of the Ploss variation will
be from this difference. See table. 1 for the key to the trans-
ition types. As expected, the back transitions occur at higher
densities than the forward transitions because the improved
confinement in H-mode allows higher density to be reached.
Additionally, the density can rise rapidly since these shots are
being constantly being fuelled in the core by NBI.

Figure 2(b) shows Psep against core line-averaged elec-
tron density, and shows very similar dependence on ne to
figure 2(a). The higher densities have increased radiation from
the core plasma, which means a slightly reduced power cross-
ing the separatrix. However, the general trends are the same as
seen in figure 2(a) for Ploss.

The results of many years of power threshold experiments
have been compiled into a multi-machine ITPA power scaling
[31], and this is shown by the solid grey line for the conditions
of these transitions. The scaling expression is

Pth = 0.0488× 10±0.057ne200.717±0.035BT0.803±0.032

× S0.941±0.019, (1)

wherePth is the power threshold inMW, ne20 is the line average
electron density in 1020 m−3, BT is toroidal magnetic field in

T, and S is the plasma surface area in m2. However, this is a
simplified scaling for ITER-like plasmas, and does not include
all effects that impact Pth such as isotope, magnetic geometry
or wall material, among others [2, 32]. The dashed grey lines
show the upper and lower limits on the errors in equation (1).

The ITPA scaling shows reasonable agreement with the
data, especially in themid-density range (3×1019 m−3 < ne <
5×1019 m−3), but there are deviations from the fit at low and
high density. The high density deviations are likely because
these are not strictly power thresholds—the measurements are
the power through the separatrix at the time of the transition.
The H-L transitions are not well controlled leaving H-mode,
so Ploss and Psep could be raised by the high dW/dt of a fast
back transition.

The power threshold is split by density into two regions, the
low-density branch and high-density branch [4, 8, 10]. The low
density deviation from the ITPA scaling is expected because
the scaling is not based on low-density branch L-H transitions,
which have different physics than high-density branch trans-
itions. The two branches have different behaviour because of
the uncoupling of electron and ion heat channels at low dens-
ities from lower collisionality, and are separated by a density
minimum nscalee,min given by [10]

nscalee,min " 0.7I0.34p B0.62
T a−0.95

(
R
a

)0.4

. (2)

As above, BT is toroidal magnetic field and Ip is plasma
current, a is minor radius in metres, and R is the major radius
in metres. The scale density minimum is shown in figure 2(a)
and b) as the vertical purple line. For this data set, nscalee,min =

2.8± 0.3 m−3, with an assumed 10% error on the scaling rep-
resented with the purple shaded region. This assumed error
is included because variability between shots and tokamaks
may not be captured by the fit, and has been used before
in other L-H transition analysis [4]. These DIII-D plasmas
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JET: The L–H transition threshold power vs 
plasma density ne shows significant variation 

in the JET tokamak [Martin et al., J. Phys.: 
Conf. Ser. 123, 012033 (2008)].
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L (H) modes present different turbulence characteristics

dithering



• Gyrokinetics / XGC: ETB formation in diverted geometry with "×$ shear and neoclassical 
orbit loss (Chang et al., PRL 2017; Ku et al., PoP 2018).

• Flux-driven gyrokinetic simulations / GYSELA show spontaneous barrier onset, but not yet 
a full predictive H-mode model (Dif-Pradalier et al., Communications Physics 2022).

• EM drift-fluid / GRILLIX: Electromagnetic, drift-fluid model; evolves electron and ion 
temperature dynamics, (×* flows, edge-SOL geometry, and includes extensions beyond 
standard collisional Braginskii closures (Zholobenko et al., PRL 2026).

• Two-fluid simulations / GBS: edge–SOL simulations show suppressed-transport regimes, 
hysteresis (Giacomin & Ricci, JPP 2020; De Lucca et al., arXiv 2026).

• Common message: the LH transition is a nonlinear transition involving feedback
• Predator–prey and stochastic models: Isolate the feedback structure, explain the 

organising principles behind the simulations, capture transition dynamics, hysteresis, 
probabilistic thresholds, and noise-triggered transition variability (Kim et al PRP 2020; Fuller 
et al PoP 2024; Kim & Thiruthummal, PRE 2024; PPCF 2025).

State-of-the art of numerical simulations of the L-H transition: 
routine predictive -%& modelling across devices remains an open challenge



2. Deterministic 3-variable prey-predator L-H transition model

Transport barriers & self-  organisation

• Isolate the feedback structure
• Explain the organizing principles behind the 

simulations: thresholds, limit-cycle oscillations, 
hysteresis, and bifurcation between confinement 
states.

• Three variables: turbulence amplitude E, zonal flows 
VZF, mean pressure gradient N (mean flow V=N2)

- Input power (heating) drives turbulence (prey) via 
instabilities

- (Meso-scale) Zonal flow VZF =v generated by 
turbulence regulate turbulence

- (Macro-scale) Mean flow shears V (driven by 
density/pressure gradient) regulate turbulence

     and zonal flow (super-predator, lions)

by the incorporation of a pressure profile evolution, in
contrast to Ref. [9].

Before presenting our model, we illustrate the inhibi-
tion of zonal flow growth by a mean flow in the case of
simple drift wave turbulence. The reponse of drift wave
spectrum ~NNk to a seed zonal flow ~VVE of wave number q is
given by the following linearized wave kinetic equation:

@
@t

~NNk ! iqvgx
~NNk "

kbhV 0
Ei

@
@kr

~NNk ! Q ~NNk # iqkb ~VVE
@
@kr

hNki: (1)

Here, Nk # $1! I2
sk2%2jM0

kj2 is the drift wave quanta
density, M0 is the electric potential of drift waves, Q and
!! are the linear growth and nonlinear damping rates
(QhNki # !!hNki2), and vg is the group velocity (in the
moving frame with E& B velocity) of drift waves. To
explicitly incorporate the effect of hVEi on ~NNk, we define a
total time derivative Dt # @t " kbhV 0

Ei@kr and solve
Eq. (1) along a nonperturbed, shearing ray orbit from
an initial time t0 to final time t as

~NNk$q; t% #
Z t

t0
dt0iqkb ~VVE$q; t0%

@hNk$t0%i
@kr$t0%

& exp
!

"Q$t" t0% " iq
Z t

t0
dt00vgx$t00%

"

; (2)

where $t" t0%Q ' 1 was used. By realizing that Dtkr #
"kbhV0

Ei, one can easily see that the shearing by a mean
flow enters into vgx and @hNk!kr$t0%"i=@kr$t0%. In the limit
where the mean shearing occurs on a time scale larger
than other dynamical time scales (i.e., 1=Q, 1=vgxq,
and 1="), we can approximate @hNk!kr$t0%"i=@kr$t0% (
@hNk!kr$t%"i=@kr$t%. Then the substitution of the time
dependence of expf"i"tg for ~NNk and ~VVE simplifies
Eq. (2) to

~NN k$q;"% ( iqkb ~VVER
@hNki
@kr

: (3)

Here, the real part of R becomes

Re$R% ( 1

Q

#

1" 12q2hV 0
Ei2!2

)k2b
Q4

$

; (4)

for k?Is < 1 and Q > qvgx > ". Here, ! # !)=
$1! I2

sk2% is used (!) # kbcs=Ln is the ion drift fre-
quency). Note that the sign of Re$R% is positive since
Eq. (4) is derived in the limit of weak mean shear. By
coupling Eq. (3) to the evolution equation of zonal flows
"" ~VVE$q;"%=q #

R

d2kkbkr ~NNk$q;"%=$1! I2
sk2%2, we

obtain the frequency of zonal flows " as

"( iq2
Z

d2k
k2bkr

$1! I2
sk2%2

R
!

"@hNki
@kr

"

: (5)

Equations (4) and (5) clearly demonstrate that a mean

shear flow inhibits the growth of zonal flow. This inhibi-
tion is essentially due to the weakening of the response of
drift wave spectrum to a seed zonal flow via the enhanced
decorrelation of drift wave propagation by a mean shear
flow. This result, obtained in a weak shear limit, will
certainly apply to a strong shear case and thus will be
used in the following model for the L-H transition.

Our model is based on zero-dimensional (0D) envelop
equations, consisting of the amplitudes of turbulence E,
zonal flow shear VZF / @r ~VVE, mean flow shear V /
@rhVEi, and the gradient of a (ion) pressure N / @rpi:

@tE # EN " a1E2 " a2V2E " a3V2
ZFE; (6)

@tVZF # b1
EVZF

1! b2V2 " b3VZF; (7)

@tN # "c1EN " c2N !Q: (8)

Here, ai, bi, and ci are model-dependent constants, whose
values may be found in [11]. The exact form of these
constants is not pertinent to the qualitative discussion
of this Letter and will be given in detail in future pub-
lications, as a part of a comparison with specific experi-
mental results. Equation (6) describes the evolution of
turbulence: the first term on the right-hand side represents
its generation by pressure gradient via linear instability,
the second nonlinear saturation of turbulence, and the
third and last terms shear suppression of turbulence by
mean E&B flows and zonal flows, respectively. Note
that a2 ’ a3 in the limit where the frequency of zonal
flows is much smaller than the decorrelation time of
turbulence [13]. The first and second terms on the right-
hand side of Eq. (7) illustrate the generation of VZF by
Reynolds stress and zonal flow damping, respectively.
Note that the growth inhibition by a mean shear, which
is valid even for a strong shear, is modeled by a term
1=$1! b2V2%. The three terms on the right-hand side of
Eq. (8) represent, from the left, the turbulent diffusion of
the pressure profile by turbulence, neoclassical transport,
and input power. By assuming a constant ion temperature
profile and by ignoring mean toroidal and poloidal flows,
for simplicity, the above set of equations is to be closed by
the following approximation to the ion momentum bal-
ance equation:

V # dN 2: (9)

The control parameter of Eqs. (6)–(9) is the input
power Q. As the input power Q is increased from below,
the mean pressure gradient becomes steeper and excites
turbulence.When the turbulent drive becomes sufficiently
strong to overcome flow damping, it generates zonal flows
by Reynolds stress. Turbulence and zonal flows then form
a self-regulating system as the shearing by zonal flows
damps the turbulence. A signature of this self-regulation
is manifested in the time-transient (oscillatory or bursty)

P H Y S I C A L R E V I E W L E T T E R S week ending
9 MAY 2003VOLUME 90, NUMBER 18

185006-2 185006-2

(= ),: Turbulence	amplitude prey: rabbits
<: zonal flows (predator: foxes)
=: Density (pressure) gradient
Q: Input power (constant + fluctuation)
V = dN2: mean flow shear (super predator: lions)
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(dithering)

(quiescent) H

L mode: high turbulence, small zonal flow
Dithering: finite turbulence, finite zonal flow
H mode: zero turbulence, zero zonal flow
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Figure 1. (a) Qc vs x(t= 0) = x0 with v(t= 0) = v0 = 0.01; (b) color map of Qc against x0 and v0; (c) p(Qc) against Qc sampled over
x0,v0 = [0.001,3].

Figure 2. Trajectories of ε,v,N from the left to right panels for Q= 1.0 (top) and Q= 1.1 (bottom). Initial delta-function PDF with the
mean values ε(0) = 0.25,v(0) = 0.2,N(0) = 0 and D1 = D2 = D3 = 10→4.

stochastic noises resulting in random trajectories of x,v,N,
which undergo the transition to the H-mode at different times
(Q values). For Q= 1.1, all trajectories converge to the H-
mode after approximately time unit 30 in the dithering state.
Thus, we define Qm to be the minimum Q value where m
percentage of trajectories undergoes the L-H transition. For
instance, the values of Q10 and Q100—the minimum Q value
where 10% and 100% trajectories undergo the L-H trans-
ition, respectively—are overplotted in green and blue dots in
figure 1(a). We can see that the onset of the L-H transition
occurs at a lower Q< Qc while the complete transition to the
H-mode requires a higher powerQ100 > Qc:Q10 < Q→

c < Q100

where Q→
c = 1.036 is Qc value for the deterministic model.

Similar behaviour was found in [10, 11] although Q100 here
tends to be closer to Q→

c compared with [11]. The transition to
the H-mode is marked by the sudden increase in ε,v,N, which
takes place at different times due to the stochastic noise.

To determine p(Qc) for the stochastic model, we calculate
the fraction of trajectories that are in the H-mode (H-mode
fraction) for a fixed Q and take its derivative using the fact

that the H-mode fraction is a cumulative PDF of Qc. That is,
p(Qc) is the gradient of the H-mode fraction. For instance,
for the initial condition used in figure 2, the H-mode frac-
tion and its derivative after scaling, respectively, are shown
in blue and orange curves in figure 3(a). We note that with
D1 = D2 = D3 = 0, Q→

c = 1.036 for the same initial condition.
Another example of p(Qc) for a different initial condition
(ε(0) = 0.252,v(0) = 0) is shown figure 3(b).

We now discuss how to utilize different initial conditions
and trajectories to determine p(Qc) for the stochastic model.
As an example, we sample approximately 5000 equidistant
points in the domain (x0,v0) = [0.01,0.7] with the constraint
v0 ! x0 to mimic a weak turbulence L-mode with x0 < xc and
small zonal flows v0 < x0 when a constantQ is applied. Similar
to the case of figure 3 left and middle panels, we compute the
combined H-mode fraction for all initial conditions. From the
H-mode fraction, we then determine p(Qc) as noted above,
which is shown in figure 3(c). In comparison, p(Qc) for the
deterministic system is shown in the blue curve. In both cases,
the left peak with a lower Qc in figure 1 is no longer present.

4

E Kim & PH Diamond, PRL90, 185006, 2003 

BUT, the L–H transition power thresholds is 
determined not only by the instantaneous 
external power but also by plasma state 
before the power ramp (initial conditions).
[E Kim et al PRE2024; PPCF2025]

PDF of power threshold Qc

Q=0.01t



3. Stochastic L-H transition: bridge to statistical theory

Transport barriers & self-  organisation

• Noise represents turbulent forcing, finite-size 
fluctuations, or unresolved fast variables
• The same feedback can yield very different 
transition statistics when noise is included
• PDFs can become non-Gaussian and 
multimodal during L-H-like transitions
• This topic is introduced here, then reappears 
in the statistical lecture in turbulence and 
statistical theory (information-geometry)

• Langevin approach: stochastic 
differential equations (SDE) for 
trajectories

• Fokker-Planck approach: partial 
differential equation for PDF



1-variable stochastic model of the L-H transition 
[S-I Itoh, K Itoh & S Toda, PRL 89, 215001, 2002]

§  Langevin equation for . ∝ 	(',	 noise w
>?
>@ + "($) = ' $ (	

 Here, 2 . , 3(.) are deterministic force (bulk 
viscosity of ions, ion orbit loss, eddy damping); 
w is random kick (Stratonovich  calculus).
§ The Fokker-Planck Equation for p(X,t)

AB
A@ =

A
A? "* + A

A? ' A
A? '*

§ 	 6((.) ∝ 3)*7)+(-) for  
!"
!#  = 0

§ 8(.) has minima at . = ./, .0
• Bimodal PDF with two peaks at L & H
   mode solutions ./, .0 24
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transfer entropy, and information flow can be found in [27, 44–46].
From our perspective, a more pressing issue is that these methods are borne out of analyzing stationary, or linear

data. For instance, to determine causal relation in a deterministic prey-predator model in [38], PDFs were calculated
from a single time series of a stationary data, whereby joint/conditional PDFs were computed by sampling over time
with some time lag and causality was studied as a function of this time lag. As such method is not appropriate for
dealing with a time-varying data, we instead utilize the instantaneous transfer entropy provided in §VIB. This will
then be compared with the causal information rate to showcase the limitation of entropy-based causality measure. It
should be noted that our purpose here is not to provide in-depth discussion on di↵erent causality measures (including
transfer entropy) and their merits and limitations, which itself is an important research topic, but rather to highlight
the potential utility of the information geometric theory in comparison with transfer entropy.

To recapitulate, the main aim of this paper is to investigate stochastic dynamics of turbulence, zonal flows and
mean flows as an example of self-organising processes and present the non-perturbative methods. We will elucidate
how they interact and causally related prior to and during the L-H/H-L transitions under di↵erent stochastic noises.
We also provide a probability theory of power loss. The remainder of the paper is organised as follows. §II provides
our stochastic model. The e↵ects of stochastic noise on power threshold is investigated §III. §IV and V present the
trajectories for constant and time-varying power Q together with the analysis of the information rate. §VI compares
the results of the casual information rate and transfer entropy for time-varying Q. PDFs of power loss are discussed
in §VII. Conclusions are found in §VIII. Appendix contains additional figures.

II. STOCHASTIC PREY-PREDATOR MODEL

The L-H transition has been modeled using a zero-dimensional (0-D) prey-predator model [11, 13], or more com-
plicated transport models. While the latter contain more physics, the resulting L-H transition includes more com-
plex interplay among spatial and temporal evolution of di↵erent variables, which is more challenging to disentangle.
Therefore, the 0-D prey-predator model provides a simple theoretical model with a minimal number of key variables
responsible for the transition, enabling us to develop a key insight into complicated phenomena. The focus of this
paper is to incorporate stochastic noises in the deterministic 0-D L-H transition model and investigate the e↵ects of
such stochastic noises.

To this end, we extend the deterministic model (Eqs. (6)-(8) in [11]) for turbulence amplitude ✏, zonal flow shear
VZF = v and pressure gradient N by including the three independent stochastic noises ⇠i (i = 1, 2, 3). The resulting
stochastic prey-predator L-H transition takes the following form

d✏

dt
= N✏� a1✏

2 � a2V
2
✏� a3v

2
✏+ ⇠1✏, (1)

dv

dt
=

b1✏v

1 + b2V
2
� b3v + ⇠2, (2)

dN

dt
= �c1✏N � c2N +Q+ ⇠3. (3)

Here ai, bi, ci and d are non-negative constants; V = dN
2 represents the mean shear; Q is an input power. We

use the same parameter values a1 = 0.2, a2 = a3 = 0.7, b1 = 1.5, b2 = b3 = 1, c1 = 1, c2 = 0.5, and d = 1 as in
the previous works [11, 32–34, 36]. For constant temperature, N can be interpreted as density gradient. We note
that the variables in Eqs. (1)-(3) are non-dimensionalized, whose precise details would depend on turbulence model
(e.g., see [47, 48])1. In the absence of stochastic noises ⇠i = 0 (i = 1, 2, 3), Eq. (1) represents ✏ growing by the linear
instability of the pressure (density) gradient while damping by nonlinear interaction and turbulence regulation by
mean flow and zonal flow shears; Eq. (2) captures zonal flow growth from turbulence subject to the inhibition by the
(1 + b2V

2) and linear (collisional) zonal flow damping; Eq. (3) represents the relaxation of N by turbulent transport
and neo-classical/collisional e↵ect and its growth by the input power Q. The deterministic model has the quiescent
H-mode with ✏ = v = 0, L-mode with high turbulence ✏ and low zonal flow v, and dithering with moderate (finite)
values of ✏ and v as a result of the self-regulation between ✏ and v. We note that VZF = v are interchangeably used
in this paper.

1 For instance, for a generic drift wave model with an estimated linear growth rate � ⇠ k✓⇢scs|@xn0/n0| ⌘ k✓⇢scsN/a ⌘ N/⌧ , we
have the time unit ⌧ = a/(k✓⇢scs) and dimensionless pressure gradient N = a|@xn0/n0|. Here, n0 represents the background pressure
(density); a is the minor radius; k✓ is the characteristic poloidal wave number; cs =

p
Te/mi is the ion sound speed; Te is the electron

temperature. Other variables are also dimensionless as ✏ = (ñ/n0)2 = (e�̃/Te)2, V = ⌧(@xV ), and v = ⌧(@xv) where ñ, �̃, V , and v
represent physical density fluctuation, potential fluctuation, , and zonal flow shear, respectively. Obviously, the parameters can take a
wide range of values, e.g., k✓⇢ ⇠ 0.1 � 1, cs ⇠ 106 � 107 cm/s for Te ⇠ 1 � 100 eV, and a ⇠ 20 � 90 cm. For instance, for k✓⇢ ⇠ 0.1,
cs ⇠ 106 � 107cm/s, and a ⇠ 50 cm, we obtain ⌧ ⇠ 0.05� 0.5 milisecs. Thus, v = 1 corresponds to @xv ⇠ 20� 200 m/s assuming the
length scale of zonal flows is Lv ⇠ 1 cm.

3-variable prey-predator stochastic L-H transition model
[E Kim et al, PPCF 2025; PRE 2024; Entropy 2024, P Fuller et al 2024, E Kim et al PRP 2020, R Hollerbach & Kim POP 2021]

:1

Here, stochastic noises ;2	(i=1,2,3) are assumed to be independent Gaussian noises with a 
short correlation time and  amplitude Di.

[;2	 models stochasticity caused by external stochastic perturbation, fluctuating energy flux, 
stochastic magnetic fields, mini-avalanches on time scales t ~ O(0.1) ms.]
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The three independent stochastic noises ⇠1, ⇠2 and ⇠3 in Eq. (4) are taken to be Gaussian with a short memory
time:

h⇠i(t)⇠j(t0)i = 2Di�ij�(t� t
0), h⇠ii = 0. (4)

⇠i captures the dynamics of unresolved scales, mini-avalanches, or intermittent transport in edge plasmas that occur
on turbulent time scales, shorter than the typical L-H transition time scale of O(1) ms in edge plasmas. In particular,
⇠1 appearing as a multiplicative noise ⇠1 captures an internally generated noise while mathematically ensuring ✏ to
be non-negative. We note that ⇠3 e↵ectively represents a stochastic noise in the input power Q.

As noted earlier, we use stochastic simulations which are essential for calculating unequal time joint PDFs and thus
causality measures. They also enable us to explore the �-function initial condition or the evolution to the H-mode
where a PDF becomes too narrow and a finite di↵erence scheme can run into a resolution problem. We typically use
10 million trajectories by using a GPU. For accuracy, we change the time steps adaptively so as to satisfy an absolute
local error tolerance of 10�6. To calculate marginal PDFs, we use the number of bins n = 2.6N1/3 where N is the
number of the total data (that is, N = 107). Note that this is quite similar to the Rice’s rule and is modified to better
represent non-Gaussian PDFs with sharp peaks. We later provide in §V-VI how to calculate information rates, causal
information rates and transfer entropy from these numerically determined time-dependent PDFs.

III. Qc IN THE DETERMINISTIC VS STOCHASTIC MODELS

To understand the e↵ects of stochastic noises on the L-H transition, we investigate how they alter the power-
threshold Qc for the L-H transition. To this end, we have to know the values of Qc in the deterministic model. In our
previous study [35] where dN/dt = 0 was assumed, Qc was shown to depend on the initial conditions of turbulence
amplitude and zonal flow shears. Therefore, we first calculate power threshold Qc for di↵erent initial conditions in the
deterministic model in subsection IIIA and then investigate how Qc is a↵ected by stochastic noises in subsection III B.
For the stochastic case, we consider the two cases where Di 6= 0 for i = 1, 2, 3 and D1 = D2 = 0 and D3 6= 0.

A. Deterministic model

FIG. 1: Qc vs x0 with v0 = 0.01 (left); Color map of Qc against x0 and v0 (right).

In this subsection, we explore the e↵ects of the initial conditions ✏(t = 0) = ✏0 and v(t = 0) = v0 on Qc for a fixed
N(t = 0) = 0. To this end, first, we explore the dependence of Qc on x0 =

p
✏0 for a fixed v0 = 0.01 by simulating

4000 di↵erent values of x0 in the domain x0 = [0.01, 4]. The results are shown in the blue solid curve in the left panel
of Figure 1. The results from [35] using dN/dt = 0 is overplotted in red dashed curve for comparison. For all values
of x0, Qc is higher in 3D model (for the three variables ✏, v,N) than 2D (for the two variables x =

p
✏, v) because the

inertia of N (dN/dt 6= 0) in the 3D model facilitates a self-regulatory dithering state.
As in [35], we can identify the three distinct regions. i) In a very weak turbulence region with small x0 < xc, Qc

increases with x0 and tends to have a steady dithering solution (with almost constant amplitude) for a subcritical

Q < Qc near Qc while the transition to the H-mode occur rather abruptly at Q � Qc. Here, xc =
q

c2
c1

= 0.717 is

the critical value of x above which the damping of N is dominated by the turbulent transport c1✏, as expected of the

Time
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• Stochasticity caused by external stochastic perturbation, transports, fluctuating energy 
flux, pellet pacing, stochastic magnetic fields, mini-avalanches on time scales t ~ O(0.1) 
ms (e.g. ECEI on KSTAR, gyrokinetic simulations).

•  The same initial condition leads to different trajectories, equilibria.

• Phase mixing: the sum of two waves of 180 phase difference leads to cancellation.

Effects of stochastic noises

3. Stochastic L-H transition: bridge to statistical theory

Entropy 2024, 26, 17 8 of 23

We will see shortly that a similar dependence of Qc on x0 persists in the stochastic 2D
model and discuss the implications.

5. d-Function Initial Conditions and Constant Q
Here, we focus on investigating the effect of stochastic noise on Qc in comparison with

the deterministic case. To this end, we use initial conditions that are given by a d-function
distribution. In passing, we note that in the previous study using the F-P method [24–26],
d-function initial conditions could not be implemented due to a resolution problem in the
finite space difference numerical scheme. In comparison, a d-function PDF is easily handled
in stochastic simulations. This also allows us to explore the transition to the H-mode, where
PDFs become very narrow, as shown below.

We first consider a d-function initial condition of x(t = 0) = 0.5, v(t = 0) = 0.1, in which
case the power threshold is Qc = 0.832 in the deterministic model, as noted above. The strength
of the stochastic noise is chosen as Dx = Dv = 10�4. We explore how the system evolves to a
statistically stationary state in the long time limit for a given constant Q.

The main effect of the stochastic noises Dx and Dv is to induce stochastic trajectories,
as can be seen in Figure 2, which plots the time-evolution of stochastic trajectories of
200 samples for Q = 0.2, 0.7, 0.8, 0.9. The deterministic solution is over-plotted using a thick
black curve. Due to the finite Dx and Dv, the same initial condition evolves to different
stochastic trajectories. The larger Dx and Dv, the larger the dispersion (variability) in the
stochastic trajectories. Also, due to the stochastic noise, some of the trajectories cross v = 0
and take negative values v < 0.

Figure 2. Trajectories of x and v and the phase portrait of x � v, respectively, in the first, second
and third rows for d-function initial condition with x(0) = 0.5 and v(0) = 0.1, Dx = Dv = 10�4

(Qc = 0832); Q = 0.2, 0.7, 0.8, 0.9 from left to right. The deterministic solution is over plotted by a
thick black curve for comparison.

To examine Figure 2 in detail, we recall that H-mode is characterized by x = v = 0,
while dithering is characterized by finite values of x, v. For Q = 0.2, all the trajectories
converge to a dithering state in the long term. For Q = 0.7, all trajectories again converge to
a dithering sate. However, for Q = 0.8 < Qc, some of the trajectories converge to H-mode,
while others remain in a dithering state, leading to a multimodal PDF. As Q increases,
the peak at x = v = 0 for the H-mode grows, while the one for dithering at finite x, v
becomes smaller. When Q is increased to Q = 0.9, all the trajectories converge to the

[Kim & Thiruthummal, 
Entropy 26, 17, 2024] 

H-mode

dithering

( = )2



Initial condition: Gaussian PDF, std = (0.01,0.01,0.01), 3(4) 	= 	4. 89, ;(4) = 	4. 8, <(4) 	= 	4
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stochastic noises in x and v, the e↵ect of DQ is similar. Specifically, H-mode characteristic appears well below the
power threshold for Q = 0.6 < Qc(= 0.866) while the dithering persists beyond Q = 0.9 > Qc, becoming almost
invisible at Q = 1.

Stationary PDFs in Figure 8 corresponding to Figure 7 for Q = 0.6, 0.8, 0.86, 0.9, 1 show similar tendency observed
in Figure 2.

Figure 9 show results for the case of time-varying Q = 0.01t, DQ = 10�4, ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 while
Figure 10 similar apart from that Q has the two di↵erent stages to mimic the L-H and H-L transition where Q = 0.01t
linearly increases up to t = t⇤ = 120 and then linearly decreases in a mirror image.

FIG. 9: Initial condition with std = (0.01, 0.01, 0.01) and E(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and
DQ = 10�4. Q = 0.01t.

FIG. 10: Initial condition with std = (0.01, 0.01, 0.01) and E(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and
Qx = 10�4. Q = 0.01t up to t = t⇤ = 120 and then linearly decreasing in a mirror image.

Qth

8

A. D1 = D2 = 0 and D3 = 10�4

For D1 = D2 = 0 and D3 = 10�4, we show the trajectories and PDFs for the case of time-varying Q = 0.01t in
Figure 7 using ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 with the standard deviation std=(0.01, 0.01, 0.01). The values of std
for time-dependent Q in Sections V-VII are chosen to be larger than those for constant Q in Section IV to reduce the
spread of di↵erent trajectories over time. Of particular note is the sudden jumps in the values of ✏, v,N associated with
the transition to the H-mode. Due to the stochastic noise in the input power, this transition to the H-mode occurs at
di↵erent times over the time interval t ⇡ (130, 150). We note that for k✓⇢ ⇠ 0.1, cs ⇠ 5 ⇥ 106cm/s, and a ⇠ 50 cm,
and ⌧ ⇠ 0.1 milisecs, the L-H transition time would be ⇠ 2 milisecs. Around t ⇡ 130 (Q(t = 130) = 1.3 > Qc), the
PDFs of turbulence, zonal flows and mean shear flow in the bottom panel of Figure 7 all exhibit bimodal structure.
✏ ! 0 around t ⇡ 150 and v ! 0 at a slightly later time t > 150 while N seems to complete its transition to the
H-mode at a yet later time t ⇡ 160. This is reminiscent of the dynamics of the deterministic system where turbulence
damping precedes the zonal flow damping in the H-mode transition.

FIG. 7: Q = 0.01t. Initial condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952)
and D1 = D2 = 0, D3 = 10�4. From left to right: trajectories of ✏, v,N (top) and PDFs at t = 50, 130, 200 (bottom).

FIG. 8: Q = 0.01t. From left to right, the time-trace of information rates, �N vs �✏, �v vs �N , and �✏ vs �v: Initial
condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and

D1 = D2 = 0, D3 = 10�4.

The information rates �✏,�v,�N corresponding to Figure 7 are shown in the first column of Figure 8. Of particular
note is many crossings among �✏,�v,�N for t ⇡ (50, 130) in the first panel of Figure 8. As a result, the information
phase portraits of �N vs �✏, �v vs �N , and �✏ vs �v in the second to fourth columns of Figure 8 exhibit the prominent
congregation of the trajectories around the straight line with the slope 1 in an interval ✏, v,N ⇡ [0, 2]. This means
that the trajectories are hovering around �✏ ⇡ �v ⇡ �N as the PDFs of ✏, v, and N change at a similar rate during
dithering. This is a manifestation that not only ✏ and v but also N have similar or comparable information rates
through a strong coupling, self-regulation occurring among any two of the three during dithering. We note that the
values of �✏,�v,�N become small and approach zero when there is no further change in the PDFs. The results thus
illustrate that the phase-portraits of �✏,�v,�N provide a useful way of characterizing and identifying self-regulation
among di↵erent variables.

To confirm this, we show the results for the case of a longer duration of the dithering in Figure A.1 for Q = 0.8 in

= = 50	 = = 130	 = = 200

Zonal flows v=VZF Pressure gradient N

Eun-jin Kim / ITCP-IAEA2026, Trieste 27

Q=0.01t: Stochastic L-H transition model can have a mixture of dithering and H-
mode at a fixed time (bimodal PDFs)

H-mode (Q=1.3 >> Qth)

Turbulence C 

H-mode

L Oscillation
(dithering)

(quiescent) H

Cf. Deterministic 
model
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Note: without zonal flows, information rate forms a sharp peak at the transition 
and the transition occurs at higher Qc ~ 2.6-2.7

Coexistence of L and H mode 
solutions, similarly to 1-variable 
stochastic Itoh 2002 model
[E Kim & A Thiruthumal PRE 2024]
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Time-dependent PDF analysis of DIII-D data 
[HJ Farre-Kaga, Y Andrew… E Kim, TL Rhodes, L Schmitz, Z Yan, EPL 142, 64001, 2023]

Time-sliding windows are used to construct time-dependent PDFs from time-series DBS data at a fixed spatial location
 

H.J Farre-Kaga, Y. Andrew, J. Dunsmore, E. Kim, T.L. Rhodes, L. Schmitz and Z. Yan

Fig. 5: The same as fig. 4, but for a shot 185498 undergoing
a dithering L-H transition at t = 2108.13 ms; in (c)-(f) the
green and grey vertical lines mark the L mode-to-dithering and
dithering-to-H mode transitions, respectively.

of self-regulation between turbulence and zonal flows. Fur-
thermore, p(u?) in the H-mode like dithering phase shows
a stretched PDF right tail in comparison with the L-mode
and L-mode like phase PDFs, suggesting that strong zonal
flows play a crucial role in regulating turbulence [22].

The time-trace of mean ñe in fig. 5(d)-(e) shows no sig-
nificant change until just before the transition, while the
mean u? in fig. 5(e) undergoes a sudden increase in value
4 ms prior to the L-dithering phase transition (green ver-
tical line). This increase, which is more clearly seen in
the expanded trace of fig. 6(c), suggests that zonal flows
trigger the initial transition from L-mode to the dithering
phase. The PDF intermittency discussed above can also
be seen in the time traces in fig. 5(f) and fig. 6(d); K(ñe)
remains almost constant at K(ñe) ⇡ 3 over the transition
to dithering, whileK(u?) in fig. 5(g) and fig. 6(e) increases
sharply from 3 to 7 in the 7 ms prior to the L-dithering
phase transition (green vertical line), again reflecting in-
termittency and the role of zonal flows in triggering the
transition.

On the other hand, the mean u? rises to around
1000ms

�1 at t = 2115 ms following the first transition

Fig. 6: An expanded view of dithering phase in fig. 5(c)–(i).

and oscillates around that value for the remainder of the
dithering phase. In comparison, the value of K(u?) rises
significantly after the first transition, peaking at 17.8 at
t = 2138 ms, again, reflecting a strong intermittency.

Information Geometry. Another important measure
of zonal flows and their e↵ect on the transition is pro-
vided by the information diagnostics in fig. 5(h)(i) and
fig. 6(f)(g). Specifically, the first spike in E(u?) and the
sudden change in the gradient of L(u?) appear prior to the
first phase transition indicated by the green vertical line,
while the first spike in E(ñe) and the sudden change in the
gradient of L(ñe) appear after the transition. This infor-
mation is consistent with zonal flows triggering the dither-
ing transition. It is quite interesting that despite the dif-
ferent evolution of E(u?) and E(ñe) during dithering, the
information lengths at t ⇠ 2160 ms are L(ñe) ⇡ 3 ⇥ 104

and L(u?) ⇡ 3 ⇥ 104, indicating that ñe and u? un-
dergo similar total changes in their statistical states due
to their strong correlation through self-regulation. Sudden
changes in gradient are observed for the L-, dithering and
H-mode phases, with corresponding values of d

dtL(ñe) =
214, 700, 206 ms

�1 and d
dtL(u?) = 207, 390, 228 ms

�1.
The seven dithering phase oscillations are more closely

examined in fig. 6 to highlight the correlation between the
di↵erent measured variables. The pink regions mark the
time periods of high D↵ intensity and therefore indicate
the low confinement dithering phases. For four of these
oscillation cycles, an increase in u?, K(u?) and E(u?) is
observed before the transition to the H-mode-like phase.
The 1 ms time-windows for PDFs used to calculate E(ñe)
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Time-dependent PDF analysis of H-mode transitions

Fig. 4: Statistical properties of shot 185461, which undergoes
a sharp L-H transition at t = 2366.28 ms: (a) time-dependent
PDFs of ñe (arbitrary units AU) and (b) u? (ms

�1) for dif-
ferent times before and after the L-H transition. (c) The D↵

intensity (blue) and ⇢ (red) probed by the DBS diagnostic as
a function of time. Mean values and standard deviations, �

(denoted by error bars), for (d) ñe and (e) u? against time.
Vertical arrows show the direction of electron (blue) and ion
(red) diamagnetic drift velocities, vdiae and v

dia
i . Kurtosis, K,

for (f) ñe and (g) u? against time. Information length, L
(blue), and information rate, E (red), for (h) ñe and (i) u?
against time. In (c)-(f), the L-H transition is marked by the
green vertical line.

ms seem to be associated with the peaks in mean value
u? in fig. 4(e), and are followed by the spikes in K(u?)
in fig. 4(g). Increased values of K(u?) indicate the devel-
opment of tails in the p(u?) due to the growth of strong
localised flows [22]. It is should be noted that for both
shots, Skewness was found to provide very similar results
to Kurtosis.

Information Geometry. The temporal evolution of
E(t) and L(t) in fig. 4(h) and (i) characterise the rate and
accumulated temporal change of the PDFs. Sharp spikes
in E(ñe) and E(u?) at the L-H transition reflect sudden
changes in the PDF shapes at this time, thus providing
clear markers for the L-H transition. A notable increase

in the E(ñe) and E(u?) oscillations in H-mode signifies
an increased number of statistical state for both variables
compared with L-mode due to the quasi-oscillatory evolu-
tion of both ñe and u? in H mode. Consequently, the cu-
mulative change in the statistical states, L(ñe) in fig. 4(h)
and L(u?) in fig. 4(i), show shallower slopes /

p
E in L-

mode, with sudden changes in gradient at the transition;
d
dtL(ñe) = 190 to 290 ms

�1 and d
dtL(u?) = 200 to 220

ms
�1.

Dithering Transition. –

PDF analysis. For shot 185498, the start of the
dithering H-mode occurs at t = 2108.13 ms and is fol-
lowed by a period of LCOs. These LCOs are useful be-
cause they prolong the L-H transition dynamics, allowing
the behaviour (e.g oscillations) of key variables to be ob-
served more clearly over a longer time period [23]. As the
dithering can result from self-regulation between turbu-
lence and zonal flows, u? is referred to as a zonal flow for
the dithering transitions [7].

Statistical analysis of the dithering H-mode phase for
shot 185498 is shown in fig. 5, and an expanded trace is
shown in fig. 6 with detailed features of the LCOs. Overall,
the L-mode ñe PDF (in dotted blue) in fig. 5(a) changes
from a wide, even distribution to a more skewed, narrow
distribution over the transition, with �(ne) = 0.38 at t =
2105 ms in L-mode and �(ne) = 0.17 at 2142 ms well
into the dithering phase. Correspondingly, p(u?) becomes
more positive and widths grow from �(u?) = 1800ms

�1

to 3000ms
�1 for the same times.

Specifically, the transition to the dithering phase (blue
to orange of p(ñe)) involves the shortening of the right tail
and a hint of dual peak formation around ñe ⇡ 0.2, 0.4,
which then returns to a single peak in the green curve.
The shortened right tail suggests that higher-amplitude
turbulence (ñe > 1) is suppressed by changes in the veloc-
ity prior to the transition, similar to what was observed
in fig. 4 for the sharp transition. The narrowing of the
ñe PDF that was seen in fig. 4(a) is also observed here
(from the green to the red line), indicating the perpen-
dicular velocity suppression of both low (ñe ⇡ 0.1) and
high-amplitude turbulence (ñe > 0.3), with a PDF peak-
ing at a much lower ñe ⇡ 0.1, after the transition to the
dithering phase.

Further time evolution of the PDFs in solid red, dotted
purple, and solid brown reveal the oscillation of PDF it-
self, as observed in [15,22]; a wider and more skewed PDF
(purple) with a right tail ñe extended to ⇡ 0.9, is sand-
wiched between two narrow, low-amplitude ñe ⇡ 0.1� 0.4
range PDFs (red and brown).

Remarkably, similar PDF oscillations are also observed
for p(u?) in the red, purple and brown curves in fig. 5(b),
but in such a way that the narrow PDFs of p(ñe) with a
shorter right tail (red and brown) correspond to the PDFs
of p(u?) peaking around �700ms

�1 while the wider PDF
with a heavy right tail of p(ñe) (purple) corresponds to
the p(u?) peak at 0ms

�1. This is a clear demonstration
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Fig. 3: Edge radial profiles for shot 185461 and 185498 show-
ing ne from Thomson Scattering (black), u⊥ from DBS (red)
and radial electric field from Charge Exchange Recombination
Spectroscopy (blue). The L- and H-modes are represented by
the dashed and solid lines respectively. The pink shaded re-
gions show the radial range probed by the DBS channel 1.

both plasmas, as well as the clear correlation between u⊥
and Er. For shot 185461, channel 1’s probed radius (pink
shading) remained in the steep pedestal gradient and Er

well region (ρ = 0.97–0.98). In shot 185498, channel 1
covered a wider range (ρ = 0.85–0.95), corresponding to
the top and steep gradient regions of the pedestal, and the
inner part of the Er well.

Examples of the PDFs p(ñe) and p(u⊥) around the L-H
transitions are shown in fig. 4(a) and fig. 5(a) for ñe and
fig. 4(b) and fig. 5(b) for u⊥, along with animations of
the time-dependent PDF evolution at every millisecond in
the SM. The number of bins used to construct the PDFs
for the two measurements was determined using the Rice
rule [21], resulting in 11 and 34 bins for u⊥ and ñe, re-
spectively. A kernel density estimation method [22] for
smoothing the PDFs was tested and found only to slow
down the calculations without meaningfully altering the
results; therefore, no filtering was applied. When com-
paring, p(ñe) appears smoother than p(u⊥) because ñe

contains 128 times more data points.
The experimental parameters, such as the divertor mag-

netic configuration, L-mode n̄e and Pth, are different for
these two shots. A direct comparison of the stochastic
model analysis of the transition dynamics would therefore
provide limited insight and is not made here.

In the following sections, results are presented from the
statistical analysis applied to two separate shots with dis-
tinct L-H transitions, sharp and dithering. These two
shots provide a robust representation of the results from
a comprehensive application of the time-dependent PDF
analysis to all eight DBS channel data for all plasmas in
the L-H transition investigation.

Sharp L-H transition. –

PDF analysis. For shot 185461 with a sudden transi-
tion to an ELM-free H-mode at t = 2366.28ms (fig. 4(a)),
p(ñe) shows a sharp change from a relatively wide

Fig. 4: Statistical properties of shot 185461, which undergoes
a sharp L-H transition at t = 2366.28 ms: (a) time-dependent
PDFs of ñe (arbitrary units AU) and (b) u⊥ (ms−1) for dif-
ferent times before and after the L-H transition. (c) The Dα

intensity (blue) and ρ (red) probed by the DBS diagnostic as
a function of time. Mean values and standard deviations, σ
(denoted by error bars), for (d) ñe and (e) u⊥ against time.
Vertical arrows show the direction of electron (blue) and ion
(red) diamagnetic drift velocities, vdia

e and vdia
i . Kurtosis, K,

for (f) ñe and (g) u⊥ against time. Information length, L
(blue), and information rate, E (red), for (h) ñe and (i) u⊥
against time. In (c)–(f), the L-H transition is marked by the
green vertical line.

distribution in the L-mode phase (dotted lines) with stan-
dard deviation σ(ñe) ≈ 0.5 (green PDF), to a narrow and
asymmetric distribution in the H-mode (solid lines) with
σ(ñe) ≈ 0.2 (red PDF).

While detailed analysis of the changes in PDF struc-
ture for this rapid transition is challenging, important be-
haviour is observed. Specifically, going from the orange
to the green PDF curve involves the shortening of the
right tail in p(ñe), beyond the PDF uncertainties, with
hardly any accompanying change in the left tail. This
suggests only high-amplitude turbulence, with higher val-
ues of ñe, is suppressed before the L-H transition. In ad-
dition, the orange and green curves appear to develop
a secondary peak around ñe ∼ 0.4, near the H-mode
peaks, reminiscent of bimodal PDF behaviour [14,17]. In

64001-p4
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FIG. 7. Sequential PDFs during one cycle of the L-H transition between peaks of high Da , with measured

varaible on the x-axis, and the probability density of that value shown on the y-axis. Each PDF is constructed

from 2ms of data, 1ms on either side of the stated time for a PDF. Figures a),d),g),j) show density fluctuation

PDFs for the times shown in the legend. Figures b),e),h),k) show perpendicular velocity fluctuation PDFs.

Figures c), f), i), and l) show magnetic fluctuation PDFs.

activity in Fig. 7j), with probability P(ñe � 0.5) reducing from t = 2845ms to t = 2849ms. Ad-

ditionally, the probability of measuring low amplitude ene is increased in Fig. 7g) (with ñe < 0.1),

just before the high turbulent activity. The final PDF at t = 2851ms in Fig. 7j) shows fairly uni-

form probability of measuring ene over the range of amplitudes from 0.2 < ñe < 1.25, then slightly

reduced for the very high turbulent measurements.

The evolution of eu? during the same period is marked by three main features. The first is

the upward shift of the bulk of the velocity distribution from ũperp ⇠ 5kms�1 at t = 2845ms to

ũperp ⇠ 9kms�1 at t = 2849ms, which may reflect the mean velocity flow at the radial location

the measurement is made. The second feature is the growth of the high velocity tail during the

same period, with P(ũ? > 12kms�1 increasing before the high turbulent phase. This feature could

be the growth of fast localised flows, which may be zonal flows, enhancing the suppression of

turbulence. The final feature is the collapse of the flows during the high turbulence phase, with

some flows measured with ũ? < 0, and the bulk of the distribution centres to ũ? < 8kms�1.

The PDFs of the magnetic fluctuations don’t appear to have significant changes prior to the

21
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FIG. 5. Mean dynamical quantities over the transitions from DBS measurements and select Mirnov coils.

Da radiation measured in upper divertor for a) forward L-H transitions and b) backwards H-L transition.

The Da y-range is not from zero and is not the same between 185476 and 185469, and is only included to

demonstrate timings. Means of density fluctuation ene for c) forward and d) backward transitions. Means

of perpendicular velocity of fluctuations for e) forward and f) backward transitions. DBS measurements

are shown for Channel 1 (0.91  r  0.95) for the 185476 shot, and Channel 3 (0.95  r  0.97) for

185469. Raw data of Ḃq measured at the upper inner divertor (UID) (coil MPI4A322D) for g) forward and h)

backward transitions. Raw data of Ḃq measurements at the outer midplane (OMP) (coil MPI66M322D) for

the i) forward transition and j) backward transition. The orange region indicates the rapid oscillation phase,

where individual LCO are difficult to identify. The purple bands represent the regions of high turbulent

activity, as measured from the Da emission rising, associated with an L-mode like state of the plasma.

These are localised to the radial position of the particular channel of the DBS being looked at but

the position of DBS measurement is density dependent. So, as the density of the plasma changes

throughout the transition this radial position can change. The channels for 185476 and 185469

were chosen to be as steady as possible and as close in radial location to each other as possible
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FIG. 8. Information geometry analysis for the transitions, D tPDF = 2ms. a) and b) are Da trace for for-

ward and backward transition respectively. The rest of the plot shows information geometry for density

fluctuations in red, x = ñe, fluctuation perpendicular velocity in blue, x = ũ?, and information geometry for

magnetic fluctuations in green, x = Ḃq , measured at the upper inner strike point (MPI4A322D). c) shows

information rate Gx for the forward transition, with DBS measurements made in Channel 1, and e) shows

the information lengths Lx associated with these rates. d) shows Gx for the back transition, with DBS mea-

surements from Channel 3, and f) shows the associated Lx. g) h) i) and j) show similar measurements,

but with DBS measurements from Channel 2 for the forward transition, and Channel 4 for the backward

transition, which has measurements taken radially further from the separatrix. The orange band is the rapid

oscillation region, and purple bands show L-mode-like region of transitions.

as these points. There appears to be evidence of this regulation between ene and eu? for both the

forward and backward transition, most clearly in the time with more distinct L- and H-mode like

phases.

Both transitions have eu? experience the greatest change. This can be seen by Lũ? being the

largest of the variables by the end of the transition. The reason for this appears to be that eu? is being

constantly driven to change, whereas ene and Ḃq are more contained in their evolution. This dis-

agrees with previous theoretical work on information geometry applied to a predator-prey model

for the L-H transition23, which had the turbulence experience the greatest change, but the condi-

tions in these experiments may not match the ones considered in the previous work.

23
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• PDF: two peaks for H-mode (x=v=0) and dithering (finite 
values of x, v) : “mixed H-mode & dithering”

• H-mode characteristics appears at a lower power threshold

FIG. 28: The marginal PDF px for Dx = Dv = 10�4. The plots are labelled with the input

power Q. All PDFs are taken at t = 100 when the PDF had become e↵ectively stationary.

FIG. 29: The marginal PDF pv for Dx = Dv = 10�4. The plots are labelled with the input

power Q. All PDFs are taken at t = 100 when the PDF had become e↵ectively stationary.
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Appendix A: Comparison of constant power L-H transition in Deterministic and

Stochastic models

When using the 2-ODE deterministic model, experimenting with di↵erent constant pow-

ers show there is a range of powers which result in turbulence increase which in turn triggers

zonal flow growth. The turbulence and zonal flow have a prey-predator interaction and as

time increases have relatively stable non-zero values. Above a threshold power the mean flow

is larger and prevents the growth of the turbulence and zonal flow, both of which approach

zero as time increases. For a certain initial condition and choice of model parameters the

threshold power was found to be between Q = 0.8 and Q = 0.85.

The nature of the threshold power for the same initial turbulence and zonal flow but

when there is stochastic noise was investigated. Figure 27 shows the PDF bifurcation into

L-mode and H-mode states at Q = 0.8, meaning H-mode is possible at a lower power than

in the deterministic model. The impact of the stochastic noise is to lower the power at

which a quiescent H-mode is possible. It can also be seen in figure 27 that increasing the

power causes the peak at the origin to increase and the peak at finite turbulence and zonal

flows / finite (x, v) to decrease. Increasing the power increases the proportion of solutions

which access H-mode and decrease the proportion which access L-mode in the steady state.

Therefore in the stochastic model there is not a sudden change above a threshold power like

what occurs in the deterministic model, rather a gradual transition to the quiescent H-mode

as the peak at the origin becomes larger. The marginal PDFs px and pv for the various

powers can be seen in figure 28 and 29.

FIG. 27: Contour plots of the joint PDF p(x, v, t) for Dx = Dv = 10�4 in the (x, v) plane.

The plots are labelled with the input power Q. All PDFs are taken at t = 100 when the

PDF had become e↵ectively stationary. The contours are on a logarithmic scale, ranging

from 10�3 to 103 with intervals of 100.5.
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FIG. 28: The marginal PDF px for Dx = Dv = 10�4. The plots are labelled with the input

power Q. All PDFs are taken at t = 100 when the PDF had become e↵ectively stationary.

FIG. 29: The marginal PDF pv for Dx = Dv = 10�4. The plots are labelled with the input

power Q. All PDFs are taken at t = 100 when the PDF had become e↵ectively stationary.
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Q=0.8 < Qth (deterministic system power threshold)

p(x, v,t) p(x,t) p(v,t)

Constant Q: Fokker-Plank approach: time-dependent PDFs (x=turbulence, v=zonal flows)
Stationary PDFs for constant Q (Dx=Dv=10-4) in 2D model [For Dx=Dv=0, power threshold Qth  =0.832]
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Appendix A: Comparison of constant power L-H transition in Deterministic and

Stochastic models

When using the 2-ODE deterministic model, experimenting with di↵erent constant pow-
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zonal flow growth. The turbulence and zonal flow have a prey-predator interaction and as

time increases have relatively stable non-zero values. Above a threshold power the mean flow

is larger and prevents the growth of the turbulence and zonal flow, both of which approach

zero as time increases. For a certain initial condition and choice of model parameters the

threshold power was found to be between Q = 0.8 and Q = 0.85.

The nature of the threshold power for the same initial turbulence and zonal flow but

when there is stochastic noise was investigated. Figure 27 shows the PDF bifurcation into

L-mode and H-mode states at Q = 0.8, meaning H-mode is possible at a lower power than
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which a quiescent H-mode is possible. It can also be seen in figure 27 that increasing the

power causes the peak at the origin to increase and the peak at finite turbulence and zonal
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Therefore in the stochastic model there is not a sudden change above a threshold power like

what occurs in the deterministic model, rather a gradual transition to the quiescent H-mode

as the peak at the origin becomes larger. The marginal PDFs px and pv for the various

powers can be seen in figure 28 and 29.

FIG. 27: Contour plots of the joint PDF p(x, v, t) for Dx = Dv = 10�4 in the (x, v) plane.

The plots are labelled with the input power Q. All PDFs are taken at t = 100 when the

PDF had become e↵ectively stationary. The contours are on a logarithmic scale, ranging

from 10�3 to 103 with intervals of 100.5.
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FIG. 28: The marginal PDF px for Dx = Dv = 10�4. The plots are labelled with the input

power Q. All PDFs are taken at t = 100 when the PDF had become e↵ectively stationary.

FIG. 29: The marginal PDF pv for Dx = Dv = 10�4. The plots are labelled with the input

power Q. All PDFs are taken at t = 100 when the PDF had become e↵ectively stationary.
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Appendix A: Comparison of constant power L-H transition in Deterministic and

Stochastic models

When using the 2-ODE deterministic model, experimenting with di↵erent constant pow-

ers show there is a range of powers which result in turbulence increase which in turn triggers

zonal flow growth. The turbulence and zonal flow have a prey-predator interaction and as

time increases have relatively stable non-zero values. Above a threshold power the mean flow

is larger and prevents the growth of the turbulence and zonal flow, both of which approach

zero as time increases. For a certain initial condition and choice of model parameters the

threshold power was found to be between Q = 0.8 and Q = 0.85.

The nature of the threshold power for the same initial turbulence and zonal flow but

when there is stochastic noise was investigated. Figure 27 shows the PDF bifurcation into

L-mode and H-mode states at Q = 0.8, meaning H-mode is possible at a lower power than

in the deterministic model. The impact of the stochastic noise is to lower the power at

which a quiescent H-mode is possible. It can also be seen in figure 27 that increasing the

power causes the peak at the origin to increase and the peak at finite turbulence and zonal

flows / finite (x, v) to decrease. Increasing the power increases the proportion of solutions

which access H-mode and decrease the proportion which access L-mode in the steady state.

Therefore in the stochastic model there is not a sudden change above a threshold power like

what occurs in the deterministic model, rather a gradual transition to the quiescent H-mode

as the peak at the origin becomes larger. The marginal PDFs px and pv for the various

powers can be seen in figure 28 and 29.
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Q=0.9 >  Qth : “mixed H-mode & dithering” persists

Q =1 : clear H-mode further above from power threshold
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FIG. 7: The marginal PDF px for Dx = Dv = 10�4 for set 2.

FIG. 8: The marginal PDF pv for Dx = Dv = 10�4 for set 2.

For set 1, at t = 20 the long right tail of pv around the global maximum shows the

importance of rare, large zonal flows in regulating the turbulence during the initial dithering

stage. We can see in figure 8 that this feature is absent for set 2, suggesting rare, large zonal

flows do not contribute as much to regulating turbulence in the initial dithering stage. Also,

the larger peak which forms at the origin for set 2 suggests the mean flows become more

dominant than in set 1. The implication is that the zonal flows are more significant when

13
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FIG. 7: The marginal PDF px for Dx = Dv = 10�4 for set 2.

FIG. 8: The marginal PDF pv for Dx = Dv = 10�4 for set 2.

For set 1, at t = 20 the long right tail of pv around the global maximum shows the

importance of rare, large zonal flows in regulating the turbulence during the initial dithering

stage. We can see in figure 8 that this feature is absent for set 2, suggesting rare, large zonal

flows do not contribute as much to regulating turbulence in the initial dithering stage. Also,

the larger peak which forms at the origin for set 2 suggests the mean flows become more

dominant than in set 1. The implication is that the zonal flows are more significant when
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Initial conditions (plasma state before the power ramp) and stochastic noise 
cause uncertainty in Qc: how to calculate P(Qc)? (Kim et al PPCF 2025)

PDF of power threshold

Plasma Phys. Control. Fusion 67 (2025) 025025 E-j Kim and A A Thiruthummal

Figure 3. H-mode fraction (blue) and PDF of power threshold p(Qc) (orange) for a delta-initial condition with: (a) ε(0) = 0.25,v(0) = 0.2
as used in figure 2; (b) ε(0) = 0.252,v(0) = 0.2; (c) p(Qc) against Qc sampled over (x0,v0) = [0.01,0.7] with x0 ! v0 for deterministic
(blue) and stochastic (orange) systems. D1 = D2 = D3 = 10→4.

Figure 4. Trajectories of ε,v,N for Q= 0.9 when the impulse is applied to the ZF evolution equation (2) with I0 = 2.5,σI = 1, t0 = 50 (top)
and to the heat-balance equation (3) with I0 = 1,σI = 1, t0 = 50 (bottom). In both cases, the initial condition is the same as in figure 2 given
by the delta-function PDF with the mean values ε(0) = 0.25,v(0) = 0.2,N(0) = 0; D1 = D2 = D3 = 10→4.

That is, the left PDF peak in figure 1 does not appear for the
trajectories with v0 < x0. This means that any mechanism that
excites a strong zonal flows (e.g. electrode biasing [51]) will
lower Qc.

3.3. Effects of external perturbations

We now demonstrate that transient external perturbations alter
the status of the plasmas, facilitating the transition to the H-
mode, with quite similar effects to large initial conditions,
noted above in sections 3.1 and 3.2. To this end, we model
the external perturbations such as an electrode biasing or pel-
let injection by adding a Gaussian forcing I(t) in equation (2)
or (3) as

dv
dt

=
b1εv

1+ b2V2 → b3v+ ξ2 + I(t) , (5)

or

dN
dt

=→c1εN→ c2N+Q+ ξ3 + I(t) , (6)

where

I(t) = I0e→(t→t0)2/2σ2
I . (7)

Here I0, σI , and t0, respectively, represent the amplitude,
standard deviation of the impulse, and the time when the
impulse takes its maximum value. Note that σI is a measure
of the impulse duration time.

To highlight that an impulse lowers Qc, wedemonstrate
that the dithering solution at Q= 0.9 for the case in figure 2
completely transitions to the H-mode with appropriate values
of I0 and σI . Specifically, we consider the two cases where
the impulse with t0 = 50,σI = 1 and I0 = 2.5 is applied: (i)
to zonal flows by solving equations (1), (3) and (5) [CASE

5
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• Stochastic noise leads to some trajectories undergoing the transition at a lower input power 
while delaying the complete  transition to H-mode at a higher input power
• Stochastic noise leads to “mixed H-mode & dithering” or ”mixed H-mode & L-mode” 
with a  bimodal PDF	at input power (Q< Qc)
• As Q increases further from power threshold, H-mode characteristic becomes 
prominent at higher Q>Qc 

• Time dependent input power Q leads to delay in response, causing further “uncertainty” in 
power threshold
• Initial conditions cause uncertainty in power threshold.
•Power threshold is found as a distribution.

Summary of stochastic L-H transition
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• What are the mechanisms behind different types of L-H transitions?
• How to track the spatio-temporal evolution of turbulence, flows, and gradients to identify 

causal pathways in core-edge coupling?
• What are the role of electromagnetic fluctuations, neutrals, and impurities?
• Why do isotope, density, drift-direction, and geometry dependences vary across devices?
• How do stochastic fluctuations trigger, delay, or smear the transition? 
• Can simulations predict LH access and H-mode pedestal evolution in reactor-relevant 

conditions?
• What is the role of self-organisation in other 
       confinement (hybrid, FIRE) modes?
• How do barriers co-evolve with the propagation 
      of ExB shear flows and turbulence spreading 
      (G Dif-Pradalier 2022,  MJ Choi 2022, S Yi 2024)?

Open questions in L-H transition physics
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